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A Series-Connected 40-Pulse Rectifier With DC Link
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Abstract—This article is focused on power quality improvement
of the series-connected multipulse rectifiers (MPRs). For the dc
side passive harmonic reduction method, the optimum design of
the harmonic injection transformer is the key point to achieve
the optimal harmonic elimination effect. First, a novel method for
determining the optimum turns ratio of the harmonic injection
transformer is proposed. Then, in combination with a five-phase
bridge-rectifier-based MPR, the correctness of the general calcula-
tion formula is verified. In the verification processes, the operation
principle and harmonic reduction mechanism are clearly analyzed
before and after using the harmonic reduction circuit (HRC).
The optimum turns ratio of the harmonic injection transformer
obtained from the view point of minimizing the input voltage total
harmonic distortion (THD) value is consistent with that calculated
from general formula. Under the optimum design, the kVA rating
of the HRC is only 0.87% of the load power. In experimental,
the THD values of the input voltages in the 20-pulse rectifier and
40-pulse rectifier are 3.32% and 2.07%, respectively. The proposed
method greatly reduces the complexity of the design processes
and helpful for the development of the super-MPR. The proposed
40-pulse rectifier has high reliability, easy realization, considerable
harmonic reduction ability, and quite a low load voltage ripple
coefficient.

Index Terms—Five-phase diode bridge rectifier, harmonic
injection transformer, optimum turns ratio design, power quality,
series-connected multipulse rectifier (MPR).

I. INTRODUCTION

IN ORDER to deal with harmonic pollutions caused by
the strong nonlinearity of rectification devices, some useful

methods have been proposed [1]–[3]. In recent decades, the
method of modifying rectifiers themselves has experienced a
rapid development stage with the gradual maturity of PWM
technology and multipulse rectification technology. Compared
with PWM rectifiers, multipulse rectifiers (MPRs) based on
diode bridge rectifiers have advantages of easy realization, high
reliability, better overload capacity, and lower overall cost, so
that they are more suitable for high power occasions [4], [5].
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Compared to parallel-connected MPRs, series-connected
MPRs are more suitable for high voltage or high-power oc-
casions, such as high-voltage dc transmission, high-power fre-
quency conversion speed regulation, and large-capacity battery
charging, etc. For improving their harmonic reduction abilities,
some useful dc side harmonic reduction methods of MPRs have
been proposed. Since the phase-shifting transformer design for
a 12-pulse rectifier is more conventional. Therefore, dc side
harmonic reduction circuit (HRC) design is usually based on
a 12-pulse rectifier [6], [7].

For parallel-connected MPRs, reducing total kVA rating of
magnetic devices in a rectification system is considered as an
important research direction just as improving power quality on
both ac and dc sides. Many kinds of autotransformers have been
proposed to replace isolate transformer in some occasions do not
need electrical isolation, such as star-connected autotransformer
[8], zigzag configured autotransformer [9], and delta-connected
autotransformer [10]. When combining conventional 12-pulse
rectifiers with dc side dual passive HRCs, parallel-connected
36-pulse rectifiers can be formed [8]–[10]. However, autotrans-
former is not suitable for series-connected MPRs, only half-
isolated transformers [11]–[15] or full-isolated transformers
[16], [17] have been verified to match with series-connected
MPRs.

In [11] and [12], two kinds of series-connected 24-pulse
rectifiers with a single passive HRC are proposed. Accordingly,
for further reducing harmonics, two kinds of 36-pulse rectifier
with dc side dual-passive HRCs are proposed in [13] and [14].
Based on [13], a bidirectional switch is added to dc side HRC,
so that a 48-pulse rectifier is formed [15]. The phase-shifting
transformers in these five topologies are all half-isolated trans-
former, in order to provide a full isolation solution for occasions
that need electrical isolation, a series-connected 24-pulse based
on aΔ/Δ/Y transformer is proposed in [16], whose HRC is only
consisted with a single-phase transformer and a single-phase
full-wave rectifier. In [17], a 30-pulse rectifier is constructed,
which contains three series-connected three-phase diode bridge
rectifiers in the main circuit, two sets of HRCs have to be added to
increase pulse numbers. These papers indicate that it is a useful
way to achieve a better harmonic reduction effect under normal
operation conditions by using more three-phase bridge rectifiers
in the main circuit and more suitable HRCs in the auxiliary
circuit.

In the performance improvement aspect, fault tolerance ability
is another important criterion to do comprehensive evaluations
on MPRs except for total harmonic distortion (THD) values. It
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can be observed that each diode in three-phase bridge rectifiers
conducts 120o per power cycle [16], [17]. And each operation
mode corresponds to a specific interval of input currents, if a
diode in the main circuit is under open-circuit fault conditions,
the affected interval length of input currents is around 120°
for a three-phase rectifier based MPR. For a five-phase based
MPR, the conduction angle of each diode in the main circuit
decreases to 72o per cycle, the power quality can be kept in a
better state under diode open-circuit fault conditions. Therefore,
as the phase number of the bridge rectifier in the main circuit
increases, the fault tolerance of the system can be improved
to a certain extent. At the same time, the design processes for
the main transformer will be more complex. It needs to give
full consideration to reliability and complexity for a specific
MPR design, so that this article takes a 20-pulse rectifier as
a basic circuit to design its transformer and auxiliary circuit.
In [18] and [19], the five-phase bridge rectifiers are used in
parallel-connected MPRs. Due to the derivation process of oper-
ation modes for parallel-connected MPRs, harmonic reduction
mechanism and design principle of dc side HRC are all different
from that in series-connected MPRs, it also has research values
in series-connected MPRs.

For [11]–[15], the use of a half-isolated main transformer
makes it easier to establish current relations flowing through
each phase of the transformer, similarly, the current source
model is also considered suitable for a full isolated transformer
with six output phases as shown in [16] and [17]. However, with
increasing the output phase number of the phase-shifting trans-
former, the current waveform flowing through each phase of the
rectifiers cannot be directly plotted especially for a full-isolated
main transformer. It is necessary to find a more convenient
method to do HRC design. Moreover, compared to [17], in our
design, the pulse number increases through increasing phase
number in each bridge rectifier, the HRC needs to be designed
once only.

This article proposes a new method for determining the opti-
mum turns ratio of the single-phase transformer in the passive
HRC. This method is quite different from the previous refer-
ences, and it is adaptable for the 8N-pulse (N is any odd number
greater than or equal to three) series-connected MPRs with
the same harmonic reduction method. The general calculation
formula for the optimum turns ratio is derived, in combination
with the original method, the correctness of the new method is
verified. The passive harmonic reduction mechanism and HRC
design principles are also analyzed in detail for a basic 20-pulse
rectifier, which helps readers to comprehensively understand
operation modes of series-connected MPRs and gives an essen-
tial theoretical guidance for other HRC design. Besides, related
simulation and experimental results are also presented to verify
the effectiveness of the proposed MPR.

II. NOVEL OPTIMUM TURNS RATIO DESIGN METHOD FOR THE

HARMONIC INJECTION TRANSFORMER

Fig. 1 is the 8N-pulse series-connected MPR with dc side
passive HRC, in the main circuit, two N-phase diode bridge rec-
tifiers are connected in series; the HRC contains a single-phase
transformer and a single-phase diode bridge/full-wave rectifier.

Fig. 1. Current source series-connected 8N-pulse rectifier. (a) With single-
phase diode bridge rectifier. (b) With single-phase full-wave rectifier.

Fig. 2. Voltage source series-connected 8N-pulse rectifier. (a) With single-
phase diode bridge rectifier. (b) With single-phase full-wave rectifier.

In this HRC, the optimum design of the single-phase trans-
former is the key point to achieve the optimal harmonic elimina-
tion effect. In theoretical analysis processes, in order to establish
the relations between the turns ratio of transformer T1/T2 and
the input current or the load voltage, the current source rectifier
is replaced by the voltage source rectifier as shown in Fig. 2.
These two rectifiers have the same operation mode and harmonic
reduction method, so that the optimum turns ratio should have
a certain correlation.

First, based on Fig. 2, the general calculation formula for
the optimum turns ratio of the single-phase transformer (T1)
connected with the bridge rectifier is derived.
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Assume that the three-phase input voltages are⎧⎪⎪⎨
⎪⎪⎩

ua =
√
2E sinωt

ub =
√
2E sin(ωt− 2π/3)

uc =
√
2E sin(ωt+ 2π/3)

(1)

where E is the rms value of the input voltages.
The output voltages of the phase-shifting transformer are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ua1 =
√
2KE sinωt

ub1 =
√
2KE sin(ωt− 2π/N)

uc1 =
√
2KE sin(ωt− 4π/N)

...

u(N−1)1 =
√
2KE sin(ωt+ 4π/N)

uN1 =
√
2KE sin(ωt+ 2π/N)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ua2 =
√
2KE sin(ωt+ π/2N)

ub2 =
√
2KE sin(ωt− 3π/2N)

uc2 =
√
2KE sin(ωt− 7π/2N)

...

u(N−1)2 =
√
2KE sin(ωt+ 9π/2N)

uN2 =
√
2KE sin(ωt+ 5π/2N)

(2)

where K is the ratio of the input to output rms voltage of the
phase-shifting transformer, and N is the phase number of the
diode bridge rectifier in the main circuit.

The turns ratio of the transformer T1 is

m =
us

up
=

Ns

Np
. (3)

In Fig. 2, according to the KVL, regardless of whether the
HRC works, the rectifier always has the following relationship:⎧⎪⎪⎨
⎪⎪⎩

uREC1 = uP1M2 − up

uREC2 = uM2P2 + up

uP1M2 = uM2P2 = uLoad

2

⇒
{
up = uREC2−uREC1

2

uLoad = uREC1 + uREC2.

(4)
When without using the HRC, the rectifier operates in the 4N-

pulse rectification state. The output voltages of the two bridge
rectifiers and the load voltages are⎧⎪⎪⎨
⎪⎪⎩
uREC1_4N=Sa1ua1+Sb1ub1 + Sc1uc1 + Sd1ud1 + Se1ue1

uREC2_4N=Sa2ua2+Sb2ub2 + Sc2uc2 + Sd2ud2 + Se2ue2

uLoad_4N=uREC1_4N + uREC2_4N

(5)
where Sa1, Sb1, Sc1, Sd1, Se1, Sa2, Sb2, Sc2, Sd2, and Se2 are the
switching functions of the corresponding phases.

Based on the relations between the voltages us and uload, there
are three operation modes of the HRC.

Mode 1: When us < uLoad, the HRC is not working.

The output voltages of rectifiers REC1, REC2, and the load
voltage are ⎧⎪⎪⎨

⎪⎪⎩
uREC1_8N = uREC1_4N

uREC2_8N = uREC2_4N

uLoad_8N = uLoad_4N.

(6)

Mode 2: When us > uLoad, the diodes VD1 and VD4 are
turned ON, the bridge rectifier REC1 is working and the bridge
rectifier REC2 is not working.

Under this operating mode

us_8N = mup_8N = uLoad_8N. (7)

In combination with (4) and (7), the following relations can
be obtained: ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uREC1_8N = m−2
m+2uREC2_4N

uREC2_8N = uREC2_4N

up_8N = 2
m+2uREC2_4N

uLoad_8N = 2m
m+2uREC2_4N.

(8)

Mode 3: When −us > uLoad, the diodes VD2 and VD3 are
turned ON, the bridge rectifier REC2 is working and the bridge
rectifier REC1 is not working.

Under this operating mode

us_8N = mup_8N = −uLoad_8N. (9)

In combination with (4) and (9), the following relations can
be obtained: ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uREC1_8N = uREC1_4N

uREC2_8N = m−2
m+2uREC1_4N

up_8N = − 2
m+2uREC1_4N

uLoad_8N = 2m
m+2uREC1_4N.

(10)

Ignoring the amplitude
√
2KE in (1), the voltages uREC1_4N

and uREC2_4N are

uREC1_4N

=

⎧⎨
⎩

A sin(ωt+ π
2 − kπ

N )ωt ∈ [
kπ
N , π

2N + kπ
N

)
A sin(ωt+ π

2 − (k+1)π
N )ωt ∈

[
π
2N + kπ

N , (k+1)π
N

)
(11)

uREC2_4N

= A sin

(
ωt+

π

2
− π

2N
− kπ

N

)
ωt ∈

[
kπ

N
,
(k + 1)π

N

)
(12)

where A is the coefficient associated with the phase number N,
and k is the nature number.
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The voltages up_4N and uLoad_4N are

up_4N=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−A
2

√
2−2 cos π

2N cos(ωt+ arctan
sin π

2N

1−cos π
2N

− kπ
N )

ωt ∈ [
kπ
N , π

2N + kπ
N

)
−A

2

√
2− 2 cos π

2N sin(ωt− 3π
4N − kπ

N )

ωt ∈
[

π
2N + kπ

N , (k+1)π
N

)
(13)

uLoad_4N=A
√

2 + 2 cos π
2N sin(ωt+ arctan

1+cos π
2N

sin π
2N

− kπ
2N )

ωt ∈
[
kπ
2N , (k+1)π

2N

)
(14)

where ωt1 is the first intersection point of the voltages up_4N and
uLoad_4N.

In combination with the above analysis, the load voltage
uLoad_8N is

uLoad_8N

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2m
m+2A sin(ωt+ π

2 − kπ
2N )

ωt ∈ [
kπ
2N , ωt1 +

kπ
2N

)
A
√
2 + 2 cos π

2N sin
[
ωt+ arctan(

1+cos π
2N

sin π
2N

)− kπ
2N

]
ωt ∈

[
ωt1 +

kπ
2N ,−ωt1 +

(k+1)π
2N

)
2m
m+2A sin(ωt+ π

2 − (k+1)π
2N )

ωt ∈
[
−ωt1 +

(k+1)π
2N , (k+1)π

2N

)
.

(15)

From (15), it can be observed that the turns ratio m is associ-
ated with the amplitude of the load voltage. From the viewpoint
of minimizing the ripple factor of the load voltage, the amplitude
of the piecewise function should be the same.

Therefore, the turns ratio m is

m =
2
√
2 + 2 cos π

2N

2−√
2 + 2 cos π

2N

. (16)

If the rectifier in the HRC is the single-phase full-wave
rectifier as shown in Figs. 1(b) and 2(b), there are half of the
secondary windings connected into the circuit when the HRC is
working. Defining that the turns ratio of the single-phase trans-
former T2 still fulfills (2), the optimum turns ratio m is consistent
with that for the HRC with single-phase diode bridge rectifier
[see Figs. 1(a) and 2(a)]. The general calculation formula (16)
is suitable for the two kinds of HRC.

Substitute N = 5 into (16), m takes 160.45 in theory. In this
section, the optimum turns ratio design for the current source
rectifier is translated into that in the voltage source rectifier,
then the derivation is presented from minimizing the load rip-
ple factor. In real design, the current source rectifier is more
attractive due to it can supply high quality power on both ac and
dc sides. To verify the correctness of the novel design method
proposed in Section II, the passive HRC is designed by using the

Fig. 3. Configuration of the series-connected 20-pulse rectifier.

Fig. 4. Phasor diagram of the phase-shifting transformer. (a) Phasor diagram
of the first set of output voltages. (b) Phasor diagram of the second set of output
voltages.

conventional method based on a current-source series-connected
20-pulse rectifier in the following sections.

III. PHASE-SHIFTING TRANSFORMER DESIGN

Fig. 3 is the configuration of the series-connected 20-pulse
rectifier, in which, Rec1 and Rec2 are two sets of five-phase
series-connected diode bridge rectifiers.

Based on the rectification principle, in order to make sure that
all diode bridge rectifiers in the main circuit of MPR can operate
normally, the phase difference θ between several sets of output
voltages provided by the phase-shifting transformer fulfills

θ =
360o

N1N2
(17)

where N1 is the number of output pulses of each bridge rectifier
and N2 is the number of bridge rectifiers.

In combination with Fig. 3 and (17), the two sets of five-phase
output voltages should meet the following conditions: they have
the same rms value, and the phase difference is 18o. In order to
improve the safety of the rectifier, a completely isolated phase-
shifting transformer is designed, the primary windings are in
delta-connection, the secondary side windings are in two sets
of zigzag-connection. Assuming that the ratio of the rms value
of the input and output phase voltages is K (K ≥ 1), the phasor
diagram of the phase-shifting transformer is shown in Fig. 4.
In Fig. 4, the phasors U̇a, U̇b, and U̇c correspond to the input
voltages of phase “a,” phase “b,” and phase “c,” with a phase
difference of 120o; phasors U̇a1 , U̇b1, U̇c1, U̇d1, and U̇e1 are
the first set of five-phase output voltages with a phase difference
of 72o; phasors U̇a2, U̇b2, U̇c2, U̇d2, and U̇e2 are the second
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Fig. 5. Phasor synthesis schematic of phasor U̇a.

set of five-phase output voltages, which respectively lags behind
the phasor U̇a1, U̇b1, U̇c1, U̇d1, and U̇e1 18o.

In this part, taking phasor U̇a as an example to clarify the
specific synthetic process. Fig. 5 shows the phasor synthesis
schematic of phasor U̇a.

On the basis of phasors U̇ab, U̇bc, and U̇ca , in Fig. 5, the
phasor U̇a can be presented as

•
Ua1 = −K1

•
Uca +K2

•
Uab (18)

where K1 and K2 are the proportional coefficients of the sec-
ondary winding relative to the primary winding.

In the Δofg as shown in Fig. 5, according to the Law of Sines,
the following relationship exists between the rms value of each
phasor:

Ua1

sin 120o
=

K1Uca

sin 30o
=

K2Uab

sin 30o
(19)

where Ua1, Uca, and Uab are the rms values of phasor U̇a1, U̇ca ,
and U̇ab, respectively.

It can be observed from Fig. 4 that

Uab = Uca =
√
3KUa1. (20)

Substitute (20) into (19), the proportional coefficients K1 and
K2 can be calculated out

K1 = K2 =
sin 30o√

3K sin 120o
. (21)

Fig. 6 shows the winding configuration of the phase-shifting
transformer with delta-double zigzag connection, in which the
turns number of each winding is represented by N plus the
number subscript. When the primary windings “a,” “b,” and “c”
are respectively coiled on the A-, B-, and C-phase core columns
of the transformer, the A-phase secondary winding “a1” and
the C-phase secondary winding “c1” is connected together to
synthesize the phasor U̇a1. Based on the above analysis, the
winding structure of the remaining phases can be obtained in
the same way.

It is known that the ratio of the rms value of each phasor is
equal to turns ratio of the corresponding transformer windings,
so that the relationship between the turns number of the primary
and secondary windings on the A-, B-, and C-phase core columns
fulfills (62) in the Appendix.

Fig. 6. Winding configuration of the phase-shifting transformer.

Fig. 7. Proposed series-connected 20-pulse rectifier.

IV. ACCURACY VERIFICATION OF THE EQUIVALENT CURRENT

SOURCE MODEL FOR THE PROPOSED 20-PULSE RECTIFIER

In order to verify the accuracy of the equivalent current source
model in the 20-pulse rectifier and provide the theoretical basis
of the research on the dc side harmonic reduction method, a
series-connected 20-pulse rectifier based on five-phase bridge
rectifiers is proposed as shown in Fig. 7. In Fig. 7, the phase-
shifting transformer is the isolation transformer designed in Sec-
tionⅢ. The ac side three-phase voltage sources are connected in
series with three inductors Ls, and the dc side load is connected in
parallel with two large capacitors with same capacitance values,
so that this rectifier can be regarded as a current source rectifier
with constant voltage load.

A. Operation Modes Analysis of the 20-Pulse Rectifier

Since this rectifier is a current source rectifier, the ac side input
current waveforms can be seen as sine waves, while the primary
and secondary side voltage waveforms of the phase-shifting
transformer are unknown. Theoretically, the operation modes
of the rectifier should be determined by the current relationship.
Combining Fig. 6 with the principle of Ampere-turns balance,
it can be found that the process of establishing the current
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Fig. 8. Equivalent current source model of the proposed 20-pulse rectifier.

Fig. 9. Equivalent current source waveforms.

relationship between the primary and secondary windings of
this phase-shifting transformer is quite complicated; and the
secondary current waveforms cannot be directly determined by
the primary currents, but the phase relationship of the secondary
currents can be determined by the phase shift angle of the trans-
former. Therefore, the equivalent current source model shown
in Fig. 8 is proposed, assuming that it is adapted to the rectifier
shown in Fig. 7.

In Fig. 8, the bridge rectifiers Rec1 and Rec2 are equivalent to
two current sources iRec1 and iRec2 with the same rms value and
a phase difference of 18o. The connection of midpoints M and
P1 can provide a circulation loop for the instantaneous current
difference ix between iRec1 and iRec2.

After using the ac side inductors, the waveforms of the
equivalent current sources iRec1 and iRec2 are shown in Fig. 9,
where ϕ is the phase difference of the AC side phase currents
(ia, ib, ic) lagging behind the ac voltage sources (usa, usb, usc).
In Fig. 9, the interval of each mode and the values of current
sources iRec1 and iRec2 in each interval are shown in Table I.
According to the values of iRec1 and iRec2, the conduction
mode of the diodes in the two five-phase bridge rectifiers can
be obtained. It can be seen from Table I that each diode is
turned on for 72° per power cycle, and at any moment, there is
a conductive diode on the upper and lower bridge arms of each
rectifier.

B. Formation Process of the Input Voltage uAn,20

Combining Table II with Kirchhoff’s Voltage Law (KVL),
the ac side voltage value corresponding to each interval can
be determined. Taking Mode 1 as an example to calculate the
expression of voltage uAn,20 in interval [ϕ, ϕ+18o).

In Fig. 7, P1 and P2 are defined as reference points of rectifiers
Rec1 and Rec2, respectively. To facilitate analysis, assuming
that the proportional coefficient K is equal to 1, so that the input
voltage uAn and the output voltage uA1n1 of the transformer both

TABLE I
DIODE CONDUCTION MODE OF THE SERIES-CONNECTED 20-PULSE RECTIFIER

TABLE II
LEVEL VALUES OF THE INPUT VOLTAGE UAn,20

can be expressed as

uAn = uA1n1 = uA1P1 − un1P1

= uA1P1 − uA1P1 + uB1P1 + uC1P1 + uD1P1 + uE1P1

5
.

(22)

Due to the voltage division function of the dc side capacitors,
terminal voltage of each capacitor accounts for one-half of the
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Fig. 10. Waveform of the input voltage uAn,20.

load voltage. According to KVL and Table II, in the interval
[ϕ, ϕ+18o), it can be obtained that{

uE1P1 = Ud + uo

2

uB1P1 = −Ud

{
uE2P2 = Ud + uo

2

uC2P2 = −Ud

(23)

where Ud is the forward voltage drop of the diode and uo is the
load voltage.

From (23), the voltage uE2C2 is

uE2C2 = uE2P2 − uC2P2 = 2Ud +
uo

2
. (24)

In combination with the configuration and turns ratio of the
transformer, the voltage uE2C2 can also be expressed as

uE2C2 = uE2n2 − uC2n2

= k1uE1B1 − k2uB1A1

= k1(uE1P1 − uB1P1)− k2(uB1P1 − uA1P1) (25)

in which, k1 and k2 are

k1 =
sin(18o)

sin(144o)
k2 =

sin(54o)

sin(72o)
. (26)

Substitute (23) and (24) into (25), the voltage uA1P1 can be
obtained

uA1P1 =

(
2− 2k1

k2
− 1

)
Ud +

(
1− k1
2k2

)
uo. (27)

Similarly, the voltage uC1P1 and uD1P1 can be expressed as⎧⎨
⎩

uC1P1 = ( 2−3k1

−k1
)Ud + ( 1−2k1

−2k1
)uo

uD1P1 = ( 2k1

k2
− 2−3k1

k1
)Ud + ( k1

2k2
− 1−2k1

2k1
)uo.

(28)

Substitute (23), (27), and (28) into (22), the voltage uAn,20 in
the interval [ϕ, ϕ + 18o) can be calculated as

uAn,20 =

(
4− 5k1
10k2

+
1

5k1
− 1

2

)
(uo + 4Ud). (29)

Similarly, the level values in the other 19 combinations can
also be determined, Fig. 10 is the waveform of uAn,20, and its
level values of each step are shown in Table II. In Table II, the
interval range represented by each mode is consistent with that
in Table I.

TABLE III
MAIN PARAMETERS OF THE SIMULATION AND EXPERIMENT

From Table II, the Fourier series of voltage uAn,20 is

uAn,20 = Us1,20

{
sin(ωt− ϕ)

+
∞∑

k=1

1

20k ± 1
sin[(20k ± 1)(ωt− ϕ)]

}

(30)

where the fundamental voltage amplitude Us1,20 of the voltage
uAn,20 is

Us1,20=
4

π
[L1(− cos 18o+cos 0o) + L2(− cos 36o + cos 18o)

+L3(− cos 54o + cos 36o) + L4(− cos 72o + cos 54o)

+ L5(− cos 90o + cos 72o)] ≈ 0.2649(uo + 4Ud).
(31)

According to (30), the harmonic order contained in voltage
uAn,20 is (20k± 1)th, k is a positive integer. The lowest harmonic
is 19th, and its amplitude is about 5.26% of the amplitude of the
fundamental wave.

From the above-mentioned analysis, if the equivalent current
source model shown in Fig. 8 is established, the voltage uAn,20

is in phase with the current ia, and the waveform is consistent
with that in Fig. 10. When the primary and secondary voltages
of the transformer meet the theoretical settings, the level values
of each step are consistent with Table II.

C. Simulation and Experimental Verifications of the
Equivalent Model

In order to verify the correctness of the equivalent model, this
section carries out corresponding simulation and experimental
verifications for a 1.85-kW prototype. Table III gives the main
parameters of simulation and experiment.

Fig. 11 shows the input voltage and frequency spectrum of
the phase-shifting transformer. In the simulation results shown
in Fig. 11(a) and (b), the input voltage is a 12-step wave with the
THD value of 8%, and the main harmonic order is (20k ± 1)th
(k is a positive integer), which conforms to theoretical analysis.
In experimental results shown in Fig. 11(c) and (d), the input
voltage THD value is slightly smaller than the simulated value,
which is about 3.32%. From the harmonic ratio list, it can be
seen that the main harmonics are the low-order harmonics and
(20k ± 1)th harmonics.
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Fig. 11. Input voltages of the phase-shifting transformer. (a) Simulation wave-
forms. (b) Simulation spectrum. (c) Experimental waveforms. (d) Experimental
spectrum.

Fig. 12 shows the input current and frequency spectrum of the
rectifier, which are approximate sine waves composed of 12 arcs
in each phase. In simulation, the THD value of input current ia
is 4.45%, and the experimental value is slightly smaller than the
simulated value, which is about 3.81%.

Comparing waveforms shown in Figs. 11 and 12, it is obvious
that the input voltage and current of the phase-shifting trans-
former are in the same phase. Comparing the voltage and current
spectrums, the order of higher content harmonics in the voltage
are basically same with that in the current, and the voltage
harmonics also influence the content of the current harmonic
with the corresponding order, which indicates that reducing the
harmonics in the input voltage can help to improve the quality
of the input current.

Fig. 12. Input currents of the phase-shifting transformer. (a) Simulation wave-
forms. (b) Simulation spectrum. (c) Experimental waveforms. (d) Experimental
spectrum.

The input currents ia1 and ia2 of the five-phase bridge rectifiers
are shown in Fig. 13. The phase difference between the input
currents of phase “a1” and phase “a2” is about 18o, so that
the phase shift angle is in line with the transformer design. In
one power cycle, each diode in the five-phase bridge rectifiers
conducts 72o, which is consistent with the operating modes
derived from the equivalent model.

The output current (iRec1 and iRec2) waveforms of the five-
phase bridge rectifiers are shown in Fig. 14, which are 10-pulse
waveforms with the same rms value and a phase difference of
18o. The phase relationship is consistent with the assumption in
the equivalent current source model shown in Fig. 9. Therefore,
the equivalent current source model is suitable for this type of
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Fig. 13. Input currents ia1 and ia2 of the five-phase bridge rectifiers.
(a) Simulation waveforms. (b) Experimental waveforms.

Fig. 14. Output currents iRec1 and iRec2 of the five-phase bridge rectifiers.
(a) Simulation waveforms. (b) Experimental waveforms.

rectifier, and the operation mode of the HRC in the subsequent
research can be analyzed based on this.

Fig. 15 shows the load voltage and current of the rectifier.
Due to the existence of the dc side capacitors, the load voltage
can be seen as constant with the rms value of about 385 V;
under the condition of resistance load, the load current is also

Fig. 15. Load voltage and current of the 20-pulse rectifier. (a) Simulation
waveforms. (b) Experimental waveforms.

approximately constant with the rms value about 4.8 A so that
the output power of the rectifier is about 1.85 kW.

V. 40-PULSE RECTIFIER WITH DC SIDE PASSIVE HRC

Based on the series-connected 20-pulse rectifier shown in
Fig. 7, this section proposes a series-connected 40-pulse rectifier
using a dc side passive HRC, as shown in Fig. 16.

In Fig. 16, the passive HRC consists of a single-phase har-
monic injection transformer and a single-phase full-wave rec-
tifier. The primary side of the single-phase harmonic injection
transformer TMP1 is connected between the midpoints M of
the two groups of five-phase rectifier bridges, and the midpoint
P1 of the dc side capacitors Cp and Cq, the secondary side is
connected to the ac side of the single-phase full-wave rectifier.
The turns ratio of the transformer is Np:Ns. The dc side of the
single-phase full-wave rectifier is connected in parallel to both
ends of the load. Fig. 17 shows the winding configuration of the
harmonic injection transformer TMP1.

A. Operation Modes Analysis of the 40-Pulse Rectifier

From the theoretical analysis and experimental results in
Section III, the equivalent current source waveform shown in
Fig. 9 can accurately describe the output current characteristics
of the two five-phase bridge rectifiers. After using the HRC, the
waveforms of the currents iRec1 and iRec2 are still approximately
ten-pulse waves with a phase difference of 18o, which is consis-
tent with the waveform shown in Fig. 9. Therefore, the equivalent
model of the rectifier can be established according to Figs. 9 and
16, and the operating mode of the dc side passive HRC can be
analyzed according to the relative magnitude relationship of the
current iRec1 and iRec2 in each interval.
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Fig. 16. 40-pulse rectifier with dc side passive HRC.

Fig. 17. Winding configuration of the harmonic injection transformer.

Fig. 18. Operation modes of the HRC. (a) Operation Mode I. (b) Operation
Mode Ⅱ.

Fig. 18 shows the two operation modes of the single-phase
full-wave rectifier in the harmonic injection circuit.

According to the current reference direction shown in Fig. 18
and the identification of the dotted terminal of the harmonic
injection transformer. When iRec1 < iRec2, the current differ-
ence ix > 0, and flows into the dotted terminal of the primary
winding of the passive harmonic injection transformer, while its
secondary current flows out of the dotted terminal.

In the single-phase full-wave rectifier, the diode Dp is turned
ON, and Dq is turned OFF so that the primary winding voltage
uMP1 of the passive harmonic injection transformer TMP1 can
be expressed as

uMP1 =
Np

Ns
(uo + Ud) . (32)

Fig. 19. Formation process of the square wave injection voltage uMP1.

When iRec1 > iRec2, the current difference ix < 0, and flows
out of the dotted terminal of the primary winding, while its
secondary current flows into the dotted terminal.

In the single-phase full-wave rectifier, the diode Dp is turned
OFF, and Dq is turned ON so that the primary winding voltage
uMP1 of the passive harmonic injection transformer TMP1 can
be expressed as

uMP1 = −Np

Ns
(uo + Ud) . (33)

To facilitate analysis, define that

ux = −Np

Ns
(uo + Ud) . (34)

Based on the above-mentioned analysis, the primary side
of the injection transformer can generate a ten times power
frequency square wave voltage with the level value of ±ux.
The formation process of the square wave and the corresponding
phase relations are shown in Fig. 19. Each operation mode of the
five-phase bridge rectifiers corresponds to two operation modes
of the HRC.

From Fig. 19, the operating mode of the 40-pulse rectifier is
the operating mode of the 20-pulse rectifier superimposed on
the operating modes of the HRC.
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B. Harmonic Reduction Mechanism Analysis

For the sake of simplicity, select interval [ϕ+36o, ϕ+54o) as
an example to analyze the rectifier voltage.

Based on Figs. 16 and 19, in combination with KVL, the
rectifier voltages fulfill{

uE1P1 = Ud + uo

2

uC1P1 = −Ud + uMP1

{
uA2P2 = Ud + uMP1 +

uo

2

uC2P2 = −Ud.

(35)
From (35) and the principle of phasor synthesis, the voltage

uA2C2 is

uA2C2 = uA2P2 − uC2P2 = uA2n2 − uC2n2

= 2Ud + uMP1 +
uo

2
. (36)

Combined with the phasor diagram of the phase-shifting
transformer shown in Fig. 4, the phase voltages uA2n2 and uC2n2

can be expressed as

uA2n2 =

{
k1uA1C1 = k1(uA1P1 − uC1P1)

k2uE1D1 = k2(uE1P1 − uD1P1)

uC2n2 =

{
k1uC1E1 = k1(uC1P1 − uE1P1)

k2uB1A1 = k2(uB1P1 − uA1P1)

(37)

where k1 and k2 still satisfy (11).
Substitute (35) and (37) into (36), the voltages uA1P1, uB1P1,

and uD1P1 are⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

uA1P1 = ( 2
k1

− 3)Ud + ( 1
k1

+ 2)uMP1 + ( 1
2k1

− 1
2 )uo

uB1P1 = ( 2
k1

− 2k1

k2
− 3)Ud + ( 1

k1
+ k1

k2
+ 2)uMP1

+ ( 1
2k1

− k1

2k2
− 1

2 )uo

uD1P1 = ( 2k1+k2−2
k2

)Ud + (−k1−1
k2

)uMP1 + (k1+k2−1
2k2

)uo.
(38)

Substitute (37) and (38) into (22), the input voltage uAn,40 in
this interval is

uAn,40 =

(
3

5k1
+

1

5k2
+ 1

)
uMP1 +

(
3

10k1
+

1

10k2
− 1

2

)

× (uo + 4Ud). (39)

In combination with Fig. 19, the piecewise function of the
voltage uAn,40 can be obtained as shown in Appendix (63).

Similarly, the level values of voltage uAn,40 in the other 38
cases can be obtained.

Fig. 20 shows the waveform of voltage uAn,40. Some of the
step level values are shown in Table IV. Since this waveform has
a quarter symmetry characteristic, other step level values can be
obtained by symmetry.

Comparing Table II with Table IV, it can be observed that,
after using passive HRC, the original intervals are equally di-
vided into two subintervals based on the operating modes of
the passive HRC. A square wave voltage with an amplitude of
±uMP1 is injected into the dc side of the five-phase rectifier
bridge. Then, a voltage related to uMP1 can be generated and
added to the input voltage of the transformer, thereby increasing
the number of steps and reducing the harmonic content.

Fig. 20. Waveform of the input voltage uAn,40.

TABLE IV
LEVEL VALUES OF THE INPUT VOLTAGE UAn,20

C. Optimized Design of the Harmonic Injection Transformer

Assuming that the turns ratio of the primary and secondary
windings of the harmonic injection transformer TMP1 is Np: Ns

= 1: n, from Table IV, the effective value UAn,40 of the voltage
uAn,40 and the fundamental voltage amplitude Us1,40 can be
obtained⎧⎨

⎩UAn,40 =

√
1
5 [A(uo + 4Ud)

2 +B(uo+Ud

n )
2
]

Us1,40 = 4
π [(C +D)(uo + 4Ud) + (E + F )(uo+Ud

n )]
(40)
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Fig. 21. Relationship curve between the THD and turns ratio n.

where A, B, C, D, E, and F are presented as (64) in Appendix.
Based on the definition of THD, the THD expression of the

voltage uAn,40 is

THD40 =

√
2U2

An,40 − U2
s1,40

Us1,40
. (41)

Substitute (40) and (64) into (41), the relationship curve
between the THD value of the voltage uAn,40 and the turns ratio n
of the harmonic injection transformer can be plotted as shown in
Fig. 21. From Fig. 21, when n is 159.6, THD takes the minimum
value. The optimum turns ratio is consistent with that derived
from (16).

D. Characteristic Analysis of the Input Current

In order to simplify the data processing process, the amplitude
Us of the three-phase ac voltage source is selected as the voltage
reference value, and the ratio of the actual voltage value to
the voltage reference value is the normalized voltage value. At
the same time, define Us/ωLs as the current reference value,
and the ratio of the actual current value to the current reference
value is the normalized current value. After normalization, the
voltage and current values are transformed into dimensionless
expressions.

The normalized expressions of voltage source usa, inductor
terminal voltage uLs, load voltage uo, and diode conduction
voltage drop Ud are{

umsa = usa

Us

umLs =
uLs

Us

{
umo = uo

Us

Umd = Ud

Us
.

(42)

Taking phase “a” as an example, the normalized expressions
of the grid-side input current ia, the input current ia1 of the bridge
rectifier Rec1, and the two sets output currents iRec1 and iRec2

of bridge rectifiers are{
ija = ωLs

Us
ia

ija1 = ωLs

Us
ia1

{
ijRec1 = ωLs

Us
iRec1

ijRec2 = ωLs

Us
iRec2.

(43)

From Fig. 16 and KVL, the terminal voltage of inductors Ls

can be obtained

uLs = Ls
dia
dt

= usa − uAn. (44)

Substitute (42) and (43) into (44), the normalized expressions
of voltage umLs is

umLs =
dija
d(ωt)

= sin(ωt)− umAn. (45)

Based on the half power cycle symmetry of ia, doing integral
operation on (45), the current ija fulfills∫ ϕ+π

ϕ

ijad(ωt) =

∫ ϕ+π

ϕ

[sin(ωt)− umAn]d(ωt) = 0. (46)

In the phase-shifting transformer, assuming that the rms value
of the input phase voltage UAn is equal to the rms value of the
output phase voltage UA1n1, combining the level values of uAn

and (42), in the interval [ϕ, ϕ+π], the normalized expression of
voltage uAn is shown in Appendix (65).

In (65), α1 and α2 are{
α1= (umo + 4Umd)

α2 = (umo+Umd)
n .

(47)

From (46) and (65), the phase difference ϕ fulfills

cosϕ =
π

20

(
2

5k1
+

4

5k2

)
α1 (48)

that is

ϕ = arccos

[
π

20

(
2

5k1
+

4

5k2

)
α1

]
. (49)

If the corresponding voltage value in the interval [ϕ+
(i−1)π

20 , ϕ+ iπ
20 ], i is an integer between 1 and 20, is marked as

umAni, in combination with (45) and the initial value ija(ϕ) = 0,
the expression of ija in the interval [ϕ, ϕ+π] can be determined
as shown in Appendix (66).

In (66), S1, S2, S3, …,Si are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S1 = 0

S2 = S1 +
π
20 (umAn2 − umAn1)

S3 = S2 +
π
10 (umAn3 − umAn2)

...

Si = S(i−1) +
(i−1)π

20

[
umAni − umAn(i−1)

]
.

(50)

From (47)–(50) and (65), the waveform of the input current
ija can be plotted as shown in Fig. 22.

E. Simulation and Experimental Verifications of the Proposed
Passive HRC

This section gives corresponding simulation and experimental
verifications to verify the effectiveness of the proposed HRC.

The simulation and experimental parameter settings are con-
sistent with Table III. In addition, the turns ratio n of the
harmonic injection transformer TMP1 is 1:160.

Fig. 23 shows the input voltage and frequency spectrum of
the phase-shifting transformer. From Fig. 23, it can be seen
that the rectifier works in a 40-pulse rectification state. In the
simulation, the input voltage THD value is 3.7%, the main
harmonic order is (40k ± 1)th, and k is a positive integer. In
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Fig. 22. Waveform of the input current ija.

Fig. 23. Input voltages of the phase-shifting transformer. (a) Simulation wave-
forms. (b) Simulation spectrum. (c) Experimental waveforms. (d) Experimental
spectrum.

Fig. 24. Input currents of the phase-shifting transformer. (a) Simulation wave-
forms. (b) Simulation spectrum. (c) Experimental waveforms. (d) Experimental
spectrum.

the experiment, the input voltage THD value reduces to 2.07%.
Comparing the frequency spectrum shown in Fig. 11(d), it can
be seen that after using the harmonic suppression circuit, the
19th and 21st harmonic content is significantly reduced, and the
other harmonics are suppressed in different degrees.

Fig. 24 shows the input current and frequency spectrum of the
40-pulse rectifier. In a power cycle, the input current is composed
of 40 segments of arcs. Due to the existence of the ac side
inductors, its THD value drops to a lower level. In the simulation,
the THD value is 1.19%. In the experiment, the current waveform
is near to the sine wave, and the THD value drops to 3.43%.
The variation trend of input current harmonics is similar to that
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Fig. 25. Input currents ia1 and ia2 of the five-phase bridge rectifiers.
(a) Simulation waveforms. (b) Experimental waveforms.

of voltage harmonics. After using the HRC, the 19th and 21st
current harmonics are also obviously reduced.

Fig. 25 shows the input current waveforms of the bridge
rectifiers, which are the same as that in the 20-pulse rectifier. In
one power cycle, each diode in the five-phase bridge rectifiers
conducts 72°, and the phase difference between phase “a1” and
phase “a2” is 18o. This indicates that the use of the HRC does not
change the operating modes of the five-phase bridge rectifiers,
which conforms to the theoretical analysis results.

Fig. 26 shows the primary voltage and current waveforms of
the harmonic injection transformer. It can be seen from Fig. 26
that both the voltage and current frequencies are 500 Hz, and the
phase correspondence is consistent with the theoretical analysis
results shown in Fig. 19. Therefore, the operating mode of the
HRC can be accurately analyzed by using the equivalent current
source model.

Fig. 27 shows the load voltage and current of the 40-pulse
rectifier. At this time, the load voltage and current can still be
regarded as constant with rms values of 384.5 V and 4.8 A,
respectively, so that the rectifier load power is about 1.85 kW.

F. Calculations on kVA Rating of Magnetic Devices and
Power Losses of Diodes

Based on the above-mentioned theoretical analysis and test
results, the kVA rating of the proposed delta/double zigzag-
connected phase-shifting transformer and the single-phase har-
monic injection transformer are discussed. The conduction
losses of the diodes in the main circuit and the auxiliary circuit
are calculated.

Fig. 26. Input currents ia1 and ia2 of the five-phase bridge rectifiers.
(a) Simulation waveforms. (b) Experimental waveforms.

Fig. 27. Load voltage and current of the 40-pulse rectifier. (a) Simulation
waveforms. (b) Experimental waveforms.

The kVA rating of the phase-shifting transformer can be
calculated by

SP−STr =
1

2

∑
(UwindingIwinding) (51)
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where Uwinding is the rms value of the terminal voltage of each
winding in the phase-shifting transformer and Iwinding is the
rms value of the current flowing through each winding in this
transformer.

Based on the winding configuration of the transformer, the
rms value of the terminal voltage of the primary winding is

Uprimary =
√
3KUA1n1. (52)

K is equal to 3 in this design.
Substitute the optimum turns ratio n = 160 into (40), in

combination with (26) and (64), it can be obtained that the
relationship between UA1n1 and the load voltage Uo is

UA1n1 ≈ 0.19Uo. (53)

The rms values of the secondary winding terminal voltages
can be determined by turns ratio relations as shown in (62).

In order to simplify calculations, assuming that output phase
currents of phase-shifting transformer are triangle waves, and
defining that the peak current of the phase current is ipeak. In
combination with test results presented in Figs. 25 and 27, the
peak current ipeak is about two times of load current Io. Based
on the above-mentioned conditions, the rms value of the current
flowing through the secondary winding is

Isec ondary =

√
1

2π

∫ 2π

0

i2a1d(ωt)

=

√
8

2π
· i2peak ·

(
10

π

)2 ∫ π
10

0

(ωt)2d(ωt)

≈ 0.36ipeak ≈ 0.72Io. (54)

Based on the winding configuration shown in Fig. 6 and
the ampere-turns balance law, the current flowing through the
primary winding fulfills

Iprimary ≈ 0.34Io. (55)

Based on the above-mentioned analysis, it can be obtained
that

SP−STr =
1

2

[
3UprimaryIprimary +

2Uprimary√
3K sin 120o

× (sin 30o + sin 54o + sin 18o + sin 48o + sin 36o

+ sin 12o + sin 42o + sin 6o + sin 24o)Isecondary

+
UprimaryIsecondary√

3K

]

≈ 129.8%UoIo. (56)

So that the kVA rating of the phase-shifting transformer takes
about 129.8% of the load power.

The conduction losses for each diode in the five-phase diode
bridge rectifiers in one cycle is

Ploss−diode = Uforward−dropID (57)

where Uforward-drop is the forward drop for diode and ID is
the current flowing through the diode with the rms value of
0.5Isecondary.

When takes Uforward-drop as 0.7 V, under test conditions in
this article, the total power losses for each diode in the main
circuit is about 1.2 VA per cycle.

The kVA rating of the phase-shifting transformer can be
calculated by

SH−ITr =
1

2
(UMP1Ix + 2UoIDp) (58)

where UMP1, Ix, and IDp are all rms values.
According to the optimum turns ratio design of this harmonic

injection transformer and operation modes of the harmonic
injection circuit, it can be determined that⎧⎪⎪⎨

⎪⎪⎩
UMP1 = Uo

160

Ix ≈
√
3
3 ipeakx

IDp ≈ Ix
160

√
2

(59)

from test results shown in Figs. 26 and 27, the peak value of
current ix is about 2Io.

Substitute (59) into (58), it can be obtained that

SH−ITr ≈ 0.87%UoIo. (60)

The conduction losses for Dp or Dq in one cycle is

Ploss−Dp = Uforward−dropIDp. (61)

When takes Uforward-drop as 0.7 V, under test conditions in
this article, the total power losses for each diode in the auxiliary
circuit is about 0.017 VA per cycle. So that the kVA rating of
the harmonic injection transformer and the power losses of the
diodes in the auxiliary circuit are at a quite low level. The cost
of HRC is quite low.

VI. CONCLUSION

This article combines two methods of increasing the phase
number of bridge rectifier and using the dc side HRC to improve
the power quality of the rectifier. The optimum turns ratio
of harmonic injection transformer for the 8N-pulse rectifier is
derived, and its effectiveness is verified in the proposed 40-pulse
rectifier (N is equal to five). The optimum turns ratio determined
from the general calculation formula is consistent with that
obtained based on the conventional method. Compared with the
two methods, the novel method can avoid complex calculations
and has a certain universality.

Simulation and experimental results indicate that the delta-
double zigzag phase-shifting transformer designed in this article
is suitable for five-phase bridge rectifiers, and the equivalent
current source model can accurately describe the operating mode
of the rectifier. Based on this model, the theoretical calculation
of the voltage step values is presented in detail; the passive
harmonic reduction mechanism is summarized by comparing
the main voltage variations in the 20-pulse rectifier and the
40-pulse rectifier. When the turns ratio of the harmonic injection
transformer is reasonably designed, the rectifier has a good
harmonic reduction effect. In addition, the proposed HRC only
uses passive components with properties of simple structure,
lower capacity, and easy implementation.
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APPENDIX

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Na1

Na2

Na3

Na4

Na5

Na6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= Na√

3K sin 120o

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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⎤
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⎡
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sin 42o
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⎤
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⎤
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⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Nb7 = Nb√
3K
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uAn,40 =

⎧⎨
⎩

−Np

Ns
( 3
5k1

+ 1
5k2

+ 1)(uo + Ud) + ( 3
10k1

+ 1
10k2

− 1
2 )(uo + 4Ud)ωt ∈ [ϕ+ 36o, ϕ+ 45o)

Np

Ns
( 3
5k1

+ 1
5k2

+ 1)(uo + Ud) + ( 3
10k1

+ 1
10k2

− 1
2 )(uo + 4Ud)ωt ∈ [ϕ+ 45o, ϕ+ 54o)
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+
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+
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+
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+
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10k2

[(10k1 − 5) cos π
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umAn(ωt) =
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