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Unified Modeling and Analysis of Dynamic Power
Coupling for Grid-Forming Converters
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Abstract—Grid-forming converters, taking droop-controlled
converters and virtual synchronous generators (VSGs) as typical
examples, have shown great promise as the interfaces between
renewable energy sources and the future power-electronics-based
power system. However, the coupling between active and reactive
power will adversely affect the dynamic performance and stability
of grid-forming converters. In order to facilitate quantitatively
analyzing and assessing the power coupling characteristics of var-
ious types of grid-forming strategies, this article develops a unified
dynamic power coupling model based on a first amplification coef-
ficient array and a relative gain array in the frequency domain.
Then, by using the established unified model, a comprehensive
analysis of dynamic power coupling properties for typical VSG
control and droop control is presented, which reveals that droop
control is helpful in weakening power coupling while VSG control
is prone to amplify the coupling. Moreover, the influences of the
pivotal control parameters in droop and VSG controllers on power
coupling characteristics are discussed in detail, which can provide
novel supplementary guidelines for parameter design of droop
and VSG controllers. Finally, the experimental results verify the
correctness of theoretical modeling and analysis.

Index Terms—Droop control, grid-forming control, grid-
forming converter, power coupling, power oscillation, virtual
synchronous generator.

NOMENCLATURE

P, Q Active power and reactive power output.
Pref, Qref Active power and reactive power reference.
ω Angular frequency.
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ω0, ωref Nominal angular frequency.
J Virtual inertia of VSG.
kP Active power droop coefficient or damping

factor.
kQ Reactive power droop coefficient.
E, θ Voltage rms value and phase of converter.
Eref Voltage rms value reference of converter.
U Ac bus voltage.
R, X Equivalent connected resistance and reactance.
δ Power angle.
u Manipulated variable vector.
y Controlled variable vector.
P First amplification coefficient array.
Λ Relative gain array.
const Constant value.
s Complex operator/Laplace variable.
� Phase of complex variable.
| · |, abs Modulus of complex variable.
Δ Disturbance of a variable.

Superscript:

F, D, V Variables related to power flow, droop control
system and VSG system.

−1, T Inverse and transposition of matrix.
s→�, s→0 The limits at the point s = � and s = 0.
ω→�, ω→0 The limits at the point ω = � and ω = 0.

Subscripts:

0 Values in steady-state condition.
ref Reference value.
P, Q Variables related to active power loop and reac-

tive power loop.
i, j Row number and column number of a matrix or

array.

Abbreviation

VSG Virtual synchronous generator.
SG Synchronous generator.
FAA First amplification coefficient array.
RGA Relative gain array.

I. INTRODUCTION

R ENEWABLE energy sources (RES) mostly interface with
the power grid by using grid-connected converters [1], [2].
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A variety of control strategies have been proposed to equip the
grid-connected converters with different functions and external
response performance [3], [4]. Generally, the control strategies
of grid-connected converters can be divided into two categories
[4]–[7]. The first category is grid-following converter [7], also
called grid-feeding converter in some publications [4], which is
controlled as a current source to feed power into the grid. Grid-
following converters have been the most widely used ways in the
past decades because of their advantages, including simplifica-
tion of implementation, suitability for parallel operation, ability
of tracking the maximum power point, etc. However, the grid-
following converters lack grid-forming ability by themselves,
and have to depend on the support of the other voltage sources,
which will aggravate frequency problems and cannot be adapted
to the current trend towards power-electronics-dominated power
grid [7]–[10].

Another category is grid-forming converter, which works as a
voltage source with a given amplitude and frequency [9]. Com-
pared to grid-following converter, grid-forming converters can
provide voltage by themselves. To achieve parallel operation of
multiple grid-forming converters and provide the grid with aux-
iliary services, inspired by the primary control in synchronous
generators (SGs), two types of grid-forming control strategies,
namely droop control [11] and virtual synchronous generator
(VSG) control [12]–[14] are proposed in succession. The fun-
damental difference between droop control and VSG control
is that the latter adds virtual inertia in further by mimicking
the swing equation of SGs. Furthermore, in order to improve
the performance of grid-forming converters, diverse variants
of droop control and VSG control have also been proposed
[15]–[24], which also belong to the grid-forming control fam-
ily. Grid-forming control has become a promising technology
because it can achieve the large-scale access to the grid and is
more suitable for the power-electronics-dominated and decen-
tralized paradigm of future power systems [9], [25].

The basic idea of a grid-forming converter is to control the
active power and reactive power delivered to the grid by reg-
ulating the voltage amplitude and frequency (phase) of a grid-
connected converter. The foundation of grid-forming control is
the decoupling characteristics of power flow through transmis-
sion line, i.e., for the circumstances of a small power angle and
purely inductive impedance between two voltage sources, the
active power depends predominantly on power angle (integral of
frequency), whereas the reactive power depends predominantly
on voltage amplitude [11], [26]. Thus, by adjusting the frequency
and amplitude of output voltage of a converter independently,
the active power and reactive power are determined respectively,
and vice versa. However, the two fundamental preconditions,
i.e., small power angle and purely inductive impedance, are
generally not satisfied under many circumstances. As a result,
the unwanted cross coupling between the manipulated variables,
viz. frequency and amplitude of output voltage, and the con-
trolled output variables, viz. active power and reactive power
fed into the transmission line, will be produced, which will make
the abovementioned independent control law become no longer
valid and would further cause the deterioration in the dynamic
performance and stability of grid-forming converters [26], [27].

To tackle power coupling problems, many power decou-
pling methods for droop-based converters have been proposed
over the past decade, which mainly includes virtual impedance
method [28], [29], virtual power method [26], [30], [31], virtual
frequency and voltage method [32], and power feedforward
compensation method [33]. These methods provide effective
solutions to deal with the power coupling caused by the high
line impedance ratio R/X in the low-voltage networks, but there
still exist several problems to be addressed carefully. Especially,
as a growing number of types of grid-forming strategies begin to
emerge and become popular nowadays, e.g., VSG control, etc.,
much severer and more complicated power coupling problems
have been created.

As mentioned previously, the unwanted power coupling in
the power flow has an adverse impact on the performance and
stability of grid-forming control strategies. On the other hand,
different grid-forming control schemes and the corresponding
parameters inside will affect power coupling of the whole system
in turn, which is seldomly discussed in literature. Practically,
even when the power flow has the same level of power coupling,
different grid-forming converters can still exhibit quite distinct
power coupling dynamic characteristics. In addition, the previ-
ous research perspectives are mainly confined to the static power
coupling, however, very little research focuses on the dynamic
coupling. The static coupling only considers the coupling corre-
lation when the system is at steady state. Whereas, the dynamic
coupling refers to the coupling issues during the whole dynamic
process, including both the transient process and the final steady
state. Actually, the dynamic coupling plays a more important
role in dynamic performance and system stability because it can
make a potential oscillation transmit between the active power
loop and reactive power loop. Furthermore, the small power
angle assumption error issue is always ignored in the previous
methods, which also commonly exerts an important influence
on power coupling. For example, phenomena of severe power
coupling, resulting in a transient reactive power oscillation, a
steady-state error and even instability, have been still observed
even though the output impedance of VSG is purely induc-
tive [34]–[36]. Therefore, the neglect of power angle issue is
not reasonable any longer but should be taken into the model
carefully. Recently, some researches on more accurate power
coupling mechanism analysis and decoupling control strategies
have been conducted, but they all only focus on one specific
control structure and cannot adapt to the other grid-forming
strategies [37], [38].

For the abovementioned reasons, it is necessary to reveal
the dynamic power coupling characteristics and mechanism
of various types of grid-forming converters more thoroughly.
Unfortunately, there is still a lack of general accurate quantita-
tive analysis models to give greater insights into the dynamic
power coupling issues of grid-forming converters. Although the
traditional small-signal models can be established to analyze the
dynamic performance and stability of grid-forming converters,
e.g., the state space model built in [6], [22], and [39], the dynamic
phasor model built in [40], the reduced-order transfer function
model built in [41], they cannot provide a specialized mathe-
matical tool for analyzing the cross-coupling characteristics and
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Fig. 1 Equivalent circuit of a grid-forming converter connected to an ac bus.

fail to give a deep-going and unified quantitative analysis of the
power coupling characteristics of different grid-forming control
strategies. The impedance-based and the harmonic state space
based modeling methods are also investigated to analyze the
grid-forming converters, e.g., the sequence impedance model
built in [42], the impedance circuit model proposed in [43],
the harmonic transfer function model in the frequency domain
analyzed in [44], where the cross-coupling effects caused by
the frame transformations and the frequency-coupling effects in
the inner loops are well discussed. However, these models are
still difficult to reveal the cross-coupling mechanisms between
the active power and reactive power of the outer grid-forming
control loops. To sum up, the abovementioned modeling meth-
ods are not perceptive enough to discover and analyze the more
profound rules and latent problems on power dynamic coupling.

Motivated by the abovementioned problems, an in-depth
research on the modeling and analysis of dynamic power cou-
pling for grid-forming converters are conducted in this article.
Compared to the previous research, the main contributions of
this article are: first, a unified dynamic power coupling analysis
model for grid-forming converters is proposed, which provides
a universal quantitative analysis tool to assess power coupling
of the whole control system for diverse grid-forming strategies;
second, based on the proposed model, the effects of VSG and
droop control on coupling characteristics are analyzed selec-
tively, which reveals the differences of power coupling prop-
erties between VSG and droop control; third, the influences of
the pivotal control parameters are discussed in detail, which can
provide guidelines for parameter design of the droop and VSG
controllers.

The rest of this article is organized as follows. In Section II,
the grid-forming control strategies are briefly reviewed. In
Section III, a universal dynamic power coupling model of grid-
forming converters is built based on relative gain array (RGA)
theory. In Section IV, power coupling properties of VSG and
droop control are analyzed, and the effects of the pivotal control
parameters are discussed. The experiment results are shown in
Section V. Finally, Section VI concludes this article.

II. REVIEW OF GRID-FORMING CONTROL STRATEGIES

For a three-phase ac system with given distribution line
impedances, illustrated in Fig. 1, the active and reactive power
flowing between grid-forming converter and ac bus can be
mathematically expressed as [28]

P = 3EIc sin γc − 3RI2c (1)

Q = 3EIc cos γc − 3XI2c (2)

Fig. 2 General structure of a grid-forming converter. (a) Complete system. (b)
Active control structure of typical droop control. (c) Active power structure of
typical VSG control. (d) Reactive power droop control structure.

where γc = δ+arctan(R/X), δ = θ−θg, Ic = U/
√
R2 +X2,

R and X are equivalent connected resistance and reactance,
respectively.

Considering that the equivalent connection impedance is
mainly inductive, which is often justified by the high induc-
tive components in filter-inductor and high-voltage or medium-
voltage transmission line, and the power angle δ is usually quite
small, (1) and (2) can be, respectively, simplified to

P =
3EU

X
δ (3)

Q =
3 (E − U)U

X
. (4)

The decoupling relationships described in (3) and (4) lay
the foundation of grid-forming control, namely the output
active power and reactive power can be realized by reg-
ulating the phase/frequency and magnitude of DG source,
respectively.

The general structure of a grid-forming converter is depicted
in Fig. 2(a). The power controller of grid-forming converter
tracks the active and reactive power command and generates
the magnitude and frequency (or phase) of the output voltage
reference. The inner loop is employed to obtain better regulation
ability of output voltage and current. The power controller can
employ any types of grid-forming control strategies, as intro-
duced in Section I.

The most widely used grid-forming controllers are typical
droop and VSG control, whose active power controllers are
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illustrated in Fig. 2(b) and (c) and mathematically described by

ω = ωref +
1

kP
(Pref − P ) (5)

ω = ωref +
1

Jωrefs+ kP
(Pref − P ) (6)

where kP has two physical meanings, namely active power
droop coefficient similar to droop control and damping factor
indicated commonly by “D” in the other literature. Essentially,
the two coefficients play the same role in the control loop and
can be treated as one variable. For the convenience of analyzing
VSG and droop control together, kP is selected as a unified
variable name in this article.

Furthermore, they employ a common reactive power droop
controller, as illustrated in Fig. 2(d), and expressed as

E = Eref +
1

kQ
(Qref −Q). (7)

Actually, there are still many other kinds of grid-forming
active power and reactive power controllers with different con-
trol structures and mathematical expressions, which will be
introduced and summarized briefly in the latter sections. For
lack of space, here only depicts the control structures that will
be researched in detail later, and the others can be obtained by
the open-loop functions listed subsequently.

As mentioned previously, the foundation that grid-forming
control can work properly is the decoupling characteristics of
power flowing through transmission line, which needs to satisfy
two conditions, namely purely inductive line impedance and
very small power angle. Actually, the two conditions are gen-
erally not satisfied, especially for low-voltage networks, high
output impedance, etc. In these cases, (1) and (2) cannot be
simplified to (3) and (4) any more.

Linearizing (1) and (2) at some initial steady-state points yield

ΔP = 3E0Ic cos γc0Δδ + 3Ic sin γc0ΔE (8)

ΔQ = −3E0Ic sin γc0Δδ + 3Ic cos γc0ΔE (9)

where E0 is the steady-state inner voltage; γc0 =
δ0+arctan(R/X), δ0 is the power angle at initial steady-state
point.

Expressions (8) and (9) indicate that when γc0�0, which is
satisfied in almost all the cases, both active power and reactive
power are functions of power angle and voltage magnitude. That
is to say, active power and reactive power are coupled with
each other rather than mutually independent. Consequently, the
active power and reactive power control would interact and, thus,
the performance and stability of grid-forming control strategies
would deteriorate.

III. UNIFIED DYNAMIC POWER COUPLING MODEL OF

GRID-FORMING CONVERTERS

A. RGA Theory

In order to obtain a comprehensive understanding of coupling
characteristics, RGA analysis method is employed in this article,
which is an effective quantitative analysis tool of coupling degree

for a multiple input multiple output (MIMO) system proposed
by Bristol [45]. The principle of RGA is described briefly as
follows.

Assuming yi is the ith controlled variable of a MIMO system
and uj is the jth manipulated variable, the relative gain of the
uj−yi channel is defined as the ratio of the first amplification
factor pij, and the second amplification factor qij, where pij is the
uj−yi channel gain with other channels open and qij is the uj−yi
channel gain with other channels closed and other controlled
variables constant. The mathematical expression can be written
as

λij =
pij
qij

=
∂yi
∂uj

∣∣∣∣uk=const
(k �=j)

/
∂yi
∂uj

∣∣∣∣yk=const
(k �=i)

. (10)

Arranging pij in the order marked in subscript can construct
the corresponding first amplification coefficient (FAA) P, and in
similar way, arranging λij can yield RGA Λ. RGA describes the
coupling relationship and coupling degree of a MIMO system.
Practically, RGA can be calculated by FFA P directly

Λ = P⊗ (P−1)T (11)

where ⊗ represents multiplication of the elements in the same
place of matrixes.

To facilitate understanding the relationship and differences
between FAA and RGA, some mathematical interpretations to
(11) are given here. The elementwise product of P, indicating
the transfer function matrix from u to y, and P-1, indicating the
inverse transfer function matrix from y to u, makes Λ become
dimensionless and, therefore, independent against the units of
u and y. On the contrary, P is not independent against units
and, therefore, not neutral. Accordingly, Λ can give a unified
and consistent evaluation criterion for coupling level regardless
of the particular structures and parameters, while P cannot.
Therefore, RGA can be used as a universal quantitative analysis
tool for power coupling characteristics that can apply to all
types of grid-forming converters. Based on this tool, comparative
analysis can be conducted more simply even though when the
research objects take different forms and thus novel conclusions
can be discovered more probably, which is beyond the abilities
of FAA. This is the chief advantage of RGA compared to FAA
and thereby is the motivation of using Λ instead of P to evaluate
the cross-coupling level.

The nondimensionalization of RGA also make RGA have
such an important property: the sum of the elements of any row
or column is 1. Using this characteristic of relative gain, the
calculation of RGA can be further simplified.

Taking the object studied in this article as an example, a grid-
forming control system can be regarded as a two-input-two-
output system. Only the first amplification factor pij is needed
to find λ11, and then each element of the entire RGA can be
obtained.

RGA can be understood as a per-unit value of the coupling
relationship of variables in a multivariable coupling system. In
this way, all coupling systems can obtain the corresponding
RGA and use the same coupling degree determination method
to quantify the coupling degree of the system. The coupling
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characteristics and variable pairing relationships reflected by
the relative gain are summarized as follows [46].

1) When λ11 = 1, the second channel has no coupling effect
on the first channel. Opening or closing the second channel
loop will not affect the first channel loop, so the pairing
of y1 and u1 is the most suitable.

2) Whenλ11=0, it indicates that u1 does not have any control
effect on y1. In this case, u1 and y1 cannot be paired.

3) When 0<λ11<1, the second channel and the first channel
have different degrees of coupling. Especially when λ11

= 0.5, it indicates that there is the same coupling between
the two channels. In this case, no matter how the variables
are paired, the coupling between the two channels cannot
be removed, so decoupling is necessary.

4) When λ11>1, closing the second channel will reduce
the gain between y1 and u1, indicating that there is a
coupling between the channels. As λ11 increases, the de-
gree of coupling increases accordingly. When λ11 is over-
sized, it is impossible to control the two output variables
independently.

5) When λ11<0, the opening or closing of the second channel
will have the opposite effect on y1, and the two con-
trol channels will be related in an incompatible manner.
Therefore, y1 should not be paired with u1, otherwise, the
closed-loop system may become unstable.

Therefore, this can be generalized to a recommended conclu-
sion: when a controlled variable is paired with a manipulated
variable, the corresponding relative gain must be as close to 1
as possible.

Without regard to grid-forming control, FFA for power flow
equations can be obtained directly from (8) and (9), namely

PF =

[
KPδ KPE

KQδ KQE

]
=

[
3E0Ic cos γc 3Ic sin γc

−3E0Ic sin γc 3Ic cos γc

]
. (12)

The corresponding RGA can be derived as

ΛF =

[
λF
11 λF

12

λF
21 λF

22

]
=

[
cos2γc sin2γc
sin2γc cos

2γc

]
. (13)

It can be concluded that the coupling level in power flow is
related to the power angle δ and line impedance ratio R/X. With
the rise of δ and R/X, λF

11 becomes smaller and moves away from
1, indicating a higher coupling level [27]. The significant impacts
on the power coupling of δ and R/X have been investigated by the
previous literature, e.g., [27], [30]. Thus, this article will further
take the effects of the control structure and the parameters inside
into account to research the dynamic power coupling issue of
grid-forming converters.

B. Unified Dynamic Power Coupling Model of Grid-Forming
Converter

To analyze the power coupling properties including grid-
forming control strategies, a unified dynamic coupling model of
a grid-forming converter connected to power grid is established,
as illustrated in Fig. 3, where Gc_δP(s) and Gc_EQ(s) denote
the equivalent open loop transfer functions of active power
controller and reactive power controller, respectively, GPδ(s),

Fig. 3. Unified dynamic power coupling model of a grid-forming converter.

TABLE I
SUMMARY OF MAIN GRID-FORMING CONTROL STRATEGIES

GPE(s), GQδ(s), and GQE(s) are the gains of the power flow
in a transmission line. Because the dynamic process of filter
inductance and the switching of converter commonly only af-
fects the high-frequency characteristics larger than kHz [47],
whereas the power coupling mainly affects the low-frequency
dynamic performance lower than a hundred Hz [34], and the
high-frequency disturbance can be handled by the inner loop
controller [39], the dynamic process of the power flow can be
neglected. After that, there exist GPδ(s) = KPδ , GPE(s) = KPE,
GQδ(s) = KQδ, and GQE(s) = KQE.

Table I summarizes briefly the main grid-forming control
strategies, where the equivalent open loop transfer functions of
diverse kinds of active power controllers and reactive power
controllers are given. The practical grid-forming schemes can
be the pairwise combinations of any active power controllers
and reactive power controllers therein.
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The unified form of FAA of a grid-forming converter shown
in Fig. 3 can be derived as, (14) shown at the bottom of the
page where GPF = GPδ(s)·Gc_δP(s), GQF = GQE(s)·Gc_EQ(s),
GPC = GPE(s)· Gc_EQ(s), GQC = GQδ(s)·Gc_δP(s). p11(s)
and p22(s) represent the closed-loop response characteristics
of active power control loop (called P-control for short in this
article, similarly hereinafter) and reactive power control loop (Q-
control), respectively. Compared to the traditional closed-loop
models assuming the system is decoupled, p11(s) and p22(s) take
the effects of power coupling factors into account, and therefore,
are more accurate. p11(s) and p22(s) can also be used to the design
and stability analysis of active and reactive power controllers,
respectively, similar to the traditional closed-loop model [34].
p12(s) reflects the active power response characteristics under
reactive power reference disturbance (P-coupling). p21(s) re-
flects the reactive power response under active power reference
disturbance (Q-coupling). p12(s) and p21(s) characterize directly
the closed loop features of the cross-coupling channels.

As it can be seen, the FAA is a function of s instead of
being a constant, where pij(s) represents dynamic FAA of the
corresponding channel. Let s = jω, and the FAA will become a
matrix in the complex frequency domain, in which the coupling
characteristics can be analyzed by the magnitude and phase
of each element in FAA. The magnitude of FAA indicates the
amplification coefficient under a certain frequency; whereas the
phase, which is equivalent to time delay, does not affect the level
of coupling, but reflects the travel time of coupling effect from
one control channel to another.

In order to assess quantitatively, the power coupling level
of grid-forming converters in both dynamic and steady-state
operation, this article expands the RGA tool from scalar domain
to frequency domain. First, letting s= jω in P(s), obtain the FAA
P(jω) in complex frequency domain. Then, calculate the mag-
nitude of each element in P(jω) to obtain the first amplification
magnitude array P(ω), which is a function of the frequency. It
should be stressed here that in order to represent the directions
of gains of the channels, introduce “+” and “−” to distinguish,
where “+” represents positive-direction gain, namely increasing
the input disturbance causes the output also increase, and “–”
represents negative-direction gain, namely increasing the input
disturbance will make the output decrease.

For the grid-forming converter system studied in this arti-
cle, the Q-coupling channel (represented by p21) is negative-
direction gain, whereas others are positive-direction gains.
Hence, add “–” before p21(ω) to get the modified array P(ω),
and then according to (11) transform P(ω) to obtain the unified
form of RGA Λ(ω) in frequency domain. The abovementioned
transformation process can be described by

P(s)pij (jω) = pij (s)−−−−−−−−−−−→P(jω)pij (ω) = |pij (jω)|−−−−−−−−−−−−−→P(ω)

−1 ∗ p21 (ω)−−−−−−−−→
P⊗(P−1)T

Λ(ω). (15)

The final unified form of RGA in frequency domain yields

Λ(ω) =

[
λ11 (ω) λ12 (ω)
λ21 (ω) λ22 (ω)

]

=

[
p11 (ω) p22 (ω) −p12 (ω) p21 (ω)

−p12 (ω) p21 (ω) p11 (ω) p22 (ω)

]
p11 (ω) p22 (ω)− p12 (ω) p21 (ω)

. (16)

It can be seen from (16) that Λ(ω) is a function of the
frequency, where λij(ω) represents the relative gains of input
signals of different frequencies.Λ(ω) satisfies the characteristics
of RGA as summarized hereinbefore.

As explained previously, FAA has clearer physical mean-
ing focusing on a special control system, which is advanta-
geous to the straightforward understanding of the coupling
relationship between input variables and output variables; while
RGA provides a universal dynamic power coupling quantitative
analysis tool, which is favorable to the evaluation and com-
parative analysis of various types of grid-forming schemes.
Table II presents the detailed comparison between FAA and
RGA models. Due to their respective advantages, the dynamic
matrix P(s) and Λ(ω) expressed by (14) and (16) based on the
generic structure of grid-forming converters depicted in Fig. 3
constitute the whole unified dynamic power coupling model
together.

It should be emphasized that the FAA and RGA models can
be adapted to all types of grid-forming control schemes by way
of substituting the corresponding equivalent open-loop transfer
functions into Gc_δP(s) and Gc_EQ(s). However, for lack of
space, this article only takes the typical VSG and droop control
described by (5)–(7), as examples to explain the application of
the proposed model.

IV. ANALYSIS OF POWER COUPLING CHARACTERISTICS FOR

VSG AND DROOP CONTROL

A. FAA and RGA Model

In regard to VSG control, the transfer functions of active
power and reactive power controllers are given by

GV
c_δP(s) = 1/[s (Jωrefs+ kP)], GV

c_EQ(s) = 1/kQ. (17)

Typical droop control can be considered as a special VSG with
zero virtual inertia. Accordingly, the droop model can be derived
from the VSG model by only letting J = 0 in (17). For ease of
differentiation, when J = 0, the superscript “V” can be replaced
with “D” in the later section to stress that the corresponding
variables are specially used for droop control. Namely, the value
of xD equals to that of xV|J = 0, where x refers to any variable or
function name.

P(s) =

[
p11(s) p12(s)
p21(s) p22(s)

]
=

[
GPF +GPFGQF −GPCGQC GPC

GQC GQF +GPFGQF −GPCGQC

]
1 +GPF +GQF +GPFGQF −GPCGQC

(14)
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TABLE II
COMPARISON OF FAA MODEL AND RGA MODEL

Substituting (17) into (14), the FAA for VSG can be derived
as

PV (s) =

[
pV11(s) p

V
12(s)

pV21(s) p
V
22(s)

]

=

⎡
⎣ μV

11_0

βV
2 s2+βV

1 s+βV
0

μV
12_2s

2+μV
12_1s

βV
2 s2+βV

1 s+βV
0

μV
21_0

βV
2 s2+βV

1 s+βV
0

μV
22_2s

2+μV
22_1s+μV

22_0

βV
2 s2+βV

1 s+βV
0

⎤
⎦ (18)

where

βV
2 =Jωref+3JωrefIc cos γc/kQ, β

V
1 = kP+3kPIc cos γc/kQ

βV
0 =3E0Ic cos γc + 9E0I

2
c /kQ, μ

V
12_2 = 3JωrefIc sin γc/kQ

μV
12_1 = 3kPIc sin γc/kQ, μ

V
11_0 = 3E0Ic cos γc + 9E0I

2
c /kQ

μV
21_0 = −3E0Ic sin γc, μ

V
22_2 = 3JωrefIc cos γc/kQ

μV
22_1 = 3kPIc cos γc/kQ, μ

V
22_0 = 9E0I

2
c /kQ.

Then, following the calculation procedure expressed in (15),
RGA for VSG can be obtained as:

ΛV (ω) =

[
λV
11 (ω) λV

12 (ω)
λV
21 (ω) λV

22 (ω)

]
=

[
λV
11 (ω) 1− λV

11 (ω)
1− λV

11 (ω) λV
11 (ω)

]
(19)

where

λV
11 (ω) =

μV
11_0

√
(−μV

22_2ω
2 + μV

22_0)
2
+ μV2

22_1ω
2⎡

⎣μV
11_0

√
(−μV

22_2ω
2 + μV

22_0)
2
+ μV2

22_1ω
2

−μV
21_0

√
μV2
12_1ω

2 + μV2
12_2ω

4

⎤
⎦
.

(20)
It is worth mentioning that the superscript “2” of each variable

means square, similarly hereafter.
The limits of the FAA and RGA for VSG at s = 0 and s = �

yield

lim
s→0

PV =

[
pV,s→0
11 pV,s→0

12

pV,s→0
21 pV,s→0

22

]
=

[
1 0

− sinγc

cosγc+Ic/kQ

Ic
kQ cosγc+Ic

]
(21)

TABLE III
MAIN PARAMETERS OF GRID-FORMING CONVERTER

lim
s→∞PV =

[
pV,s→∞
11 pV,s→∞

12

pV,s→∞
21 pV,s→∞

22

]
=

[
0

Ic sinγc/kQ

1+Ic cosγc/kQ

0
Ic cosγc/kQ

1+Ic cosγc/kQ

]
(22)

lim
ω→0

ΛV =

[
λ
V, ω→0
11 λ

V,ω→0
12

λ
V,ω→0
21 λ

V,ω→0
22

]
=

[
1 0
0 1

]
(23)

lim
ω→∞ΛV =

[
λ
V,ω→∞
11 λ

V,ω→∞
12

λ
V,ω→∞
21 λ

V,ω→∞
22

]

=

[
cosγc

2+3Ic cosγc/kQ

1+3Ic cosγc/kQ

sinγc
2

1+3Ic cosγc/kQ

sinγc
2

1+3Ic cosγc/kQ

cosγc
2+3Ic cosγc/kQ

1+3Ic cosγc/kQ

]
.

(24)

B. FAA Analysis

The main parameters of grid-forming converter used for anal-
ysis in this section are shown in Table III, where fs is the switch-
ing frequency of converter, Sb and Ub are the base values of
power and voltage, respectively, which are equal to the nominal
power and nominal phase-to-phase voltage of the converter. In
the later analysis, except for the changing parameter, the other
parameters were chosen according to Table III.

First, the bode diagrams of FAA with different J, kP, and kQ
are shown in Figs. 4–6, respectively. It should be noted that the
unit of magnitude in the bode diagram is absolute value instead
of being logarithm in order to facilitate observing and assessing
the coupling level.

1) Droop Control (J = 0):
a) P-Coupling Analysis: For droop control, namely J = 0,

it can be observed from the bode diagrams that pD11(s) exhibits
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Fig. 4. Bode diagrams of FAA with different values of J (J varies from 0 to 4 kg·m2).

Fig. 5. Bode diagrams of FAA with different values of kP (kP varies from 1250 W/Hz to 20 000 W/Hz).

a low-pass characteristic while pD12(s) has a high-pass charac-
teristic, and the cutoff frequency fc is around the bandwidth of
grid-forming controller, depending on the control parameters
inside. In the frequency region larger than fc, pD11(s) tends to be
zero, indicating that P-control loop possesses the capability of
suppressing high frequency perturbation. While pD12(s) is always
larger than zero and finally approaches its limit value at s = �
(pD,s→∞

12 > 0), which reveals that there exists P-coupling for

high frequency signal. Hence, the high frequency perturbation
occurred in the Q-control loop, e.g., the high-frequency com-
ponent involved in a step input, will transmit to the P-control
loop and may cause a transient response in the active power.
Conversely, in the frequency region smaller than fc, pD11(s)
moves towards its limit value 1 at s = 0 and pD12(s) tends to
be 0. It means that the steady-state value of output active power
is not affected by the coupling anymore and it can track the active
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Fig. 6. Bode diagrams of FAA with different values of kQ (kQ varies from 250 Var/V to 2000 Var/V).

power reference accurately. This is because the integral in the
active power controller eliminates the error eventually.

b) Q-Coupling Analysis: Similarly, the reactive power re-
sponse characteristics are depicted by pD21(s) and pD22(s). It can
be seen from the bode diagrams, both pD21(s) and pD22(s) exhibit
low-pass characteristics with fc as cut frequency. It means that
the Q-coupling frequency band is located at the low frequency
region, which is opposite to the P-coupling. The overlap of
the passband of P-control channel and Q-coupling channel
means that the low-frequency component coupled from P-
control loop will not be filtered adequately by the reactive power
controller.

The steady-state value pD,s→0
21 , mathematically expressed in

(21), is not equal to zero, which implies that the steady-state
value of the output reactive power is affected by the Q-coupling
and will produce a visible error if a variation occurs in the active
power steady-state operating point. Besides, it can be concluded
from (21) that the error is mainly related to the impedance ratio,
the modulus of impedance, power angle, voltage, and reactive
power droop coefficient. Besides, �pD,s→∞

21 = 180˚ indicates
the negative correlation between the active power reference
disturbance and the corresponding reactive power output. In the
other words, an increase of active power reference will cause a
drop in reactive power. On the contrary, since pD,s→∞

21 = 0, the
high frequency disturbance of active power has little coupling
effect on the reactive power control channel.

With the increase of frequency, pD22(s) goes down to a con-
stant, which is greater than zero, and does not change with kP.
It means that the reactive power loop can attenuate the high
frequency disturbance as well, but the rejection ability is weaker
than active power loop.

2) VSG Control (J >0): It can be seen from (21)–(24) that
J is irrelevant to the limits, indicating that the limits of PV and

ΛV with regard to VSG control at s = 0 and s = � are equal
to those of PD and ΛD with regard to droop control. Hence,
VSG has the same steady-state power coupling characteristics
with droop control. However, different from droop control, VSG
control introduces a resonance peak, which will amplify the
coupling effect between the power loops. As it can be seen from
the bode plots, the resonance peak is probably several times as
high as the steady-state gain. Therefore, the power coupling of
VSG system is much more serious than in the droop-controlled
system. Furthermore, the resonance frequency is located at the
natural frequency of the VSG active power control loop. As a
consequence, the probable active power oscillation will become
the excitation source of the coupling resonance. The dynamic
responses of the active power and reactive power will both
exhibit oscillations before reaching steady state.

There are three key parameters in VSG control, namely the
virtual inertia J, active power droop coefficient (damping fac-
tor) kP, and reactive power droop coefficient kQ, which play
important roles in power coupling characteristics.

a) The Effect of J.: Because the limits at steady state
(s = 0) of FAAs and RGAs of VSG are the same with those
of droop-controlled converter, the virtual inertia J introduced
by VSG control, has no impact on the static coupling. But the
virtual inertia J has a significant impact on the resonance features
of FAA and RGA (RGA will be analyzed in the following
section), which indicates the dynamic coupling characteristics
of grid-forming converter. From the bode diagrams of pV12(s) and
pV21(s) shown in Fig. 4, it can be seen that when J increases, the
resonance peak will become larger and the resonance frequency
will decrease. It means that more oscillatory active power and
reactive power response waveforms with smaller fluctuating
frequency and longer settling time will occur caused by a step
input of power reference.
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Fig. 7. Bode diagrams of λV11(ω) and λV12(ω) with different values of J (J varies from 0 to 4 kg·m2).

Fig. 8. Bode diagrams of λV11(ω) and λV12(ω) with different values of kP (kP varies from 1250 W/Hz to 20 000 W/Hz).

b) The Effect of kP.: According to (21), the limit of PV is
irrelevant to kP, so kP does not affect the steady-state coupling.
Besides the droop effect, another important effect of kP is to
increase the damping ratio of active power loop and suppress
oscillation. Moreover, it is shown in Fig. 5 that kP can also
suppress the resonance peaks of P-coupling, Q-coupling and
Q-control channels. Therefore, adding damping can mitigate
the coupling between power loops effectively. However, there
is an inherent tradeoff within primary frequency regulation
requirement, power oscillation suppression performance, and
dynamic response time [48], which restricts the effect of kP
on eliminating oscillation as the consequence of power dynamic
coupling. It can also be seen from the Bode diagrams that adding
damping scarcely changes the location of resonance frequency
and, thus, has little impact on the frequency of system oscillation.
Because kP cannot change the steady-state gain of FAA, adding
damping is incapable of eliminating the steady-state error of
reactive power caused by the power coupling.

c) The Effect of kQ.: According to Fig. 6, increasing kQ
can remarkably reduce the value of pV12(s) in the high frequency
region and restrain the resonance peak of pV12(s). Therefore, the
increase of kQ can contribute to mitigating the P-coupling. Con-
versely, enlarging kQ would amplify pV21(s) and reduce pV22(s),
which means the augmentation of kQ will worsen Q-coupling
and produce greater error of reactive power. Meanwhile, adding
kQ can also make the resonance frequency decrease slightly due
to the rise of time constant of reactive power loop. But the time
constant of reactive power loop is much smaller than that of
active power loop, so the change in resonance frequency is not
quite obvious.

C. RGA Analysis

Figs. 7–9 show the bode diagrams of RGA with different J,
kP and kQ.

Although the RGA is a unit matrix at steady state as expressed
mathematically in (23), a special coupling form between the
two power control loops still exists. As it can be seen from
(21), pV,s→0

12 and pV,s→0
21 � 0. It indicates the active power

reference disturbance has a coupling influence on the output
reactive power, but this influence will not go back to affect
the active power. Consequently, the coupling can still cause the
steady-state error of reactive power and this issue needs to be
addressed as well.

In the region where frequency is larger than fc, λD
11(ω) moves

away from 1, which shows us a strong coupling in the dynamic
process. The same conclusion has also been drawn by the FAA
analysis.

According to (23) and (24), the limit of λV
11(ω) at ω = 0 and

ω = � can be derived as

λ
V,ω→0
11 = lim

ω→0
λV
11(ω) = 1 > KPδ (25)

λ
V,ω→∞
11 = lim

ω→∞ λV
11(ω) =

cos2γc + 3Ic cos γc/kQ
1 + 3Ic cos γc/kQ

= 1− sin2γc
1 + 3Ic cos γc/kQ

> 1− sin2γc

= cos2γc = KPδ. (26)

For droop control, λV
11(ω) is the monotonic function of ω and

obeys the relationship of (25) and (26). Therefore, the relative
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Fig. 9. Bode diagrams of λV11(ω) and λV12(ω) with different values of kQ (kQ varies from 250 Var/V to 2000 Var/V).

gain of droop-controlled system λV
11(ω) is always larger than

that of power flow without control system, which indicates that
the closed-loop droop control is helpful in weakening the power
coupling.

Different from the droop control, although the limits of rel-
ative gains λ

V,ω→0
11 and λ

V,ω→∞
11 are smaller than the relative

gains in power flow, the relative gain λV
12(ω) of VSG becomes

much larger than 1 in the vicinity of the resonance frequency due
to the appearance of resonance peak, which represents a strong
coupling. Consequently, the VSG control is prone to amplify
the coupling in further and produce an oscillation in both active
power and reactive power. So, compared to droop control, the
power coupling of VSG is a more pressing problem needed to
be dealt with.

On the whole, according to the bode diagrams of RGA shown
in Figs. 7–9, the effects of control parameters on the system
coupling characteristics can be concluded as follows.

1) Increasing virtual inertia J will add the coupling level and
reduce the coupling frequency.

2) Adding droop coefficient (damping factor) kP will miti-
gate the coupling effectively and not change the coupling
frequency, but the effect is probably limited due to the
tradeoff within primary frequency regulation requirement,
power oscillation suppression performance.

3) Enlarging reactive power coefficient kQ will worsen the
power coupling in a moderate degree and lower the cou-
pling frequency slightly.

Except for the dynamic indices calculated by the FAA, accord-
ing to the RGA theory, the criterion of coupling level determined
by the RGA further provides the novel rules for parameter design
of droop and VSG controllers by setting proper value of λV

11.

V. EXPERIMENTAL RESULTS

The experiments were conducted by using a hardware-in-the-
loop (HIL) platform to verify the correctness of the theoretical
analysis.

The setup and photograph of the HIL platform are shown in
Fig. 10 . First, the plant model, which is initially built, compiled
and downloaded via the host machine before the test, operates
in real time with a step size of 8 μs in the target machine. Then,
the control algorithm of the grid-forming converters runs in a

Fig. 10. Photograph and setup of the HIL platform.

Fig. 11. Q-dynamic coupling characteristics of VSG in the vicinity of reso-
nance frequency. (a) Active power. (b) Reactive power.
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TABLE IV
Q-DYNAMIC COUPLING GAIN INDICES UNDER Pref DISTURBANCE

DSP TMS320F28335 whose clock cycle is 1/150 μs. Third,
a multifunction I/O card Humusoft MF624 is embedded in the
target machine and used for the A/D and D/A conversion, scaling
and communication of the signals between the target machine
and DSP peripheral circuit. Finally, the waveforms and data from
the target machine and the DSP are monitored and recorded by
an oscilloscope in real time.

The tested circuit configuration and parameters are the same
with those for the foregoing theoretical analysis, as shown in
Fig. 2(a) and Table III.

A. Dynamic Coupling Characteristics of VSG

1) Q-Dynamic Coupling: According to the theoretical mod-
eling and analysis, compared to the droop control, a resonance
peak exists in VSG, which will amplify the coupling. When kP =
5000, the resonance peak is located at 1.54 Hz. In order to verify
the effects of resonance on the power coupling, the ac responses
of power were investigated. First, Q-dynamic coupling, namely
the effects of the active power disturbance on output reactive
power, was investigated. Before t0, the system operated in the
steady state with Pref = 5000 W and Qref = 5000 Var. At t = t0,
different disturbances with the same magnitude (1000 W) and
different frequencies (1.54 Hz, 2.54 Hz, and 0.54 Hz) were added
to the active power reference Pref. The ac response waveforms
of active power and reactive power are shown in Fig. 11, and the
corresponding indices are given in Table IV.

It can be seen that at the location of resonance frequency 1.54
Hz, under the same-sized excitation, both the active power and
reactive power are amplified several times (3.98 times and 1.77
times, respectively). On both sides of the resonance frequency,
the amplification gains are lowered.

2) P-Dynamic Coupling: Compared to the Q-dynamic cou-
pling, several special points need to be considered for the
P-dynamic coupling. Except for the upward resonance peak
in pV22(s), there also exists another downward resonance peak.
The inherent frequency brought by the virtual inertia control
is located between the two resonance frequencies, which can
be explained by the experimental waveforms under sinusoidal
disturbances of the reactive power reference of 1.45 Hz, 1.63
Hz, 1.88 Hz, which are corresponding to the upward resonance
frequency, inherent frequency, and downward resonance fre-
quency, respectively. Similarly, before t0, the system operated
in the steady state with Pref = 5000 W and Qref = 5000 Var. At t
= t0, the disturbances with the same magnitude (10000 Var) and
different frequencies (1.45 Hz, 1.63 Hz, 1.88 Hz) were added to
the reactive power reference Qref. The waveforms are shown in
Fig. 12 and the corresponding indices are listed in Table V.

Fig. 12. P-dynamic coupling characteristics of VSG in the vicinity of reso-
nance frequency. (a) Active power. (b) Reactive power.

TABLE V
P-DYNAMIC COUPLING GAIN INDICES UNDER Qref DISTURBANCE

The active power has maximum response at 1.63 Hz, while
the responses at 1.45 Hz and 1.88 Hz are attenuated, which
coincides with the bode diagram of pV21(s) shown in Fig. 6.
The response of reactive power has maximum value at 1.45
Hz, while the response at 1.88 Hz is smallest because of the
downward resonance peak at 1.88 Hz as shown in the bode
diagram of pV22(s) of Fig. 6. As a consequence, the relative
gain of P-coupling channel at 1.88 Hz becomes very large and
the severest coupling case occurs the vicinity of this frequency,
which is in accord with the conclusion drawn by the Bode
diagram of RGA plotted in Fig. 9.

B. Effects of Pivotal Control Parameters on Power Coupling
Characteristics

1) Virtual Inertia J: Fig. 13 shows the active and reactive
power response waveforms of droop control and VSG with a
step change in active power reference for different values of
J. At t = t0, the active power reference steps from 5000 W to
6000 W. Fig. 14 shows the same waveforms under the conditions
of reactive power reference step. At t = t0, the reactive power
output is stepped from 250 to 970 Var. It should be also noted
that the red thin dashed lines in Fig. 13, Fig. 14 and the following
figures are the results of theoretical model and they coincide with
the experimental results drawn by the colored thick solid lines,
which verifies the correctness of the established model.
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Fig. 13. Power response waveforms of grid-forming converter under active
power command step with different J. (a) Active power. (b) Reactive power.

Fig. 14. Power response waveforms of grid-forming converter under reactive
power command step with different J. (a) Active power. (b) Reactive power.

It can be seen from Fig. 13 that when the output active
power changes, the output reactive power also changes unex-
pectedly, i.e., the change in the active control loop is transmitted
to the reactive control loop, which affects the output reactive
power. Similarly, Fig. 14 shows that when the output reactive
power changes, the output active power also produces unwanted
changes, which means the change in the reactive power control
loop is transmitted to the active power control loop. The reason
is that when the system is originally designed, the assumption
that the system is decoupled cannot always be guaranteed, which
causes the errors and irrationality.

From the experimental waveforms, it can clearly be seen that
under different control strategies or parameters, the coupling
level between the two power loops is different. When droop

control is used (J = 0), since there is no resonance peak, the sys-
tem can be equivalent to a first-order system, and no overshoot
occurs during the dynamic response consequently. However, due
to the power coupling, when the active power step is 1000 W,
the output reactive power drops from 250 to −200 Var, resulting
in a steady-state error of 450 Var. When J increases, the system
changes from droop control to VSG control mode, the overshoot
gradually increases, the oscillation gets larger, the oscillation
frequency decreases, and the adjustment time becomes longer.
These phenomena validate the potential amplification effects
of VSG strategies on the power coupling compared to droop
control, which is discovered by the theoretical analysis from the
RGA model hereinbefore.

Since the time constant of the reactive power control loop
is small, the reactive power response speed is fast and the
rise time is very short under the reactive power reference step.
However, meanwhile, due to the effect of power coupling, the
active power also has an overshoot with very small response
time, which in turn causes the adjustment effect of the active
power control loop. Particularly, the oscillation process will
occur when the virtual inertia becomes large, and the active
power oscillation process will be coupled to the reactive power
control loop, so that the oscillation process with the same
power time constant is also generated in the reactive power
loop, which seriously affects the control performance of reactive
power. Similarly, the oscillating change of reactive power is
coupled into the active power control loop again. Such vicious
cycle makes the power response of the VSG system become
worse.

From the experimental waveforms, it can be seen that under
both working conditions, the steady-state values of active power
and reactive power are constant for different J. It means that
the virtual inertia has no effect on the static coupling of the
system. Hence, it proves the correctness of the aforementioned
theoretical analysis.

2) Active Power Droop Coefficient (Damping Factor) kP:
Fig. 15 shows the active and reactive power response waveforms
of droop-controlled converter and VSG under active power
command step with different kP. At t = t0, the active power
command is stepped from 5000 to 6000 W. Fig. 16 shows
the same waveforms under the conditions of reactive power
command step. At t = t0, the reactive power output is stepped
from 250 to 970 Var.

In the previous Bode plot analysis, it has been proved that
increasing the damping will hardly change the position of the
resonance frequency, so the impact on the system oscillation
frequency is also small. It can be seen from the experimental
waveform that as kP increases, the oscillation of active power
and reactive power is gradually suppressed, and the adjustment
time becomes shorter. It can be also observed that the change of
kP has no effect on the oscillation frequency. However, there is
an inherent tradeoff among the primary frequency modulation
requirements, power oscillation suppression performance, and
dynamic response time, which limits the damping effectiveness
to eliminate oscillation.

Since kP fails to change the steady-state gain of FAA accord-
ing to (21), regulating kP does not affect the static coupling
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Fig. 15. Power response waveforms of grid-forming converter under active
power command step with different kP. (a) Active power. (b) Reactive power.

Fig. 16. Power response waveforms of grid-forming converter under reactive
power command step with different kP. (a) Active power. (b) Reactive power.

and thereby is incapable of eliminating the steady-state error of
reactive power caused by the power coupling.

3) Reactive Power Droop Coefficient kQ: Fig. 17 shows
the active power and reactive power response waveforms of
grid-forming converter under active power command step with
different kQ. At t = t0, the active power command is stepped
from 5000 W to 6000 W. Fig. 18 shows the same waveforms
under the conditions of the same reactive power command step.

It can be seen from Fig. 17(a), the change of kQ has little
impact on P-control channel. In contrast, as shown in Fig. 17(b),
with the increase of kQ, the steady-state value of output reactive
power declines while the error of output reactive power increases

Fig. 17. Power response waveforms of grid-forming converter under active
power command step with different kQ. (a) Active power. (b) Reactive power.

Fig. 18. Power response waveforms of grid-forming converter under reactive
power command step with different kQ. (a) Active power. (b) Reactive power.

from 410 to 500 Var, which reveals that the augmentation of kQ
will worsen Q-coupling.

According to Fig. 18(a), with the increase of kQ, the steady-
state value of output active power remains unchanged, while
the overshoot decreases, oscillation recedes, settling time gets
shorter. It indicates enlarging kQ is helpful in alleviating P-
coupling.

As shown in Fig. 18(b), with the increase of kQ, the steady-
state value of output reactive power declines while the error
of output reactive power increases from 380 to 1300 Var, which
reveals that the augmentation of kQ will enlarge the control error
of reactive power. In the meanwhile, compared to the active
power, reactive power has shorter settling time, and weaker
oscillation.
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The abovementioned experimental results coincide closely
with the theoretical analysis.

VI. CONCLUSION

This article has proposed a unified dynamic power coupling
model for grid-forming converter, by building the FAA in the
s domain and the extended RGA in the ω domain of the whole
grid-forming converter system. The proposed model provides
a universal dynamic power coupling quantitative analysis tool
that applies to various types of grid-forming schemes. As an
application example, the power coupling characteristics for
typical droop control and VSG control has been analyzed in
depth by plotting bode diagrams of the proposed model. One
of the findings is that, in contrast to the weakening effect of
droop control, VSG control has potential risk of amplifying the
power coupling. Consequently, not only a visible steady-state
error of reactive power, but also long-term oscillations of both
active power and reactive power will be raised. Moreover, the
effects of the pivotal control parameters are discussed in detail.
The rules that have been discovered in this article are helpful to
design the parameters of droop and VSG controllers to obtain
better power response performance of grid-forming converters.
The conclusions drawn by theoretical modeling and analysis
were validated by experimental results finally. In the future, the
unified dynamic power coupling model will be further used to
analyze a system including multiple grid-forming converters.
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