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Abstract—A second-order generalized integrator (SOGI) is a
resonant regulator with a pair of complex-conjugate poles, and
therefore, with infinite magnitude at its center frequency. Thanks
to this property, one can put together a set of m SOGIs in an
elegant way and decompose a single-phase signal into its constituent
frequency components and detect their amplitude and phase angle.
Such a configuration, which is often referred to as the multi-SOGI
(MSOGI) structure, requires a frequency estimator to adapt the
center frequency of SOGIs to frequency changes. This frequency
estimation is often provided by interconnecting the MSOGI struc-
ture with a basic frequency-locked loop (FLL) or phase-locked loop
(PLL). The resulting structures are known as the MSOGI-FLL
and MSOGI-PLL. These structures and their close variants are
mathematically difficult to analyze probably because of the lack of
a linear model for these systems. This article aims to bridge this
research gap. First, it is shown how linear time-periodic (LTP)
models of the MSOGI-FLL and MSOGI-PLL can be obtained.
The model verification, obtaining open-loop harmonic transfer
function from the LTP model, and LTP stability assessment of
MSOGI-based synchronization systems are the next parts of this
article. Finally, some close variants of the MSOGI-FLL/PLL are
considered and their modeling and stability assessment are briefly
discussed.

Index Terms—Frequency-locked loop (FLL), linear time-
periodic (LTP), modeling, phase-locked loop (PLL), single-phase
systems, synchronization.
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I. INTRODUCTION

OTIVATED by both political and environmental
M concerns and facilitated by recent scientific/engineering
advances, the share of renewable energy sources, especially pho-
tovoltaic and wind systems, in the generation of electricity is sig-
nificantly growing [1]. This fast movement toward low-carbon
energy generation, however, is not without a problem. The
main challenge is probably having a so-called low-inertia power
system, which is characterized by abrupt frequency changes,
increased harmonic distortions, and reduced stability margin
in the system [2]. It implies that in addition to upgrading the
control/synchronization systems of power converters to deal
with these stability/power quality issues, efficient and reliable
algorithms to monitor the grid voltage frequency components
may also be required.

To contribute toward addressing the above-mentioned needs,
designing multipurpose time-domain signal processing algo-
rithms to undertake the grid synchronization, signal decom-
position, and monitoring responsibilities at the same time has
received much attention. These algorithms, which can detect the
fundamental and a selective number of harmonic components of
a power signal, and their phase angle, amplitude, and frequency,
may be realized in different ways. The focus of this article is on
multiple second-order generalized integrators (MSOGI) based
algorithms and their close variants. A SOGI is a resonant regula-
tor with a pair of complex-conjugate poles at a frequency called
the center frequency. In what follows, the historical development
of the MSOGI-based algorithms is presented.

Research groups with different backgrounds have contributed
to developing the SOGI-based synchronization and signal pro-
cessing algorithms. In the power and energy area, [3] and [4]
should be credited for their pioneering works in this area. By
including a SOGI centered at the fundamental frequency in
a unity feedback loop, they proposed a configuration [today
known as the SOGI-based orthogonal signal generator (SOGI-
OSG)]. The SOGI-OSG extracts the fundamental component of
a single-phase input signal and generates a fictitious component
orthogonal to the fundamental one, which can be used for
determining the fundamental phase angle and amplitude of
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the input signal. It, however, has a number of problems, as
follows [5].

1) It provides no information about the harmonic content of
the input signal.

2) It is nonfrequency adaptive because the SOGI’s center
frequency is fixed at its nominal value. Therefore, it is
only applicable for scenarios where the frequency of the
single-phase input signal is fixed at (or very close to) its
nominal value.

3) Improving its accuracy is only possible by significantly
slowing down the dynamic response.

To provide an estimation of the amplitude and phase angle of
fundamental and harmonic components of a single-phase signal
at the same time, an MSOGI configuration as shown in Fig. 1(a)
has been proposed in the literature [S]-[10]. This configuration
includes m parallel SOGIs tuned to harmonic frequencies of
order h; (i =1,2,...,m).! In this configuration, ©, 5, is an
estimation of the h;-order frequency component of the input
signal, V,,, and 6, are estimations of the amplitude and phase
angle of this component, and 9g j,, is a 90°-phase-shifted version
of ¥4, p,. Throughout this article, h; means the fundamental
component.

To efficiently operate under frequency varying environments,
the parallel MSOGI structure requires an estimation of the
fundamental angular frequency of its single-phase input signal.
This estimation may be provided in different ways. Using the
frequency-locked loop (FLL) concept, which has been intro-
duced and developed in [10]-[14], is a popular approach for
this purpose. Fig. 1(b) shows a basic FLL for estimating the
fundamental angular frequency and adapting parallel SOGIs to
frequency changes. In this structure, X is the FLL control gain,
and w,, = 2750 rad/s is the nominal angular frequency. Note
that input signals to the FLL are the error signal e and the S-axis
output of the SOGI centered at the fundamental frequency, and
its output is an estimation of the fundamental angular frequency.
Note also that the FLL’s frequency update may be obtained using
the gradient descent method. Interested readers are referred
to [5], [15], and [16] for more complete information. The joint
operation of the MSOGTI structure [see Fig. 1(a)] and the FLL
[see Fig. 1(b)] is often called the MSOGI-FLL.

An alternative approach to adapt the parallel MSOGI structure
is using a basic synchronous reference frame phase-locked loop
(SRF-PLL), as shown in Fig. 1(c) [17]. The operation principle
of this PLL is well known [18]. Therefore, it is not explained to
save space. The only point to note here is that input signals of the
PLL are the «/3-axis outputs of the SOGI;, which is centered
at the fundamental frequency. Therefore, ghl and ‘7h1 in the
PLL output can be considered as a filtered version of éhl and
Vhl, respectively. The joint operation of the MSOGI structure
[see Fig. 1(a)] and the PLL [see Fig. 1(c)] is often called the
MSOGI-PLL.

!A slight structural difference between MSOGI structures in the literature may
be observed. The main difference often lies in the point(s) where a SOGI’s center
frequency (i.e., h;w) is applied/multiplied. It is before the input of integrators
of SOGISs in Fig. 1(a).
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Fig. 1. (a) Parallel MSOGI configuration for the signal decomposition. (b)
Basic FLL. (¢) Basic PLL. Note that h; = 1.

Recently, some efforts for deriving analytic linear models
and analyzing the stability of single-phase SOGI-based signal
conditioning/synchronization systems have been made in the
literature. For instance, in [19], an analytic linear time-periodic
(LTP) model for a simple SOGI-FLL (including only one
SOGI centered at the fundamental frequency) is presented, and
its accuracy in predicting the stability and dynamic behavior
of the SOGI-FLL is compared with that of its linear time-
invariant (LTT) model. Although more accurate than the LTI
one, this LTP model is not completely accurate as it neglects the
amplitude estimation dynamics of the SOGI-FLL and, therefore,
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Fig. 2. Fundamental-component frequency response of an MSOGI-based

signal decompoistor including three parallel SOGIs cenetred at w, 3w, and 5.

results in optimistic predictions about the SOGI-FLL stability.
By considering the amplitude estimation dynamics, a more
precise LTP model for the SOGI-FLL is presented in [20]. This
model is able to accurately predict small-signal dynamics of the
SOGI-FLL and determine its stability margins. In [21] and [22],
some LTP models for a simple SOGI-PLL (including only one
SOGI centered at the fundamental frequency) are presented.
These models provide some insight into stability properties of
the SOGI-PLL, and are useful for the impedance modeling
and stability assessment of single-phase grid-tied converters
equipped with a SOGI-PLL.

To the best of the authors’ knowledge, the LTP modeling and
stability assessment of MSOGI-FLL/MSOGI-PLL (including
m parallel SOGIs) and their close variants have not yet been
presented. Indeed, according to the above review, the available
works are limited to the case of a simple SOGI-FLL/SOGI-PLL.
This article aims to bridge this gap in research. To this end, LTP
models of an MSOGTI structure (including m parallel SOGIs), a
basic FLL, and a basic PLL are obtained first. It is shown that
the complete LTP model of an MSOGI-FLL and MSOGI-PLL
can be easily achieved by connecting these models together. It is
also shown that the open-loop harmonic transfer function (HTF)
of these systems can be easily obtained using their LTP models
and can be used for evaluating the effects of different factors
(such as the number and center frequency of parallel SOGIs and
the working condition) on their stability properties. The LTP
modeling and stability assessment of some close variants of the
MSOGI-FLL and MSOGI-PLL are also examined at the end
of this study by obtaining their governing nonlinear differential
equations and comparing them together.

II. LTP MODELING OF MSOGI-BASED GRID
SYNCHRONIZATION/MONITORING SYSTEMS

A. Description

The MSOGI-based signal decompositor [see Fig. 1(a)], as
mentioned before, includes a number of SOGIs centered at the
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fundamental and concerned harmonic frequencies. These SOGIs
are connected to a common error signal, which is generated by
subtracting the a-axis outputs of all SOGIs from the single-phase
input signal. This configuration results in a collaborative oper-
ation between parallel SOGIs and, therefore, makes them able
to adaptively extract the fundamental and concerned harmonic
components of the single-phase input signal and estimate their
phase angle and amplitude.

To better visualize the collaborative operation of the parallel
SOGIs in Fig. 1(a), let us consider a simple case, in which there
are only three parallel SOGIs centered at @, 3w, and Hw. It
is corresponding to consider h; = 1, ho = 3, and hs = 5. The
control gains of these SOGTIs are selected as k1 = 1, ko = 1/3,
and k3 = 1/5. & = 2750 rad/s is considered. The frequency
response of U“;J'E;)(S) and vﬁ{}’é)(s) canbe observedin Fig. 2, where
Oq,h, and vgp, are the a— and f—axis outputs of the SOGI
centered at hiw = w. It is observed that there are two notches
centered at 150 and 250 Hz in the magnitude-frequency response
of U“{)’(L;)(s) 4 U}Z;)(S) . These notches, which are caused by the
SOGIs centered at how = 3w and hszw = 5w, mathematically
mean that the a- and §-axis outputs of the SOGI centered at
the fundamental frequency are immune to (free from) the third
and fifth-order harmonics of the input signal in the steady state.
This feature is the result of the collaborative operation of parallel
SOGIs.

B. Linear Modeling of MSOGI Structure

The aim of this part is to demonstrate the procedure for obtain-
ing an LTP model for the MSOGI-based signal decompositor
in Fig. 1(a). This procedure involves obtaining its governing
nonlinear differential equations and linearizing them. Before
that, some assumptions/definitions about the input and output
signals of the MSOGI structure need to be made.

Note: All equations in Sections II-B, II-C, and II-D are in the
time domain. To save space, the argument ¢ is not shown in these
equations.

1) Assumptions: The single-phase input signal in Fig. 1(a) is
considered as

m
v="_ Vi, cos(6n,) (1)

i=1

where V},, and 6),, denote the amplitude and phase angle of a
component of the angular frequency h;w, respectively. w is the
fundamental angular frequency.

Considering (2) and (3), which are readily obtainable from
Fig. 1(a), the output signals 9, 5, and ¥g 5, (1 = 1,2,...,m)in
Fig. 1(a) can be expressed as (4) and (5)

Vi, = J02, + 02, )

On, = tan~' (08,1, /Pa,n,) A3)
Va,h; = ‘A/hi Cos(ém) 4)
’ng_’hi = Vhi sin(éhi). (5)

Both the actual and estimated amplitudes, phase angles, and
angular frequencies are defined as a nominal value plus a small
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(a)

Linear model of the MSOGI-based signal decompoistor in Fig. 1(a). (b) Linear model of the basic FLL in Fig. 1(b). (c) Linear model of the basic PLL in
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perturbation as

Vh,; - Vn,hi + Avh” Vhi = V’ﬂ,hi + AV’%
ehi - 071,]’” + A0h77 9]11 - en"h1 + Ae}h
w = w, + Aw, w=w, + A

(6)

where w,, = 2750 rad/s and 0,, ,, = hjwnt + ¢, p,. Note that
A and the subscript n refer to a small perturbation and a nominal
value, respectively.

Block diagram of the procedure for the model verification of the MSOGI-FLL in the time domain.

2) Linearization: Considering ¢ = 1 in (2) and (3) and dif-
ferentiating them with respect to time results in

- Ua,hy Oa,hy + 08,1, 08,1, @
1 — ~
Vi,
é _ 657’7«1({)0,}11 B laaﬁhlﬁﬁ‘,hl 8
hy = — (8)
Vi
1
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where, according to Fig. 1(a), fxayhl and 155,;11 are equal to

m

Do, =& [k [ 0= Dan, | = 0p.n, ©)
i=1
g, = ha@ia,n, (10)
Using (9) and (10), one can rewrite (7) and (8) as
Vi = kil 22t (o =3 6, an
hy i=1
9 = hlw - k:lhlw V2 (i Z ’i}a,hi . (12)
hy i=1
e(t)
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(b)

Accuracy assessment of the LTP model of the MSOGI-FLL. (a) Test 1. (b) Test 2. All required parameters are summarized in Table I.

The highlighted part in (12) will be explained later.
Substituting (1), (4), and (5) into (11) and (12) gives

‘7 = k1hiw cos 9h1 Z [Vh cos(fp,) — Vh cos(éhi)

O, = hdo —

which are a set of nonlinear differential equations governing the

m

}

i=1

~ m
k‘1h1w

ha i=1

sin(0y,,) Z [Vhi cos(On,) — Vi, cos(éhl)}

e(t)

dynamics of estimating Vhl and éhl in Fig. 1(a).



GOLESTAN et al.:

LTP MODELING AND STABILITY ASSESSMENT

5067

2 2
1.5 1.5}
1\. CaseNg e —— 1 e TN SRE— | | FE— e
2 0.5 ‘,f"" \ .\\\ .2 .\%\
é ’ '/' \\‘ é 05 x\‘
z I |1 |
E 01‘ Unit £ 0 Unit ':
20 . Circle| & ircle,”
E05p e T E st el
PM1~=~63:(D“ 4 -_-______.' X ""-___.——
R = 2< = =870
15 \ -1.5
-2 2 H H
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Real Axis Real Axis
(a) (b)
2 2
1.5F 1 1.5F
1F e - Sl 1 \ Cauad L
% ost l T 18 oshoeT T
E R e \ ( | < g s
s “ 4 N
g 18 o
E L ¢ Unit 3 £ Unit  J
Y *, ‘ Circle,”| & Clrcle,
g -0.5 p \I,_ N ‘J ",‘ é -0.5 e |
~~~PM,=86.3% o PM;=89.31, .c==""
-1 / PMz=89.3° : -
PM;=86.7"
-1.5 -1.5¢ \
-2 . . 2 . -
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Real Axis Real Axis

() (d)

Fig. 6.  Open-loop LTP eigenloci. (a) Simple SOGI-FLL (see Case 1 in Table II). (b) DSOGI-FLL (see Case 2 in Table II). (c) MSOGI-FLL (see Case 3 in
Table II). (d) DSOGI-FLL (see Case 4 in Table II).
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Fig. 7.  Stability region. (a) SOGI-FLL (see Case 1 in Table II). (b) DSOGI-FLL (see Case 2 in Table II). (¢c) MSOGI-FLL (see Case 3 in Table II). Note that

obtaining these stability regions is based on considering h;k; = k (i = 1,...,m)and I" = A /(kwy,).

Both (13) and (14) have a common term e(t), which its
linearization is shown in the Appendix [see (56)]. Using (56)
in the Appendix and also the definitions made in (6), the above
equations can be linearized as

sin(@mhl)

Aéhl ~ ]’LlALZJ — klhlwn
V’I’L,hl

m
D> . (16)
i=1

These equations, which are a set of LTP differential equations,
describe the linearized dynamics of the MSOGI-based signal
decompositor [see Fig. 1(a)] in estimating Vhl and 9h1

Following a similar procedure as above, one can obtain (17)

A‘> hy & k11w cos(0nn,) Z U, (15) and (18?, which describ.e the linea.rized dyl.lamic.s of t.he MSOGI-
= based signal decompositor [see Fig. 1(a)] in estimating V},, and
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Using (15)—(18), the LTP model of the MSOGI-based signal
decompositor can be obtained as shown in Fig. 3(a).

C. Linear Modeling of FLL

The MSOGI-based signal decomposition algorithm in
Fig. 1(a), as mentioned before, requires an estimation of the
fundamental angular frequency for adapting its SOGIs to fre-
quency changes. It was mentioned that a popular way to provide
this frequency estimation is using an FLL, as shown in Fig. 1(b).
The joint operation of this FLL and the MSOGI structure in
Fig. 1(a) was named the MSOGI-FLL. In what follows, the linear
model of this basic FLL will be obtained. Coupling the resulting
model with that of the MSOGI-based signal decompoistor [see
Fig. 3(a)] gives the complete LTP model of the MSOGI-FLL.

From Fig. 1(b), the nonlinear differential equation governing
the dynamics of the FLL in estimating the fundamental angular
frequency can be obtained as

. b
Al = —p -2t

m
V2 (U - Z ’f)a’hi> )
h1 =1
The above equation and (12) have a common nonlinear term

highlighted in bold. Considering (16), which is the result of the
lineraization of (12), (19) can be linearized as

Sin(on,hl) i¢h;| A

Vi o

19)

Ab ~ — (20)

Xhy

Based on the above equation, the linearized model of the FLL
can be obtained as depicted in Fig. 3(b). Note that the signal xp,
is highlighted in Fig. 3(a).

D. Linear Modeling of PLL

As pointed out before, an alternative way for providing an
estimation of the fundamental angular frequency and adapting
SOGIs in Fig. 1(a) to frequency changes is using a basic PLL, as
shown in Fig. 1(c). Note that the o- and (3-axis inputs of this PLL
are the v- and f3-axis outputs of the first SOGI in Fig. 1(a), i.e., the
SOGI centered at hyw. Recall that h; = 1. The joint operation
of the MSOGI-based signal decompositor in Fig. 1(a) and the
basic PLL in Fig. 1(c) is often briefly called the MSOGI-PLL.

In what follows, the linear model of the basic PLL in Fig. 1(c)
will be obtained. Coupling this model with that of the MSOGI-
based signal decompoistor [see Fig. 3(a)] gives the complete
LTP model of the MSOGI-PLL.

Considering (4) and (5), which mathematically describe the
af-axis outputs of the ith SOGI in Fig. 1(a), and the Park
transformation in (21), the signals v4 and v, in Fig. 1(c) can
be obtained as (22)

cos(fp,) sin(

Tapraq = {— sin(0p,) cos(

9:’11)
RIS

Vd Va.h Vh COS(éh - éh )
_ = Ta A o= N . 2 : 22
|:Uq:| prda |:vﬁ,h1:| |:Vh1 Sin(9h1 - ehl) 22
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< Linear model of the MIPT

<—Linear model of basic PLL—»

Fig. 10.  LTP model of the MIPT-PLL. Note that this LTP model is corresponding to the MIPT in Fig. 9(a) and the basic PLL in Fig. 9(b). Note also that the block
with the transfer function S::p in the model should be removed if the basic PLL in Fig. 9(c) is considered.

Fig. 11.  Alternative representation of the basic PLL in Fig. 9(b).

Considering the definitions already made in (6) and also
deﬁning th = Gn,hl + Aghl and Vh1 = Vn,h +AVhl, 22)
can be linearized as

~1

Vg = (thl + AVh1> cos(Ab,, — Afy,)

~ Vi, + AVi, (23)
~(AOp, —A0y,)
5y = (Vi + ATh, ) sin(Ady, — Af,)
~ Vi, (A0, — AG,). (24)

Using (23), (24), and the basic PLL structure in Fig. 1(c), one
can obtain

Vi, = 04 = A, ~ AT, (25)
v = L Vi (A0, = A1) (AG),, — AGy,). (26)
Ud V’I’L,hl + AVhl

Considering the above equations, obtaining the linear model
shown in Fig. 3(c) for the basic PLL in Fig. I(c) is quite
straightforward.

E. Model Verification

As mentioned before, connecting the models shown in
Fig. 3(a) and (b) gives the complete LTP model of the MSOGI-
FLL. In this section, the accuracy of this LTP model will be
investigated in MATLAB/Simulink. The block diagram shown
in Fig. 4 indicates how the model verification is carried out,
and Table I summarizes the selected control parameters for the
MSOGI-FLL and also the nominal values of different compo-
nents of its input signal. The control parameters of the MSOGI-
FLL are taken from [5].

Both the MSOGI-FLL and its LTP model are discretized with
a sampling frequency of 20 kHz. The SOGIs of the MSOGI-
FLL are discretized using the third-order Adams—Bashforth
method [17]. The rest of the integrators in both the MSOGI-FLL
and its LTP model are discretized using backward and forward
Euler methods.

The following tests are considered for the model verification.

1) Test I: The magnitude of the harmonic of order hsz =
5 suddenly changes from its nominal value, ie., Vj,
=Vin, =0.1pu,toVy, =0.08pu. att=0.01s.

2) Test 2: The fundamental angular frequency of the single-
phase input signal is suddenly changes from its nominal
value, i.e., w = w,, = 2750 rad/s, to w = 2751 rad/s at
t=0.01s.

The results of the above tests are shown in Fig. 5. It is observed
that the LTP model demonstrates good accuracy in predicting the
MSOGI-FLL dynamics. The model verification of the MSOGI-
PLL may also be carried out in a similar manner as above.

Here, it needs to be emphasized that the condition of the
model verification may considerably affect the observations
made about the model accuracy. Generally speaking, the more
consistent the condition of the model verification is with the
assumptions behind obtaining the LTP model, the higher the
model accuracy will be. For instance, as shown in (6), each
parameter is defined as a nominal value plus a small perturbation.
It implies that applying a large perturbation during the model
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TABLE I

SELECTED PARAMETERS FOR THE MODEL VERIFICATION OF THE MSOGI-FLL

MSOGI-FLL Single-phase input signal
Number of SOGIs | Concerned harmonics SOGI gains FLL gain Nominal frequency | Nominal amplitudes Nominal phase angles
hi=1 ki =k/hi =2 Viany =1 pa. On,hy = hiwnt +0
m=3 hy =3 ka =k/hy = \/5/3 X\ = 49348 rad/s® wn = 2750 rad/s Via,he = 0.2 pu. Onhy = hownt +7/3
h3 =5 ks = k/hs = \/2/5 Ving = 0.1 pu. Onhy = hawnt +7/6
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under a +5-Hz frequency jump in a harmonic-rich grid condition. to a +1-Hz frequency jump (see Test 2 in Section II-E).
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Fig. 14. MEPLL system. Note that h; = 1.

verification contradicts this assumption and, therefore, reduces
the model accuracy. Another instance is the sampling frequency.
The LTP modeling of the MSOGI-FLL/MSOGI-PLL was based
on their continuous-time presentations in Fig. 1. It implies that
the implementation at a high sampling frequency has been
assumed. Therefore, the model accuracy will be reduced if a low
sampling frequency in the model verification is considered. This
is particularly true if the MSOGI-FLL/MSOGI-PLL contains a
SOGI centered at high-order harmonic frequencies.

III. STABILITY ANALYSIS

A. Open-Loop Harmonic Transfer Function

The main aim of this section is to conduct a stability anal-
ysis on the MSOGI-FLL. Obtaining the open-loop HTF of the
MSOGI-FLL makes achieving this objective easier. To make
the understanding of this procedure more straightforward, some
examples are provided first. Note that the stability analysis of
the MSOGI-PLL may also be carried out in a similar manner.

1) Example I - Multiplication by a Trigonometric Function:
In the LTP model of the MSOGI-FLL, which is obtained by
connecting Fig. 3(a) and (b) together, there are several multipli-
cations with trigonometric functions. Therefore, for obtaining
the open-loop HTF of the MSOGI-FLL, it is important to learn
how the HTF of such multiplications should be obtained. The
key point to keep in mind here is that all trigonometric functions
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Fig. 15. Experimental comparison between the MSOGI-FLL and MEPLL
system. The control parameters of the MSOGI-FLL, the number of its SOGIs,
and their center frequencies can be found in Table I. The control parameters of the
MEPLL are selected so that its small-signal equivalence with the MSOGI-FLL
is satisfied.

in the LTP model of the MSOGI-FLL are harmonics of the
fundamental component, i.e., the component of the angular
frequency hiwy,.

First, the multiplication by a fundamental-frequency trigono-
metric term [see (27)] is considered

y(t) = cos(Op p, )u(t) = cos(hiwnt + @n.p, )ut).  (27)

Recall that h; = 1.
If we replace the cosine term in (27) by its equivalent ex-
pression in terms of exponential functions, i.e., cos(hjw,t +



5072

JPn hy pjhiwnt ~J%n,hy ,~jhiwnt
_ € le +e le
Spn,hl) - 2

rewritten in the Laplace domain as

, this equation can be

1 L
y(s) = 56”"”‘1 u(s — jhawy,) + §€_M""‘1U(S + jhiwn).
(28)

Using the above equation and its frequency-shifted versions,
one can obtain (29) at the bottom of this page. The matrix
AR, in(29) is the HTF of the multiplication by the trigono-
metric term cos(6,, 5, ).

Now, the multiplication by a harmonic-frequency trigonomet-

ric term [see (30)] is considered

y(t) = cos(On p,, )u(t) = cos(hmwnt + ©n ., )u(t)

| On hm pd Pmwnt —JPn,hm p—Jhmwnt
:6190 hm eJ 4+ e TP hme™] u(t)
2
The important point in obtaining the HTF representation of
(30) is that the resulting HTF should have the same dimension
as (29).
For the sake of simplicity and brevity, it is assumed that
hy, = 2h;. By considering this assumption, taking the Laplace
transform of (30) results in

(30)

1 . 1 .
y(s) = =e?Pmrmuy(s — j2hiwy) + ge*W"’hmu(s + J2hiwy,).

2
(€29)

Using the above equation and its frequency-shifted versions,
and considering the fact that the resulting HTF should have the
same dimension as (29), one can obtain (32) at the bottom of
the next page. The matrix Ai‘gz h,. 10 (32) is the HTF of the
multiplication by the trigonometfic term cos (05, 1, )

2) Example 2 - Linear Time-Invariant (LTI) Systems: An
LTI system is a special case of an LTP system, where there is
no coupling between its frequency components. Therefore, we
should be able to represent it in the HTF form.

For instance, assume that y(s)=G(s)u(s), where G(s) is an
ordinary transfer function. In this case, the HTF-form represen-
tation of this LTI system is y"f(s)=GP* (s)uP*f(s), where
Ghtf(s):diag(' o ,G(S - jhlwn)a G(S), G(S + jhlwn)a T )
[23]. Note that the resulting HTF should have the same
dimension as (29).
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3) Obtaining Open-Loop HTF: Using the previous exam-
ples, one can obtain (33)—(35) at the bottom of the next page
from the LTP model of the MSOGI-FLL [see Fig. 3(a) and
(b)], where Gine(s) =1 and G (s) = diag(- -, Gine(s —
Jhiwn), Ging(8), Gint (s + jhiwy), - -+ ). Based on these equa-
tions, the open-loop HTF of the MSOGI-FLL can be readily
obtained as

r A \/htf ] htf
2;{:& olﬁé?l
h1 e,h
Af/htf Vflt%
Alfl‘ff ﬁt’:’f12
AT | = GIEGREGHE | O, (36)
. ~—_—— .
‘: htf i’ ht:f
AV, e
L Aggt'f]’ n L eshm

In a similar manner, the open-loop HTF of the MSOGI-PLL
may be obtained.

B. Stability Margin

In this part, we are going to investigate how different factors
affect the stability margin of the MSOGI-FLL. To this end, a
number of case studies are considered (see Table II). In each
case, the open-loop eigenloci of the MSOGI-FLL are obtained
and investigated using its open-loop HTF [see (36)].

First, it can be interesting to see stability margins of a sim-
ple SOGI-FLL, which includes a single SOGI centered at the
fundamental frequency and an FLL for adapting this SOGI to
frequency changes (see Case | in Table II). Fig. 6(a) shows the
open-loop eigenloci of the SOGI-FLL. Note that the SOGI-FLL
has two open-loop eigenvalue curves, which intersect the lower
half of the unit circle and also the real axis at two points. It
means that it has two eigenvalue phase margins (PMs) and two
eigenvalue gain margins (GMs). The PMs of the SOGI-FLL
are highlighted in Fig. 6(a), and both its PMs and GMs are
summarized in Table III.

Now, a dual-SOGI-FLL (DSOGI-FLL), which includes two
parallel SOGIs centered at the fundamental and third-order
harmonic frequencies, is considered (see Case 2 in Table II).
The open-loop eigenloci of this DSOGI-FLL can be observed
in Fig. 6(b). A difference compared with Case 1 (i.e., the simple

: 0 e J¥n,hy 0 0 :
y(S - thlwn) . . s U(S — j?hlwn)
y(s — jhiwy) 1 - el 0 ed¥mm 0 u(s — jhiwn)

( y(sg | =50 0 eenm 0 e d¥nm ( u(;iz | (29)

Y(s + jhiwy ) ] ] . u(s + jhiwp
y(s + j2hiwn) -0 0 e¥mh e e u(s + j2h1w,)
! n 1Wn

: 0 0 0 eI Py 0 :

yhtt L | wubtf
Ahtf

cos,hq
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SOGI-FLL) is that the DSOGI-FLL has four eigenvalue curves
and, therefore, four eigenvalue PMs and GMs (see Table III).
This difference makes the comparison of their stability proper-
ties a bit difficult. However, roughly speaking, it can be observed
that the simple SOGI-FLL (Case 1) has more decent stability
margins compared to the DSOGI-FLL (Case 2).2

In this stage, it can be interesting to see if the number of par-
allel SOGIs affects stability properties. To this end, an MSOGI-
FLL including three SOGIs centered at fundamental, third, and

2This conclusion is mainly based on comparing the minimum PM and GM
of these systems together.
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fifth-harmonic frequencies is considered (see Case 3 in Table II),
and its stability margins are obtained and compared to Case 2.
The open-loop eigenloci of this MSOGI-FLL can be observed in
Fig. 6(c), and its stability margins are summarized in Table III.
Note that the MSOGI-FLL (Case 3) has six eigenvalue PMs
and GMs, while the DSOGI-FLL (Case 2) has four eigenvalue
PMs and GMs. This difference makes the comparison of their
stability properties a bit difficult. However, roughly speaking,
a slight reduction in stability margins of MSOGI-FLL (Case
3) compared to the DSOGI-FLL (Case 2) is observable. This

: 0 0 e J¥n.hm 0 0 :
y(s - j2hlwn) . U(S — j2h1wn)
y(s — jhiwy) 1 0 0 0 e ¥ hm 0 u(s — jhiwn)
y(s) =5 | im0 0 0 e dPnhm u(s) (32)
y(s + jhiwn) , u(s + jhiw,)
y(s + j2hiwy,) 0 e¥mhm 0 0 0 u(s + j2hiwy,)
: 0 0 eJ#n.hm 0 0 :
y et L i whtf
Al
_ hZf _
€,ny
htf
htf Ahtf —Vn Ah.tf 0 0 0 0 e,hq
hq cos,h 1 sin,hq htf
"plﬁ;f 0 0 Agﬁi,hz - n7h2A?itrf,h2 0 0 ﬁ’t:tfz (33)
. = . . . . e,n2
'/’}th,: 0 0 0 0 ’ A?ﬁﬁ,hm —Vn,hm, ;liti'f,hm h;lf
Ghtf Oﬁ%;':m
c L €,tm
- h f -
_T’}};if_ Cgsy’llll
Xgif Vin,ny ©sin,hy d’htf
,r’htf htf h1
’}7‘1%1' cos,}lllz ,lp’I:tf
Xhz = _m Sin,hz [I I N I] 2 (34)
:
htf m
n}ﬁﬁ” ?Cgs”}{tnf
'XhM‘ L~ Vo hm ©sin oy, |
thf
AV [y, Gl 0 oo 0 0 0 T
Agptt 0 kihiw, GRE + by A (GRY) 0 0 0 0 x b
AVt 0 0 ko how, GRE 0 0 0 nptf
A 2
AGR | 0 hoh(GEEF) 0 kohow, GREE 0 0 X
AV;htf 0 o 0 0 + K honwn GREE 0 n}glg
LAgRY | | 0 hmh(GREE) 0 0 0 K homwn GRU [LX,
Gl;tf

(35)
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TABLE IT
SOME CASE STUDIES FOR THE STABILITY ASSESSMENT OF THE MSOGI-FLL
Case Studies SOGI-FLL/DSOGI-FLL/MSOGI-FLL Single-phase input signal
Number of SOGIs | Concerned harmonics SOGI gains FLL gain Nominal frequency | Nominal amplitudes Nominal phase angles
Case | m=1 hy =1 ki =k/hi = V2 A = 49348 rad/s? wn = 2750 rad/s Vi, = 1 pu. Onhy = hiwnt +0
h1 =1 ki =k/h =2 Viny, =1 pau. On,hy = hawnt +0
Case 2 m=2 A = 49348 rad/s? wy, = 2750 rad/s
hy =3 ko =k/hs = V2/3 Vihy = 0.2 pu. On.hy = hownt +7/3
hi =1 ki =k/h =2 Viny =1 pau. Onhy = hiwnt +0
Case 3 m=3 ha =3 ko =k/ho =/2/3 | A\ =49348 rad/s® || w, = 2750 rad/s Vihy = 0.2 pu. Onhy = hownt +7/3
hs =5 ko =k/hs = /2/5 Vg = 0.1 pu. On by = hawnt + /6
hi=1 ki =k/h =2 Viony, = 1 pau. Opny = hiwnt +0
Case 4 m=2 A = 49348 rad/s® wy = 2750 rad/s
ha =5 ko = k/hs = /2/5 Vihy = 0.2 pou. Onhy = hownt +7/3
TABLE III

SUMMARY OF PMS AND GMS OF THE CASE STUDIES

Phase Margin (PM) | Gain Margin (GM)
Case 1 PM; = 63.6° GM; =11.9dB
PM, = 80.8° GM3z = inf
PM; = 52.6° GM; =10.2dB
Case 2 PM, = 84.8° GMs = 22.3dB
PMj = 87° GM,y = 22.3dB
PM4 = 89.1° GMy = inf
PM; = 50.2° GM; =9.4dB
PM, = 86.3° GM, = 21.6dB
Case 3 PM3 = 86.7° GM;3 = 21.6dB
PM, = 88.9° GM, = 36.6dB
PM;s = 89.3° GM;s = 36.6dB
PMs = 89.6° GMsg = inf
PM; = 62.5° GM; =11.8dB
Case 4 PM, = 77.5° GM, = 32.4dB
PM;3 = 89.3° GM;3 = 32.4dB
PM, = 89.6° GMy = inf

reduction becomes more noticeable if a higher number of parallel
SOGIs in the MSOGI-FLL structure is considered.

The study in Case 2 demonstrated that adding a SOGI centered
at a harmonic frequency in parallel with the SOGI centered at
the fundamental frequency has a negative effect on the stability
margin. A natural question that arises here is if the center
frequency of the parallel SOGI has any effect on the stability
margin. To investigate this issue, a different DSOGI-FLL than
that in Case 2 is considered (see Case 4 in Table II). Note that
the DSOGI-FLL in Case 4 includes two parallel SOGIs centered
at the fundamental and fifth-order harmonic frequencies. The
open-loop eigenloci of this DSOGI-FLL can be observed in
Fig. 6(d). It is observed that it has more descent stability margins
compared to the DSOGI-FLL in Case 2 (see Table III). This
observation means that the center frequency of the parallel
SOGI may have a noticeable effect on stability properties. It
also demonstrates that a parallel SOGI centered at lower-orders
harmonics has a more negative stability effect than that centered
at higher order harmonics.

C. Stability Region in Parameter Space

To further support conclusions made in the previous section,
stability regions of the case studies summarized in Table II are
obtained and compared. Note that an MSOGI-FLL with m paral-
lel SOGIs has m + 1 degrees of freedom, i.e., k1, ko, . . ., ky,, and
A. Therefore, obtaining the stability region of an MSOGI-FLL

in the general case can be complicated. However, as the LTP
model in Fig. 3(a) shows, an optimum relationship between the
control gains of the parallel SOGIs can be obtained by consid-
ering h1ky = hoky = -+ = hy ki, = k. In this way, different
estimation loops of the MSOGI configuration will have similar
dynamics. This consideration, which was already assumed in
Sections II-E and III-B for the model verification and assessing
factors affecting the stability margins of the MSOGI-FLL, has
been originally suggested in [10]. Based on this selection and
also defining the FLL gain X as > = kw,,I', where I is a positive
factor, one can determine the stability region of an MSOGI-FLL
(with an arbitrary number of parallel SOGIs) in the (T, k) space
using the generalized Nyquist stability criterion [20].

Fig. 7 shows the stability region of the SOGI-FLL, the
DSOGI-FLL, and MSOGI-FLL, which are corresponding to
Case 1, 2, and 3 in Table II. Note that the largest and smallest
stability regions belong to the SOGI-FLL and MSOGI-FLL,
respectively, and the stability region of the DSOGI-FLL is some-
where between these two. These observations are completely
consistent with the conclusions made in Section III-B. Note also
that, in all cases, increasing the value of I" limits the maximum
value of £ that ensures stability from the small-signal point of
view.

In this stage, it can be interesting to see if changing the work-
ing points affects the stability properties of a DSOGI/MSOGI-
based system. For the sake of simplicity and brevity, a DSOGI-
FLL (see Case 2 in Table II) is considered, and the effect of
changing V;, j, on its stability region is investigated. Fig. 8
shows the obtained results. Note that the area below each curve
is the DSOGI-FLL’s stability region for its corresponding V/, 1, .
It can be observed that the stability region of the DSOGI-FLL
becomes smaller by increasing the value of V/, 3,,.

IV. CLOSE VARIANTS OF THE MSOGI-BASED
SYNCHRONIZATION/SIGNAL PROCESSING SYSTEMS

A. Multiple Inverse Park Transform-Based PLL

1) Description: Using a parallel configuration of SRF low-
pass filters (LPFs) rotating at the targeted harmonic frequencies
is an alternative to the MSOGTI configuration [see Fig. 1(a)]
for the synchronization and signal processing purposes in
single-phase applications [24]-[26]. This configuration, which
is briefly referred to as the multiple inverse park transform
(MIPT) structure, can be observed in Fig. 9(a). Note that the
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[-axis output of each frame (filter module) is fed back and used
as its [-axis input. This action is required for generating an
orthogonal signal for transferring information to the dg frame.
Note also that the a-axis input of each frame is generated by sub-
tracting the a-axis outputs of other frames from the single-phase
input signal v(t).

The MIPT structure requires an estimation of the phase angle
of the fundamental component, i.e., éhl , for the Park and inverse
Park transformations. Such estimation is most often provided
by a basic PLL, as shown in Fig. 9(b) or (c). Note that the only
difference between these PLLs is their input signals, which are
vqq and V44 in Fig. 9(b) and (c), respectively.

2) LTP Modeling: According to Fig. 9(a), the output ampli-
tude and phase angle of the dg frame rotating at the fundamental
angular speed are

Vi, = /02, + 93, (37)
On, = tan™ (3p.1, /Dany) (38)
where
Vahy | cos(hléhl) fsin(hl_éhl) Vg (39)
Og.hy | |sin(hiBp,) cos(hibh,) | |g]"
Differentiating (37) and (38) with respect to time gives
V= @a,hﬁa,hlf 08,1, 08,1y (40)
Vi,
08, Bahy = Dagh D80,
9 a1
h1 Vh21
where according to (39) and Fig. 9

F}a’hl] _ hldz[ sin(hlé;kl) cos(hlﬁhl)} {vd]

D6 1, —cos(h16p,) sin(h16y,)| |7,
cos(10p, ) —sin(hifn, )] [0a 42)
sin(h16p,) cos(h16n,) | |vq

va] Vg — Uq
[{’q] e L’q - ”tI] @
[vd] _ { cos(h1élp) Sin(hlehl)} {e + ﬁa’hl} 44)
Vg —sin(h10p,) cos(h10n,) V8.h |
Using (39), (43), and (44), we can rewrite (42) as
’émhl o e ~ 0 —1 ’lA]a’hl
] el eme ] e
Note thate = v — """ | Dg 1, -
Substituting (45) into (40) and (41) gives
Vi, = wp— [ — Z Do, (46)
Vi, i=1
i . Ug, -
Oy = it — wp 5; ( - Zva,hi) 47)
hl i=1
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Equations (46) and (47) are the same as (11) and (12), respec-
tively, if k1 h1& = w), is considered. Therefore, their linearized
versions will also be the same as (15) and (16) if k1 hiw, = w,
is considered [see (48) and (49)]

m

AV, ~ wpcos(Onn,) > tn, (48)
=1
A . Sin(On.n,) <
Ay, ~ h A — wp% >, (49)
n,n1

i=1

In a similar manner, the outputs of the dg frame rotating at
hom01, ie., Vh and Gh can be linearized as

m m?

m

AV, & wycos(Onn,) Y U, (50)
i=1
A R Sin(an h ) -
Ay, = h, Ao — w, ———2~ - 51
R p Vn,hm Z ’lr/)h ( )

Based on (48)—(51), the LTP model of the MIPT structure can
be obtained as shown in Fig. 10. The remaining part is obtaining
the linear model of the basic PLLs in Fig. 9, which needs to be
linked with that of the MIPT structure.

Accordlng to Fig. 9(a), vq(s) =

e+w vd( ) and @q(s) -
vy (). Therefore, we have vg(s) = S+wp v4(s)andv,(s) =

U4(s). Considering these, the basic PLL in Fig. 9(b) can
be represented as shown in Fig. 11. This PLL has a similar
structure to thatin Fig. 1(c), whichits linearization was presented
before in Section II-D. Following a similar procedure, one can
linearize this PLL as shown in Fig. 10. Note that the block with
the transfer function =2 in Fig. 10 should be removed if the
basic PLL in Fig. 9(c) 1nstead of that in Fig. 9(b) is used. In
this case, the MIPT-PLL becomes approximate equivalent to the
MSOGI-PLL. To confirm this fact, an experimental comparison
between the MSOGI-PLL [see Fig. 1(a) and (c)] and MIPT-PLL
[see Fig. 9(a) and (c)] is carried out. This comparison is carried
out using a dSPACE 1006 platform and a Chroma grid simulator.
Three SOGIs/filter modules centered/rotating at the fundamen-
tal, third, and fifth-harmonic frequency are considered in the
MSOGI-PLL/MIPT-PLL. The selected control parameters for
the MIPT-PLL are k, = 130, k; = 7014, and w,, = 2w,, = 628
rad/s. Obtaining these parameters is based on the symmetrical
optimum method [27]. The MSOGI-PLL is also designed to
have the same PI control gains as those of the MIPT-PLL, and
its SOGI gains are k1hy = koho = kshg = wp/wy, = 2.

The experimental results are shown in Fig. 12. It is observed
that the MIPT-PLL and MSOGI-PLL have very close outputs.
These results support the above theoretical predictions.

3) Model Verification: This section aims to evaluate the ac-
curacy of the obtained LTP model for the MIPT-PLL. To this
end, a similar procedure as that shown in Fig. 4 is followed.
The control parameters of the MIPT-PLL can be observed in
Table IV. The nominal values of different components of the
single-phase input signal are considered to be the same as those
listed in Table I. To save space, only the results of Test 2, which
is already defined in Section II-E, are presented. As it can be

9+w

s+wp
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TABLE IV
SELECTED CONTROL PARAMETERS FOR THE MODEL VERIFICATION OF THE MIPT-PLL

Number of dg frames | Concerned harmonics

LPFs cutoff frequency

PI control gains

m=3 h1 =1,ha =3,h3 =5

wp = V2w, = 444.3 rad/s

kp =177 and k; = 15791

observed in Fig. 13, the MIPT-PLL and its LTP model have very
close results. This observation confirms the high accuracy of the
LTP model.

In a similar manner as that presented for the case of the
MSOGI-FLL in Section III, the open-loop HTF of the MIPT-
PLL can be obtained and its stability can be investigated. This
investigation is not presented here to save space.

B. Multiple EPLL (MEPLL) System

1) Description: An MEPLL system, as shown in Fig. 14,
is the parallel connection of m units [16]. The first unit is
the open-loop part of the well-known enhanced PLL (EPLL).
Note that the EPLL, which its governing differential equations
can be obtained using the gradient descent method [16], is a
versatile signal processing tool in different applications [28]—
[32]. The units 2 to m are similar to the unit 1. The only
difference is that they do not extract the angular frequency of
their corresponding frequency components. Instead, they receive
an estimation of the fundamental angular frequency from the
unit 1 for adapting center frequencies of their voltage-controlled
oscillators.> The MEPLL is able to decompose a single-phase
input signal to its constituent components and estimate their
angular frequency, phase angle, and amplitude.

2) LTP Modeling: Using the first unit of the MEPLL system
in Fig. 14, we have

(52)

Vhl—ulcos (v—ivah>
Z ;> (53)

i=1

éh —hlw—'u—sm (

hy

Ad=—

in(6y,) <v - Z@Q,m) . (54)
ha i=1

If we compare the above equations with (11), (12), and (19), it
is immediate to conclude that they are the same equations if A =
~and k1h1& = pup are considered.* It implies that the EPLL and
SOGI-FLL and, therefore, their extended versions (the MSOGI-
FLL and MEPLL system) are approximate equivalent and have
the same LTP model. The experimental results in Fig. 15 confirm
this fact. The only point is that the gain k;h;w, (2 = 1,2, ..., m)
and X in the LTP model of the MSOGI-FLL need to be replaced

3IF it is required (for instance, when the estimation of interharmonics is
intended), they can estimate the frequency of their corresponding frequency
components in a similar manner as the unit 1.

4The second condition, i.e., k1hi® = 1, may not be fully satisfied as @
is a time-varying signal and f is a constant. However, in power applications,
which is the main focus of this work, the input signal frequency, and, therefore,
its estimation have a limited range of variation in practice. It implies that the
abovementioned condition will be to a good extend satisfied.

by p; and ~, respectively. Having the same LTP model means
that the MEPLL system has the same open-loop HTF as that
obtained for the MSOGI-FLL [see (36)]. It also means that the
MEPLL system has the same small-signal stability properties as
those of the MSOGI-FLL.

V. CONCLUSION

The LTP modeling and stability assessment of the single-
phase MSOGI-based synchronization/signal decomposition
systems and their close variants were the objective of this
article. First, the LTP modeling of the MSOGI-FLL/PLL was
conducted, and the accuracy of the obtained LTP model was
verified numerically. Focusing on the MSOGI-FLL, it was then
shown how the open-loop HTF can be obtained using the LTP
model. The stability assessment of the MSOGI-FLL was then
conducted using its open-loop HTF. It was demonstrated that
increasing the number of parallel SOGIs adversely affects the
stability margins and stability region of the MSOGI-FLL. It was
also shown that the center frequency of parallel SOGIs has a
noticeable stability effect; it was observed that a parallel SOGI
centered at lower orders harmonics has a more negative stability
effect than that centered at higher order harmonics. It was also
found that the working points of frequency components of the
single-phase input signal may affect the stability properties of
the MSOGI-FLL. The study was then focused on some alter-
native structures, i.e., the MEPLL system and MIPT-PLL. The
MEPLL system was found to be an approximate equivalent of
the MSOGI-FLL. Therefore, they have the same LTP model and
the same small-signal stability properties. The MIPT structure
was also found to be approximate equivalent of the MSOGI
structure. Therefore, the MIPT-PLL (depending on its PLL) may
be an approximate equivalent of the MSOGI-PLL.

APPENDIX

A. Linearization of . X
e(t) = Z:il [‘/}Li COS(G}”) - Vhi COS(GM)}

Considering the definitions made in (6), the term e(¢) can be
rewritten as

t) = Z [(Von, + AV3,) cos (0., + Aby,)
=1

— Vo, + AVi,) cos(0n, + A3,)]. (55)

Using trigonometric identities, (55) can be approximated by
(56) at the top of the next page.
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