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and Miguel Castilla

Abstract—In this article, a novel cascade model-predictive con-
trol for a three-phase unity power factor rectifier is presented.
Unlike the traditional control techniques for rectifiers, the proposed
method uses a cascade dual-model-predictive control for the inner
and outer control loops. The three-phase currents of the rectifier
are controlled with the inner control loop, while the desired output
voltage is achieved with the outer control loop. In this proposal, the
output power is used as a feedforward to enhance the transient
dynamics of the output dc voltage. Several advantages can be
highlighted such as a fixed switching frequency, and output voltage
variations are avoided when a sudden change in the load or a voltage
sag appears. The overall control proposal has been fully integrated
into a digital signal processor. Selected experimental results are
introduced to validate the theoretical contributions of this article.

Index Terms—Current control, Kalman filter (KF), model-
predictive control (MPC), rectifier.

I. INTRODUCTION

TRADITIONALLY, three-phase rectifiers have been used
as an interface between a three-phase system and the ac

line in electronic equipment supplied with a dc voltage. The
three-phase diode bridge rectifiers are widely used to convert ac
to dc [1]. Notwithstanding, these systems exhibit a low power
factor (PF) and inject current harmonics to the grid. These facts
may cause nondesirable effects such as an increase in the power
supply voltage distortion and even the damage of the rectifier due
to overheating. As an alternative, a unity power factor rectifier
(UPFR) is a better solution. A high PF and a fast dynamic
response of the output voltage can be achieved if a proper control
algorithm is implemented [2], [3].
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The cascade control structure in the UPFR is widely used
since the dc-link voltage and the ac current dynamics can be
separated in a zero dynamics concept based on two time scales:
one with slow dynamics and the other with fast dynamics.

In UPFR application, the cascade structure is widely used
since the dc-link voltage and the ac current dynamics can be
separated in two time scales, formed by an outer loop (voltage
loop) and an inner loop (current loop) [4], [5]. The inner loop
is intended to track the grid currents to achieve a high PF, and
the outer loop, usually a proportional–integral (PI) controller, is
designed to obtain the desired output voltage. Focusing on the
inner loop, many control methods have been proposed in order
to achieve high dynamic performances and robustness, such as
sliding-mode control [6]–[8], dead-beat control [9], [10], direct
power control [11], [12], and model-predictive control (MPC)
[13]–[19].

In recent years, with the development of digital signal proces-
sors (DSPs), the MPC has attracted more and more attention in
some industrial fields such as power electronics or electrical sys-
tems, among others [13]–[28]. The MPC is greatly suitable for
controlling power converters due to its intrinsic characteristics,
such as fast transient response, high control bandwidth, and pro-
viding a straightforward way of including system nonlinearities
and constraints [13]–[26].

There exist two different control strategies regarding MPC
algorithms for three-phase power converters: the finite-control-
set model-predictive control (FCS-MPC) [14]–[22] and the
continuous-control-set model-predictive control (CCS-MPC)
[23]–[26]. In the FCS-MPC, a cost function is minimized for
every switching state. This control method uses a comparator
instead of a modulator to decide the optimum switching pattern
to be applied. As a consequence, the switching frequency is
variable, requiring an increment in the sampling frequency and
the computational burden. Conversely, in the CCS-MPC, the
control algorithm is based on the prediction of state variables
using a discrete model of the converter. In regard to this tech-
nique, a cost function is minimized inside a predictive window
to obtain the vector of future control actions. Moreover, based
on the receding horizon concept, only the first value of this
vector is used in a space vector modulator (SVM) leading to a
fixed switching frequency. This fact provides a reduction in the
sampling frequency and, as a consequence, in the computational
burden [29].
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Recently, the FCS-MPC has been applied in UPFR controllers
[15]–[19]. In [15], a single-loop FCS-MPC method is applied
to control both the dc-link voltage and the active and reactive
powers. However, since the active power reference is calculated
based on the system model, an extra integrator is required to
correct the steady-state error caused by the inevitable parameter
mismatch, deteriorating the disturbance rejection properties and
the stability robustness. Moreover, in most applications, dc-link
capacitors are large; thus, the output voltage dynamic has a larger
time constant as compared with the ac current loop. Otherwise,
in [16]–[18], cascade control loops are applied using FCS-MPC
as the inner loop, while the outer loop control has not yet
attracted plenty of consideration with PI control being the most
usual strategy. In [16], a detailed description of FCS-MPC is
presented, where the active and reactive powers of the system
are directly controlled. However, as mentioned above, the FCS-
MPC is based on the use of comparators, which provokes a
variable switching frequency increasing the switching noise. It
should be noted that this method has a high sensitivity against
measurement noise and parameter uncertainties. In [17], a grid
voltage sensorless FCS-MPC based on virtual-flux-based grid
voltage estimation is presented. This approach can operate in the
presence of voltage sags and under distorted network conditions.
However, since the outer loop has been addressed using a classic
PI controller, the output voltage is very sensitive to sudden
load changes. Moreover, robustness against system parameter
uncertainties is not tested. In [18], a sensorless FCS-MPC with
a model reference adaptive system (MRAS) estimator is pro-
posed. The main advantage of this approach is the accurate
grid inductance estimation and the robustness against parameter
uncertainties. However, the outer loop has been addressed using
a classic PI controller, which can degrade the output voltage
dynamic performances in the case of sudden load changes. It
should be noted that this approach is not tested in the presence of
voltage sags. Instead, in [19], a cascade FCS-MPC is presented
in order to improve the voltage dynamic transient response. In
this approach, grid currents and output voltage errors are used
in two different cost functions for the inner and outer loops,
respectively. The main drawback of this control method is that
the output voltage is very sensitive against measurement noise,
as mentioned in [19]. Moreover, this approach is not tested in
the presence of voltage sags.

However, since PI controllers are tuned based on an operation
point, the performance and dynamic response of the system is
degraded in the presence of external disturbances, as is the case
of sudden load changes [8]. Instead, the wider control bandwidth
is more likely to be achieved by MPC for the absence of stability-
related compromises in the tuning stage [35].

Unlike other aforementioned methods for UPFRs, this article
proposes a novel cascade CCS-MPC for both inner and outer
control loops. On the one hand, the use of this technique in
the inner loop avoids the use of proportional integral (PI) or
proportional resonant (PR) controllers to generate control sig-
nals, avoiding the disturbance sensitivity associated with these
controllers [30]. Moreover, a continuous duty cycle is obtained,
which allows using an SVM; thus, a fixed switching frequency
is achieved. The model is also used in a Kalman filter (KF)

to estimate three-phase grid currents and provide robustness
against noisy environments. On the other hand, focusing on the
outer loop, PI controllers are widely used in the dc-link voltage
control. However, since PI controllers are tuned based on an
operation point, the performance and the dynamic response of
the system are degraded in the presence of external disturbances,
as is the case of sudden load changes [8]. Instead, the MPC can
achieve a wider control bandwidth due to the absence of stability
compromises in the tuning stage [31]. Therefore, the usual PI
controller, used for the outer loop, is replaced by a second MPC.
With this proposal, the dynamic performance of the output volt-
age in case of load changes and voltage sags is improved, making
the system less sensitive to these disturbances. Finally, compared
to a single-loop controller, the cascade control system has several
advantages, such as disturbance rejection and robustness against
model parameter uncertainties [32], [33].

The novelty of this article is the use of two CCS-MPCs in
a cascade way. To do so, the model of the rectifier is divided
into two linear models, where two different cost functions are
defined for inner and outer loops, respectively. Since it is an
unconstrained problem, the cost functions can be minimized
offline, reducing the computational burden [29]. The main con-
tributions can be summarized as follows.

1) The use of a linear model in a unconstrained CCS-MPC
allows a reduction in the computational burden.

2) Robustness of the output voltage over sudden load
changes.

3) Robustness against model parameter uncertainties.
4) The controller operates satisfactorily even in the case of

grid voltage sags.
5) A fixed switching frequency is achieved.
6) A low total harmonic distortion (THD) of the grid currents

is achieved.
The rest of this article is organized as follows. Section II intro-

duces the linear model of the UPFR. In Section III, the proposed
MPC system is presented. Section IV deals with the controller
implementation. In Section V, the controller design is presented.
Section VI deals with stability and robustness analysis, while
the experimental results are reported in Section VII. Finally,
Section VIII concludes this article.

II. MODELING THE UPFR IN THE dq COORDINATES

The electrical circuit of a UPFR is shown in Fig. 1. The
differential equations in the dq reference frame can be written
as follows:

L
did
dt

= vd + ωLiq −md
vo
2

(1)

L
diq
dt

= vq − ωLid −mq
vo
2

(2)

C
dvo
dt

=
3

2
(mdid +mqiq)− io (3)

where id, iq and vd, vq are the dq components of the grid currents
ia, ib, and ic and the grid voltages va, vb, and vc, respectively.
The control signals are represented by md and mq, vo is the
output voltage, and ω is the grid angular frequency.
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Fig. 1. Circuit diagram and proposed control of the three-phase UPFR.

In this article, a cascade CCS-MPC is proposed. In order to
apply a cascade CCS-MPC, the above model is divided into two
parts. Equations (1) and (2) will be used to design the predictive
controller for the inner loop, while (3) for the output loop. The
design of these controllers will be shown in the next sections.

III. PROPOSED CONTROL SYSTEM

This section presents the proposed control system. In order
to achieve the control objective presented in the following,
this article proposes a cascade CCS-MPC. The main control
objective is to guarantee sinusoidal input currents in phase with
the grid voltages. Besides, the second objective is to regulate the
output voltage to the desired nominal value. Finally, the third
objective is to bring robustness against external disturbances,
such as load changes and grid voltage sags.

Fig. 1 shows the proposed cascade controller for the UPFR. As
shown in the figure, the controller consists of two MPC loops. On
the one hand, the outer-loop-predicted variables and disturbance
vectors are obtained using the square output dc-link voltage
and the output power. These variables together with the output
dc-link voltage reference are the inputs of the outer MPC. As
usual, in a cascade controller, the output of the outer controller
is the reference of the inner controller [32], [33]. Taking this
in mind, the outer loop regulates the output dc-link voltage
generating the reference currents used by the inner loop. On the
other hand, for the inner loop, three-phase voltages and currents
are transformed into the dq reference frame and are applied to
a KF to estimate the grid-side currents and voltages to provide
robustness against noisy environments. Then, current and volt-
age estimations are used to generate the inner-loop-predicted
variables and disturbances vectors. The inner MPC uses these
variables and the reference currents generated by the outer loop
to obtain the control signals. Finally, the control signals are used
by an SVM, thus providing a fixed switching frequency, opposite
to other MPC techniques such as FCS-MPC.

A. Proposed Linear Discrete Model for the Inner Control Loop

This section deals with the proposed linear predictive model
to be used in the inner controller. As stated in Section II, the

discrete model can be obtained from (1) and (2) as follows:

id(k + 1) = id(k) +
Ts

L
vd(k) + ωTsiq(k)−md

Tsvo
2L

(4)

iq(k + 1) = iq(k) +
Ts

L
vq(k)− ωTsid(k)−mq

Tsvo
2L

(5)

where Ts is the sampling period.
Taking into account that the output voltage is a slow variable,

vo can be considered constant in a sampling periodTs. With these
considerations, (4) and (5) can be represented as a linear model.
Moreover, the dynamics of the grid voltages may be unknown,
for instance, in the case of sags. Then, it is proposed to separate
the grid voltages from the model described by (4) and (5) while
considering those voltages as disturbances. However, vd and
vq are suitable to be used as feedforward terms to improve the
dynamics of the current and bring robustness against grid voltage
variations, as it will be demonstrated in Section VII. Finally,
the current linear model can be represented by the following
state-space equations:

xm,i(k + 1) = Am,ixm,i(k) +Bm,iui(k) +Dm,idi(k) (6)

yi(k) = Cm,ixm,i(k) (7)

where the subindex i is used to refer the inner controller. The
grid current vector, the control signal vector, and the grid voltage
vector in the dq frame are expressed by xm,i = [id iq], ui =
[md mq], and di = [vd vq], respectively, and

Am,i =

(
1 ωTs

−ωTs 1

)
, Bm,i =

(− voTs

2L 0

0 − voTs

2L

)

Dm,i =

(
Ts

L 0

0 Ts

L

)
, Cm,i =

(
1 0
0 1

)
.

Now, in order to eliminate the steady-state error, an integrator
is embedded in the model. To this aim, (6) can be expressed
according to Appendix A as follows:

xi(k + 1) = Aixi(k) +BiΔui(k) +DiΔdi(k) (8)

yi(k) = Cixi(k) (9)

where xi(k) = [Δxm,i(k) yi(k)]
T and the matrices of the aug-

mented model Ai, Bi, Ci, and Di can be computed according
to Appendix A as a function of the matrices Am,i, Bm,i, Cm,i,
and Dmi, yielding

Ai =

⎛
⎜⎜⎝

1 ωTs 0 0
−ωTs 1 0 0
1 ωTs 1 0

−ωTs 1 0 1

⎞
⎟⎟⎠ , Bi =

⎛
⎜⎜⎝
− voTs

2L 0

0 − voTs

2L
− voTs

2L 0

0 − voTs

2L

⎞
⎟⎟⎠

Ci =

(
0 0 1 0
0 0 0 1

)
, Di =

⎛
⎜⎜⎝

Ts

L 0

0 Ts

L
Ts

L 0

0 Ts

L

⎞
⎟⎟⎠ .
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B. Proposed Discrete Model for the Outer Control Loop

A linear predictive model for the outer loop is presented in
this section. The zero dynamics concept [34] is applied to obtain
the dynamics of the output voltage, vo. The output voltage zero
dynamics is the dynamics ofvo when the inner loop is established
(i.e., id = i∗d and iq = 0), since a unity PF is achieved. Then,
according to this principle, the current component id can be
substituted into (3) by the current reference of the inner loop
i∗d. Moreover, the duty cycle md can be obtained from (1) by
considering that all parasitic resistances and inductances are
neglected and a quasi-steady-state approach (i.e., assuming that
the first derivative of id is negligible)

md =
2vd
vo

. (10)

With these considerations, and using (10) in (3), we obtain

C
dvo
dt

= 3
vd
vo

i∗d − io (11)

or equivalently

C

2

dv2o
dt

= 3vdi
∗
d − PL (12)

where PL is the power delivered to the load. In the previous
equation,vd can be considered as a parameter (i.e., the peak value
of the nominal grid voltage). Note that (12) is a linear differential
equation with respect to v2o . Then, if (12) is discretized, then

v2o(k + 1) = v2o(k) +
6Tsvd
C

i∗d(k)−
2Ts

C
PL(k). (13)

On the other hand, the dynamics of PL is unknown, and in a
similar way that is explained in the last section, this variable can
be separated from the model described by (13) and considered
as a disturbance. Alternatively, in this article, PL is used as a
feedforward term in the outer control loop. As will be presented
in Section V, the reference current is generated by including a
measurement of the output power, thus rapidly changing this ref-
erence according to changes in load. In this way, this additional
term substantially reduces the sensitivity of the output voltage
over sudden load changes, as will be seen in Section VII. Taking
into account these considerations, the predictive model for the
outer controller can be defined with the following state-space
equations:

xm,o(k + 1) = Am,oxm,o(k) +Bm,ouo(k) +Dm,odo(k)
(14)

yo(k) = Cm,oxm,o(k) (15)

where the subindex o is used to refer the outer controller, being

xm,o = v2o , uo = i∗d, do = PL

Am,o = 1, Bm,o =
6Tsvd
C

, Cm,o = 1, Dm,o =
2Ts

C
.

This model can be rewritten in its incremental form in order to
embed an integrator, yielding

xo(k + 1) = Aoxo(k) +Bouo(k) +DoΔdo(k) (16)

yo(k) = Coxo(k) (17)

where xo(k) = [Δxm,o(k) yo(k)]
T and the matrices of the

augmented model Ao, Bo, Co, and Do can be obtained from
Am,o, Bm,o, Cm,o, and Dm,o, as shown in Appendix A:

Ao =

(
1 0
1 1

)
, Bo =

(
6Tsvd

C
6Tsvd

C

)

Co =
(
0 1

)
, Do =

(
2Ts

C
2Ts

C

)
.

C. Inner Control Loop

The inner controller is designed using the following cost
function:

Ji = (y∗
i − yi)

T (y∗
i − yi) + ΔuT

i RiΔui (18)

whereRi = rω,iI2Nc,i×2Nc,i
is a diagonal matrix with rω,i > 0.

The control effort is used as a tuning parameter to adjust a desired
closed-loop performance, and Nc,i is the control horizon for
the inner controller. Considering that the reference current is
maintained practically constant inside a predictive window,Np,i,
y∗
i can be expressed according to Appendix B as follows:

y∗
i = [I2×2 I2×2 . . . I2×2︸ ︷︷ ︸

Np,i

]y∗i (kj) (19)

where kj is the instant of time at which the control signal vector
is calculated. Besides, y∗i (kj) = [i∗d i∗q] is the reference current
vector at the sampling instant kj , and I2×2 is the identity matrix
with size 2 × 2 repeated as many times as the prediction horizon
Np,i. Note that it should be accomplished that i∗q = 0 in order
to achieve a unity PF.

In the unconstrained problem, the optimization of (18) can
be solved analytically (offline). As a result, a vector of incre-
mental control signals is obtained: Δui = [Δui(kj),Δui(kj +
1), . . . ,Δui(kj +Nc − 1)]. According to the receding horizon
principle, only the first component of this vector is used to
generate the control signal. Then, the actual incremental control
signal for the inner loop is

Δui(kj) = Kr,iy
∗
i (kj)−Kc,ixi(kj)−Kh,iΔdi(kj) (20)

whereKr,i,Kc,i, andKh,i are the gains of the inner controller. A
detailed procedure of how these gains are obtained can be found
in Appendix B. Note that the disturbance vector is the grid volt-
age vector, i.e., di = [vd vq]. By considering this disturbance
vector in the minimization procedure, the inner loop will be
robust against grid voltage variations, for instance, in the case of
voltage sags. Finally, the control signal applied to the converter,
ui(kj), is obtained as ui(kj) = ui(kj − 1) + Δui(kj).

D. Outer Control Loop

The outer controller is designed using the same cost function
as explained before

Jo = (y∗
o − yo)

T (y∗
o − yo) + ΔuT

o RoΔuo (21)

where Ro = rω,oINc,o×Nc,o
is a diagonal matrix with rω,o >

0. The control effort is used as a tuning parameter to adjust a
desired closed-loop performance of the desired dynamics of the
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output voltage vo, and Nc,o is the control horizon for the outer
controller.

As has been explained in the previous section, the reference
voltage can be expressed as follows:

y∗
o = [1 1 . . . 1︸ ︷︷ ︸

Np,o

]T y∗o(kj) (22)

where, according to (13), y∗o(kj) = (v∗o)
2 is the reference

squared voltage at the sampling instant kj . Note that the size
of vector y∗

o is given by the prediction horizon Np,o.
If (21) is minimized, a vector of optimum control signals is

obtained and defined as

Δuo(kj) = Kr,oy
∗
o(kj)−Kc,oxo(kj)−Kh,oΔdo(kj) (23)

where Kr,o, Kc,o, and Kh,o are the gains of the outer controller.
In this article, the control signal obtained from the outer con-
troller is used as the reference current by the inner controller,
i∗d(k). Then, assuming that the inner control loop is established,
the vector of the incremental references is defined as Δuo =
[Δi∗d(kj),Δi∗d(kj + 1), . . .,Δi∗d(kj +Nc,o − 1)]. Once again,
if the receding horizon principle is used, only the first value
of this vector is considered, and i∗d(kj) is obtained as i∗d(kj) =
i∗d(kj − 1) + Δi∗d(kj).

E. State Estimation

In order to obtain the state-space vector of the inner loop
defined in (4) and (5), the current components are estimated.
The state variable for the inner loop has been estimated by using
a KF as follows:

x̂m,i(k + 1) = Am,ix̂m,i(k) +Bm,iui(k)

+Dm,idi(k) + Lobs(yi(k)−Cm,ix̂m,i(k))
(24)

where Lobs is the observer gain, which has been adjusted ac-
cording to the KF algorithm [35]. The main feature provided
by the KF in this application is that all the variables used in
the control algorithm are estimated and free of noise. Besides,
the KF generates a filtered signal of the grid currents improving
the system performance.

IV. CLOSED-LOOP SYSTEM

In this section, the closed-loop system is analyzed. In Sec-
tion III-C, it has been shown that the optimum incremental
control signal value at the sampling instant kj is defined in
Appendix B by (58). If the disturbance termKh is not considered
for the stability analysis, (58) can be rewritten as

Δu(k) = Kry
∗(k)−Kcx(k). (25)

Now, to prove the effect of the predictive control in the system
dynamics, (25) is replaced in (44)

x(k + 1) = Ax(k)−BKcx(k)−KrBy∗(k) (26)

or equivalently

x(k + 1) = (A−BKc)x(k)−KrBy∗(k) (27)

TABLE I
SYSTEM PARAMETERS

where the closed-loop eigenvalues can be obtained by solving
the determinant

|A−BKc − λI| = 0. (28)

The eigenvalues have a dependence ofKc and, as a consequence,
of R. As evidenced by the last expression, by selecting the
appropriate value of R in (58), a desired dynamics of the MPC
can be obtained. Equation (28) is computed for both loops using
corresponding parameters Ai,Bi, and Kc,i for the inner and
Ao,Bo, and Kc,o for the outer. Table I shows the controller
parameters for both loops. The inner loop control effort rω,i is
chosen to obtain a fast transient response. Moreover, the outer
loop control effort rω,o is chosen to obtain a slower transient
response than the inner loop.

A. Design Guidelines

This subsection presents the design procedure of the proposed
cascade CCS-MPC parameters rω,i and rω,o, which correspond
to the control effort of the inner and outer loops, respectively.
The control parameters are designed according to the dynamic
specification using the closed-loop poles as a function of rω,i

for the inner loop and rω,o for the outer loop.
First, focusing on the inner loop, the parameter rω,i is de-

signed considering the compromise between the settling time
and the maximum deviation during transients according to the
following specifications.

1) To guarantee stability, the prediction and control horizons,
Np,i and Nc,i, have to be designed large enough [31].

2) To guarantee a good transient response, the settling time
is designed less than 1 ms.

3) To achieve a good dynamic response with low overshoots,
the dominant poles must be placed with a damping ratio
close to 0.707 [36].

Second, the outer loop control effort rω,o must be adjusted to
ensure a smooth reference current and a high dynamic perfor-
mance. Taking this in mind, the outer loop parameter is designed
according to the following specification.
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Fig. 2. Inner closed-loop poles for rω,i variation from 0 to 100. (a) Np,i = 2 and Nc,i = 1. (b) Np,i = 8 and Nc,i = 4.

Fig. 3. Outer closed-loop poles for rω,o variation from 106 to 1010. (a) Np,o = 40 and Nc,o = 8. (b) Np,o = 400 and Nc,o = 80.

4) To guarantee stability and a smooth reference current,
the prediction and control horizons, Np,o and Nc,o, are
designed larger than the inner loop predictive and control
horizon, respectively [31].

5) To guarantee a good dynamic response, the outer loop
settling time is adjusted at least 20 times greater than the
inner control loop settling time.

B. Stability Analysis

Based on the singular perturbation theory [37], the outer
control loop stability and the inner control loop stability can
be analyzed separately. In this part, the impacts of both MPC
loop parameters on the system stability will be analyzed. The
stability analysis is based on the closed-loop pole placement of
the inner and outer loops, respectively.

The inner control loop stability analysis has been developed
from the closed-loop poles using the model described in (8) and
(9), and as a function of the control effort parameter rω,i, the
prediction and control horizons Np,i and Nc,i, and the electrical
parameters listed in Table I.

Fig. 2 shows the position of the inner closed-loop poles for
different prediction and control horizons and sweeping the
control effort, rω,i, from 0 to 100. In Fig. 2(a), the prediction
and control horizons are selected as Np,i = 2 and Nc,i = 1,
respectively. For these horizons, when rω,i increases, the poles
move close to the unitary circle; thus, for high control effort,

the system may become unstable. Conversely, in Fig. 2(b), the
prediction and control horizons are selected as Np,i = 8 and
Nc,i = 4, respectively. It should be noted that the stability is
ensured for all the control effort, rω,i, range. Therefore, Np,i =
8 and Nc,i = 4 are selected for the controller implementation.

On the other hand, the outer control loop stability analysis
has been developed from the closed-loop poles using the model
described in (14) and (15) and as a function of the control
parameters.

Fig. 3 shows the position of the outer closed-loop poles for
different prediction and control horizons and sweeping the con-
trol effort, rω,o, from 106 to 1010. In Fig. 3(a), the prediction and
control horizons are selected as Np,o = 40 and Nc,o = 8, respec-
tively. For these horizons, the poles are unstable for a wide range
of rω,o. Instead, in Fig. 3(b), the prediction and control horizons
are selected as Np,o = 400 and Nc,o = 80, respectively. As can
be seen, the stability is ensured for a wide range of control effort,
rω,o. Besides, an increment in the control effort makes the con-
trol action less aggressive, which results in a slower transient re-
sponse. Finally, based on the placement of the poles,Np,o = 400
and Nc,o = 80 are selected for the controller implementation.

C. Inner Loop Parameter Selection

The inner loop control effort is designed according to the
dynamic specifications presented above using the closed-loop
eigenvalues (28) and the system parameters listed in Table I.
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Fig. 4. Inner loop settling time for rω,i variation from 0 to 100.

Fig. 5. Vo settling time for rω,o variation from 106 to 1010.

As previously stated, the prediction and control horizons,
Np,i and Nc,i, have been selected as Nc,i = 4 and Np,i = 8,
respectively. From these parameters, the selected closed-loop
poles are obtained. The suitable value of the control effort rω,i

is designed according to the desired position of the closed-loop
eigenvalues (28) according to dynamic specifications 2 and 3
presented in the design guideline.

Fig. 4 shows the transient response of the inner control loop for
a control effort variation in the range 0 ≤ rω,i ≤ 100. As can be
seen, with increasing control effort, the settling time increases.
The selected control and prediction horizons combined with a
control effort rω,i = 2 allow a theoretical settling time of 0.9 ms
and a damping ratio of 0.730. Moreover, these parameters lead
to a stable system with a fast transient response, as verified
experimentally in Section VII.

D. Outer Loop Parameter Selection

As has been stated previously, the prediction and control hori-
zons, Np,o, and Nc,o, are adjusted to ensure a smooth reference
current. Besides, the control effort parameter, rω,o, for the outer
control loop has been adjusted according to the desired posi-
tion of the closed-loop eigenvalues (28) according to dynamic
specification 4 presented in the design guideline. According to
the aforementioned considerations and the theoretical inner loop
settling time of 0.9 ms, the outer loop must be designed with a
settling time greater than 18 ms.

In order to ensure smooth reference current, the control and
prediction horizons are selected as Nc,o = 80 and Np,o = 400,
respectively. Fig. 5 shows transient response of the outer loop

for a control effort variation in the range 106 ≤ rω,o ≤ 1010. As
can be seen, for a lower control effort, the controller transient
response is faster, and in the range rω,o ≤ 2× 109, the settling
time is less than 18 ms; hence, the third design specification is
not accomplished. The selected control and prediction horizons
combined with a control effort rω,o= 3× 109 deal with a theo-
retical settling time of approximately 19.5 ms. Moreover, these
parameters lead to a stable system with an excellent transient
response, as verified experimentally in Section VII.

V. LYAPUNOV-BASED ANALYSIS

Based on [38], this section deals with the stability analysis and
robustness of the proposed controller under electrical parameter
uncertainties. For this purpose, the incremental control (25) is
rewritten as

Δu(k) = Kr(y
∗(k)− y(k))−KxΔxm(k) (29)

wherey∗(k) is the reference vector, and the gain of the controller
can be expressed in a vector form asKc = [Kx Kr]. According
to the last expression, it holds that

Δu(k) = −Kcx̃(k) (30)

where

x̃(k) = [Δxm(k) y(k)− y∗(k)]T . (31)

Now, to analyze the proposed control under parameter uncertain-
ties, the closed-loop equation may be rewritten in the following
manner [39]:

x̃(k + 1) = ((A+ΔA)− (B+ΔB)Kc)x̃(k)

= (Ã− B̃Kc)x̃(k) (32)

where A and B are the matrices of the nominal model, and
ΔA and ΔB regard to the model uncertainties. According to
the definition in (31), the cost function defined in (54) can be
rewritten as a discrete-time linear–quadratic regulator (LQR)

Jopt =

Np∑
m=1

x̃T
opt(k +m|k)x̃opt(k +m|k)

+

Nc−1∑
m=0

ΔuT
opt(k +m|k)rωΔuopt(k +m|k). (33)

Since the above equation is quadratic, it can be used as a
Lyapunov candidate for the stability analysis. Then, defining
the Lyapunov function as

V (x̃(k), k) = Jopt (34)

and taking into account that in the classic MPC, the stability
is achieved if the Lyapunov function decreases along the state
trajectory, we can write

V (x̃(k + 1), k + 1)− V (x̃(k), k) < 0. (35)

Using (30), (32), (34), and (35), the following stability condition
is obtained:

(Ã− B̃Kc)
T (Ã− B̃Kc)−KT

c rωKc − I < 0. (36)
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Fig. 6. Pseudocode of the controller task.

Equation (36) shows that the stability is affected by the parameter
uncertainties and depends on Kc and, as a consequence, on the
parameter selection.

Equation (36) can be computed for both loops using the
corresponding system parameters Ai,Bi, and Kc,i for the inner
loop and Ao,Bo, and Kc,o for the outer loop, with the system
parameters and control gains shown in Table I.

To analyze the robustness of the proposed control under grid
impedance uncertainties, the stability condition (36) is evaluated
for different values of L. Thus, substituting into (36) the values
of the system parameters and inner loop control gains shown in
Table I and Section IV and sweeping L from 0.01 to 50 mH, it
is found that the system is stable as long as the grid inductance
L > 1.9 mH. Furthermore, the same analysis could be done to
analyze the robustness of the proposed control under the dc-link
capacitance uncertainties. Therefore, substituting into (36) the
values of the system parameters and outer loop control gains
shown in Table I and Section IV, it is found that the system is
stable as long as the dc-link capacitance satisfies the following
condition:C > 100μF. The robustness against other system and
control parameters can be numerically evaluated following this
procedure.

VI. CONTROLLER IMPLEMENTATION

This section presents the implementation of the proposed
cascade MPC shown in Fig. 1. Fig. 6 shows the pseudocode
for the proposed controller implementation. The subindexes o

Fig. 7. Photograph of the experimental setup.

and i represent the outer loop and inner loop control variables,
respectively. In this proposal, the controller uses two uncon-
strained linear MPCs for the outer and inner loops, respectively.
Hence, the optimization problem can be solved offline, as it
happens in an LQR, reducing the computational burden of
the control algorithm. According to that, all the matrices and
gains, i.e., Kr,o, Kc,o, Kh,o, Kr,i, Kc,i, and Kh,i, are com-
puted offline with customized MATLAB functions, as shown in
Appendix B. Once the gains are obtained, the algorithm is
executed as shown in Fig. 6. The algorithm starts with the
acquisition of the variables vo, io, ia, ib, ic, va, vb, and vc. The
dq components of the grid currents and voltages are computed
using a phase-locked loop (PLL). At this stage, the two MPC
algorithms are applied. On the one hand, the UPFR variables vo
and io are used to obtain the outer state-space vectors xo(k) and
Δdo(k). To regulate the output dc-link voltage, the reference
current i∗d is obtained applying (23). On the other hand, a KF
estimator (24) is used to generate the estimated dq grid-side
currents and voltages and to compensate the computational
delay [35]. These estimated variables allow us to obtain the new
space-state vector xi(k). Finally, this vector is used to obtain the
control signals,md(k) andmq(k), implemented in the SVM and
provide fixed switching frequency (see Fig. 6).

VII. EXPERIMENTAL VALIDATION

This section presents the experimental tests implemented on a
three-phase rectifier prototype that is shown in Fig. 7. It was built
using a 2.3-kVA Guasch MTL-CBI0060F12IXHF full bridge as
the power converter and a TMS320F28M36 floating-point DSP
as the control platform with a sampling frequency of 10 kHz. The
grid voltages have been generated using a PACIFIC 360-AMX
source. The system parameters are listed in Table I.

In order to exhibit the performances of the proposed cascade
CCS-MPC scheme and to compare to recent MPC approaches,
a robust adaptive FCS-MPC [18] and a cascade FCS-MPC [19]
are also carried out in the experimental tests.

The robust adaptive FCS-MPC [18] inner loop is based on
a cost function evaluation to minimize the active and reactive
power error obtaining the optimal voltage vector. Besides, an
MRAS estimator based on the Lyapunov function is used in the
inner loop to improve robustness against uncertainties parame-
ters. Moreover, a PI controller is used in the outer loop to regulate
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Fig. 8. Performance evaluation of the proposed controller. (a) Active power (300 W/div) and reactive power (300 W/div). (b) Grid-side current (5 A/div) and
grid voltage (20 V/div) for phase leg A.

Fig. 9. Experimental results for output voltage (4 V/div) and three-phase grid-side currents (5 A/div) with a load step change from 132 to 44 Ω. (a) Robust
adaptive FCS-MPC [18]. (b) Cascade FCS-MPC [19]. (c) Proposed controller.

the output voltage. It worth noting that the PI controller has been
designed in order to obtain a good dynamic performance with
the lowest grid current harmonic content.

On the other hand, the cascade FCS-MPC [19] inner loop
is based on a cost function evaluation to minimize the grid
current error obtaining the optimal voltage vector. Furthermore,
the outer loop consists of an optimization problem that is solved
online to obtain the inner loop reference minimizing the output
voltage error.

However, since the controllers presented in [18] and [19] are
based on FCS-MPC, the switching frequency is variable. Hence,
for a fair comparison, a KF estimator is used in both control
methods with a sampling frequency of 40 kHz to reduce the
current ripple and to obtain higher performance [40].

A. UPFR Performance Evaluation

To validate the capability to provide a desired unity PF of
the proposed control scheme, on the one hand, Fig. 8(a) shows
the active and reactive powers using the proposed cascade
CCS-MPC in the presence of sudden load changes. As can be
observed, the reactive power is approximately zero; besides, the
transient response is very fast, and a negligible reactive power
deviation arises when the load change is produced. On the other
hand, Fig. 8(b) shows the grid-side current and the grid voltage
in phase leg A. As can be seen, the two signals are in phase, thus
providing a unity PF, as desired.

B. Transient Response During Load Step Changes

To validate the dynamic performance of the proposed con-
trol scheme and the performed design, the controller pre-
sented in [18] and [19] and the proposed controller have been
tested in the case of a load step change from 132 to 44 Ω.

Fig. 9(a)–(c) shows the dynamic response of the output voltage
and the grid-side currents using [18] and [19] and the proposed
cascade CCS-MPC, respectively. Fig. 9(a) shows a significant
voltage deviation and slow dynamic response using [18], with a
voltage drop of 14 V and a settling time of approximately 80 ms.
In Fig. 9(b), a faster output dynamic response using [19] with a
settling time of approximately 30 ms can be observed. However,
a significant output voltage deviation is produced, with a voltage
drop of 12 V. Instead, using the proposed cascade CCS-MPC,
it results in an insignificant voltage deviation with the fastest
dynamics response, with a voltage drop of only 3.5 V and a
settling time of approximately 20 ms, as has been stated in the
control design. Furthermore, the switching frequency spectra
using [18] and [19] and the proposed controller are shown in
Fig. 10. It should be noted that the proposed controller achieve
a fixed switching frequency. Instead, the authors of [18] and
[19] present a variable switching frequency as had been stated,
with a switching frequency concentrated between 14–20 and
10–15 kHz, respectively. Moreover, the measured spectra of the
currents using [18] and [19] and the proposed controller are
shown in Fig. 11. Note that the proposed control provides a
lower harmonic distortion, with a THD of 1.71%. To sum up, the
proposed controller operates with a high performance without
increasing the computational burden and with a fixed switching
frequency.

C. Parameter Uncertainty Robustness

In order to test the robustness of the proposed controller
against parameter uncertainties, the methods presented in [18]
and [19] and the proposed cascade CCS-MPC have been tested
in the presence of a grid inductance variation and a capacitance
variation of the dc capacitor.
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Fig. 10. Experimental switching frequency spectrum with amplitude relative to fundamental. (a) Robust adaptive FCS-MPC [18]. (b) Cascade FCS-MPC [19].
(c) Proposed controller.

Fig. 11. Measured spectra of grid currents.

First, the three control methods assume a nominal grid induc-
tance value of 5 mH, and they were tested for an inductance of
60% of the nominal value. Fig. 12(a)–(c) shows the dynamics
of output voltage and the grid-side currents of the considered
control schemes with a grid inductance of 3 mH. It should be
noted that the cascade FCS-MPC [19] is unstable in the presence
of the grid inductance variation. However, the robust adaptive
FCS-MPC [18] and the proposed control remain stable for the
grid inductance mismatch.

Second, to validate the robustness against capacitance mis-
matches, the dc capacitor in the control algorithms are set
to 700 μF, while the nominal dc capacitor remains 1000 μF.
Fig. 13(a)–(c) shows the dynamics of output voltage and the
grid-side currents of the considered control schemes with the
capacitance mismatch. From Fig. 13, a slight increase in both
the voltage deviation and the settling time during the load change
should be noted. Consequently, the capacitance mismatches
have a small effect on the dynamic performance of the proposed
controller, thus validating the robustness of the proposed control
against parameter uncertainties.

D. Transient Response During Unbalanced Voltage Sags

Finally, the proposed controller has been tested under a grid
voltage unbalance. Fig. 14 shows the performances of [18] and
[19] and the proposed cascade CCS-MPC controller under a grid
voltage sag. This sag is characterized by positive and negative
sequences V + = 0.65 p.u. and V − = 0.15 p.u., respectively, and
with a phase angle between sequences of φ = π/6.

Fig. 14(a) shows the output voltage and the grid voltages and
currents during the grid voltage sag using the robust adaptive
FCS-MCP [18]. It can be seen that a voltage deviation appears in
the output voltage when the voltage sag is produced. Moreover,
the grid-side currents are clearly distorted due to the voltage
sag, with a THD of 18.7%. The same waveforms are shown
in Fig. 14(b) but using the cascade FCS-MPC [19]. It should be

noted that a voltage deviation appears in the output voltage when
the voltage sag is produced. Moreover, the cascade FCS-MPC
presents a steady-state deviation in the output voltage during the
voltage sag, with a voltage error of 3 V. Besides, the grid-side
currents are distorted, with a THD of 9.5%. Finally, Fig. 14(c)
shows the output voltage and the grid voltages and currents dur-
ing the grid voltage sag using the proposed controller. When the
voltage sag is produced, the output voltage has an insignificant
voltage deviation. Moreover, the currents track the unbalanced
grid voltages during the sag, and the distortions in the grid-side
currents are clearly reduced, with a THD of 4.2%. It should be
noted that the steady-state performance has not been affected by
the voltage sag. Thus, the robustness of the proposed controller
under external disturbance has been validated.

E. Computational Burden Analysis

This subsection presents a comparative of the computational
burden. The comparative includes the switching frequency, al-
gorithm execution time, and computational load (CL), obtained
as follows:

CL(%) = fs × Σ(tex,j)× 100 (37)

where tex,j is the execution time of each task in the controller.
A DSP timer is used to measure the time of each controller

task. Fig. 15 shows the execution times for the different tasks
of each controller. The execution time of the MPC schemes is
described as follows.

1) Time of the robust adaptive FCS-MPC [18] includes the
outer loop PI controller, inductance estimation, prediction
states, the cost function evaluation, and the selection of
the optimal voltage vectors.

2) Time of the cascade FCS-MPC [19] includes the MPC
outer loop, a PLL, prediction states, the cost function eval-
uation, and the selection of the optimal voltage vectors.

3) Time of the proposed cascade CCS-MPC includes a PLL,
the outer state-space vector computation, reference cur-
rent calculation (23), a KF estimator, the control signal
calculation (20), and time for the SVM.

Note that the execution time is not very different for the three
tested schemes. However, the sampling frequency in [18] and
[19] is 40 kHz with a variable switching frequency. Besides,
the proposed control operates with a fixed switching frequency
and a sampling frequency of 10 kHz, reducing the CL. Table II
shows the comparison among the three tested schemes.
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Fig. 12. Experimental results for output voltage (4 V/div) and three-phase grid-side currents (5 A/div) with 60% inductance of the nominal value. (a) Robust
adaptive FCS-MPC [18]. (b) Cascade FCS-MPC [19]. (c) Proposed controller.

Fig. 13. Experimental results for output voltage (4 V/div) and three-phase grid-side currents (5 A/div) with 70% capacitance of the nominal value. (a) Robust
adaptive FCS-MPC [18]. (b) Cascade FCS-MPC [19]. (c) Proposed controller.

Fig. 14. Output voltage (20 V/div) and three-phase currents (5 A/div) and voltage (20 V/div) waveforms during a voltage sag. (a) Robust adaptive FCS-MPC
[18]. (b) Cascade FCS-MPC [19]. (c) Proposed controller.

Fig. 15. Computing execution times for the tested control schemes.

VIII. CONCLUSION

As a novelty, a cascade dual-mode predictive control for
a three-phase UPFR has been proposed, with the following
properties. On the one hand, the proposed inner loop controller
uses a reduced model with an embedded integrator to achieve a
zero steady-state error and robustness against grid voltage sags
and model parameter uncertainties. A fixed switching frequency
is achieved since an SVM is used. On the other hand, the outer

TABLE II
COMPARATIVE ANALYSIS

control loop uses a linear model to generate the optimal reference
currents and achieves a zero steady-state output voltage error.
The experimental results show that the proposed control im-
proves the transient voltage response in the presence of sudden
load step changes with negligible voltage deviation. The experi-
mental results have also shown the proposed control robustness
against parameter uncertainties. Finally, the experimental results
showed that the proposed control works correctly even in the
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case of grid voltage sags. As an open topic for future research,
the application of the proposed predictive control to other power
converters can be studied. Active power filters and multilevel
topologies are some interesting candidates. Furthermore, the
parallel connection of these topologies can be considered to
increase capacity and allow modularity.

APPENDIX A

This Appendix deals with the derivation of the incremental
model. This model contains an embedded integrator, which is
useful to eliminate the steady-state errors.

Given a space-state model defined by

xm(k + 1) = Amxm(k) +Bmu(k) +Dmd(k) (38)

ym(k) = Cmxm(k) (39)

the incremental model can be obtained by taking a difference
operation on both sides of (38), as follows:

xm(k + 1)− xm(k) = Am(xm(k)− xm(k − 1))

+Bm(u(k)− u(k − 1)) +Dm(d(k)− d(k − 1)).

Besides, denoting the incremental state variable as

Δxm(k + 1) = xm(k + 1)− xm(k)

Δxm(k) = xm(k)− xm(k − 1)

and the incremental control signal and disturbance variable by

Δum(k) = um(k)− um(k − 1)

Δdm(k) = dm(k)− dm(k − 1)

the incremental model is obtained as

Δxm(k + 1) = AmΔxm(k) +BmΔu(k)

+DmΔd(k). (40)

Note that Δu(k) is the control signal in the incremental state-
space model.

The same procedure is applied to the output variable, yielding

y(k + 1)− y(k) = Cm(xm(k + 1)− xm(k))

= Cm(AmΔxm(k) +BmΔu(k) +DmΔd(k)) (41)

or equivalently

y(k + 1) = y(k) +Cm(Δxm(k + 1)). (42)

Note that (42) denotes the presence of an integrator in the system.
Now, a new state-space vector that contains the incremental

variablesΔxm(k) and the output y(k) can be defined as follows:

x(k) = [Δxm(k) y(k)]T . (43)

Combining both (40) and (41) results in the augmented state-
space model, expressed as

x(k + 1) = Ax(k) +BΔu(k) +DΔd(k) (44)

y(k) = Cx(k) (45)

where the matrices of the augmented model, i.e., A, B, C, and
D, can be expressed as a function of the matricesAm,Bm,Cm,

and Dm, yielding

A =

(
Am 0p×q

CmAm Iq×q

)
, B =

(
Bm

CmBm

)

C =
(
0q×p Iq×q

)
, D =

(
Dm

CmDm

)

with I being the identity matrix and 0 a square matrix of zeros;
p is the number of state variables and q is the number of outputs.

APPENDIX B

Let us consider the vector of future incremental control signals
at the sampling instant kj expressed as follows:

Δu = [Δu(kj) Δu(kj + 1) . . . Δu(kj +Nc − 1)]T (46)

where Nc is the control horizon. With the given information
x(kj), the future state variables can be predicted for a prediction
horizon, Np. Note that Np is also the length of the optimization
window. Considering an incremental state-space model defined
by the matricesA,B, andC, where the vectord(k) in (44) is the
disturbance vector, the future state variables can be computed
sequentially according to (46)

x(kj +Np|kj) = ANpx(kj) +ANp−1BΔu(kj)

+ANp−1DΔd(kj). . .

. . .+ANp−NcBΔu(kj +Nc − 1)

+ANp−NcDΔd(kj +Nc − 1) (47)

where x(kj +Np|kj) is the predicted state variable at kj +Np

from the system information x(kj). In the same way, the pre-
dicted outputs can be obtained from the predicted state variables
as follows:

y(kj +Np|kj) = CANpx(kj) +CANp−1BΔu(kj)

+CANp−1DΔd(kj). . .

. . .+CANp−NcBΔu(kj +Nc − 1)

+CANp−NcDΔd(kj +Nc − 1). (48)

It can be seen that all the predicted variables are expressed in
terms of the current state variables x(kj) and the future control
trajectory Δu. The output vector y is defined as

y = [y(kj + 1|ki) y(kj + 2|ki) . . . y(kj +Np|kj)]T . (49)

Expressing the aforementioned relations in a compact matrix
form, it gives

y = Fx(kj) +GΔu+HΔd (50)

where F is a vector of dimension Np and G and H are matrices
of dimension Nc ×Np, written, respectively, as

F =
(
CACA2CA3 · · ·CANp

)T
(51)
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G =

⎛
⎜⎜⎜⎝

CB 0q×q · · · 0q×q

CAB CB · · · 0q×q

...
...

. . .
...

CANp−1B CANp−2B · · · CANp−NcB

⎞
⎟⎟⎟⎠ (52)

H =

⎛
⎜⎜⎜⎝

CD 0q×q · · · 0q×q

CAD CD · · · 0q×q

...
...

. . .
...

CANp−1D CANp−2D · · · CANp−NcD

⎞
⎟⎟⎟⎠ (53)

where q is the number of outputs. In this case, in the inner loop,
q = 2, and in the outer loop, q = 1. Define the objective function
as

J = ||(y∗ − y)||2 +ΔuTRΔu (54)

where R = rωIpNc×pNc
is a diagonal matrix, p is the number of

outputs, rω > 0 is the control effort used as a tuning parameter to
adjust a desired closed-loop performance, andy∗ is the reference
vector. Note that in the case where the reference current is
maintained practically constant inside the predictive window,
y∗ can be expressed as follows:

y∗(kj) = [Iq×q Iq×q . . . Iq×q︸ ︷︷ ︸
Np

]r(kj) (55)

where r(kj) = [y∗(kj)] is the reference vector at the sampling
instant kj , the size of which is the prediction horizon Np. Then,
by taking the derivative of J with respect to Δu, we obtain

∂J

∂Δu
= −2GT (y∗ − Fx(kj)−HΔd(kj)) + 2MΔu (56)

where M = GTG+R. By equalizing (56) to zero and taking
into account the optimal control vector in (55), the following
expression for the incremental control signals is obtained:

Δu(kj) = M−1GT (r̄y∗(kj)− Fx(kj)−HΔd(kj)). (57)

Note that the vector Δu contains all the incremental control
values from the sampling instant kj to kj +Nc − 1. Since (44),
(45) is a time-invariant system, the incremental control can be
expressed in terms of a state feedback controller. According to
the definition in (46), the actual incremental control signal can
be expressed as follows:

Δu(kj) = Kry
∗(kj)−Kcx(kj)−KhΔd(kj)

= Kr(y
∗(kj)− y(kj))−KxΔxm(kj)−KhΔd(kj)

(58)

where

Kr = W(GTG+R)−1GT r̄ (59)

Kc = W(GTG+R)−1GTF (60)

Kh = W(GTG+R)−1GTH. (61)

Note that Kc = [Kx Kr] is the gain of the model-predictive
controller. Besides, based on the receding horizon principle, W
is theNc-dimensional matrix [Ip×p 0p×p . . . 0p×p]. Finally, the
optimum control signal is obtained by adding the incremental

value, Δu(kj), to the control signal in the previous sampling
instant, u(kj − 1). Then, one has

u(kj) = Δu(kj) + u(kj − 1) (62)

or equivalently

u(kj) = u(kj − 1) +Kr(y
∗(kj)− y(kj))−KxΔxm(kj)

−KhΔd(kj).

(63)

It should be noted that Kr(y
∗(kj)− y(kj)) is integrating the

error, thus achieving zero steady-state error.
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