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Abstract—Power system state-space models are often con-
structed by interconnection of their subsystems (converters, dis-
tribution lines, and grid). The interconnection between L-/LCL-
filtered converters with the distribution lines subsystems is often
realized through a virtual resistor, because they both have the
voltage as input, introducing inaccuracy. Moreover, the parameters
variations influence not only the eigenvalues, but also the equilib-
rium point. In this case, the small-signal model has to be reeval-
uated around the new equilibrium point. For the computation of
the equilibrium point, an additional method, e.g., power flow, is
conventionally used. However, the variables computed with power
flow (e.g., P, Q,V, and θ) do not always coincide with the state-
space model variables, required for the linearization. Furthermore,
the traditional power flow does not consider the influence of the
voltage-source-converter control system on the grid equilibrium
point. This article proposes a nonlinear grid model that does not
need the virtual resistor to be interconnected. The proposed model
can be used both for equilibrium point computation through the
Newton–Raphson method, and it can be linearized around the
computed equilibrium point for small-signal analyses. Simulations
and experiments are provided.

Index Terms—Control systems, nonlinear systems, power
converter, power system modeling, power system stability, state-
space methods.

I. INTRODUCTION

THREE-PHASE voltage source converters (VSCs) are be-
coming the main actors in modern electric grids [1]–

[4], leading to a substantial change also in the power system
modeling and stability analysis approaches [5]–[8]. Eigenvalue
small-signal analysis is a well-established tool to identify the
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natural frequency and damping ratio of the oscillatory modes
in the grid [9], yet it requires a state-space model of the VSCs
and the grid, which include all the dynamics relevant to the
phenomena of interest [5], [6], [8], [10]–[14].

The VSC outer control loops (e.g., synchronization, power,
and ac and dc voltage control) present a nonlinear behavior,
and they all play a fundamental role in the power system low-
frequency dynamics [5], [7], [15]. Several articles studied, at
system level, the dynamics of phase-locked loop (PLL)-based
VSCs [8], [10], [12], [16]–[19], or power synchronization-based
VSCs [6], [7], [20]–[23]. The LCL filter and the digital delay
dynamics are included in some models in literature [6], [7],
[20], [24], [25], nevertheless Gu et al. [26] highlighted that in
system-level low-frequency analyses, they can be neglected in
order to keep the model order low, since they influence only the
high-frequency dynamics. Once having the VSC models, the
considered grid model is conventionally build through modular
methodologies, which divide it into fundamental subsystems
(VSCs, distribution lines, and ac grid) and interconnect them
properly [7], [20], [25]. Yet, the strategies in literature to realize
the interconnections present two limitations.

Considering L-/LCL-filtered VSCs as in [6], [7], [20], [24],
[25], and [27], the voltages at each node of the network are
treated as input variables both for the VSCs and the distribution
lines subsystems, making the interconnection challenging [7].
The introduction of a virtual resistor was proposed in [7] and
later used in [6], [20], [24], and [25] to break through this limit.
Recently, Wang et al. [25] demonstrated that the value of the
virtual resistor has a relevant influence on the power system
dynamics, representing a potential source of inaccuracy.

Second, the model linearization process requires the knowl-
edge of the equilibrium point [28]. Conventionally, the lin-
earization is applied at the VSC level, and the grid small-signal
model is build by merging the matrices of the linearized VSCs
models [6], [7], [20], [24], [25]. However, the VSCs equilibrium
points depend on the whole grid configuration and has to be
computed at the power system level, as clear from the power flow
theory [7], [29]. The conventional small-signal power system
models are not adequate for equilibrium point computation, thus
a separate nonlinear grid model, either a power flow or a nu-
merical time-step simulation, is commonly built and employed
for it [7]. On the one hand, numerical simulation models allow
high VSC modeling flexibility, nevertheless they are slower
than analytic models solved with Newton–Raphson (e.g., power
flow) for steady-state computations [30]. On the other hand, the
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power flow in its classical formulation returns the steady-state
values of P,Q, V, and θ at the grid buses, which does not always
coincide with the variables in the state vector x of the state-space
model, required for the linearization [28], [31], [32]. Moreover,
conventional power flow models do not include the VSC control
system, neglecting the influence of control parameters (e.g., ac
voltage droop gain) or more advanced control schemes [18], [33]
on the grid equilibrium point.

In this article, a nonlinear state-space model of a PLL-based
VSC with dc voltage control is first derived and validated
through simulations and experimental results. The latter model
does not include the LCL filter fast dynamics and uses a novel
current loop modeling strategy based on the state-space realiza-
tion of its impedance model, aimed to make the interconnections
without virtual resistor. Starting from the proposed VSC model,
a modular methodology to build a nonlinear state-space model of
a grid by interconnection of nonlinear subsystems is proposed,
unlike [6], [20], [24], [25], and [27], which derive linearized
power system models. Being nonlinear, the state-space model of
the considered grid can be used for two purposes: for equilibrium
point computation, by posing the state derivative null and solving
it with Newton–Raphson, and for eigenvalue stability analysis,
by linearizing it around the computed equilibrium point. Eigen-
value analyses are realized depending on the control loops gains
and the active power levels, reevaluating the state-space model
around the actual equilibrium point at each control gain and
power level variation. Simulation and experimental results are
carried out to validate the eigenvalue analyses.

The rest of this article is organized as follows. In Section II,
the grid under consideration is presented. In Section III, the
subsystems interconnection problem is addressed. Section IV
deals with the linearization and Section V with the eigenvalue
analyses. Section VI presents the simulations and Section VII the
experimental results. Finally, Section VIII concludes this article.

II. SYSTEM DESCRIPTION

The principle scheme of the considered three-phase grid fol-
lowing the VSC is depicted in Fig. 1(a). The current source idc

represents the upstream energy source, e.g., photovoltaic panel
or wind turbine. The voltage vdc across the dc-link capacitor
Cdc is controlled through a proportional-integral (PI) controller,
the ac voltage vg with a droop controller, and a synchronous
reference frame PLL is implemented for the synchronization.
The inner PI current loop regulates the converter output current
ig . The considered converter presents an L filter Lf but the
argumentation can be extended also to LCL-filtered converters,
neglecting the capacitor that influences only the high-frequency
dynamics [34].

An arbitrary number n of VSCs as in Fig. 1(a) are connected
to a grid by means of distribution lines with a resistive-inductive
impedance Zl, as shown in Fig. 1(b). The grid is modeled with
a voltage source e in series with an RL impedance Zg . The
aim of this article is to propose a nonlinear modular modeling
methodology, and apply it to a grid as in Fig. 1(b).

Fig. 1. (a) Considered grid-following three-phase voltage source converter in
its hardware and control part. (b) Considered grid with n grid-following VSCs.

III. VSC MODELING AND SUBSYSTEM INTERCONNECTION

Average models are often used in literature for the analy-
sis of low-frequency dynamics on the dc and ac side [5]–[8],
[20], [24], [34]. The digital delay and LCL filter influence only
high-frequency dynamics, therefore, in this article, as in other
articles, they are neglected [7], [26]. The modeling of the ac
side and current control is crucial for the interconnection of the
VSCs subsystems and the distribution lines subsystems, and is
discussed in this section.

A. Traditional AC Side and Current Loop Modeling

The ac side of a VSC is often modeled in the state space with a
dq voltage source vc in series with the filterLf , as in Fig. 2(a) [6],
[7], [20], [24]–[27]. The transfer function Gcc(s) = Kp +

Ki

s
represents the PI current controller, and the term Ωig is the dq-
axes decoupling term [34], considering

Ω =

(
0 −ω
ω 0

)
(1)

with ω the fundamental grid angular frequency. The state-space
model of the converter and its current loop as in Fig. 2(a), consid-
ering currents and voltages as vectors with d and q components,
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Fig. 2. Conventional state-space modeling of the VSC. (a) Modeling of the
converter and its inner loop. (b) Interconnection with the power network through
a virtual resistor.

e.g., ig =

(
igd
igq

)
, is

⎧⎨
⎩

i̇g = −Ωig +
1
Lf

(vc − vg)

Φ̇cc = i∗g − ig
vc = Kp(i

∗
g − ig) +KiΦcc + LfΩig

(2)

where Φcc is the integral state of the current error. The limitation
of this model (2) arises when using it for the power system
modeling. In (2), vg is the disturbance input and ig is the
state/output variable, as in the block representation of Fig. 2(b).
Analogously, distribution lines, modeled with RL branches, have
the terminal voltages va and vb as inputs and the flowing current
il as state/output variables, as shown in Fig. 2(b)

i̇l = −Rl

Ll
il − Ωil +

1

Ll
(vb − va). (3)

The voltage vg in the node, shown in Fig. 2(a), is an input
variable both for the converter (2) and the distribution lines (3),
as highlighted in Fig. 2(b), thus is difficult to obtain [7]. This
problem exists when considering L-/LCL filtered VSC: with LC
output filter as the gray dashed line in Fig. 2(a), vg can be set as
state variable with differential equation

v̇g = −Ωvg +
1

Cf
(ig + il2 − il1) (4)

and used in (2) and (3). In case of the L filter, Pogaku et al. [7]
proposed to add a virtual resistorRv in the interconnection node,
as in Fig. 2(a) and get the vg expression as

vg = Rv(ig + il2 − il1) (5)

and substitute it into (2) and (3). It is important to notice that,
when no capacitor in the VSC output filter is considered, vg is
not a state variable as in (4), rather an algebraic function of other
variables as in (5). The interconnection through a virtual resistor
is graphically represented in Fig. 2(b). An additional subsystem
(virtual resistor) is added with the only target to realize the

Fig. 3. Proposed state-space modeling of the VSC. (a) Modeling of the
converter and its inner loop. (b) Interconnection with the power network.

interconnection. Moreover, if Rv is chosen very high, the model
may be bad-conditioned [30], if not high enough, it can introduce
inaccuracy [25].

B. AC Side Modeling Through an Inner Loop Impedance
Model

Impedance-based modeling is often used in literature in the
context of impedance-based stability analysis [15], [17], [35]–
[37]. However, since it is based on transfer functions, it can be ac-
tually translated in state-space form and used for different aims.
In this article, the converter and the current loop are modeled
with the state-space representation of their impedance-based
model, as shown in Fig. 3(a). In this way, a parallel admittance
Yc at the interconnection node is obtained, which allows the
interconnection between VSCs and distribution lines without
additional virtual resistors. The impedance model is derived with
a procedure similar to [15], starting from (2) expressed in the
dq Laplace domain, using the notation v̄g = vgd + jvgq for the
complex variables in the frequency domain.

īg =
v̄c − v̄g

Lf (s+ jω)
(6)

v̄c = (̄i∗g − īg)

(
Kp +

Ki

s

)
+ jωLf īg. (7)

By substituting (7) into (6), the impedance model of the VSC
ac side with its current loop as in Fig. 3(a) is derived

īg = Gc(s)̄i
∗
g − Yc(s)v̄g

{
Gc(s) =

Kps+Ki

Lfs2+Kps+Ki

Yc(s) =
s

Lfs2+Kps+Ki
.

(8)

In (8), Gc(s) and Yc(s) both have two poles. The higher
frequency pole, circa in Kp

Lf
, is the bandwidth of the current

controller, and will be denominated ωcc. The other pole in Ki

Kp

is the inverse of the PI controller time constant [34]. In Gc(s),
the lower frequency pole cancels the zero in Ki

Kp
and only a

low-pass filter with cut-off frequency ωcc remains. In Yc(s),
the higher frequency pole is neglected in order to obtain a
first-order transfer function, which makes more straightforward
the state-space representation. This assumption can be done
since the current loop bandwidth is higher enough with respect
to the frequency of the phenomena of interest. The extended
demonstration can be found in [19]. Hence, the transfer functions
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Fig. 4. Block graphical representation of the proposed model, including all its
fundamental parts, and their interrelations.

in (8) become first order{
Gc(s) =

ωcc
s+ωcc

Yc(s) =
s

Kps+Ki

. (9)

Considering the approximation (9), by defining the non-
physical variables ic = Gc(s)i

∗
g and vcc =

Ki

s (ic − ig), the
impedance model (8) can be realized in a state-space form as⎧⎨

⎩
vg = Kp (ic − ig) + vcc
v̇cc = Kiic −Kiig
i̇c = −ωccic + ωcci

∗
g

. (10)

The obtained state-space model (10) is dynamically equiv-
alent to the traditional model (2) but with different choices
of state variables, in order to reverse the input/output pattern:
ig is a disturbance input and vg is an output variable. This
new input/output pattern is complementary to the one of the
distribution lines, therefore the interconnection between VSC
and distribution lines can be realized in a direct way without
any additional virtual resistor, as shown in Fig. 3(b). However,
also in the case of (10), vg is not a state variable.

C. Complete VSC Modeling

The derived model of the ac side and inner loop (10) is em-
bedded in the complete state-space model of the VSC according
to Fig. 4, resulting in a nonlinear model [8], [20].

The importance of having a local dq and globalDQ frame has
been emphasized in [7], and is done through the matrix T (δ),
e.g., igdq = T (δ)igDQ

, as highlighted in Fig. 4

T (δ) =

(
cos δ sin δ
− sin δ cos δ

)
(11)

where δ is the angle between the VSC dq and the global DQ
reference frame [7]. The dc-link voltage dynamics is described
by the nonlinear power balance equation [34] as

v̇dc = −3

2

1

Cdc

vTgdqT (δ)igDQ

vdc
+

1

Cdc
idc. (12)

In order to assure the constant power source behavior, the
dc current is set to idc =

P ∗

vdc
with P ∗ the reference power. The

PLL, dc-link, and ac voltage controller are modeled with three
differential equations as follows:

Φ̇dc = vdc − v∗dc (13)

δ̇ =
(
0 Kp,PLL

)
vg +Ki,PLLΦq (14)

Φ̇q =
(
0 1

)
vg (15)

and one algebraic equation for i∗g as follows:

i∗g =

(
Kp,DC(vdc − v∗dc) +Ki,DCΦdc

Kp,AC

(
v∗g −

√
vTg vg

) )
(16)

where it yields
√

vTg vg = ‖vg‖.Φdc andΦq are the integral states

of the dc voltage control and the PLL, respectively.
By combining (10)–(16), the proposed nonlinear model of the

VSC in the form {
ẋvsc = fvsc(xvsc, uvsc)
yvsc = h(xvsc, uvsc)

(17)

is obtained. The state of the VSC is defined in the local dq frame
as

xvsc =
(
ic vdc Φdc δ Φq vcc

)T
(18)

by omitting the subscript dq. The inputs and outputs, defined
in the global DQ frame, are uvsc = ( idc igDQ )T and yvsc =
( vdc vgDQ )T , as in Fig. 4.

The state equation ẋvsc = fvsc(xvsc, uvsc) is⎛
⎜⎜⎜⎜⎜⎜⎝

i̇c
v̇dc

Φ̇dc

δ̇

Φ̇q

˙vcc

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−ωccic + ωcci
∗
g

− 3
2

1
Cdc

vT
g T (δ)igDQ

vdc
+ 1

Cdc
idc

vdc − v∗dc(
0 Kp,PLL

)
vg +Ki,PLLΦq(

0 1
)
vg

−KiT (δ)igDQ
+Kiic

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(19)

and the output equation yvsc = hvsc(xvsc) is(
vdc

vgDQ

)
=

(
vdc

T−1(δ)vg

)
. (20)

The voltage vg is kept implicit in the model for compacted of
notation, and is expressed according to (10) as

vg = Kp

(
ic − T (δ)igDQ

)
+ vcc. (21)

The nonlinear model (19) does not include the LCL filter
dynamics, having lower order than models that do [6], [7], [20],
[24], [25], [27]. For low-frequency analyses, (19) can be used
both for L- and LCL-filtered converters, neglecting the filter fast
dynamics [26].

The fact that vg is expressed through (21) and is not a state
variable represents a challenge for the linearization and equilib-
rium point computation, discussed in the next section.

IV. POWER SYSTEM MODELING AND LINEARIZATION

The conventional power systems state-space modeling proce-
dure is described in Fig. 5 [6], [7], [20], [24]. The linearization
process, highlighted in orange, is done at the VSC level. The
matrices of the VSC linearized models are then merged together
to construct the linearized state-space matrix of the grid, denom-
inatedAps [7], [25]. In order to realize small-signal analyses, the
matrix Aps has to be evaluated at the grid model equilibrium
state, denominated xpse. The computation of xpse requires a
nonlinear model of the whole considered grid, as clear from the
power flow theory [7], [29]. Since the procedure in Fig. 5 aims
to obtain a small-signal model of the considered grid, a separate
and additional nonlinear model of the same grid, either power
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Fig. 5. Conventional methodology for the power system state-space model derivation, linearization, and eigenvalue analysis.

Fig. 6. Proposed methodology for the power system state-space model deriva-
tion, linearization, and eigenvalue analysis.

flow or a numerical time-domain simulation as proposed in [7],
is usually employed to compute xpse, as shown in the red frame
in Fig. 5. Numerical time-domain simulation models converge
in many more steps than the power flow to the steady-state
equilibrium point, thus are not considered in Fig. 5 [9], [29],
[30].

On the other hand, the power flow in its classical formulation
does not compute directly xpse, rather the steady-state values
of P,Q, V, and θ in the buses of the considered grid (denom-
inated Υe in Fig. 5). From that, a function T : Υe → xpse to
reconstruct xpse starting from Υe has to be determined and
used; such a function can sometimes be challenging to obtain.
In our case, for example, the power flow variables V do not have
a corresponding variable in xpse, since the voltages vg of the
VSCs are not state variables and are not contained in xpse [28].
Furthermore, the traditional power flow does not contain the
detailed VSCs control system model, which can have a relevant
influence the grid equilibrium point.

This article proposes a modular methodology to built nonlin-
ear power system state-space models by interconnection of the
nonlinear VSCs models, as highlighted in Fig. 6. The resulting
grid dynamic model has the form

ẋps = fps(xps,ups) (22)

By considering null state derivative ẋps = 0 (i.e., stationary
state), and a constant input upse , the differential equation (22)
becomes an algebraic equation

fps(xps,upse) = 0. (23)

By solving (23) in xps, the grid state-space model equilibrium
point xpse is directly obtained [28], [32]. The Newton–Raphson
method can be used to efficiently solve (23), and requires the
calculation of the Jacobian matrix ∂

∂xps
fps, as shown in orange

in Fig. 6. The latter Jacobian matrix is exactly the state matrix
Aps of the grid small-signal state-space model obtained also in

Fig. 5, whose eigenvalues describe the considered power system
dynamics.

The novelty and unique feature of the proposed model (22) is
that it can be used for three different purposes.

1) As a static algebraic equation for the equilibrium point
computation [by numerically solving (23)].

2) As a small-signal model for eigenvalue analysis (from the
Jacobian Aps =

∂
∂xps

fps).
3) As a dynamic differential equation (22) for time-domain

simulations, as done in Section VI, by integrating the
model over time

xps(t) =

∫ t

0

fps (xps(τ),ups(τ)) dτ.

No additional power flow models has to be constructed and no
functions T : Υe → xpse are needed, as shown in Figs. 5 and 6.
Moreover, the detailed control system model is included in (23);
the influence of the control loops (e.g., ac voltage droop) and
potentially also more advanced control (e.g., virtual impedance,
state-feedback control) on the equilibrium point is taken into
account [18], [33].

A. Derivation of the Nonlinear Power System Model fps

A power system composed of n parallel VSCs connected
through distribution lines, as shown in Fig. 1(b), is considered.
The fundamental steps for the nonlinear power system modeling
are three, as shown in Fig. 7.

1) Step 1: VSCs Models Concatenation. The n nonlinear
VSCs models are concatenated in a column vector, considering
in each VSC idc =

P ∗

vdc
, obtaining

⎛
⎜⎜⎜⎝

ẋvsc1
ẋvsc2

...
ẋvscn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

fvsc1(xvsc1 ,
P ∗

1

vdc1
, ig1)

fvsc2(xvsc2 ,
P ∗

2

vdc2
, ig2)

...
fvscn(xvscn ,

P ∗
n

vdcn
, ign)

⎞
⎟⎟⎟⎟⎟⎠ (24)

⎛
⎜⎜⎜⎝

vg1
vg2

...
vgn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

hvsc1(xvsc1 , ig1)
hvsc2(xvsc2 , ig2)

...
hvscn(xvscn , ign)

⎞
⎟⎟⎟⎠ . (25)

The model of the n VSCs in (24) and (25) can be expressed in
a compact form using a bold notation for the vectorial variables,
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Fig. 7. Nonlinear interconnection procedure between VSCs, power network,
and grid in three steps, described in Section IV-A.

e.g., vg = ( vg1 vg2 · · · vgn )T , as{
ẋvsc = fvsc(xvsc,

P∗

vdc
, ig)

vg = hvsc(xvsc, ig)
. (26)

2) Step 2: Power Network and Grid Modeling. The distribu-
tion lines are modeled as in (3). The grid is modeled with an
ideal voltage source e with an RL impedance Zg in series as in
Fig. 1(b). The amplitude of the grid voltage is denominated Eg

and its frequency deviation from the nominal value is denom-
inated Δωg . The global reference frame DQ is aligned with a
virtual oscillator at the nominal frequency 50 Hz. A nonlinear
operator Ψ(Eg,Δωg) is defined to transform the grid voltage
expressed with amplitude Eg and frequency deviation Δωg into
DQ coordinate frame:

Ψ :

(
Eg

Δωg

)
→
(
eD
eQ

)
=

⎧⎨
⎩

δ̇g = Δωg

eD = Eg cos δg
eQ = Eg sin δg

(27)

through a frequency integration and a polar to Cartesian trans-
formation. With this convention, a grid frequency drop of 1 Hz is
seen as a clockwise rotation of the vector eDQ at angular speed
2π rad/s.

The obtained Cartesian vector eDQ = Ψ(Eg,Δωg) is then
used in the equation of the RL branch obtaining

i̇pccDQ
= −ΩipccDQ

− Rg

Lg
ipccDQ

+
1

Lg
(vpccDQ

− eDQ). (28)

The state and the output of the power network model are defined,
respectively, as

xnet =

⎛
⎜⎜⎜⎝

ipcc
il1,2

...
iln−1,n

⎞
⎟⎟⎟⎠ ig =

⎛
⎜⎜⎜⎝

ig1
ig2
...

ign

⎞
⎟⎟⎟⎠ (29)

and the derivation of its model is a well-known topic in the power
system theory [9]. Considering the bold notation introduced in
(26), the model is{

ẋnet = Anetxnet +Bnetvg + FnetΨ(Eg,Δωg)
ig = Cnetxnet

(30)

with

Anet =

⎛
⎜⎜⎜⎜⎜⎜⎝

Zg

Lg
0 · · · 0

0
Zl1,2

Ll1,2

. . .
...

...
. . .

. . . 0

0 · · · 0
Zln−1,n

Lln−1,n

⎞
⎟⎟⎟⎟⎟⎟⎠

(31)

Bnet =

⎛
⎜⎜⎜⎜⎜⎝

1
Lg

0 · · · 0

− 1
Ll1,2

1
Ll1,2

. . .
...

...
. . .

. . . 0
0 · · · − 1

Lln−1,n

1
Lln−1,n

⎞
⎟⎟⎟⎟⎟⎠ (32)

Fnet =

⎛
⎜⎜⎜⎝

− 1
Lg

0
...
0

⎞
⎟⎟⎟⎠Cnet =

⎛
⎜⎜⎜⎜⎝

1 −1 · · · 0

0
. . .

. . .
...

...
. . . −1

0 · · · 0 1

⎞
⎟⎟⎟⎟⎠ . (33)

3) Step 3: Nonlinear Power System Modeling. The vector vg

defined in (26), which is the output of the VSCs, becomes the
input of the power network in (30). In turn, the vector ig defined
in (30), which is the output of the power network, becomes input
for the VSCs model in (26). The interconnection between the
nonlinear VSCs model (26) and the power network (30) is thus
realized. The resulting power system model has the active power
levels of the VSCs P∗ and the grid voltage Eg and frequency
Δωg as input, and can be written as(

ẋvsc

ẋnet

)
=

(
fvsc

(
xvsc,

P∗

vdc
,Cnetxnet

)
Anetxnet+Bneth(xvsc,Cnetxnet)+FnetΨ(Eg,Δωg)

)
.

(34)

By defining xps = (xvsc xnet )
T and ups =

(P∗ Eg Δωg) )
T , the model (34) can be written in a

compact form as (22).

V. LINEARIZATION POINT COMPUTATION AND EIGENVALUE

ANALYSIS

Eigenvalue analysis has been widely used in literature to
analyze the effect of a parameter on the power system dynamical
modes [6]–[9], [20], [24], [25], [27]. However, it is important to
highlight that the variation of some parameters (e.g., the VSCs
active power level, grid impedance, ac voltage droop gains)
can change not only the power system dynamical modes, but
also its steady-state equilibrium point xpse. In that case, the
grid small-signal model needs to be reevaluated around its new
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Fig. 8. Proposed eigenvalue analysis procedure with equilibrium point recom-
putation and update.

equilibrium point. The proposed nonlinear model of the grid is
operating point independent, and can be easily linearized around
different operating conditions.

The procedure for that is shown in Fig. 8. The considered grid
state-space model fps is initialized and its Jacobian matrix Aps

is derived, as already explained in Figs. 6 and 7 [9], [28], [32].
Both fps and Aps are left parametric, in order to easily change
their parameters during the stability analyses. The derivation of
Aps is not redone at each parameter variation, but only once in
the initialization. Indeed, a parameter variation (active power or
control gain) in the model without changes on the grid topology
does not change the Jacobian matrix structure.

The equilibrium point can be computed by solving (23)
with the Newton–Raphson iterative method, which needs the
nonlinear system fps and its nonsingular Jacobian Aps, as
represented in the red block in Fig. 8. By using as flat start
in xpse all vdc = v∗dc and vcc = v∗g and the other state variables
posed to 0, the Newton–Raphson algorithm in Fig. 8 converged
(on a laptop) on average in six iterations with precision 10−8

and an average execution time of 0.472 ms for each iteration.
The Newton–Raphson convergence is clearly much faster than
numerical time-domain transient simulations used by [7]. At the
end of the Newton–Raphson iterations, the equilibrium point
xpse is available, and is substituted into the Jacobian matrix
Aps in order to realize the eigenvalue analysis, as shown in
Fig. 8 in the blue frame.

A. Eigenvalue Analysis Depending on the VSCs Active Power

In Fig. 9, an eigenvalue analysis depending on the active
power level is performed. The equilibrium point xpse is re-
computed at each power level variation, and the matrix Aps

reevaluated at the computed xpse , according to Fig. 8. The
equilibrium values of the converters output voltages in their mag-
nitude and angle are summarized in Table I. The grid impedance
has a resistive component of 43 mΩ and inductive of 0.14 mH.
The three VSCs are considered identical. Among the numerous
eigenvalues of the considered grid, three groups that are relevant
for the stability can be identified, as in Fig. 9. The group 1
represents an oscillatory mode at frequency around 70 Hz and
is not particularly sensitive to the power level variations. The
eigenvalue group 2 reveals an oscillatory dynamics at frequency
around 30 Hz, whose damping decreases when the total injected

Fig. 9. Eigenvalue analysis of the considered power system with respect to
VSCs power level variations.

TABLE I
GRID EQUILIBRIUM POINT WITH RESPECT TO THE VSCS POWER LEVEL

VARIATIONS INVESTIGATED IN FIG. 9

power becomes low. Furthermore, a subsynchronous oscillatory
mode due to the eigenvalue group 3 at frequency around 5 Hz
arises when the total injected power increases toward 4.5 MW.

The behavior of the latter group confirms the well-known re-
sults that with a high power level, with constant grid impedance,
the short circuit ratio (SCR) decreases and the grid stability is
threatened [7], [8]. On the other hand, this analysis reveals also
that the active power injection has a positive damping effect on
the eigenvalue group 2.

B. Eigenvalue Analysis Depending on the Outer Loops
Parameters

Fig. 10 analyses the effect of dc-link control bandwidth, ac
voltage droop gain, and PLL bandwidth on the considered power
system low-frequency dynamics.

Also in this case, the three eigenvalues groups identified
in Fig. 9 are present and directly influenced by the control
loops parameters variations. The damping of the eigenvalues
group 1 decreases when the dc-link controller bandwidth in-
creases, decreases when the ac controller bandwidth increases,
and is scarcely sensible of the PLL bandwidth. The group 2
is influenced by all the control loops: its damping increases
when the dc-link voltage control bandwidth increases, increases
when the ac voltage droop gain increases, and decreases when
the PLL bandwidth increases. The group 3 presents a variable
frequency, which is highly dependent on the PLL bandwidth; its
frequency increases as the PLL bandwidth increases. Regarding
the damping of this mode, it increases as the three parameters
increase.

The steady-state values of the converters output voltages and
angles are reported in Table II with respect to the different ac
voltage droop gains considered in Fig. 10(b). When Kp,AC is
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Fig. 10. Eigenvalue analyses of the considered power system with respect to control parameter variations. (a) DC-link voltage control bandwidth variation. (b)
AC voltage droop gain variation. (c) PLL bandwidth variation.

TABLE II
GRID EQUILIBRIUM POINT WITH RESPECT TO THE AC VOLTAGE DROOP GAIN

VARIATIONS INVESTIGATED IN Fig. 10(b)

low, the converters use less reactive current to compensate the
voltage deviations. With Kp,AC = 2, the voltage vg3 of the third
converter becomes higher than 1.1 p.u. By increasing Kp,AC,
the reactive compensation by the converters bring the voltages
closer to the nominal value. Interesting is to see the behavior
of vg1 , which decreases and goes away from the nominal value
by increasing Kp,AC. This is due to the high reactive power
absorption by the VSCs 2 and 3, aimed to compensate their too
high voltage levels, which affects also the voltage of the VSC
1. The results of this analysis confirm that the ac voltage droop
gain has a high influence on the grid equilibrium point, and the
model reevaluation around the new computed equilibrium point,
as in Fig. 8, is a necessary operation.

The eigenvalue analyses performed in Sections V-A and V-B
reveal that it does not exist a group of eigenvalues that is sensible
only to one parameter variation, and all the dynamics are strongly
coupled. This result stresses the fact that each control loop gives
a fundamental contribution to the power system dynamics. In
several analyses in literature, especially at power-system level,
the dc-link voltage dynamics is neglected [7], [20], [24], [25],
[27]. It is clear from Fig. 10(a) that as the dc-link voltage con-
trol bandwidth has a fundamental influence on the eigenvalues
position, thus has to be included in the model.

VI. SIMULATION RESULTS

Time-domain simulations are performed to validate the pro-
posed model and the eigenvalue analyses. The proposed VSC
model (19)–(20) is used to model an L-filtered VSC-based wind
turbine connected to the grid; the simulation parameters are sum-
marized in Table III. A voltage sag is simulated, and the detailed
switching VSC model is compared with the proposed nonlinear

TABLE III
VSC-BASED WIND TURBINE AND GRID SIMULATION PARAMETERS

VSC model and the linearized small-signal model, to validate
their accuracy. Afterwards, the eigenvalue analyses presented in
Section V are validated through time-domain simulations.

A. VSC Nonlinear Model Validation

For the model validation, a grid as in Fig. 1(b) with a single
VSC is considered (n = 1). The ac voltages and currents are
expressed in the dq frame aligned with the PCC voltage. The
comparison with the detailed switching model is done on the
basis of two different disturbances: a symmetrical voltage sag
with 0.2-p.u. depth, shown in Fig. 11, and a frequency drop of
2 Hz, shown in Fig. 12. The small-signal model, included in the
simulation, is computed from the nonlinear model as

ẋps = fps(xpse) +Aps

(
xps − xpse

)
+Bps

(
ups − upse

)
(35)

where Bps =
∂

∂ups
fps [28]. Both the simulations in Figs. 11

and 12 confirm the good faithfulness of the proposed nonlinear
model with respect to the detailed switching model. High-
frequency ripples, which are present in the detailed switching
model in Figs. 11 and 12, are due to the power semiconductors
devices switching. The proposed nonlinear model is an average
model, therefore, it captures only the low-frequency behavior
of the converter. Indeed, the high-frequency ripples are not
present. The small-signal model has different behaviors in the
two simulations of Figs. 11 and 12. In Fig. 11, the dynamics in
the transient is not far from the nonlinear model, nevertheless
there is a steady-state error after the sag, due to the fact that
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Fig. 11. Simulation of a voltage sag. (a) Three-phase grid voltage and the PCC
voltage. (b) DC-link voltage and the ac current.

the model is linearized around the presag operating point. On
the other end, in the simulation of the frequency sag of Fig. 12,
the transient behavior is not accurately predicted by the small-
signal model. Indeed, the transformation matrix T (δ) defined
in (11), which rotates the converter reference frame during
frequency events, is nonlinear, and its linearization can be inac-
curate when δ deviates from its equilibrium point, such as during
frequency events.

B. Simulation of Different Power Level in the VSCs

The reaction of the considered grid to a voltage sag depending
on the active power levels of the VSCs is depicted in Fig. 13.
A system as in Fig. 1(b) with three VSCs (n = 3) is now
considered, as in the analysis in Fig. 9. When the power of
each VSC is 0.25 MW, a higher frequency oscillatory behavior
can be noticed, which is dependent on the eigenvalues of group
2 in Fig. 9, with frequency 25 Hz, which encounter a decrease
of the damping when the power level decreases. On the other
hand, another low-frequency oscillatory phenomena can be seen
in Fig. 13, more evident on the current ipcc; that is due to the
eigenvalues in the group 3 of Fig. 9, with frequency around
4 Hz, which approach the imaginary axis when the power level
increases. The presented simulation is, therefore, in agreement
with the corresponding eigenvalue analysis of Fig. 9.

Fig. 12. Simulation of a frequency dip. (a) Grid frequency and the PCC
voltage. (b) DC-link voltage and the ac current.

C. Simulation of Different Control Loop Parameters in the
VSCs

In Fig. 14, the reaction of the considered grid to a voltage sag
with different dc-link voltage controller bandwidths is depicted.
For low bandwidths, the grid presents low-frequency oscillations
with low damping. These oscillations are due to the eigenvalues
in the groups 2 and 3 of Fig. 10(a), which approach the imag-
inary axis with low controller bandwidths. On the other hand,
with high values of the control bandwidth, higher frequency
oscillations arise, which derive from the eigenvalues group 1 in
Fig. 10(a).

In Fig. 15, the simulation is performed under different values
of the ac voltage droop gain. For low bandwidths, low-frequency
oscillations with low damping arise, mostly due to the eigenval-
ues of the group 3 in Fig. 10(b). However, these oscillations
are more damped with respect to the case of Fig. 14, since the
eigenvalues of the group 2 in Fig. 10(a) are much more critical
than the ones in Fig. 10(b). When the ac droop gain increases,
higher frequency oscillations due to the eigenvalue group 1 in
Fig. 10(b) arise. These oscillations are more damped and slightly
slower with respect to the ones in Fig. 14(b) in accordance with
the eigenvalue analyses in Fig. 10.

Ultimately, the simulation of the considered grid under differ-
ent PLL bandwidths is shown in Fig. 16. With low bandwidths,
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Fig. 13. Simulation under different VSCs power levels. (a) Grid voltage sag and the PCC voltage. (b) PCC current. (c) DC-link voltages of the three converters.

Fig. 14. Simulation under different dc-link voltage control bandwidths. (a) Grid voltage sag and the PCC voltage. (b) PCC current. (c) DC-link voltages of the
three converters.

Fig. 15. Simulation under different ac voltage droop gain. (a) Grid voltage sag and the PCC voltage. (b) PCC current. (c) DC-link voltages of the three converters.

Fig. 16. Simulation under different PLL bandwidths. (a) Grid voltage sag and the PCC voltage. (b) PCC current. (c) DC-link voltages of the three converters.



6112 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 37, NO. 5, MAY 2022

Fig. 17. Schematic of the setup used for the experimental results.

the settling time of the voltages and currents is relatively long,
nevertheless the oscillations are less prominent than Figs. 14 and
15. This is due to the eigenvalues of the group 3 of Fig. 10(c),
which have a very low-frequency but higher damping when the
PLL bandwidth is low. When the PLL bandwidth increases, low
damped oscillations arise, as shown in Fig. 16. These oscillations
are much slower with respect to the ones in Figs. 14 and 15. That
is because they derive from group 2 in Fig. 10(c), which has sig-
nificantly lower frequency with respect to group 1 in Fig. 10(a)
and (b) responsible for the oscillations in Figs. 14 and 15.

VII. EXPERIMENTAL VALIDATION

The analyses and the simulations shown in the previous
sections are based on the proposed VSC nonlinear model
(19)–(20). The aim of this section is to experimentally validate
the accuracy and effectiveness of the aforementioned nonlinear
model through several case studies. The validation is carried
out with respect to two different systems: a down-scaled
experimental setup built in the lab, represented in Fig. 17, and
a Typhoon Hardware-In-the-Loop (HIL) 402 real-time device.

A. Experimental Setup Tests

The VSC-based wind turbine system described in Section VI
is reproduced in the lab through two converters connected in
back-to-back configuration, as in Fig. 17. The right converter of
the back-to-back corresponds to the grid-side converter of the
wind turbine, and is the one represented in Fig. 1(a) and modeled
by (19) and (20). This converter is plugged to a power amplifier
by means of an inductive impedance Zg, in order to emulate the
grid. The left converter of the back-to-back is the generator-side
converter, which emulates the wind turbine. This converter is
modeled in Fig. 1(a) and in (19) and (20) as the current source
idc. It is connected to an autotransformer, as shown in Fig. 17,
and controlled in current. The parameters of the setup used for
the experiments are summarized in Table IV.

TABLE IV
BACK-TO-BACK CONVERTER AND POWER AMPLIFIER EXPERIMENTAL SETUP

PARAMETERS

TABLE V
EXPERIMENTAL VALIDATION PARAMETERS

The experimental validation is realized as follows: a voltage
sag of 0.35 p.u. is performed in the power amplifier and dc-link
voltage, ac voltage and ac current of the VSC are recorded
through an oscilloscope for three different case studies, summa-
rized in Table V. The waveforms obtained from the oscilloscope
in the three cases are depicted in Fig. 18; each case is compared
with a simulation of the proposed nonlinear model (19)–(20)
as shown in Fig. 19. The same control parameters are used in
the experimental test and the corresponding nonlinear model
simulation. Since the proposed model is entirely in the dq frame,
a Park transformation is applied to the current ig and voltage vg,
in order to obtain sinusoidal waveforms as in Fig. 19 and better
compare them with the experimental results of Fig. 18. Being
the system symmetrical and balanced, only one phase of vg and
ig is displayed in Figs. 18 and 19.

The results in Figs. 18 and 19 highlight in all the three cases
the high accuracy and good faithfulness of the proposed model
with respect to the real model.

Moreover, the results are in accordance with the eigenvalue
analyses of Figs. 9 and 10 as well. The case study (a), shown in
Figs. 18(a) and 19(a), presents slower oscillations with respect
to the other cases. By looking at Table V, it can be seen that
the dc-link voltage control and the ac voltage droop gain are
significantly minor with respect to the other cases. By looking
at Fig. 10(a) and (b), it can be seen that the eigenvalues of the
group 3, which have very low frequency, become less damped
when there parameters decrease. The eigenvalues group 2 in
Fig. 10(a) have also very low-frequency and damping values
when the dc-link bandwidth decreases.

The case study (b) shown in Figs. 18(b) and 19(b) presents
contrariwise faster oscillations with respect to the other cases.
The control parameters used in this test, described in Table V, are
higher with respect to the previous case. By looking at Fig. 10,
the eigenvalues group 3, which has extremely low frequency,
increases the damping when the three control loops parameters
increase. On the other hand, in the case of the PLL, whose
bandwidth in the case study (b) of Table V is more than three



CECATI et al.: NONLINEAR MODULAR STATE-SPACE MODELING OF POWER-ELECTRONICS-BASED POWER SYSTEMS 6113

Fig. 18. DC-voltage dynamics in the experimental setup as a consequence of a voltage sag. (a) Case study 1. (b) Case study 2. (c) Case study 3.

Fig. 19. DC-voltage dynamics in the simulation of the proposed nonlinear model as a consequence of a voltage sag. (a) Case study 1. (b) Case study 2. (c) Case
study 3.

times higher than in case study (a), the eigenvalues group 2 has
a responsibility for the observed oscillations, since its damping
decreases when the PLL bandwidth increases. Moreover, also
the eigenvalues of the group 1 in Fig. 10(a) and (b), which have
a relatively high frequency, decrease their damping when the
parameters increase.

The last case is shown in Figs. 18(c) and 19(c). The values of
the three control loops parameters are in between the values of
cases (a) and (b) described in Table V. The results is a system
with more damped oscillations with respect to Fig. 18(a) and
(b), and with a oscillation frequency, which is in between cases
(a) and (b).

B. HIL Tests

A back-to-back VSC-based wind turbine system connected
to the grid, with the same configuration depicted in Fig. 17,
is modeled on a Typhoon HIL402 device. The HIL real-time
simulation time step is 1μs, which ensures accurate and realistic
results for a converter with switching frequency of 2 kHz. The
system parameters are summarized in Table III. A voltage sag of
0.2 p.u. with a simultaneous frequency dip of 1 Hz is simulated,
and the virtual oscilloscope is triggered in the instant of the fault,
capturing dc and ac voltage and ac current, as in Fig. 20(a).
The proposed nonlinear model (19)–(20) and the small-signal
model in the form (35) are both simulated, and their behavior
is compared with the HIL results in Fig. 20(b). Being the state-
space models expressed in thedq frame, the comparison has been
done with the currents and voltages in the dq frame of the HIL
model, given to the oscilloscope as internal signals of the VSC

control system. The results in Fig. 20(b) are coherent with the
simulation results in Section VI. The proposed nonlinear model
shows a good faithfulness with the HIL results. The small-signal
model behaves similarly to the real system, but it presents steady-
state and transient errors due to the linearization, as discussed
in Section VI.

VIII. CONCLUSION

In this article, a VSC modeling strategy is proposed, which
does not include the LCL filter and allows the interconnection
with the distribution lines subsystems without the virtual resistor.
From that, a modular methodology to derive analytic nonlinear
power system state-space models is presented. The obtained
nonlinear state-space model is used for three purposes.

1) Steady-state equilibrium point computation, by means
of the Newton–Raphson method. The proposed model
contains the detailed model of the control system, and
allows to analyze the influence of the control parameters
on the grid equilibrium point.

2) System-level eigenvalue analysis, by recomputing the grid
equilibrium point and reevaluating the model at the com-
puted equilibrium point at each parameter change.

3) Nonlinear time-domain simulations, used to study the
response of the considered grid to voltage and frequency
events.

The eigenvalue, simulations, and experimental results high-
light that both the control loops parameters of the VSCs and
their power levels have a significant influence on the power
system stability and equilibrium point, and are strongly coupled.
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Fig. 20. Hardware-in-the-Loop (HIL) test of a voltage sag with frequency
dip. (a) HIL results. (b) Comparison of the HIL results with the nonlinear and
linearized model.

This dynamics coupling leads to a change in the way VSCs are
modeled for power system studies: the inner structure dissolves
and only the current/voltage characteristic at the outer ac and dc
terminals remains.
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