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and Aurelio García-Cerrada , Senior Member, IEEE

Abstract—In recent years, microgrids (MGs) with renewable en-
ergy sources, diesel gen-sets, and droop-controlled converters have
been increasingly used to guarantee the continuity of power supply
in remote areas. Renewable energy sources have been typically con-
nected to MGs by using an electronic converter that features the two
controllers: a current-control loop and a phase-locked loop (PLL).
Stability issues related to the PLLs application in electrical grids
have already been addressed in the literature; however, dynamic
interactions in MGs caused by PLLs have not been sufficiently
explored. In this article, an MG that includes a grid-feeding voltage
source converter and a grid-forming device (diesel gen-set or con-
verter) is studied. All network elements are modeled analytically
and the eigenvalue and participation-factor analyses are used to
analyze the interactions between the devices. It is demonstrated that
MGs formed by diesel gen-sets have reduced stability limits. Also, it
is shown that stability margins of MGs formed by droop-controlled
converters can be improved by changing the control parameters
(e.g., PLL and internal controllers bandwidths). The main findings
and conclusions are summarized and presented as a practical MG
design guide. Theoretical results are validated in a lab environment
comprising two 15 kW converters and one 75 kW grid emulator.

Index Terms—Current control, diesel generator, droop control,
microgrid (MG), phase-locked loop (PLL), small-signal analysis.

NOMENCLATURE

Variables
α State variable of the AVR.
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β State variable of the speed governor.
ii, vc, io Internal current, capacitor voltage, and external

current of the LCL filter.
vi Voltage command generated for the modulation

stage.
vpcc Voltage at the connection point.
ωPLL Angular frequency generated by the PLL.
γdq State variable of current controller.
φdq State variable of voltage controller.
P̃ , Q̃ Filtered active and reactive power.
δ Relative angle of the reference frame.
ωnd Droop nominal angular frequency.
ωn MG nominal frequency.
vnd Droop nominal voltage.
vf Generator field voltage.
te Electric torque.
f Injected fuel.
vsg Stator voltage.
ψ Stator flux linkage.
ψf , ψk Rotor flux linkages.
isg Stator current.
if , ik Rotor currents.
ωsg Angular frequency of the generator rotor.
ωr ωsg in pu.
tm Mechanical torque.
vr Regulated voltage.
ε State variable of the PLL.
δPLL Angle generated by the PLL.
il Current absorbed by the load.
Parameters
ra Armature resistance per phase in pu.
rf , rkd, rkq Rotor circuit resistances in pu.
ld, lq Self-inductances of stator circuits.
lff , lkkd, lkkq Self-inductances of rotor circuits.
lafd, lakd, lakq Mutual inductance stator–rotor.
lfkd Mutual inductance field-damping windings.
lad, laq Stator mutual inductances.
Constants
τm Constant term of the engine time constant.
σ Degree of increased retarding of the engine.
H Per unit inertia constant of the shaft.
TE Time constant of the excitation system.
SE Parameter that models the saturation function

of the excitation system.
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KE Self-excitation constant of the excitation sys-
tem.

Control Parameters
kpC Proportional constant of the controller C.
kiC Integral constant of the controller C.
Base values
UB , IB , ωB Base of voltage, current, and angular frequency.
General Definition of Variables
Xj
i Value of variable xji at the operating point.

x∗ji Set-point of the variable xji
xdq Variable x is represented in the d–q axis.
xDQ Variable x is represented in the D–Q axis.

I. INTRODUCTION

THE concept of microgrid (MG) was originally introduced
as an alternative solution for electricity supply in remote

residential and industrial areas, and physical islands [2], [3].
These small-scale grids have been custom-made according to
their specific application requirements and the availability of
primary resources. In an MG, additional energy storage and
generation devices (such as batteries and diesel gen-sets) may be
required to guarantee the continuity of power supply [4], [5]. In
islanded MGs, a simple control solution is to use a grid-forming
(GFo) device to energize the network and set the MG voltage
and frequency and to allow the connection of other devices
operating in grid-following mode, also known as grid-feeding
(GFe) mode [6], [7]. In the past, diesel gen-sets have been
exclusively used as GFo devices; however, in recent years, there
have been more examples of droop-controlled power converters
taking over this role. The most common converter topology for
GFe devices is a voltage source converter (VSC) that comprises
a current controller and a phase-locked loop (PLL).

A control system based on a PLL performs correctly in stiff
grids and when the network dynamics is relatively slow [7].
However, it has been demonstrated that the PLL design of a
GFe-VSC (the PLL, from now on) has a strong influence on the
stability of grid-tied converters and the network as the whole.
The instability of a grid-connected converter may result from
a negative resistance found in its dq impedance model that is
related to the PLL bandwidth and the power levels injected to
the grid [8]. Indeed, it has been found that the PLL bandwidth
limits the maximum power transfer in high-voltage dc intercon-
nections [9]. The interaction between the PLL and dc-voltage
controller can also have a negative effect on the stability of
grid-connected converters that operate as rectifiers [10]. Some
recommendations on the design of current controllers, PLLs,
and dc-voltage controllers for grid-connected converters were
presented in [10]. Since MGs have lower inertia when compared
to conventional grids, it is important to verify if PLL introduces
the same stability restrictions, as well as to analyze other aspects
that may compromise the converter and grid stability.

The effect of PLL-SG interactions on the stability of MGs has
been previously studied in the literature [1], [11]–[14]. Katiraei
et al. [11], [12] corroborate that the power injected by a GFe
converter and the design of current controller and PLL, also
in MGs, have an important influence on the stability. By using
eigenvalue analysis, it was found that the AVR, the excitation,
and the generator inertia affect the stability of MGs with SGs and
current-controlled converters [14]. The interaction between the

two aspects (loading conditions and PLL design) was studied
in [1]. It was shown that loading conditions and PLL design
affect the same eigenvalues and therefore loading conditions
should be considered in the design of the PLL. The stability of a
MG consisting of droop-controlled converters and a controllable
load (interfaced by a series-shunt converter that uses PLL) was
studied in [15]. In that work, it was found that the PLL has a
little contribution on the oscillatory modes that mainly depend on
the droop parameters. Also, interactions between the dc-voltage
controller and other controllers of the VSC were studied in
[16] and [17]. It was found that these interactions are more
pronounced in weak grids. In particular, it was found that the
stability margins are reduced when the dc-voltage controller and
PLL have similar bandwidths.

PLL implementations in the conventional grids have been
extensively studied [8]–[10]. The interactions of PLL with the
current controller and the dc-voltage controller have also been
studied in conventional grids and MGs. However, interactions
between different control loops of all the connected devices such
as AVR, excitation, droops, and voltage and current controllers
of GFo VSCs have not been studied in detail. In addition, for the
case of MGs, there are no clear guidelines for the design of the
controllers, such as those already existing for VSCs connected
to conventional grids. Furthermore, the models of SGs used to
analyze stability commonly neglect the damping windings [14],
[18], although several publications have taken them into ac-
count [11], [12]. Finally, small-signal models of such hybrid and
diverse MGs have been rarely validated experimentally [12].

Therefore, according to the authors’ best knowledge, the
dynamic interactions caused by PLLs in MGs (formed by either
diesel gen-sets or droop-controlled converters) have not been
still sufficiently explored. Also, no general design rules have
been proposed to assist the designer in choosing the control
parameters in MGs formed of GFo and GFe devices.

This article focuses on the interaction between GFe and GFo
devices in MGs. The small-signal models of MGs formed by
either diesel generator or droop controller VSC are developed
and used to study the influence of the GFe-PLL on the stability
of the MG. The main contributions of the article are as follows.

1) Study of dynamic interactions in islanded microgrids be-
tween typical GFo elements and GFe converters.

2) The impact of GFe converters and their PLL on the sta-
bility of MG for different network scenarios is studied by
using participation factors and eigenvalue analysis.

3) Detailed design guidelines are proposed to help MG de-
signer choose and tune control parameters and guarantee
the MG stability.

4) Comparison between the two most common GFo devices,
namely, a diesel gen-set and a droop-controlled VSC with
respect to MG stability.

Other contributions of the article are as follows.
1) Development of comprehensive small signal models of

microgrids formed by, in one case, a diesel generator and,
in the other, a droop-controlled VSC.

2) Experimental validation of small-signal models and sta-
bility boundaries using an experimental platform based on
two 15 kW VSCs, one 75 kW grid emulator, and 30 kW
loadbank.

The rest of this article is organized as follows. The MGs
topology is described in Section II. Section III explains the
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Fig. 1. Electrical and control diagram of a diesel gen-set and a GFe-VSC connected to a common bus (PCC) feeding a load [1].

Fig. 2. Electrical and control diagram of the GFo-VSC.

small-signal model of each device and of the complete MGs.
Section IV studies the interactions between the PLL and the rest
of elements using eigenvalues and participation factors. The de-
sign guide is developed in Section V, while experimental results
are presented and discussed in Section VI. In Section VII, results
are discussed, including the effect of additional control loops
and advanced synchronization algorithms. Finally, Section VIII
concludes this article.

II. APPLICATION OVERVIEW

A. System Description

Fig. 1 shows the MG studied in this article. The grid can be
formed either by a diesel generator (see Fig. 1, in the right) or
by a droop-based converter (see Fig. 2). The MG also includes a
GFe-VSC and a load. All the devices are connected to the same
point of common coupling (PCC). This topology may be used
for energy supply of remote residential or industrial areas [2],
[3].

The diesel generator includes a diesel engine mechanically
coupled to an SG that has its excitation system formed of an
alternator and a diode rectifier. The PCC voltage and frequency
are controlled by the AVR and the speed governor of the SG,
respectively. The AVR generates the set-point for the excitation
system (vr) while the speed governor generates the set-point for
the fuel injection (f ).

In order for this study to be applicable to larger MGs and
especially MG power parks (GFo converters all connected to the
same busbar), we considered GFo-VSC withLCL filters. These
filters are commonly used to interface GFo-VSC in MGs [19] or
to provide the connection to the PCC. Current and voltage loops
are used to control the ac capacitor voltage. Also, voltage and
frequency droop controllers are used to set the MG voltage and
frequency.

The GFe-VSC is connected to the PCC via anLCL filter. The
active and reactive power injections are controlled indirectly
by using a current controller implemented in dq. The SRF is
obtained by using a PLL [7].

B. Reference Frames

The small-signal models have been developed following the
methodology presented in [19]. State-space equations are repre-
sented in a common reference frame (DQ) synchronized with
the output voltage of the GFo device (SG or droop-controlled
VSC). An additional reference frame (dq) generated by the
PLL is used to model the GFe-VSC. Variables are transformed
between the reference frames by using [19][

fD

fQ

]
=

[
cos δ − sin δ
sin δ cos δ

] [
fd

fq

]
(1)

where δ is the angle of the dq reference frame with respect to
the DQ reference frame.

III. SMALL-SIGNAL MODELING OF MG DEVICES

The small-signal models of the diesel generator, the GFo-VSC
and the GFe-VSC are introduced in this section, while their
detailed models are provided in the Appendix. The notation is
defined in the Nomenclature.

A. Small-Signal Model of a Diesel Generator

The gen-set model consists of the equivalent electrical circuit
of the SG, the excitation circuit, the prime mover (diesel en-
gine), the controllers mentioned above (voltage and frequency),
and a shaft model [12], [18], [20]–[22]. The SG equations are
presented in pu and are in the (DQ) reference frame [18].

1) Electromechanical Model: The SG is modeled by a set
of differential equations with flux linkages as state variables
and a set of algebraic equations that links the currents and the
flux linkages [18]. A three-wire system has been considered,
so o-axis equations are omitted [18]. A laminated salient-pole
machine has been considered. Therefore, the small-signal model
has five states, xψ = [ψD, ψf , ψ

D
k , ψQ, ψ

Q
k ]
T (see Nomencla-

ture for details)

Δẋψ = AEMΔxψ +BEM1

[
Δvf

]
+BEM2

[
ΔvDQsg

]
+BEM3

[
Δωr

]
(2)

where AEM , BEM1, BEM2, and BEM3 are calculated analyti-
cally according to (43) and (48) (in the Appendix). The output
variables are the electric torque, the stator currents, and the field
current. Currents can be calculated from flux linkages using
(38)−(42), while the electric torque is [18]

te = iQsgψ
D − iDsgψ

Q. (3)

The linearized expressions for the electric torque and the stator
and field currents are[

Δte
]
= CEM1Δxψ (4)
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[
ΔiDsg
ΔiQsg

]
= CEM2Δxψ,

[
Δif

]
= CEM3Δxψ. (5)

The analytical expressions for CEM1, CEM2, and CEM3 are
shown in the Appendix, in (49)−(51).

2) Motion Equations: The shaft is modeled by using the
following differential equation [18]:

dωr
dt

=
tm − te
2H

.

This equation is linear and can be rewritten as [18][
Δω̇sg

]
= BS1 [Δtm] +BS2 [Δte] . (6)

3) Exciter: The exciter includes an alternator in series with
a diode rectifier [21]. The model AC5A has been used [23]

dvf
dt

=
1

TE
vr − SE +KE

TE
vf . (7)

This model can be linearized, yielding[
Δv̇f

]
= AE

[
Δvf

]
+BE1

[
Δvr

]
(8)[

Δvf
]
= CE

[
Δvf

]
. (9)

4) Engine: The dynamics of the diesel engine used as prime
mover is modeled as a first-order nonlinear system, as it is
commonly done in the literature [20]

dtm
dt

=
1

τm(σ + tm)
(f − tm). (10)

The linearized model becomes (details in the Appendix):[
Δṫm

]
= AD

[
Δtm

]
+BD

[
Δf

]
(11)[

Δtm
]
= CD

[
Δtm

]
. (12)

5) Automatic Voltage Regulator (AVR): For simplicity, a
proportional–integral (PI) controller has been adopted for the
AVR [20]. This regulator controls the amplitude of the PCC
voltage (vsg), (vsg = vpcc) by generating the set-point for the
regulated voltage (vr). The module of the PCC voltage is

vsg =

√
vDsg

2 + vQsg
2
. (13)

The linearized model of the AVR is (details in the Appendix)[
Δα̇

]
= BAVR1

[
Δv∗sg

]
+BAVR2

[
ΔvDQsg

]
(14)[

Δvr
]
= CAVR

[
Δα

]
+DAVR1

[
Δv∗sg

]
+DAVR2

[
ΔvDQsg

]
.

(15)

6) Speed Governor: The speed governor controls the SG fre-
quency by modifying the fuel injection set-point. For simplicity,
a PI controller has been used [20]. This controller is linear, so
state-space matrices can be defined as[

Δβ̇
]
= BGov

[
Δω∗

r

]
+BGov2

[
Δωr

]
(16)[

Δvr
]
= CGov

[
Δβ

]
+DGov

[
Δω∗

r

]
+DGov

[
Δωr

]
. (17)

7) Diesel Generator Aggregated Small-Signal Model: The
detailed models defined in the previous subsections can be
merged together to form the model of the diesel generator. Input
variables are transformed from real to pu values, while the output
variables are transformed from pu to real values. The resulting
model is[

ΔẋSG
]
= ASG [ΔxSG] +BSG1

[
Δv∗sg

]
+BSG2

[
Δω∗

sg

]
+BSG3

[
ΔvDQsg

]
(18)[

ΔiDQs
]
= CSG1 [ΔxSG] ,

[
Δωsg

]
= CSG2 [ΔxSG] . (19)

Fig. 3. SRF-PLL diagram of control in (dq).

B. Small-Signal Model of the GFe-VSC

This section presents the small-signal model for the GFe-
VSC [24]. It includes an LCL filter, a current controller (in
dq), the calculation of the current set-points, and a PLL. The
detailed state-space model can be found in the Appendix and in
the literature [24]. Only the PLL is presented here.

1) Phase-Locked Loop (PLL): A PLL is used to synchronize
the GFe-VSC (in dq) with the voltage of the PCC (in DQ),
as shown in Fig. 3. A typical PLL implementation has been
considered [7], [24]

ε̇ = kipll(v
D
pcc cos δPLL + vQpcc sin δPLL) (20)

δ̇PLL = ε+ kppll(v
D
pcc cos δPLL + vQpcc sin δPLL)− ωsg. (21)

Clearly, the PLL is a nonlinear system as it has trigonometric
functions involved. The linearized model is[

Δε̇

Δδ̇PLL

]
i

= AiPLL

[
Δε

ΔδPLL

]
i

+BiPLL1

[
ΔvDQpcc

]
i

+BiPLL2

[
Δωcom

]
i
. (22)

The detailed matrices can be found in the Appendix.
2) Aggregated Small-Signal Model of a GFe-VSC: The

small-signal models of the current set-points calculation, the
current controller, theLCLfilter, and the PLL are then combined
to obtain the GFe-VSC model

[
Δẋinv

]
GFe = AGFe [Δxinv]GFe +BGFe

PQ

[
Δp∗
Δq∗

]
GFe

+BGFe
V

[
ΔvDQpcc

]
GFe

+BGFe
ω

[
Δωcom

]
GFe (23)

where

[Δxinv]GFe =
[
Δε,ΔδPLL,Δγ

dq,Δidqi ,Δv
dq
c ,Δi

dq
o

]T
GFe

[Δuinv]GFe =
[
Δp∗,Δq∗,ΔvDQpcc ,Δωcom

]T
GFe

[ΔiDQ]GFe = CGFe [Δxinv]GFe .

One should notice vDQpcc represents an input variable of the
state-space model. However, in the GFe-VSC model, variables
are referenced to the local dq reference frame. Therefore, they
should be transformed by taking into account (105), (107), and
(108), derived from (1). This transformation is directly included
in the state-space matrices AGFe, BGFe

PQ, BGFe
V , BGFe

ω , and CGFe,
in (109)−(114).

C. Small-Signal Model of the GFo-VSC

The model of the GFo-VSC consists of the models of theLCL
filter, the current controller, the voltage controller, and the droop
controller (details in the Appendix) [19].
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1) Aggregated Small-Signal Model of the GFo-VSC: All the
models mentioned above are combined to obtain the small-signal
model of the GFo-VSC[

Δẋinv
]
GFo

= AGFo [Δxinv]GFo +BGFo
In

[
Δωnd

Δvdqnd

]
GFo

+BGFo
V

[
ΔvDQpcc

]
GFo

+BGFo
ωcom

[
Δωcom

]
GFo

(24)[
ΔiDQo

]
GFo = CGFo

I [Δxinv]GFo (25)

[Δωcom]GFo = CGFo
ω [Δxinv]GFo +DGFo

ω

[
Δωnd

Δvdqnd

]
GFo

(26)

where

[Δxinv]GFo

=
[
Δδ,ΔP̃ ,ΔQ̃,Δφdq,Δγdq,Δidqi ,Δv

dq
c ,Δi

dq
o

]T
GFo

.

As in (23), the state-space matrices include the transforma-
tions between the reference frames (details in the Appendix).

D. Load Modeling

A resistive–inductive linear load has been considered [18][
Δi̇DQl

]
= AL

[
ΔiDQl

]
+BL1

[
ΔvDQpcc

]
+BL2

[
Δωcom

]
.

(27)
The state matrices can be found in the Appendix.

E. Coupling of Devices

The linearized mathematical models of the diesel gen-set, the
converters, and the load include the variable ΔvDQpcc as an input
and the current as an output. Therefore, an auxiliary resistor has
been used to define this voltage adequately (Rx in Fig. 1) [19][

ΔvDQpcc

]
= DR1

[
ΔiDQo

]
GFo +DR1

[
ΔiDQo

]
GFe

+DR2

[
ΔiDQl

]
. (28)

F. Aggregated Model of MG1: Gen-Set, GFe-VSC, and Load

Because of the MG topology vDQpcc and ωcom are equivalent to
vDQsg and ωsg (their real values). Then, the MG model is⎡

⎣ΔẋSGΔẋinv

ΔẋL

⎤
⎦ = AMG1

⎡
⎣ΔxSGΔxinv

ΔxL

⎤
⎦+BMG1

v

[
Δv∗sg

]

+BMG1
ω

[
Δω∗

sg

]
+BMG1

PQ

[
Δp∗
Δq∗

]
(29)

where

BMG1
v =

⎡
⎣BSG1

0
0

⎤
⎦ , BMG1

ω =

⎡
⎣BSG2

0
0

⎤
⎦ , BMG1

PQ =

⎡
⎣ 0
BGFe

PQ
0

⎤
⎦ .

G. Aggregated Model of MG2: GFo-VSC, GFe-VSC, and Load

In MG2, vDQo = vDQpcc . By using a virtual resistor to combine
all the elements, the following model is obtained:⎡

⎣ΔẋinvGFo

ΔẋinvGFe

ΔẋL

⎤
⎦ = AMG2

⎡
⎣ΔxinvGFo

ΔxinvGFe

ΔxL

⎤
⎦+BMG2

ωv

[
Δωnd

Δvdqnd

]

+BMG2
PQ

[
Δp∗
Δq∗

]
(30)

where

BMG2
ωv =

⎡
⎢⎣
BGFo

In +BGFo
ωcom

[
DGFo
Pω 0

]
BGFe
ω

[
DGFo
Pω 0

]
BL2

[
DGFo
Pω 0

]
⎤
⎥⎦ , BMG2

PQ =

⎡
⎢⎣

0

BGFe
PQ

0

⎤
⎥⎦ .

IV. ANALYTIC STUDY

In this section, MG1 and MG2 are analyzed. System stability
is analyzed based on the information obtained from the system
eigenvalues and the participation factors (Figs. 4 and 5 for
MG1, and Figs. 6 and 7 for MG2, respectively) [18]. The
small signal model of each scenario presented in the article
was developed considering their individual operating points.
The operating point of each scenario was calculated by means
of a nonlinear model developed in Simulink. Then, the small
signal model was used to calculate eigenvalues and participation
factors. Participation factors have been calculated as [18]

pki =
δλi
δakk

= ψikφki (31)

where ψik and φki represent the k element of the left and right i
eigenvectors, respectively. Eigenvectors were normalized so that
ψiφi = 1. This implies that the sum of the participation factors
along a row or a column is equal to one

n∑
i=1

pki = 1,
n∑
k=1

pki = 1. (32)

A. Test System Description

The nominal power of the SG is 60 kVA. The electromechan-
ical parameters of the SG and the diesel engine are taken from
[20]. For the excitation system, the reference values are taken
from the AC5A model in [23]. GFo- and GFe-VSC parameters

AMG1 =

⎡
⎢⎣

ASG +BSG3DR1CSG1 BSG3DR1C
GFe BSG3DR2

BGFe
ω CSG2 +BGFe

V DR1CSG1 AGFe +BGFe
V DR1C

GFe BVDR2

BL2CSG2 +BL1DR1CSG1 BL1DR1C
GFe AL +BL1DR2

⎤
⎥⎦

AMG2 =

⎡
⎢⎣
AGFo +BGFo

ωcomC
GFo
ωcom +BGFo

V DR1C
GFo
I BGFo

V DR1C
GFe BGFo

V DR1CL

BGFe
ω CGFo

ω +BGFe
V DR1C

GFe AGFe +BGFe
V DR1C

GFe BGFe
V DR2CL

BL2C
GFo
ω +BL1DR1C

GFo
I BL1DR1C

GFe AL +BL1DR2CL

⎤
⎥⎦
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Fig. 4. Trajectory of MG1 eigenvalues (low frequency) for different scenarios when the bandwidth of PLL is increased. (a) GFe-VSC injecting 22%, 33%, and
50% of the load, which takes two values (12 and 18 kW). (b) Current controller bandwidths of GFe-VSC: 490, 380, and 260 Hz. (c) Different designs of speed
governor and SG inertia. See Table III for detailed definition of scenarios.

Fig. 5. Participation matrix for MG1, SC1. Eigenvalues are ordered left to
right according to their distance from the imaginary axis.

TABLE I
DIESEL GENSET PARAMETERS (SC1)

are defined in Table II. Two VSCs of the same power rating
(15 kVA) (and, therefore, the same LCL parameters) have been
considered, because the converter power ratio introduces a key
restriction during the PLL design.

A base scenario (SC1) has been defined for both MGs. In
SC1, the load is consuming 18 kW. The active power set-point
for the GFe-VSC is 4 kW and the reactive power set-point is
zero. The voltage and frequency set-points of the SG are 400 V
and 50 Hz, respectively. The AVR and the speed governor have
been designed to be as fast as possible, resulting in bandwidths of

TABLE II
GFO AND GFE-VSC PARAMETERS (SC1)

0.17 and 1.7 Hz, respectively (see Table I). Controllers have been
designed by using open-loop techniques, with phase margins
of 45° (speed governor and current controllers), 50° (AVR),
and 60° (PLL and voltage controller). The bandwidth of the
current controller and the PLL of the GFe-VSC are set to 490
and 1.4 Hz, respectively, while the bandwidth of the current and
voltage controllers of the GFo-VSC are set to 490 and 30 Hz,
respectively. The rest of the parameters are defined according
to Table II. The additional scenarios considered in the article
are defined in Table III. Scenarios SC2–SC23 are derived by
modifying some parameters of a base scenario.

B. Participation Factors for MG1 (Diesel Gen-Set)

Fig. 5 shows the modulus of the participation factors for MG1,
SC1. For instance, the modulus of the participation factors of
state δPLL in Modes 7–13 are 0.03, 0.03, 0.7, 0.7 0.08, 0.08, and
0.03, respectively. Modes are ordered by numbers in the x-axis
according to their proximity to the imaginary axis (left meaning
closer to it). The states related to the SG are mainly affected
by Modes 1−5. These modes have limited influence on the the
PLL states, while their influence on the rest of the GFe states is
negligible. Modes 6−12 participate in the engine and the rotor
states (ωr and tm), but also in the PLL states (ε and δPLL), thus
creating a dynamic interaction between the two devices. Modes
12 and 13 are related to the PLL and the current controller and,
therefore, represent their interaction. The rest of the modes are
mainly related to electromagnetic phenomena and represent the
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Fig. 6. Trajectory of low-frequency eigenvalues of MG2 for different scenarios when the bandwidth of PLL is increased. (a) GFe-VSC injecting 33%, 50%, and
67% of power load that takes two values (12 and 18 kW). (b) GFe-VSC current controller bandwidths: 490, 380, and 260 Hz. (c) Different designs of the GFo-VSC
voltage and current controllers. See Table III for detailed definition of scenarios.

Fig. 7. Participation matrix of MG2, SC1. Eigenvalues are ordered left to right
according to their distance from the imaginary axis.

link between the current controller, theLCL filter variables, and
the load.

The interaction between δPLL and the mechanical states is
stronger especially for the reduced bandwidth of the speed
governor loop. Additionally, the states ωr, tm, and γd show a
stronger coupling with δPLL when the bandwidths of the PLL
and the current controller decrease, and also when the inertia
of the generator is reduced. The states δPLL and γd also show a
stronger interaction when the power injected by the GFe-VSC
increases. No relevant interactions were observed between the
PLL and the voltage controller of the diesel gen-set, as it was
previously reported in the literature when standard excitation
AC4A was used [14], [23]. This could be motivated by the use
of different AVR and excitation system [25].

From these results, it is clear that the PLL participates in the
mechanical states of the MG. This will be studied in the next
section where the system eigenvalues will be analyzed.

C. Stability Limits of MG1 (Diesel Gen-Set)

Fig. 4 shows how the eigenvalues of MG1 are affected by the
PLL bandwidth in various scenarios. Only low-frequency eigen-
values are shown because PLL mainly affects low-frequency
dynamics. Fig. 4(a) considers six different loading scenarios

TABLE III
DEFINITION OF SCENARIOS SC2–SC23 SHOWING THE INITIAL (BASE)

SCENARIO, THE PARAMETER CHANGED, AND ITS NEW VALUE

(SC1–SC6), with three different levels of power injected by
GFe-VSC (22%, 33%, and 50% of load). The eigenvalues that
are more affected by the PLL move toward the imaginary axis
when the relative power share of the GFe-VSC increases. This
effect is more pronounced and evident at light load conditions.
For instance, in both SC1 and SC4, Gfe-VSC has a 22% power
share but the eigenvalues in SC4 are located closer to the
imaginary axis. This will result in a reduction of the stability
limits linked with the parameters of the PLL.
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TABLE IV
CHANGES THAT REDUCE PLL BANDWIDTH STABILITY LIMITS

In Fig. 4(b), three scenarios with different bandwidths of the
current controller are studied (SC6, SC7, and SC8). The current
controller bandwidth has a strong influence on the maximum
bandwidth achievable by the PLL. For instance, for a current
controller bandwidth of 260 Hz (SC8), the MG becomes unstable
when the PLL bandwidth is higher than 27 Hz.

Different scenarios for the inertia and the design of the speed
governor have been examined and the results are shown in
Fig. 4(c) (SC7, SC9, SC10, SC11, and SC12). It shows that the
SG inertia and the bandwidth of the speed governor have little
influence on the eigenvalues linked with PLL. This interaction
is even weaker when the PLL bandwidth increases.

Summarizing, for the type of generator, prime movers, and
controllers considered, the mechanical parameters have only
a small contribution to the eigenvalues related to the PLL. In
contrast, the loading conditions and the design of the current
controller greatly affect the aforementioned eigenvalues. With
this respect, high levels of load, low relative power contribution
from the GFe-VSC, and fast current controllers are preferable.
A summary is presented in Table IV.

D. Participation Factors for MG2 (GFo-VSC)

Fig. 7 shows the participation matrix for MG2 for SC1. All
the modes of MG2 mainly participate in one state (or in a couple
of related states, like ε and δPLL). Clearly, the states and modes
are more decoupled than in MG1. It can be seen that Modes
2−3 mainly participate in the states related to the PLL, and to
a lesser extent, to the voltage controller of the GFo-VSC. The
interaction between these parameters is studied in the following
section.

E. Stability Limits of MG2 (GFo-VSC)

Fig. 6 shows the trajectory of the low-frequency eigenvalues
of MG2 for the increase of the PLL bandwidth, for different
scenarios. Fig. 6(a) shows that in MG2, as it happened in MG1,
the eigenvalues move to the right when the power injected by the
GFe-VSC increases. Scenarios with light load conditions (SC5,
SC6, and SC14) also tend to destabilize the system compared to
those with more load (SC2, SC63, and SC13, respectively).

Fig. 6(b) shows that eigenvalues move toward the imaginary
axis if the bandwidth of the current controller decreases, as it
happened in MG1. This may result on limited PLL bandwidth
for some loading conditions.

Fig. 6(c) shows MG2 eigenvalues when the bandwidth of the
PLL increases for different designs of the GFo-VSC voltage
and current controllers. As shown in Fig. 6(c), the eigenvalues
are closer to the imaginary axis when the voltage controller
is slowed down (SC18 and SC19). In general, interactions

Fig. 8. Flowchart of the proposed method for the design of MG controllers.

between the voltage and current controllers are avoided by
ensuring a sufficient time-constant separation between them.
More precisely, current controllers are typically designed to be
faster than voltage controllers. However, as shown in Fig. 6(c),
increasing the current controller bandwidth has a negative effect
on the stability (SC18), unless the voltage controller bandwidth
is increased at the same time (SC16).

Summarizing, loading conditions and the design of the GFe-
VSC current controller have impact on the eigenvalues related
to the PLL, just as it happened in MG1. High-load, low relative
power injection by the GFe-VSC and fast current controller for
the GFe-VSC allow higher PLL bandwidths. The GFo-VSC also
affects the PLL design. The PLL bandwidth can be increased
with fast voltage controllers and slow current controllers. In this
case, the loading conditions do not limit the PLL design as much
as in the case of MG1. These aspects are summarized in Table IV.

V. GUIDELINES FOR THE DESIGN OF CONTROL PARAMETERS

IN AN MG

The conclusions drawn from the analysis have been used
to develop and propose design guidelines for the selection of
control parameters in an MG. The guidelines assume the use of
the small-signal model; however, some of the recommendations
are generally applicable and are helpful even without the model.
The flowchart with the design procedure is shown in Fig. 8.
The boxes of the flowchart also indicate the section in which
the task is addressed. The design of the parameters is based
on the stability limits calculated using the small-signal model.
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Initially, a stable scenario is used by applying typical values
for the controllers. Preliminary stability limits are calculated by
assuming this scenario, that is also used to compute a stable
operating point. Then, the preliminary stability limits are used
to define the controllers of the MG under most unfavorable con-
ditions for the stability (low levels of power injected by the GFo
device and high levels of power injected by the GFe-VSC). Both
nonlinear and linear models are developed for the unfavorable
condition scenario. MG controllers are redesigned to meet the
specifications, taking into account the stability limits under the
unfavorable conditions.

A. Preliminary Controller Settings

1) Diesel-Based MGs: To start with, the controllers of diesel
gen-sets can be configured to be as fast as it is required while the
bandwidth of the PLL should be similar to that of the frequency
controller. The current controller of the GFe-VSC should be
designed in a typical way by using the desired settling time and
the adequate damping of the LCL filter resonance [6], [7]. The
bandwidth of the dc-voltage controller should not be close to
that one used for the PLL to avoid undesired oscillations. Also,
it should not be unnecessarily wide [16], [26].

2) Converter-Based MGs: The current controllers of the
GFe-VSC and the GFo-VSC should be designed by using stan-
dard design rules [6], [7]. Then, the voltage controller of the
GFo-VSC should be configured to be as fast as possible, yet it
needs to guarantee a sufficient time-constant separation between
the current and the voltage loops. The PLL can be designed
to be fast enough to track standard frequency variations in
power grids [27] (a bandwidth between 1 and 10 Hz would
work in most cases). The dc-voltage controller, if required,
should be designed in a similar way to the case of diesel-based
MGs.

B. Model Development, Operating Points, and Stability

1) Nonlinear Model and Operating Point: A nonlinear
model of the microgrid is used to perform the time-domain
simulations and to calculate the operating point. The model
should include all the nonlinear equations of the desired GFo
device (SG or VSC), the GFe, and the load. In order to find a
suitable operating condition to start the analysis and the control
design, it is recommended to set the GFo to feed a moderate
load (50%–80% of its rated power) and the GFe not to inject
any power.

2) Small-Signal Model of the MG: A small-signal model of
the MG should be developed. It can be obtained by using the
analytical expressions included in this article (in Section III),
or by using automatic tools (e.g., Simulink Control Design
toolbox [28]).

3) Initial Conditions for the Stability Test: Stability limits
of the bandwidth of MG controllers can be found by using the
small-signal analysis techniques presented in the article. These
limits will be used for the design of MG parameters under most
unfavorable conditions.

C. Fine-Tuning of Control Parameters Under Unfavorable
Conditions

An unfavorable operating condition can be found when the
GFo injects its minimum power and when the GFe relative power

Fig. 9. Lab photograph. From left to right: (green) 75 kVA converter used
as emulator for the SG and part of the load in MG1, (cyan) real-time targets
(converter controllers), (blue) 15 kVA converter used as GFo-VSC, (red) 15
kVA converter used as GFe-VSC, (yellow) ac bus bars and (magenta) loads.

injection is high. By following the steps mentioned before, the
designer may have already found control parameter values that
guarantee the stability. However, a more elaborated selection
can lead to improved stability margins and an optimization
procedure can be used to find the optimal selection.

1) MGs Formed by Diesel Gen-Sets: The PLL can be re-
designed by taking into account the upper limit of its bandwidth
and the expected frequency variations. If the design specifica-
tions cannot be met, the GFe-VSC current controller should be
made faster to increase the stability limit of the PLL bandwidth.

2) MGs Formed by GFo-VSCs: The GFe-VSC current con-
troller can be redesigned by taking into account the lower
stability limit imposed by the MG and other restrictions imposed
by the LCL resonance and the switching frequency. Finally, the
PLL can be redesigned by taking into account its upper stability
limit and the expected variations of the MG frequency. If the
design specifications cannot be fulfilled, the voltage and current
controllers should be redesigned by reducing the bandwidth
of the GFo-VSC current controller and increasing both the
bandwidth of the GFe-VSC current controller and the bandwidth
of the voltage controller of the GFo-VSC to allow for wider PLL
bandwidths.

D. Stability Analysis Under Unfavorable Conditions

It is recommended to calculate the small-signal model for the
operation under these conditions. Also, it is recommended to
carry out transient simulations in order to check if the system
operates within its limits even during large transients. If the
system is not well damped (e.g., damping factor smaller than
0.3), the controllers should be redesigned. This can be checked
by analyzing the system eigenvalues. For example, the PLL and
the current controller of the GFo-VSC can be slowed down,
while the speed of the current controller of the GFe-VSC and
the voltage controller of the GFo-VSC can be increased.

VI. EXPERIMENTAL VALIDATION

A. Prototype Description

MG1 and MG2 were implemented in the Smart Energy Inte-
gration Lab (SEIL) [29], [30] (Figs. 9 and 10). A 75-kVA VSC
was used as the grid emulator. It used model-based approach
to emulate the operation of the diesel gen-set and part of the
load (12 kW) in MG1. Two 15-kVA converters were used as
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Fig. 10. Electrical diagram of the laboratory. The common elements of MG1
and MG2 are shown in red (GFe-VSC and load). Grid emulator is shown in
green, and GFo-VSC is shown in blue. MG1: red and green. MG2: red and blue.

Fig. 11. Response of MG1 when there is step change of (a) 10 V and (b)
0.2 Hz in the SG voltage and frequency set-points. (Red) Experimental and
(blue) linearized model results.

Fig. 12. Response of MG2 for (a) step of 10 V applied to the nominal voltage
of the droop controller and (b) step of 0.2 Hz applied to the nominal frequency
of the controller. (Red) Experimental results and (blue) linearized model results.

GFo-VSC and GFe-VSC in the experimental validation. Differ-
ent loading conditions were implemented by using a variable,
progammable resistive load bank. The single-line electrical di-
agrams of the two MG implementations are shown in Fig. 10
(MG1 in red and green and MG2 in red and blue).

Fig. 13. Response of modulus of vabc, when there is a 10-V step change of
the SG set-point. Horizontal scale: 1 s/div; vertical scale: 20 V/div.

Fig. 14. Response of MG1 in SC20 (a) and MG2 in SC21 (b) when the load
decreases 1 kW (and hence the ratio of power injected by the GFe-VSC increases)
making both MGs unstable.

B. Validation of Small-Signal Models

Figs. 11 and 12 show a comparison between the transient
responses obtained from the experimental setup and the lin-
earized models when applying SC1. Since MG dynamics is
slow, the models are validated by using dq signals, as it is
common in the literature [19], [24]. Experimental dq signals
were obtained from the control boards of the converters, without
filters. The experimental results were also obtained by using an
oscilloscope, as shown in Fig. 13. However, in this case, it was
difficult to compare the theoretical results with the experimental
waveforms. A 10-V and a 0.2-Hz step were applied to the
set points of the SG voltage and frequency controllers (see
Fig. 11). The same steps were used for the GFo-VSC (see
Fig. 12). Clearly, the small-signal models accurately reproduce
the low-frequency dynamics of the experimental platform. Since
high-frequency phenomena (e.g. pulsewidth modulation) was
not considered in the modeling, high-frequency dynamics can-
not be predicted by using the developed linear models. In vdq,
ωGFe, and ωGFo, some harmonics can be observed due to the lack
of filters at the measuring stage. This oscillations are not present
in ωSG because this variable is taken from the emulated model.

C. Validation of Stability Limits

The theoretical stability limits of the PLL were validated
experimentally. MG1 was validated for SC20, where the load
was 23 kW (12 kW were emulated). The GFe-VSC injected 9 kW
(39%). The SG parameters are defined in Table I. The current
controller bandwidth was 120 Hz. In this scenario, the linear
model analyses suggested a maximum PLL bandwidth of 18 Hz.
However, during the validation, the system remained stable up to
a bandwidth of 17 Hz. Even though the dynamics was accurately
described by the linear model, the range of frequency for the
system to be marginally stable differs slightly. This is common
in experimental validations as linear models show different
sensitivity to parameter variation at the edge of the stability
region [31]. However, small-signal tools are still useful in grid
applications since the main objective here is to ensure that the
system operates away from the unstable region [18]. Fig. 14(a)
shows the response of MG1 when the PLL bandwidth was 17 Hz
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Fig. 15. Response of MG1 in SC22 when the load decreased 1 kW with
a recommended controller design. Comparison between the time responses
obtained from the corresponding eigenvalues and the experimental setup. (a)
MG1 low frequency eigenvalues. (b) Time response of eigenvalues 5 to 10. (c)
Vd step response. (d) Frequency step response.

Fig. 16. Response of MG2 in SC23 when the load decreased 1 kW, with
the fine-tuning. Comparison between the time responses obtained from the
corresponding eigenvalues and the experimental setup. (a) MG2 low frequency
eigenvalues. (b) Time response of eigenvalues 4 to 7. (c) Vq step response. (d)
Frequency step response.

and a variation of the load from 23 (SC20) to 22 kW was applied.
This means that the GFe-VSC power varies from 39% to 40%
of the total demand. The MG becomes unstable due to the
higher ratio of power injected by the GFe-VSC. At t = 10 s and
t = 12 s, the load is increased again and the MG slowly recovers
its stable operation. The stability limits of MG2 were validated in
SC21: Pload = 13 kW, PGFe−VSC = 11 kW, BWccGFo = 520 Hz,
BWvcGFo = 34 Hz, and BWccGFe = 250 Hz. The linear model
analysis suggests the MG becomes unstable for PLL bandwidths
higher than 21 Hz. In the validation, the maximum bandwidth
was 19 Hz. Fig. 14(b) shows the response of MG2 in SC21 when
there was a load variation from 13 to 12 kW (85% and 92% of the
load power injected by the GFe-VSC). MG2 became unstable
with the load step at t = 2 s. The load returned to 13 kW at
t = 14 s, and then the system regained its stability.

D. Validation of Design Procedure for Control Parameters

Controllers of MG1 and MG2 for SC20 and SC21 were
redesigned following the guidelines introduced in Section V-C
yielding SC22 and SC23, respectively. In MG1, the current
controller and the PLL of the GFe-VSC were designed to have
bandwidths 380 and 7 Hz, respectively. In MG2, the current and
voltage controller bandwidths of the GFo-VSC were readjusted
to 380 and 40 Hz, respectively. Meanwhile, the bandwidths of
PLL and the current controller in GFe-VSC were increased to
380 and 7 Hz, respectively.

Figs. 15(c) and (d) and 16(c) and (d) show the dynamic
response of the MGs for SC22 and SC23, respectively, when the
load changes were applied as in Fig. 14. In this case, the MGs
did not become unstable due to the improved controller design.
Figs. 15(a) and 16(a) show the low-frequency eigenvalues for
the two MGs at their operating point. The transient responses

Fig. 17. Response of MG2 (vdPLL) when there is a 3 kW change of the load and
the dc-voltage controller has different bandwidths. (a) SC21 with PLL bandwidth
of 10 Hz and (b) SC21 with PLL bandwidth of 20 Hz (stability limit).

associated with the pairs of eigenvalues in Figs. 15(a) and 16(a)
are depicted in Figs. 15(b) and 16(b). These responses are
calculated as yi(t) = eλit.

In MG1, the dynamic response of ωr can be represented as
a linear combination of the time characteristics of the domi-
nant eigenvalues 5–8, as the participation matrix suggests in
Fig. 5. Also, the time response of vd can be represented as a
linear combination of the time characteristics of eigenvalues 9
and 10. Similarly, in MG2, the responses of the voltage and
frequency can be represented as a linear combination of the
time characteristics of eigenvalues 6–7 and 4–5, respectively.
These eigenvalues are mainly linked with the states of the voltage
controller and the droop control, respectively, as shown in Fig. 7.

VII. DISCUSSION

A. Controller Design and Interactions

The analysis of participation factors confirmed that low-
frequency modes are affected by the PLL states and, simultane-
ously, by the mechanical states of the diesel gen-set and the states
of the current and voltage controllers. The eigenvalue analysis
revealed the PLL design is closely linked with the loading
conditions and the design of the voltage and current controllers
of the VSCs. In general, slow GFe-VSC current controllers,
slow GFo-VSC voltage controllers, and fast GFo-VSC current
controllers limit the range of the PLL bandwidth in which
the stability is guaranteed. Previous studies also showed that
systems may become unstable when the PLL and the dc-voltage
controller have similar bandwidths [16], [17]. Therefore, the
PLL design is crucial and critical for the stability of an MG.

B. Additional Control Loops

The study did not reveal any relevant interactions between
the PLL and the voltage control loop of the SG (excitation
and AVR), as it was previously reported in the literature for
other types of excitation. The most likely cause is that in these
works, a static excitation system was used, while in this one, it is
based on alternating current. Also, as reported in the literature,
the dc-voltage controller may interact with the PLL and cause
instabilities [10], [16], [17]. In order to study this interaction,
a standard dc-voltage controller was implemented in the GFe-
VSC [7]. Then, the response of vdPLL was checked for MG2,
for different designs of the PLL and the dc-voltage controller.
Fig. 17 shows the response of MG2 at SC21 with PLL bandwidth
of Fig. 17(a) 10 Hz and Fig. 17(b) 20 Hz (close to the stability
limit of the PLL). Fig. 17 shows that vdPLL exhibits an oscillation,
which appears as a result of the PLL design. When PLL is close to
its stability limit, in Fig. 17(b), the oscillation is poorly damped.
Also, it can be seen that the design of the dc-voltage controller
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TABLE V
STABILITY LIMITS OF PLL BANDWIDTH UNDER DIFFERENT SCENARIOS. “−”

MEANS “LIMIT NOT FOUND.”

Fig. 18. PCC voltage (in dq) of the nonlinear model of MG1 (SC20), when
there is a 1 kW change of the load, with DSOGI-PLL and with PLL.

slightly affects the oscillation. In particular, the amplitude of
the oscillation is amplified when the dc-voltage controller and
the PLL have the same bandwidths. This result is in agreement
with previous studies that show that the interaction between PLL
and dc-voltage controller is stronger when they have similar
bandwidths [16], [17]. Therefore, it would be of interest to study
in detail the cases in which the PLL interacts with other control
loops (e.g., the governor of the SG) and also the interaction
between dc-voltage controller and the rest of the MG controllers.

C. Advanced PLL Structures

In order to study the effect of advanced synchronization tech-
niques, the dual second-order generalized integrator (DSOGI)
was implemented to calculate the positive sequence of the PCC
voltage in the studied MGs [6]. For MG1 and MG2, the nonlinear
models were used to obtain the stability limits of the DSOGI-
PLL bandwidth under different scenarios. Table V shows a com-
parison of the obtained stability limits of the PLL bandwidth,
with and without the additional DSOGI. Both implementations
have similar stability limits, although those obtained with the
DSOGI were slightly wider. In some scenarios, like in SC20, the
MG is stable for all the values of the PLL bandwidth when the
DSOGI is used. Fig. 18 (SC20) shows that MG1 remains stable
under load changes if a DSOGI-PLL is used, confirming the
results presented in Table V. From these results, it can be seen
that advanced synchronization techniques may offer extended
stability limits, yet they have to be studied in more detail.

VIII. CONCLUSION

In this article, the dynamic interactions between a GFe-VSC
with PLL and two types of GFo devices (diesel gen-set and
droop-controlled VSC) in MGs have been studied. Detailed
small-signal models for the two different GFo cases have been
derived analytically first and then participation factor and eigen-
value analyses have been used to study the interactions between

PLL and other devices in the MG. All the theoretical develop-
ments have been validated experimentally.

The stability studies as well as the proposed design guide-
lines have been presented in this article to help MG designers
understand the interactions between GFe PLL, GFo devices, and
other elements in MGs and facilitate the correct configuration
of the control system parameters. The experimental results and
the results obtained from the small-signal models showed a
good match. Small deviations were seen only for the parameter
values that made the system operate close to the maximum
PLL bandwidth allowed. Finally, the experimental results for
the control system configured according to the proposed design
guidelines confirmed that the dynamic response of MGs can
be significantly improved by following the developed design
criteria.

In future, it would be of interest to study the effect of dif-
ferent SG voltage control loops (especially of those with static
excitation and fast AVR), the impact of more advanced PLL
topologies, as well as the interactions between the dc-voltage
controller and other control loops.

APPENDIX

A. State-Space Matrices of the SG

1) State-Space Matrices of the Electromechanical Model:
The equations linking DQ stator and rotor flux linkages in an
SG with damper windings are [18]

vDsg =
dψD

dt
− ωrψ

Q − rai
D (33)

vQsg =
dψQ

dt
+ ωrψ

D − rai
Q (34)

vf =
dψf
dt

+ rf if (35)

0 =
dψDk
dt

+ rkdi
D
k (36)

0 =
dψQk
dt

+ rkqi
Q
k (37)

where the stator and rotor flux linkages are defined as [18]

ψD = −ldiDsg + lafdif + lakdi
D
k (38)

ψQ = −lqiQsg + lakqi
Q
k (39)

ψf = lff if + lfkdi
D
k − lafdi

D
sg (40)

ψDk = lfkdif + lkkdi
D
k − lakdi

D
sg (41)

ψQk = lkkqi
Q
k − lakqiQ. (42)

The linearization of the previous equations yields the following
state-space matrices:

AEM =MRM
−1
L +Mω (43)

MR =

⎡
⎢⎢⎢⎣
ra 0 0 0 0
0 −rf 0 0 0
0 0 −rkd 0 0
0 0 0 ra 0
0 0 0 0 −rkq

⎤
⎥⎥⎥⎦ (44)
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Mω =

⎡
⎢⎢⎢⎣

0 0 0 Ωr 0
0 0 0 0 0
0 0 0 0 0

−Ωr 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎦ (45)

where M−1
L is the inverse of ML, which is derived from (38) to

(42) as follows: ⎡
⎢⎢⎢⎢⎣
ΔψD

Δψf
ΔψDk
ΔψQ

ΔψQk

⎤
⎥⎥⎥⎥⎦ =ML

⎡
⎢⎢⎢⎢⎣
ΔiDsg
Δif
ΔiDk
ΔiQsg
ΔiQk

⎤
⎥⎥⎥⎥⎦ (46)

where

M−1
L =

⎡
⎢⎢⎢⎣
Kid_fd Kid_ff Kid_fkd 0 0
Kif_fd Kif_ff Kif_fkd 0 0
Kikd_fd Kikd_ff Kikd_fkd 0 0

0 0 0 Kiq_fq Kiq_fkq

0 0 0 Kikq_fq Kikq_fkq

⎤
⎥⎥⎥⎦ .
(47)

The rest of the matrices of the electromagnetic model are

BEM1 =

⎡
⎢⎢⎢⎢⎢⎣

0
1
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦ , BEM2 =

⎡
⎢⎢⎢⎣
1 0
0 0
0 0
0 1
0 0

⎤
⎥⎥⎥⎦ , BEM3 =

⎡
⎢⎢⎢⎢⎢⎣

0
Ψq
0
0

−Ψd
0

⎤
⎥⎥⎥⎥⎥⎦ (48)

CEM1 =

⎡
⎢⎢⎢⎢⎣

(Kiq_fq−Kid_fd)ΨQ+Kiq_fkqΨ
Q
k−Kid_ffΨQ

−Kid_fkdΨQ
(Kiq_fq−Kid_fd)ΨD−Kid_fdΨf−Kid_fkdΨ

D
k

Kiq_fkqΨD

⎤
⎥⎥⎥⎥⎦

T

(49)

CEM2 =

[
Kid_fd Kid_ff Kid_fkd 0 0

0 0 0 Kiq_fq Kiq_fkq

]
(50)

CEM3 =
[
Kif_fd Kif_ff Kif_fkd 0 0

]
(51)

where the parameters inside matrices are defined here

Kid_fd =
−lfkd2 + lff lkkd

Kid_f
, Kid_ff =

(lfkd − lkkd)lad
Kid_f

(52)

Kid_fkd =
(−lff + lfkd)lad

Kid_f
,Kif_fd =

(−lfkd + lkkd)lad
Kid_f

(53)

Kif_ff =
lad

2 − ldlkkd
Kid_f

, Kif_fkd =
−lad2 + ldlfkd

Kid_f

(54)

Kikd_fd =
(lff − lfkd)lad

Kid_f
, Kikd_ff =

−lad2 + ldlfkd
Kid_f

(55)

Kikd_fkd =
lad

2 − ldlffd
Kid_f

(56)

Kid_f = lad
2(lff + lkkd − 2lfkd) + ldlfkd

2 − ldlff lkkd
(57)

Kiq_f = laq
2 − lkkqlq, Kiq_fq =

lkkq
Kiq_f

(58)

Kiq_fkq =
−laq
Kiq_f

, Kikq_fq =
laq
Kiq_f

, Kikq_fkq =
−lq
Kiq_f

.

(59)

2) State-Space Matrices of the Shaft: The matrices that define
the linear model of the shaft are

BS1 =
[
1/2H

]
, BS2 =

[−1/2H
]
. (60)

3) State-Space Matrices of the Excitation Model: The follow-
ing matrices are used in the excitation model:

AE =
[−(SE +KE)/TE

]
, BE1 =

[
1/TE

]
, CE =

[
1
]
.

(61)

4) State-Space Matrices of the Diesel Engine: The model
of the diesel engine is linearized around the operating point,
yielding the following state-space matrices:

AD =

[ −(σ + F )
τm(σ + Tm)2

]
, BD =

[
1

τm(σ + Tm)

]
. (62)

5) State-Space Matrices of the AVR: The matrices below
represent the state-space model of the linearized AVR

BAVR1 =
[
1
]
, BAVR2 =

[
−V D

sg√
V D
sg

2
+V Q

sg
2

−V Q
sg√

V D
sg

2
+V Q

sg
2

]
(63)

CAVR =
[
kiAVR

]
, DAVR1 =

[
kpAVR

]
(64)

DAVR2 =

[
−V D

sgkpAVR√
V D
sg

2
+V Q

sg
2

−V Q
sgkpAVR√

V D
sg

2
+V Q

sg
2

]
. (65)

6) State-Space Matrices of the Speed Governor: The matrices
below represent the state-space model of the speed governor of
the SG

BGov1 =
[
1
]
, BGov2 =

[−1
]
, CGov =

[
kiGov

]
(66)

DGov1 =
[
kpGov

]
, DGov2 =

[−kpGov
]
. (67)

7) State-Space Matrices of the Diesel Gen-Set Model: The
auxiliary matrices of the diesel generator aggregated small-
signal model are presented as follows:

[ΔxSG]

=
[
Δα,Δβ,Δvf ,Δtm,Δψd,Δψf ,Δψkd,Δψq,Δψkq,Δωr

]T
(68)

ASG

=

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 BGov2

BECAVR 0 AE 0 BE2CEM3 0
0 BDCGov 0 AD 0 BDDGov2

0 0 BEM1CE 0 AEM BEM3

0 0 0 BS1 BS2CEM1 0

⎤
⎥⎥⎥⎥⎥⎦
(69)

[ΔuSG] =
[
Δv∗sg, Δω

∗
sg, Δv

DQ
pcc

]T
(70)

BSG1 =
1

UB

[
BAV R1, 0, BE1DAVR1, 0, 0, 0

]T
(71)
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BSG2 =
1

ωB

[
0, BGov1, 0, BDDGov1, 0, 0

]T
(72)

BSG3 =
1

UB

[
BAVR2, 0, BE1DAVR2, 0, BEM2, 0

]T
(73)

CSG1 = IB
[
0, 0, 0, 0, CEM2, 0

]T
, CSG2 = ωB

[
0, . . . , 0, 1

]T
.

(74)

B. State-Space Models of Converters Subsystems

1) LCL Filter Model: The complete small-signal model of
the LCL filter can be found in the literature [19]. If the state
variables are xLCL = [Δidqi Δvdqc Δidqo ]T , then

[ẋLCL]i = AiLCL[xLCL]i +BiLCL1
[
Δvdqi

]
i

+BiLCL2
[
Δvdqpcc

]
i
+BiLCL3

[
ΔωPLL

]
i

(75)

where i denotes the ith converter.
The LCL filter auxiliary matrices are presented as follows:

AiLCL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−Ri

Li
Ωi

−1
Li

0 0 0

−Ωi
−Ri

Li
0 −1

Li
0 0

1
Cd

0 0 Ωi
−1
Cd

0

0 1
Cd

−Ωi 0 0 −1
Cd

0 0 1
Lo

0 −Ro

Lo
Ωi

0 0 0 1
Lo

−Ωi
−Ro

Lo

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
i

(76)

BiLCL1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

1
Li

0

0 1
Li

0 0
0 0
0 0
0 0

⎤
⎥⎥⎥⎥⎥⎥⎦
i

, BiLCL2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0
0 0
0 0
0 0
−1
Lo

0

0 −1
Lo

⎤
⎥⎥⎥⎥⎥⎥⎦
i

(77)

BiLCL3 =
[
Iiq,−Iid, Voq,−Vod, Ioq,−Iod

]T
i
. (78)

2) Current Controller: A current controller generates the
command for the modulation stage of the VSC (v∗dqi )i [19][

Δγ̇dq
]
i
= BiCC1

[
Δi∗dqi

]
i
+BiCC2[xLCL]i (79)[

Δv∗dqi

]
i
= CiCC

[
Δγdq

]
i
+Di

CC1

[
Δi∗dqi

]
i
+Di

CC2[xLCL]i
(80)

The current controller is defined by the following space-state
matrices

BiCC1 =

[
1 0
0 1

]
i

, BiCC2

[−1 0 0 0 0 0
0 −1 0 0 0 0

]
i

(81)

CiCC =

[
kic 0
0 kic

]
i

, Di
CC1 =

[
kpc 0
0 kpc

]
i

(82)

Di
CC2 =

[−kpc −wnLi 0 0 0 0
wnLi −kpc 0 0 0 0

]
i

.

3) Current Set-Point Calculation: The set-point is calculated
in terms of the active and reactive power references. These
equations are nonlinear, so they have to be linearized. The
nonlinear equations are

i∗d =
p∗vdpcc + q∗vqpcc

vdpcc
2
+ vqpcc

2 , i∗q =
−q∗vdpcc + p∗vqpcc

vdpcc
2
+ vqpcc

2 (83)

while the linearised model is[
Δi∗dqi

]
i
= Di

I1

[
Δp∗
Δq∗

]
i

+Di
I2

[
Δvdqpcc

]
i

(84)

with

Di
I1 =

⎡
⎣ Vbd

V 2
bd+V

2
bq

Vbq

V 2
bd+V

2
bq

Vbq

V 2
bd+V

2
bq

−Vbd

V 2
bd+V

2
bq

⎤
⎦
i

(85)

Di
I2 =⎡

⎣ P (V 2
bd+V

2
bq)−2Vbd(PVbd+QVbq)

(V 2
bd+V

2
bq)

2

Q(V 2
bd+V

2
bq)−2Vbq(PVbd+QVbq)

(V 2
bd+V

2
bq)

2

−Q(V 2
bd+V

2
bq)−2Vbd(−QVbd+PVbq)

(V 2
bd+V

2
bq)

2

P (V 2
bd+V

2
bq)−2Vbq(−QVbd+PVbq)

(V 2
bd+V

2
bq)

2

⎤
⎦
i

.

(86)

4) State-Space Matrices of the PLL: The state-space model
of the PLL is defined by the matrices as follows:

AiPLL =

[
APLLee

APLLed

APLLde
APLLdd

]
i

=

[
0 kipllT

−1
V d

1 kppllT
−1
V d

]
i

(87)

BiPLL1 =

[
BPLL1e

BPLL1d

]
i

=

[
kipllT

−1
Sd

kppllT
−1
Sd

]
i

(88)

BiPLL2 =

[
BPLL2e

BPLL2d

]
i

=

[
0
−1

]
i

. (89)

5) Voltage Controller: A PI controller is used to control the
voltage of the ac capacitor. This controller is modeled as in [19].
The linearized equations are[
Δφ̇dq

]
i
= BiVC1

[
Δv∗dqc

]
i
+BiVC2[xLCL]i (90)[

Δi∗dqi
]
i
= CiVC

[
Δφdq

]
i
+Di

VC1

[
Δv∗dqc

]
i
+Di

VC2[xLCL]i.

(91)
The state-space matrices of the voltage controller are

BiVC1 =

[
1 0
0 1

]
i

, BiVC2

[
0 0 −1 0 0 0
0 0 0 −1 0 0

]
i

(92)

CiVC =

[
kiv 0
0 kiv

]
i

, Di
VC1 =

[
kpv 0
0 kpv

]
i

(93)

Di
VC2 =

[
0 0 −kpv −wnCf 0 0
0 0 wnCf −kpv 0 0

]
i

. (94)

6) Droop Controller: Frequency and voltage droop con-
trollers are implemented together with active and reactive
power low-pass filters to obtain the voltage and frequency
set-points [19]. Instantaneous active and reactive powers are
calculated as follows:

p = vdo i
d
o + vqoi

q
o, q = −vdo iqo + vqoi

d
o. (95)

In addition,ωnd and vnd are considered as inputs of the system.
Calling xpq = [Δδ ΔP̃ ΔQ̃], then[

ẋpq
]
i
= AiP

[
xpq

]
i
+BiP1

[
xLCL

]
i
+BiPIn

[
Δωnd

Δvdqnd

]
i

+BiPV

[
Δvdqo

]
i

(96)

[
Δωcom

]
i
= CiPω

[
xpq

]
i
+Di

Pω

[
Δωnd

Δvdqnd

]
i

(97)

[
Δv∗dqc

]
i
= CiPV

[
xpq

]
i
+Di

PV

[
Δωnd

Δvdqnd

]
i

(98)
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AGFe =

⎡
⎢⎢⎢⎢⎢⎣

APLLee APLLed 0 0
APLLde APLLdd 0 0

0 BCC1DI2T
−1
V d 0 BCC2

BLCL3APLLde

BLCL3APLLdd

+(BLCL1DCC1DI2

+BLCL2)T
−1
V d

BLCL1CCC ALCL +BLCL1DCC2

⎤
⎥⎥⎥⎥⎥⎦ (109)

AGFo =

⎡
⎢⎢⎢⎢⎢⎣

AP +BPV
[
T−1
V 0

]
0 0 BP1

BV C1CPV +BV C3

[
T−1
V 0

]
AV C 0 BV C2

BCC1DV C1CPV +BCC1DV C3

[
T−1
V 0

]
BCC1CV C ACC BCC1DV C2 +BCC2

BLCL1DCC1
DV C1

CPV

+BLCL3CPω
+(BLCL1DCC1DV C3 +BLCL2)

[
T−1
V 0

] BLCL1DCC1CV C BLCL1CCC

ALCL
+BLCL1DCC1DV C2

+BLCL1DCC2

⎤
⎥⎥⎥⎥⎥⎦ (114)

where

AiP =

⎡
⎣0 −mp 0
0 −ωc 0
0 0 −ωc

⎤
⎦
i

(99)

BiP1 =

[
0 0 0 0 ωcVod ωcVoq
0 0 0 0 ωcVoq −ωcVod

]
i

, BiPω =

⎡
⎣−1

0
0

⎤
⎦
i

(100)

BiPIn =

⎡
⎣1 0 0
0 0 0
0 0 0

⎤
⎦
i

, BiPV =

⎡
⎣ 0 0
ωcIod ωcIoq
−ωcIoq ωcIod

⎤
⎦
i

(101)

CiPω =
[
0 −mp 0

]
i
, CiPV =

[
0 0 0
0 0 −nq

]
i

(102)

Di
Pω =

[
1
]
i
, Di

PV =

[
0 0
0 1

]
i

. (103)

7) State-Space Matrices for Reference Frame Transforma-
tions: The following matrices are used for transformations be-
tween reference frames:[

ΔioDQ

]
i
= T iS

[
iodq

]
i
+ T iC [Δδ]i (104)

T iS =

[
cos δ0 − sin δ0
sin δ0 cos δ0

]
i

(105)

T iC =

[−Iod sin δ0 − Ioq cos δ0
Iod cos δ0 − Ioq sin δ0

]
i

(106)

[
Δvbdq

]
i
= T−1i

S

[
vbDQ

]
i
+ T−1i

V [Δδ]i (107)

T−1i
V =

[−Vbd sin δ0 + Vbq cos δ0
−Vbd cos δ0 − Vbq sin δ0

]
i

(108)

where δ0 has been used instead of Δ to avoid confusion with the
incremental operator “Δ.”

Equation (109) shown at the top of this page.

C. State-Space Matrices of the GFe-VSC

The matrices used in the GFe-VSC model are

BGFe
PQ =

[
0, 0, BCC1DI1, BLCL1DCC1DI1

]T
(110)

BGFe
V =

⎡
⎢⎢⎢⎣

BPLL1e

BPLL1d

BCC1DI2T
−1
S

(BLCL1DCC1DI2 +BLCL2)T
−1
S

+BLCL3BPLL1d

⎤
⎥⎥⎥⎦ (111)

BGFe
ω =

[
BPLL2e, BPLLPLL2d , 0, 0

]T
(112)

CGFe =
[
0 TC 0 TS

]
. (113)

Equation (114) shown at the top of this page.

D. State-Space Matrices of the Droop-Controlled Converter

The matrices of the GFo-VSC are

BGFo
In =

⎡
⎢⎢⎣

BPIn
BV C1

[
0 DPV

]
BCC1DV C1

[
0 DPV

][
BLCL3DPω BLCL1DCC1DV C1DPV

]
⎤
⎥⎥⎦ (115)

BGFo
V =

⎡
⎢⎣

BPV T
−1
s

BV C3T
−1
s

BCC1DV C3T
−1
s

(BLCL2 +BLCL1DCC1DV C3)T
−1
s

⎤
⎥⎦ (116)

BGFo
ωcom =

[
BPω
[0]

]
, CGFo

I =
[[
TC 0

]
[0]

[
0 TC

]]
(117)

CGFo
ω =

[
CPω 0

]
, DGFo

ω =
[
DPω 0

]
. (118)

E. State-Space Matrices of Linear R− L Load

The state-space matrices of the load are

AL =

[ −Rl

Ll
Ωsg

−Ωsg
−Rl

Ll

]
, BL1 =

[ 1
Ll

0

0 1
Ll

]
(119)

BL2 =

[
IQL
−IDL

]
, CL =

[
1 0
0 1

]
. (120)

F. State-Space Matrices of the Auxiliary Resistor

The state-space matrices of the auxiliary R are

DR1 =

[ 1
Rx

0

0 1
Rx

]
, DR2 =

[ −1
Rx

0

0 −1
Rx

]
. (121)
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