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Abstract—Grid-connected inverters inevitably operate under
uncertain system parameters. These uncertain parameters such as
inductance and capacitance are caused by device aging or uncertain
grid conditions. And they will affect the stability margin of the
inverter and bring an unstable operation risk even with a well
initial design. The existing research articles mainly focus on robust
stability analysis and control strategies while ignoring the influence
of parameter distributions on operational risk. How to evaluate the
instability risk of the inverter under multiparameter distribution is
still an open question. In this article, the structured singular value
(SSV) method is proposed to evaluate the robust stability of the
inverter with multiparameter distributions. The distribution char-
acteristics of uncertain parameters are briefly reviewed. The system
model of a single-phase grid-connected inverter is established with
the parameter distributions of the system key components. The
probability of stable system operation can be quantified by the SSV
method. Experiment and case study results verify the correctness
and effectiveness of the proposed method.

Index Terms—Robust stability margin, single-phase grid-
connected inverter, structured singular value (SSV).

I. INTRODUCTION

A S THE utilization capacity of renewable energy increases,
the single-phase grid-connected inverter is widely used as

the interface between the renewable energy source and the grid
[1]. Compared with the L filter, the LCL filter has better harmonic
attenuation ability [2]. However, the LCL filter is more sensitive
to the parameter variations and increases the resonance hazard
of the grid-connected inverter [3]–[6].

A grid-connected inverter is in between the renewable energy
and the electric grid. And grid-connected inverters inevitably
operate under multiple uncertain parameters. For example, the
grid-side impedance parameters would be uncertain due to
the different installation locations and working conditions [7].
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Furthermore, during the long-term operation, component pa-
rameters of the inverter could deviate from their nominal value
because of component aging [8]. Typical uncertain parameters
that affect the robust stability of the system include controller
delay uncertainty [4], grid impedance uncertainty [5]–[10],
and LCL filter parameter uncertainty [11], [12]. These uncer-
tain parameters will affect the stability margin of the inverter
and bring an unstable operation risk even with a well initial
design.

The robust stability with parameter uncertainty is a challenge
for the inverter [4], [9]. And many control strategies are proposed
to improve the robust stability of the grid-connected inverter
[9]–[16]. For single-parameter uncertainty, the resonant con-
troller [9] and active damping method [10] are proposed to
stabilize the system. For the multiparameter uncertain system,
some robust stability methods such as the linear matrix in-
equalities (LMI) method [11] and H� control synthesis [13]–
[15] are proposed to stabilize the system. However, due to
the conservativeness of the built-in Lyapunov function and the
optimization-based solution method, the LMI and H� methods
cannot quantify the robust stability margin of the system [16].
Furthermore, these methods need to determine the maximum
perturbation range of the uncertain parameter first, which is
difficult to obtain and too conservative in many cases [17]. As
the perturbation range of uncertain parameters increases, the
solution to LMIs may not exist.

The perturbation range of uncertain parameters in the actual
system is difficult to accurately obtain [17]. Even with the
help of measuring equipment, the results obtained are only the
parameters under fixed working conditions [18]. The distribu-
tion characteristic is an effective way to characterize parameter
uncertainties [8], [19]. For example, the variance of capacitance
is represented by a distribution model [8], and the fluctuation
of renewable energy is predicted by distribution characteristics
[20], [21]. The robust stability and instability risk of the inverter
under multiparameter distributions need to be quantified. For
power systems, some probabilistic methods such as Chebyshev’s
inequality method [22] and stochastic response surface method
[23] have been proposed to evaluate the system stability. As for
power electronic converters, the nonlinearity of stability analysis
makes the application of probabilistic methods difficult. The
Monte Carlo method is applied to the stability assessment of
inverters [7], [18]. However, the exhaustive method brings a
considerable computational burden and often does not get the
worst case of the system [17].
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Fig. 1. Structure and control diagram of the single-phase inverter.

The SSV method can effectively analyze the robust stability
of a multiparameter uncertain system [24], [25]. Due to the
form of the structured uncertainty matrix, the boundaries of
the uncertain parameters are related to the SSV, and the sys-
tem’s robust stability margin can be quantified by SSV. In this
article, the multiparameter uncertainty model of the inverter is
established. According to the definition of SSV, the robust stable
parameter domain of the system can be obtained. Combining the
robust stable parameter domain and the distributions of uncertain
parameters, the system’s robust stability and instability risk can
be quantified. The proposed method takes the distributions of
uncertain parameters into account and avoids the complicated
iterative calculation of the Monte Carlo method.

The rest of this article is organized as follows. In Section II, the
distribution characteristics of uncertain parameters are briefly re-
viewed. And the nominal parameter system model is established.
In Section III, the uncertainty model is established, and the ro-
bust stable parameter domain is obtained through SSV analysis.
The robust stability of the system is quantified by combining
the robust stable parameter domain with the distributions of
uncertain parameters. The Monte Carlo method is also presented
in comparison with the proposed SSV method. In Section IV,
robust stability assessment results are obtained through the SSV
method and Monte Carlo method. The comparison of the two
methods explains the assessment conservativeness of the SSV
method, and a strategy to reduce conservativeness is proposed.
In Section V, a single-phase inverter prototype is established to
verify the correctness of the SSV method. Finally, Section VI
concludes this article.

II. SYSTEM MODEL WITH MULTIPLE PARAMETER

UNCERTAINTIES

The stability of the nominal parameter system is the premise
of the system’s robust stability. On the basis of the nominal
parameter system model, the influence of uncertain parameters
on robust stability is analyzed. The structure and control diagram
of the single-phase grid-connected inverter are shown in Fig. 1
and the nominal parameters of the inverter are listed in Table I.
The control strategy used in this article is output feedback
control. The active damping strategy with capacitor current
feedback (CCF) is applied to improve the robust stability of the
grid-connected inverter [9], [10], and the CCF coefficient is Kc.

TABLE I
NOMINAL PARAMETERS OF THE INVERTER

TABLE II
EXAMPLES OF PARAMETER VARIANCES OF FILTER CAPACITOR AND INDUCTOR

In Fig. 1, L1, L2, and C are the nominal parameters of the
LCL filter, C is the filter capacitor, L1 is the inverter-side filter
inductance, and L2 is the grid-side filter inductance. The filter
capacitor voltage is denoted as uc. The currents flowing through
L1, L2, and C are denoted as i1, ig, and ic, respectively. The
dc voltage is udc and the dc current is idc. The power grid is
equivalent to the series of the voltage source ug and the grid
impendence Zg. The grid impendence Zg consists of the grid
inductance Lg and the grid resistance Rg.

A. Review of Parameter Distributions

The conventional analysis is based on nominal parameters, but
the actual inverter inevitably operates under multiple parameter
uncertainties. In this section, the possible uncertain parameters
during operation are briefly reviewed. And the distribution char-
acteristics of uncertain parameters are given based on mecha-
nism analysis and parameter survey results.

For the filter inductor and capacitor, the survey results of
typical parameters on the market are shown in Table II. Due
to the limitations of the production process and technical level,
component parameters inevitably have deviations. According to
the central limit theorem, the distribution of a large number of
independent random variables tends to be normal [26]. The nor-
mal distribution with an expectation of E and standard deviation
of σ is N(E, σ).

The probability density function (PDF) is a commonly used
representation to reveal the statistical features of samples. As-
suming that the distribution of the filter inductor l1 is a normal
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distribution with an expectation of L1 and standard deviation
of σ1, that is, l1∼ N(L1, σ1). Referring to the PDF of a typical
normal distribution [19], the PDF of l1 is as follows:

fL1 (l1) =
1√

2π(σ1)
2
· exp

[
−1

2
·
(
l1 − L1

σ1

)2
]
. (1)

The probability that l1 is within a certain range is the integral
of the PDF

PL1 (a < l1 ≤ b) =

∫ b

a

[fL1 (l1)] dl1. (2)

The metalized film capacitor is usually used for the LCL filter,
and the aging process of the filter capacitor is affected by voltage
variation and background harmonics. Due to the influence of
reactive power, the aging process of the filter capacitor can be
characterized by Weibull distribution [8]. According to different
reliability requirements, the maximum capacitance loss of the
filter capacitor ranges from 5% to 20% [8], [29]. Considering
the initial parameter deviation, the maximum perturbation range
of the filter capacitor is set from ±20% to ±30%. The Weibull
distribution with a scale parameter of η and shape parameter of
β is Wb (η, β).

The PDF of the filter capacitor c is

fC (c) =
β

η
·
(
c

η

)β−1

· exp
[
−
(
c

η

)β
]
. (3)

The cumulative density function (CDF) of Weibull distribu-
tion is

FC (c) = 1− exp

[
−
(
c

η

)β
]
. (4)

A grid-connected inverter is in between the renewable energy
and the electric grid, and the impedance parameter from the grid
side would also be uncertain according to the location and work
conditions. According to the grid impedance survey results in
[7], it is assumed that the grid impedance satisfies a normal
distribution, that is, lg ∼ N[Lg, 5%Lg].

According to the state-space averaging method [30], the
transfer function of the inverter is Kpwm = udc/vtri, where vtri
is the carrier amplitude of the pulse width modulation (PWM)
modulation and the default value is 1. Thus, the default value of
Kpwm is 400. For a single-phase inverter, the fluctuation range
of the dc voltage is related to the inverter power fluctuation [31].
Due to photovoltaic power distribution characteristics [21], the
distribution of the inverter transfer function is, kpwm ∼N[Kpwm,
5%Kpwm].

For the inverter, the delay of the controller is related to the
sampling and modulation methods. In the analysis, the sampling
period is Ts and the controller delay is between 0.75Ts and
1.5Ts [32], [33]. According to the above survey results, it is
assumed that the distribution of the controller delay is, td ∼
N[TS, 10%TS].

In addition, there may be other uncertain parameters in ac-
tual inverters, and these parameters can be further considered.
In the parameter uncertainty study, the uncertain parameters are
also characterized as other distribution characteristics, such as:

Gauss-Poisson joint distribution [34], Beta distribution [35], and
so on. But the stability assessment process of the inverter is the
same under different distribution characteristics. The parameter
distributions discussed in this section are some examples for the
case study.

B. Nominal Parameter System Modeling

According to Fig. 1, the state equations of the LCL filter are
derived as

C
duc

dt
= i1 − ig (5)

L1
di1
dt

= uinv − uc (6)

(L2 + Lg)
dig
dt

= uc − ug −Rgig. (7)

The current control adopts a PR regulator, and the transfer
function of the PR regulator is

Gi(s) = Kp +
2Krωcs

s2+2ωcs+ ω2
0

(8)

where ω0 is the fundamental angular frequency, and ωc is the
resonant cutoff frequency. Kp and Kr are the proportional and
resonant coefficients.

The controller state variables are defined as x1, x2, the state-
space equation of the PR regulator is[

ẋ1

ẋ2

]
=

[
0 1

−ω2
0 −2ωc

] [
x1

x2

]
+

[
2Kcωc

−4Krω
2
c

]
i∗. (9)

The output of the PR regulator is

uf = Kpi
∗ + x1. (10)

The controller delay is Gd(s). According to the one-order
Taylor expansion, the controller delay can be rewritten as
follows [36]:

Gd(s) = e−sTd ≈ 1

1 + sTd
. (11)

The output of the controller delay module Gd(s) is donated as
vref. The state vector is denoted as x = [uc, i1, ig, x1, x2, vref]T,
and the input vector is donated as u = [ug, iref]T. The output of
the system is the state variable ig. Thus, the state-space model
of the nominal parameter system is as follows:[

y
ẋ

]
=

[
O C
B A

] [
u
x

]
(12)

where the matrix O has appropriate dimensions and all elements
are 0.

The matrices of the nominal parameter system can be ex-
pressed as follows:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1
C − 1

C 0 0 0

− 1
L1

0 0 0 0
Kpwm

L1
1

L2+Lg
0 − Rg

L2+Lg
0 0 0

0 0 −2Krωc 0 1 0
0 0 4Krω

2
c −ω2

0 −2ωc 0

0 −Kc

Td

Kc−Kp

Td

1
Td

0 − 1
Td

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(13)
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Fig. 2. Upper LFT of uncertain parameters. (a) Inverter-side filter inductance.
(b) Inverter transfer function.

B =

[
0 0 − 1

L2+Lg
0 0 0

0 0 0 2Krωc −4Krω
2
c

Kp

Td

]T

(14)

C =
[
0 0 1 0 0 0

]
. (15)

The system model with uncertain parameters is derived based
on the nominal system model.

III. PROPOSED ROBUST STABILITY ASSESSMENT METHOD

Actual parameters often deviate from their nominal values.
Taking the inverter-side filter inductor as an example, the uncer-
tain parameter l1 consists of the nominal value L1 and parameter
uncertainty. The parameter uncertainty model of l1 is as follows:

l1=L1 (1 + P1δ1) (16)

where P1 is the maximum parameter perturbation percentage of
L1 and the uncertainty δ1�[−1,1].

In the state matrix of the nominal system, the inverter-side
filter inductor L1 is in the denominator. Thus

1

l1
=

1

L1
− P1δ1

L1
(1 + P1δ1)

−1. (17)

Considering the dc voltage fluctuation, the inverter transfer
function is an uncertain parameter. The uncertain parameter
kpwm can be expressed as follows:

kpwm=Kpwm (1 + Pkδk) (18)

where Pk is the maximum parameter perturbation percentage of
Kpwm and the uncertainty δk�[−1,1].

To separate the uncertain part from the known part of the sys-
tem, the linear fractional transformation (LFT) method is applied
to uncertain parameter modeling [25], [37]. The specific LFT
method can refer to Appendix A. The upper LFT form of 1/l1 is
denoted as Fu (M1, δ1), and the structure of Fu (M1, δ1) is shown
in Fig. 2(a). The coefficient matrix M1 is expressed as follows:

M1 =

[−P1 1/L1

−P1 1/L1

]
. (19)

The uncertain parameters of the filter capacitor, the grid-side
inductance, and the controller delay are denoted as c, (l2+lg),
and td, respectively. The upper LFT forms of 1/c, 1/ (l2+lg), and
1/td are Fu (Mc, δc), Fu [Mg,δg], and Fu (Md, δd), respectively.

The upper LFT form of kpwm is denoted as Fu (Mk, δk), and
the structure of Fu (Mk, δk) is shown in Fig. 2(b). The coefficient

matrix Mk is expressed as follows:

Mk =

[
0 Kpwm

Pk Kpwm

]
. (20)

In (13), there is a division of two uncertain parameters, that
is kpwm/l1. The uncertainty is in the form of coprime factor
uncertainty, which can also be separated using the LFT method.
The multiplication of two LFTs is still an LFT [16], and the upper
LFT form of kpwm/l1 can be regarded as the multiplication of
Fu (M1, δ1) and Fu (Mk, δk). The specific derivation process is
also given in Appendix A.

The closed-loop block diagram of the nominal system is
shown in Fig. 3(a). The multiparameter uncertainty is taken
into consideration based on the nominal parameter system. The
uncertain parameters of the single-phase inverter are l1, c, kpwm,
(l2+lg), and td. With the LFT method, the block diagram of the
uncertain system is shown in Fig. 3(b).

As for Fig. 3(b), the parameter uncertainties can be concen-
trated into the uncertainty matrix Δ(s) as follows:

Δ(s) = diag (δc, δ1, δk, δg, δd) . (21)

The input vector of the uncertainty matrix Δ(s) is defined as
yΔ = [icδ, u1δ , vrefδ , ugδ , ufδ]T and the output vector of Δ(s)
is defined as uΔ = [ucδ, i1δ , uinvδ , igδ , udδ]T. With the LFT
method, the extended state-space model is expressed as follows:[

yΔ
ẋ

]
=

[
D11 C1

B1 A

] [
uΔ

x

]
. (22)

The state matrix A has been given in (13). The remaining
matrices in (22) can be derived through the LFT method, and
specific calculations can refer to Appendix A.

The general uncertain system model shown in Fig. 4 is divided
into a known parameter matrix M(s) and an uncertainty matrix
Δ(s). The parameters in the matrix M(s) are all known, and M(s)
can be obtained through the extended state-space model.

The transfer function matrix M(s) in Fig. 4 can be derived as
follows:

M (s) = C1(sI −A)−1B1 +D11 (23)

where I is an identity matrix.
For the general uncertain system shown in Fig. 4, the robust

stability condition is given by the SSV method [16], [38]. The
definition of SSV is as follows:

μΔ (M) =
1

min {σmax (Δ) |det (I −MΔ) = 0,Δstructured}
(24)

where σmax(Δ) represents the maximum singular value of the
matrix Δ. If there is no uncertainty matrix Δ that makes det(I
− MΔ) = 0, μΔ(M) = 0.

According to (24), calculating the SSV needs to traverse all the
uncertainties and the uncertainty matrix has an infinite variety of
values, so the SSV cannot be calculated by definition. Therefore,
the upper and lower bounds of SSV are often calculated to
determine its range. According to robust control theory, the
upper and lower bounds of structured singular value (SSV) can
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Fig. 3. Closed-loop block diagram of the single-phase inverter. (a) Nominal system. (b) Uncertain system.

Fig. 4. General uncertain system model.

Fig. 5. SSV analysis with the upper and lower bounds.

be determined as follows [16]:

max
Q

ρ (QM) ≤ μΔ (M) ≤ inf
U

σmax

(
UMU−1

)
(25)

where Q is a unitary matrix and U is a block diagonal matrix.
It shows that μΔ(M) can be approximated by solving the

spectral radius and the maximum singular value. This process
can be completed by MATLAB Robust Stability Toolbox. The
upper bound of the SSV is denoted as μ̄ and the lower bound
of SSV is denoted as μ . The default parameter perturbation is
set to ±10%. The SSV analysis result with the upper and lower
bounds is shown in Fig. 5. It can be seen that the upper bound of
SSV is 0.995 and the lower bound of SSV is 0.99 in the default
case. The difference between the upper and lower bounds does
not exceed 1%, and the actual value of SSV can be estimated by

the upper and lower bounds. In the following figures, only the
upper bound of SSV is shown.

According to the SSV method [16], the SSV analysis can
quantify the robust stability margin of the system. The condition
for the system’s robust stability is as follows:

σmax (Δ (jω)) ≤ 1

μΔ (M (jω))
∀ω. (26)

As shown in ([21), because the uncertainty matrixΔ is a diag-
onal matrix composed of parameter uncertainties, the maximum
singular value of Δ is determined by the maximum parameter
uncertainty. If the SSV of the system is denoted as μ, the robust
stability margin is 1/μ. Thus, the conditions for the system’s
robust stability can be derived as follows:

σmax (Δ (jω)) = max(δc, δ1, δk, δg, δd) ≤ 1

μ
. (27)

The uncertain model of l1 is shown in (16), and the initial un-
certainty of the product perturbation model δ�[−1,1]. Accord-
ing to the SSV method [16], ifμ is less than 1, the system is robust
and stable within the maximum parameter perturbation range
and the perturbation range of uncertain parameters can be ex-
panded to 1/μ times. Meanwhile, if μ is greater than 1, the maxi-
mum parameter perturbation of robust stability is reduced to 1/μ
times. In summary, the uncertain parameters need to meet the
following conditions to guarantee the system’s robust stability⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

V : td ∈ [Td (1− Pd/μ) , Td (1 + Pd/μ)]
W : kpwm ∈ [Kpwm (1− Pk/μ) ,Kpwm (1 + Pk/μ)]
X : l1 ∈ [L1 (1− P1/μ) , L1 (1 + P1/μ)]
Y : c ∈ [C (1− Pc/μ) , C (1 + Pc/μ)]
Z : (l2 + lg) ∈ [(L2 + Lg) (1− Pg/μ)
(L2 + Lg) (1 + Pg/μ)]

.

(28)
According to the review of parameter distributions in

Section II, probabilities of events are known. Since the parameter
distributions of the independent components are independent,
the robust stable probability under corresponding parameter
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Fig. 6. Robust stability assessment process. (a) SSV method. (b) Monte Carlo
method.

distributions is as follows:

Pssv=P [V] · P [W] · P [X] · P [Y] · P [Z] . (29)

In this section, the SSV method is introduced to assess the ro-
bust stable probability of the grid-connected inverter. In practical
applications, the uncertain parameters may be one or multiple
in Section II.

The robust stability assessment process using the SSV method
is shown in Fig. 6(a). First, the perturbation range of the un-
certain parameter can be determined according to the parameter
distribution. Second, the SSV of the uncertain parameter system
can be calculated. Third, the robust stable parameter domain of
the system can be obtained. Finally, the assessment result of
robust stability is determined by combining uncertain parameter
distribution.

In order to compare with the proposed SSV method, this ar-
ticle also presents the Monte Carlo method based on eigenvalue
analysis. The robust stability assessment process with the Monte
Carlo method is shown in Fig. 6(b). The input of the assessment
process is multiparameter distributions and the output is stability
probability or instability risk. The specific calculation process
of the Monte Carlo method is described in detail in Appendix B.

IV. CASE STUDY

A. Robust Stability Analysis With Single-Parameter
Uncertainty

In this section, the results of SSV analysis are compared
with that of eigenvalue analysis. The nominal parameters of the
system are shown in Table I. For SSV analysis, the uncertain
parameters are l1, lg, c, and kpwm and the default perturbation
range of uncertain parameters is ±10%. As for eigenvalue
analysis, the default value of the uncertain parameter is 1.1 times
the nominal value.

TABLE III
UNCERTAIN PARAMETER DISTRIBUTION

The robust stability analysis results with single-parameter
variance are shown in Fig. 7. When the filter capacitor parameter
varies, Fig. 7(a) is a part of the eigenvalue loci and Fig. 7(d) is
the results of SSV analysis. The direction of the arrow indicates
the increase of the filter capacitor C. When the capacitance is 1.1
times the nominal value, the real part of the eigenvalue is about
to exceed 0, and the maximum value of SSV is about to exceed
1. Furthermore, the imaginary part of the eigenvalue and the fre-
quency of the maximum SSV are both around 2.5 kHz. When the
capacitance increases, the real part of the eigenvalue loci move
toward the positive, and the maximum value of SSV increases.
The SSV analysis result corresponds to the eigenvalue analysis
result. The eigenvalue loci with the variance of the inverter-side
filter inductor and the grid inductance are shown in Fig. 7(b)
and (c), respectively. And the SSV analysis results are shown
in Fig. 7(e) and (f), respectively. The direction of the arrow
indicates the increase of the parameter. The analysis results of
the two methods can also correspond to each other, which shows
the correctness and effectiveness of the SSV analysis.

With single-parameter variance, the eigenvalue method can
analyze the stability of the system. However, the robust stability
margin of the system cannot be obtained through eigenvalues.
The proposed SSV method can quantify the robust stability
margin to evaluate the robust stability of the system. Fig. 8
shows the influence of different parameter variations on the SSV.
The range of uncertain parameters varies from 0.9 times the
nominal value to 1.1 times the nominal value. In this case, the
filter capacitor c and the inverter transfer function kpwm have
a greater impact on the SSV. Therefore, the filter capacitor and
the inverter transfer function are more important parameters for
stability in this case.

B. Robust Stability Assessment With Multiparameter
Distributions

The parameter distributions and perturbations for the case
study are listed in Table III. The distribution characteristics
of uncertain parameters correspond to the parameter review in
Section II. For a typical normal distribution, more than 99.7%
of the parameters are distributed within three times the standard
deviation. Thus, the default parameter perturbations are set as
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Fig. 7. Robust stability analysis with the nominal parameter change. (a) Eigenvalue loci with C change. (b) Eigenvalue loci with L1 change. (c) Eigenvalue loci
with Lg change. (d) SSV analysis with C change. (e) SSV analysis with L1 change. (f) SSV analysis with Lg change.

Fig. 8. Influence of parameter variation on the structured singular value.

TABLE IV
ROBUST STABILITY ASSESSMENT RESULTS

three times the standard deviation and the corresponding con-
fidence intervals are 99.7%. Similarly, the confidence interval
of the Weibull distribution is also set to exceed 90%. The
corresponding robust stability assessment results are shown in
Table IV.

In Case 1, Case 2, and Case 3, the uncertain parameter
distributions are the same, and the parameter perturbation ranges
of the inverter-side inductor l1 are three times, four times, and
six times the standard deviation, respectively. In Table IV, the
assessment results with the SSV method are conservative com-
pared with the Monte Carlo method. The reason can be seen from
Fig. 9. Fig. 9 shows the robust stable domain of the SSV method
and the Monte Carlo method. Since the infinite norm of the un-
certainty matrix Δ(s) is determined by the maximum perturba-
tion, the robust stable domain of the SSV method is a rectangular

Fig. 9. Comparison of robust stable domain between the SSV method and
Monte Carlo method.

parameter region. The stable domain of the Monte Carlo method
is a set of discrete points formed by each parameter group. Some
stable points are located outside the stable domain of the SSV
method, which results in the conservativeness of assessment.
Compared with Case 1, increasing the perturbation of the grid-
side inductance l1 can reduce the assessment conservativeness
of the SSV method in Case 2 and Case 3. That is because the SSV
is more sensitive to the variance of the filter capacitor c. With
the perturbation increase of l1, the SSV increases slightly, but
the stability domain of the SSV method expands significantly.

In Case 4 and Case 5, the number of uncertain parameters is
4 and 5, respectively. The stable domain of the SSV method
is a hypercube in these cases, and the stable domain of the
MC method is still a point set. With the increase of uncertain
parameters, more and more stable parameter groups are outside
the hypercube. Therefore, the assessment conservativeness of
the SSV method increases. In Table IV, the assessment result is
the stability probability, and the sum of stability probability and
instability risk is 1. The assessment results of the instability risk
are shown in Fig. 10.

V. EXPERIMENTAL VERIFICATION

To verify the correctness of the SSV analysis, a single-phase
grid-connected inverter prototype is established, as shown in
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Fig. 10. Instability risk assessment results.

Fig. 11. Single-phase grid-connected inverter prototype.

TABLE V
EXPERIMENT VERIFICATION OF ROBUST STABILITY ASSESSMENT

Fig. 11. In the experiment, the ac grid is emulated by the Chroma
programmable AC source 61509, and the grid impedance is
connected in series between the ac source and the inverter. The
inverter transfer function is Kpwm = 50; the rms of grid voltage
is Ug = 25 V. The sampling frequency in the experiment is
6.4 kHz. The nominal parameters of the LCL filter are shown in
Table V.

The experimental parameters of the filter are measured under
static conditions by ANBAI AT2816A digital bridge. Due to
the magnetization characteristics of the inductor, the actual

Fig. 12. Experimental verification of SSV analysis. (a) SSV analysis. (b)
Experimental result with the controller parameters change.

inductance parameters will change with the magnitude of the
current, while the capacitance parameters are basically un-
changed. Furthermore, the controller delay is inevitable. The
uncertain parameters in the experiment include l1, l2, and td.
According to review of the uncertain parameters in Section II, the
parameter perturbations of the inductors are set as P1 = 0.3 and
Pg = 0.3. The perturbation of the uncertain controller delay is
Pd = 0.3. The capacitor current feedforward coefficient Kc is
0.04, the proportional coefficient of the PR controller is Kp, and
the resonance coefficient is Kr.

A. Verification of SSV Boundary

As mentioned in Section III, the boundary of robust stability
is whether the maximum value of SSV exceeds 1. The SSV
analysis results under different controller parameters are shown
in Fig. 12(a). When the controller parameters are Kp = 0.14 and
Kr = 3.5, the SSV analysis result does not exceed 1. After the
controller parameters are increased, the maximum value of SSV
analysis exceeds 1. The corresponding experimental result with
the controller parameters change is shown in Fig. 12(b). When
the controller parameters change, the system changes from a
stable state to an unstable state. The protection time of the ac
source (Chroma 61509) is 0.1 s, so the grid current decreases
after five cycles of divergence. In the following two cycles,
the controller stops the PWM modulation and the system stops
operation. The experimental results are consistent with the SSV
analysis, which indicates the correctness of the SSV method.

B. Verification of Robust Stability Assessment

Based on the robust stability analysis, the robust stability
assessment further considers the parameter distributions. In the
subsection, different groups of LCL filter parameters are studied.
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Fig. 13. Experimental results of different parameter groups with controller A.
(a) Group 1. (b) Group 2. (c) Group 3. (d) Group 4. (e) Group 5.

The measured values of these LCL filter groups are listed in
Table V. In the experiment, two controllers are set. Controller
A is Kp = 0.18 and Kr = 4.5, and controller B is Kp = 0.2 and
Kr = 5.0. The experimental results of all groups are recorded
in Table V. The experimental results of Group 1 to Group 5
are shown in Figs. 13 and 14. The experimental results with
controller A are shown in Fig. 13, and the experimental results
with controller B are shown in Fig. 14.

For the experimental condition, the SSV analysis results of
controller A and controller B are 1.32 and 1.68, respectively. The
distribution characteristics of uncertain parameters are assumed
to be normal distributions. The robust stability assessment re-
sults of controller A and controller B are 93.7% and 77.83%,
respectively. This indicates that both controllers A and B are
at risk of robust instability for experimental conditions, and
controller B has a higher risk of instability.

The experimental results of the ten groups are all stable for
controller A, and the experimental results of groups 5 and 10 are
unstable for controller B. The proportions of stable experimental
results are 100% and 80%, respectively. The error between the

Fig. 14. Experimental results of different parameter groups with controller B.
(a) Group 1. (b) Group 2. (c) Group 3. (d) Group 4. (e) Group 5.

assessment results and the statistical results does not exceed 7%,
which verifies the correctness and effectiveness of the proposed
robust stability assessment method.

Unlike the relatively extreme operating conditions in
Section V-A, the variance of filter parameters in Section V-B
has a significant impact on robust stability. Although the maxi-
mum value of SSV analysis exceeds 1, the experimental results
of some groups are still stable. This is because the uncertain
parameters in the experiment are not on the perturbation bound-
aries. Meanwhile, the assessment results are consistent with the
experimental results. This also illustrates the significance of
robust stability assessment. According to different requirements,
the robust stability of the inverter can be designed to different
levels. The robust stability assessment result of controller A is
93.7%, which is acceptable under general conditions. And this
is also proved by the experimental results.

VI. CONCLUSION

In this article, a robust stability assessment method is
proposed to quantify the inverter’s operational risk with
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multi-parameter distributions. The system model with multipa-
rameter uncertainties is established using LFT and the robust
stable parameter domain is obtained through SSV analysis.
Moreover, robust stability assessment results are obtained and
compared through the SSV method and Monte Carlo method.
Case study and experimental results verify the correctness and
effectiveness of the proposed method. This comparative study
of the two methods conducts the following conclusions.

1) According to the components’ parameter distributions, the
robust stability assessment of the multiparameter uncer-
tain system can be performed through the SSV method.
Therefore, the complicated iterative calculation of the
Monte Carlo method can be avoided;

2) With two uncertain parameters, the robust stability as-
sessment results of the SSV method are close to that of
the Monte Carlo method (difference lower than 2% in
Table IV). However, the SSV method would be conserva-
tive when more parameters are considered simultaneously.
And the main source of conservativeness is the constraint
of the uncertainty matrix;

3) The instability trend can be predicted if more uncertain
parameters are considered. And the SSV assessment con-
servativeness can be reduced with a reasonable choice of
parameter perturbation.

APPENDIX A

This section describes the situation when two LFTs are con-
nected. Fu (M, Δ1) is the upper LFT form of coefficient matrix
M and uncertainty matrix Δ1.

Fu (M,Δ1) = M22 +M21Δ1(I −M11Δ1)
−1M12. (A1.1)

The corresponding coefficient matrix M is as follows:

M =

[
M11 M12

M21 M22

]
. (A1.2)

Similarly, Fu (Q, Δ2) is the upper LFT form of coefficient
matrix Q and uncertainty matrix Δ2. The result of multiplying
two LFTs is still an LFT [16].

Fu (N,Δ) = Fu (M,Δ1) · Fu (Q,Δ2) . (A1.3)

The corresponding coefficient matrix and uncertainty matrix
are as follows:

N =

⎡
⎣M11 M12Q21 M12Q22

0 M11 Q12

M21 M22Q21 M22Q22

⎤
⎦ (A1.4)

Δ =

[
Δ1 0
0 Δ2

]
. (A1.5)

With the LFT method, the corresponding matrices in (22) can
be derived as follows:

B1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−Pc 0 0 0 0
0 −P1 Pk/L1 0 0
0 0 0 −Pg 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 −Pd

⎤
⎥⎥⎥⎥⎥⎥⎦

(A1.6)

Fig. 15. Robust stability assessment schematic diagram of the Monte Carlo
method. (a) Multiparameter space. (b) Eigenvalue analysis results. (c) Statistical
results (CDF).

C1 =

⎡
⎢⎢⎢⎢⎢⎣

0 1
C − 1

C 0 0 0

− 1
L1

0 0 0 0
Kpwm

L1

0 0 0 0 0 Kpwm
1

L2+Lg
0 − Rg

L2+Lg
0 0 0

0 −Kc

Td

Kc−Kp

Td

1
Td

0 − 1
Td

⎤
⎥⎥⎥⎥⎥⎦ (A1.7)

D11 =

⎡
⎢⎢⎢⎢⎣
−Pc 0 0 0 0
0 −P1 Pk/L1 0 0
0 0 −P1 0 0
0 0 0 −Pg 0
0 0 0 0 −Pd

⎤
⎥⎥⎥⎥⎦ . (A1.8)

APPENDIX B

The basic robust stability assessment flow of the Monte Carlo
method can be summarized as follows. Taking the distribution
of inductance and capacitance as an example, the schematic
diagram of the Monte Carlo method is shown in Fig. 15. First,
according to the aforementioned parameter distributions, a large
number of parameter groups are generated. These parameter
groups constitute the multiparameter space, and the multipa-
rameter space is shown in Fig. 15(a). The number of parameter
groups is NP. Subsequently, the corresponding eigenvalues of
each parameter group are calculated through the nominal system
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model, and the eigenvalues of the parameter groups are shown in
Fig. 15(b). Finally, the number of parameter groups with the real
part of the eigenvalue less than 0 is obtained by statistics. And
the statistical number of eligible parameter groups is recorded
as Num. The statistical result is shown in Fig. 15(c). Thus, the
stability probability under multiparameter distributions can be
obtained as follows:

PMC =
Num

NP
. (A2.1)

The Monte Carlo method in this article is an extension of the
conventional eigenvalue loci. The eigenvalue analysis is based
on the nominal parameter system model, which is given in (12).
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