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Detailed Modeling of the Low Energy Storage
Quadratic Boost Converter

Oswaldo Loépez-Santos
Julio C. Rosas-Caro

Abstract—The low energy storage quadratic boost converter
(LES-QBC) was recently proposed as an advantageous topology
in terms of reduced output voltage ripple and fast dynamic re-
sponse, besides high power density and reduced energy storage.
The topological configuration can be exploited mainly through
a 180° phase shift between the controlled switch gate signals.
Nevertheless, this feature imposes a relevant challenge in terms
of modeling, since traditional averaging an ripple estimation tech-
niques cannot provide an accurate approximation to the actual
switching dynamics of the converter. Motivated by this issue, in
this article, we provide a complete quantitative analysis of both
the steady-state and dynamic behavior of the LES-QBC, giving a
fine understanding of their operation in continuous conduction
mode when a pulse width modulator is used. The voltage gain,
ripple factor, and dynamic behavior are modeled considering par-
asitic resistances and a wide operation range for the input voltage
and the load. The demonstrated performance corroborates the
high value of the converter for several applications in the industry.
Every theoretical prediction is fully validated via simulations and
experimental results.

Index Terms—Quadratic boost converter, DC-DC power
converters, modeling of power converters, pulsewidth modulation
converters.

1. INTRODUCTION

OME renewable energy sources such as fuel cells (FCs)
S and photovoltaic panels have become predominant due to
climate change concerns. Since they offer relatively low dc
voltage levels, high step-up dc-dc converters are often used
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to interface them to grid-tied inverters [1]-[4]. The traditional
step-up or boost converter meets practical limitations when the
voltage gain is larger than five [4]-[6].

Several topologies have been proposed to overcome the chal-
lenge of the large voltage-gain in dc—dc converters. One solution
is the use of large voltage-gain converters based on magnetic
coupling, a transformer or a coupled inductor may be used to
increase the voltage through their turns ratio [1]-[3], [7], [8],
some drawbacks of this solutions are the size of the transformer,
especially when the turns ratio is large, if the coupled inductor
is used at the input port, it leads to discontinuous input current,
and additional passive components may be required to smooth
the input current waveform [4]. Another solution is the use
of step-up topologies that incorporate voltage multipliers [1],
[3], [5], [9], the voltage multiplier can be driven with a single
transistor and used to increase the voltage gain of the converter,
some disadvantages of this solution are the number of diodes
may be large, in some cases, paralleling capacitors may lead
to spike type of current, and additional components may be
required to make it resonant, which also limits the duty cycle in
which the converter may operate [10], [11]. There exist dc—dc
converters composed-topologies in which the input is connected
in parallel, while the output is connected in series [12]-[15].

The last type of converter that can be used to achieve large
voltage gain (which is the focus of this article) is the quadratic
boost converter (QBC) [16]-[24]. The traditional QBC was
initially proposed in [23]; it has a simple structure and few
components, organized in a nonisolated structure, similar to
second-order converters. A subgroup of the known QBC topolo-
gies can be classified as cascade-type converters built from the
interconnection of two identical stages. This concept can be
extended for more than two stages, providing higher gains at the
expense of a higher dynamic order and increasing components
[22], [23].

The more recent contribution in this field introduced the low
stored energy quadratic boost converter (LES-QBC). It is a
nonisolated converter, similar to the traditional QBC with a
different connection of capacitors and a particular pulsewidth
modulation (PWM) scheme, initially introduced in [24], it im-
plies several advantages against its traditional counterparts, such
as the reduced size of the required components. For example,
compared with the traditional QBC using the same parameters,
the energy stored in capacitors is D2 times lower in the studied
converter (LES-QBC). Due to that smaller passive components
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can be used for a given specification, the dynamic response of the
LES-QBC is also improved compared to the traditional QBC.
Furthermore, as a consequence of the capacitor position in the
power cells, the ripple of the output voltage can be considerably
reduced [24]. Due to their characteristics, the LES-QBC can be
used for the same applications of the traditional QBC, devices in
which a voltage gain larger than five is required, and at the same
time, no isolation is needed, for example, dc-based microgrids.

Itis well known that the permissible ripple in dc—dc converters
output voltage is the main criteria for selecting the output ca-
pacitor size. Then, the smaller the ripple component, the higher
the output voltage quality and the higher the capacitance value.
Consequently, an increasing capacitance implies a higher cost,
and a higher printed circuit board area, affecting the converter’s
final cost. Beyond the aforementioned impacts on the final
product, the capacitance directly relates to the time constants
of the converter variables. A large capacitor represents a larger
amount of energy stored, which can be seen as a detriment in
the performance of the control loops. Unlike what happens in
the capacitor’s design for other converters, the LES -QBC has
the two capacitors series-connected between the input voltage
and the output voltage.

Besides the clear advantages provided by the LES-QBC, there
are also emerging challenges, in particular those that require
the development of new tools for analysis. For instance, the
output voltage ripple behavior with respect to the duty cycle,
the capacitors relation, and the output power is not evident in
this new topology by following standard methods of analysis.
This makes it particularly challenging to define optimal design
criteria as in legacy converters. In addition, the converter is
based on a suggested phase 180° shift between the control
signals, yielding two operation regions for which the converter
waveforms display a peculiar ripple component behavior that
demands a nonconventional analysis.

In this article, we endeavor to develop such tools for analysis
that are required for the accurate modeling of the voltage-ripple
behavior of the LES-QBC, which naturally leads to an opti-
mal sizing and converter design. The model is obtained from
a piecewise analysis of the converter variables in continuous
conduction mode (CCM). The article provides design criteria
to incentivize the use of this very promising topology. The
modeling of the dynamic behavior is also performed, providing
a state-space representation, which can easily lead to transfer
functions to apply conventional control techniques. The rest
of this article is organized as follows. Complete modeling of
the stationary regime of the converter operating in CCM is
presented in Section II, leading to the analysis of the ripple
factor (RF) behavior, which is evaluated using two numeri-
cal examples. After that, in Section III, the converter’s dy-
namic behavior is analyzed for two numerical examples as-
sessing the complete input voltage and power load operation
range. Section IV provides simulated results obtained from
PSIM software compared with experimental results obtained
from two laboratory prototypes, validating the accuracy of the
analysis. Finally, Section V provides the conclusions of the
work.
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Fig. 1.  Circuit diagram of the ideal LES-QBC.

II. MODELING OF THE STATIONARY REGIME OF
THE CONVERTER

The LES-QBC shown in Fig. 1 is a fourth-order converter
that is composed of two stages, each of them integrating a
commutation cell (two controlled switches S; 2 or Ss4), one
inductor connected to the input port L; o and one capacitor
connected between the input port and the output port C' ».
The output voltage v, of the converter is obtained as the sum
of the input voltage v, and the voltages of the two capacitors
ve1 and veoo. u11,12,21,22 are the gate signals of the controlled
switches.

This work considers that the converter operates in CCM, and
the gate signals are produced using constant frequency PWM.
The signal u;; has a phase shift of 180° with respect to the
signal wus;. Consider then, that the converter can operate in
four possible states (circuit structures) depending on whether
the signals w11,12,21,22 are one or zero. This generates four
states defined by the pair ujuo (States 10, 00, 11, and 10).
The equivalent series resistance (ESR) of the capacitors are
defined as R and Roo while the parasitic resistance of the
inductors in series with the MOSFETs are defined as Rg; and
Rpo. Nevertheless, it is worth noting that MOSFETs S 4 can be
replaced by diodes without significant deviation from the model
since it considers a constant resistance in each current path. The
circuit structures corresponding to the four resulting states are
depicted in Fig. 2.

It is worth mentioning that parasitic inductances and ca-
pacitances were not included in the model, since their effect
in the output voltage ripple is not related to the selection of
inductances and capacitances of the converter. For example,
parasitic inductances may cause high-frequency ringing during
the commutation and this noise can be observed in several
points of the converter, but this cannot be reduced by increasing
the capacitance of energy storage capacitors. It is important to
reduce as possible the parasitic inductance of paths in which the
current is discontinuous, but this is independent of the selection
of capacitors.

Equations defining the behavior of the voltage in inductors and
currents in capacitors for the four states are defined as follows:
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Fig. 2. Operation states of the RSE-QBC operating in CCM. (a) State 10.
(b) State 00. (c) State 11. (d) State O1.

state 00 in expression (1), state 10 in expression (2), state 01 in
expression (3), and state 11 in expression (4)

vp1 = vg —ip1RE1 — 1

vr2 = v1 —ir2REs — v,
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tc1 = 1ip1 — o

ic2 = ip2 — o (D
v = vy — i1 Re

vro =1 —iroREs — v,

Z‘C'l = _io

ic2 =1r2 — lo (2)
vl = vg — i1 RE1 — 1

vrpo = v1 —ir2RE

tc1 =1ip1 —tp2 — o

ic2 = —lo 3)
vp1 = vg — i1 RE

vro = v1 —ir2RE

ic1 = —ir2 — fo

ico = —i,. 4)

The intermediate voltage v; and the output voltage v, are
defined by the following expressions:

v = vy +ve1 + Revien ©)

vy +vc1 +ve2 + Revicr + Resica. (6)

Vo

A. Modeling of the Inductor Converter Waveforms

As it was mentioned before, the control signals u; o are
produced by a PWM enforcing a 180° phase shift between them,
which originates two possible sequences of states depending on
the duty cycle, which will be presented as operation regions:
D < 0.5 and D > 0.5. The behavior in the boundary can be
defined by evaluating the expressions for D = 0.5 for any of the
two regions.

1) Operation Region D < 0.5: Operation in this region de-
fines the sequence of states 10—00—01—00, which is presented
in Fig. 3 together with the control signals and the inductor
currents.

Four intervals are defined in this region: 0 <t <t; , t; <
t<Ts/2, Ts/2 <t <ty and to <t < T, being t; = DT
and to = (1 + 2D) T /2. By applying the conventional volts—
second and charge balances (avg (vr,) = 0 and avg (ic,) =
0), the average values of the converter variables ( Iy, =iz, ,
Veae = Ucy ) can be obtained by solving the following equations
system:

[Ip1 T2 Ver Vez]' = Bp1 A 7
where Bpy and Ap; are defined by
—Vy (D + KID,)
—V,[D(1 - K1)+ (1— K, — Ky) D]
Bp1 =
VoKo/R
VoKo/R
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Fig. 3. Operation region D < 0.5. (2) State-flow diagram. (b) Converter
waveforms.
Ap1
api-11  api-12 — (1= Kp)D' K\D'
B api—21  api-22 1 — Ki — KoD' —K; — Ko D'
| (1—K)D apis2 —Ko/R ~Ko/R
—K1 D' api_ao —Ko/R —Ky/R
v}:};ere D'=1-D, Ko = grptsss, K= K=
£2, and
ap1-1 = —Rp1 — Ro1 (1 - K1) D'
api-12 = Re1 [(1— K1) D+ Ky (D' — D))
ap1_o1 = Rer (D' — K1D — [Ky + Kol (D' — D))
api-22 = — [Rp2 + Re1 (1 — K1) D
— [Rp2 + K (Re1 + R)| D'
ap1-32=—(1—Ky)D — KyD'
apr12 =K1 D+ (1 — Ka) D',

When operating in this region, the evolution of the circuit
structures 10—00—01—00 is defined by the system equations
on expressions (1)—(3). The inductor voltages are defined by the
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following piecewise functions:

_ Jvg— i1 Rt 0<t<TsD
ve (8) = {vg v —inRp TD<t<T, ®
v1 —iraREs —vg 0<t<0.5T%
) (t) =< vy —iaREs 05T, <t <ty )
vy —ipaREs — v, to <t <T,

where t, = 0.575(1 + 2D). Each waveform interval can be
rewritten in the form vy, + i7, Rg1 = v,, and then expressed
as a linear differential equation of the form:

dig,
dt

Where the initial condition of the resulting current waveform
of one interval is equal to the final value of the previous interval,
following the solution method presented in Appendix 1 (see for
details), the waveforms of the inductor currents are synthesized
as defined by (11) and (12):

Ly—— +ir.Res = v, (10)

. [ fia(t) 0<t< DT, an
LT fue(t) DT, <t < T,
fi2 (1) 0<t<Tg/2
i =1 fizp (t) 0.5T, <t <t, (12)
J12c () ta <t < Ty
where
_ i i RLElt
o) = =~ (g i @) ¢
_V6'1 VCl . RElt
t =
fuw (1) R <RE1 +ir1, (0 )
_VC2 VC'2 RE2t
o (1) = L=
fi2 ( ) R (RE2 +iro, )
_ L ﬁ RLEQt
Fia (1) = (RE2 ira, (O)) e T2
VC2 V Rpa,
e (1) = — e
fize (1) R + (RE2 +ir2, (0)> e

Also, as itis developed in Appendix I, the following nonlinear
terms are defined:

S; = 0.5 —0.5sign (t — DTy) (13)

Sy = 0.5 — 0.5sign (t — T,/2) (14)
, T,

S3 = 0.5 —0.5sign (t —5 DT, ) (15)

Then, from (1)-(3) and (11)—(15), the capacitor currents
waveforms can be obtained as follows:

Vo

ic1 = (S5 —S1) fi1o — (S5 — S2) frop — vl (16)
o2 = 52 fiaa+ (1= 85) fuze — =2 (17)

The voltage waveforms of the capacitors are obtained by using
expressions (18) and (19) where any bias of the ac component
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Fig. 4.

Detail of the converter waveforms and intervals for D = 0.4.

is eliminated before adding it to the average component

T, 1 Ts Ts
ver =Ver+ [ o= 7 | (/ imdt) gt (18)
0 Ts Jo 0

AC component

Ts 1 Ts Ts
voo = Voo +/ icodt — — f (/ iCth) dt. (19)
0 Ts o 0

AC component

Recalling (6), v, = vy +veo1 +vo2 + Reovict + Rezico.
Fig. 4 details the ripple of the inductor’s current and output
voltage waveforms related to gate signals and time intervals for
the case D = 0.4.

2) Operation Region D > 0.5: This structure is obtained dur-
ing intervals in which M, and M5 are closed (u; = 1, ug = 1),
and consequently D; and D5 are open. A state-flow diagram de-
scribing the sequence obtained in this region (11—01—11—10)
is presented in Fig. 5 together with the control signals and the
inductor currents.

Like in the precedent region, four intervals results defined
in this region: 0 < t < ty,t; <t <0.57,,0.57s <t < tg,and
to <t <Ts beingt; = (D —0.5) Ts and to = DT. By ap-
plying the same procedure of the previous region, it is obtained
that

(111 Iz Vor Voo ] = Bps A (20)

having Bps and Apo defined by
-V, (D + K D)
Vo[l = K1) D+ (1 - Ky — Ko) D'
VoKo/R
VoKo/R
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Fig. 5. Operation region D > 0.5. (a) State-flow diagram. (b) Converter
waveforms.
ap2-11  apz-12 —(1—K;)D' K, D'
ap2-21  apz-22 1 — Ky — KoD' =K1 — KoD'
(1—-Ky)D aps-32 —G, —Gy
—K\D' aps_s2 ~G, -G,
where

ap2-1=—Rg1 — Ro1 (1 - K1) D'
apz-12 = Rey (1 - Ky) D'
apz 21 = Rer (1 - Kp) D'
ap2-22 = — [Rp2 + Ro1 (1 — K1) D

— [Rp2 + K2 (Rc1 + R)]
aps-32 = — (1 — K1) D — Ky2D'
apsr_so = K1 (2D' — D) + (1 — K3) D

Now, considering the above-defined intervals and expressions
in Table I, the waveforms of the inductor currents can be syn-
thesized as follows:

) f21a (t) 0<t< l)TS
L1 =

21
forp (t) DT <t < Ty @D
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TABLE I
PARAMETERS OF NUMERIC EXAMPLE 1

Element Symbol  Value  Unities
2,2
3.3
4,7
. C, 11 uF
Capacitor Cell 1 2
47
82
R¢y 50 me
. C, 11 uF
Capacitor Cell 2 R, 50 e
Inductor Cell 1 Ly 1.80 mH
Rgq 200 me
Inductor Cell 2 L, 6.08 mH
Rg, 200 me
) R in 240 Q
Load resistance - 3700 0
Switching frequency fs 27 kHz
f22a () 0<t<t
ir2 = 9 faz (1) th <t<T,/2 (22)
f220 (t) Ts/2 <t< Ts
where
V]_ ‘/]_ . ,mt
W) = — (o =i, (0) ) e 7
Ja2a (1) = - (]%EQ iz, ( )) e
—Veo Voo ~Epay
t) = — 0 2
f22b ( ) RE2 (RE2 + lLQb ( ) € 2
%1 i . _Bpay
() = — — | — — 0 2
fure () = g (g s, (0))

Then, from (10) and (11), the capacitor currents waveforms
can be obtained from Table I as follows:

Vo
ic1 = (1 —.53) fiip — S1f22a — (S3 — S2) faze — T (23)

Yo
ik

The voltage waveforms of the capacitors are obtained by
using the same expressions (18) and (19) solved for (23) and
(24). Fig. 6 details the ripple in the inductor currents and output

voltage waveforms related with gate signals and time intervals
for the case D = 0.6018.

ico = (S2 — S1) foop — (24)

B. Output Voltage Ripple Analysis

A quantitative analysis of the ripple behavior of the converter
can be performed by using the RF or the peak-to-peak ripple
(Rpp) indicators. Consider that output voltage waveform is
defined by

Vo = Vdc + U (25)
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Fig. 6. Detail of the converter waveforms and intervals for D = 0.6.

where V. is the average output voltage and v,.(wt) is its ripple
component. Also consider that maximum and minimum of the
output voltage are defined as max(v,) and min(v,).

Then, the RF is defined as follows:

ﬁorms
RF = Zorms
Vdc

wherein both v,,,.,,,s and V. are functions of the operation point
(duty cycle) which in turn is defined by the input voltage and
output load conditions. The RF can be computed as follows:

RF = L e v
- = t_ V2
Vdc Ts (l). vo de

Conversely, considering the symmetry of the ac component,
the peak ripple indicator Rpp can be computed as

(26)

max (v,) — min (v,)
2Vae

To better understand the correlation between both indicators,
we provide numerical examples.

Rpp =

27

C. Numerical Example 1

Consider an RSE-QBC of 240 W, which is used to provide
an output voltage of 240 V from a series battery bank of five 12
V batteries whose voltage ranges from 50 to 72 V. The better
features must be guaranteed for the neighbor of a nominal input
voltage of 60 V. The converter feds a resistive load demanding
a power consumption between the 24 and 240 W (10% to 100%
of the nominal power).

Consider that switching frequency is defined as 27 kHz and
the inductor design is constrained to attain boundary conduction
mode (BCM) when the minimum power load is fed by the con-
verter (current ripple amplitude is 200% of the average value of
the inductor current at the operation point defining the minimum
average current). From (2)—(4), by replacing vy, = L% and
average values for voltages computed using (7) or (20), the
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Fig. 7.  Delimitation of the duty cycle range for numerical example 1.

following expressions are obtained for inductor design:

— Vg maxQ Vg max
Ll B 2Pmin fs (1 a Vo (28)
V V. V
Lo — 9 max "~ © 1— 9 max ) 2
? 2]Dmin fs ( Vo > ( 9)

A value for Cy similar to the one required to ensure a RF
below 1% at the output of the conventional QBC using the same
parameters was selected. Different values of C are selected for
further analysis. In this example, the parameters listed in Table I
are used for simulations.

First, the steady-state values of the converter variables are
computed for the entire range of duty cycle using expressions
(7) and (20) considering the maximum and minimum load. As
it can be observed in Fig. 7, the desired voltage of 240 V is
obtained using a duty cycle ranging from 0.4 to 0.6.

For the proposed converter, further analysis is required to
adequately select the appropriate capacitors. To provide useful
results, the RF and Rpp percentage were evaluated considering
Cl == 02 =11 MF.

As it can be noted in Fig. 8, the converter is able to supply the
desired 240 V output voltage in the entire range of input voltages
using a duty cycle ranging from 0.45 to 0.55. The RF shows its
better performance for the operation region around D = 0.5,
which corresponds to input voltages around 60 V. When the
converter operates at low output power, the RF is practically
similar for the entire range of voltage while for the rated power
itdescribes a parabolic behavior. Operating with the rated power
(240 W), the RF is lower than 0.12% taking its minimum value
around 0.03%. The Rpp shows a similar behavior but a difference
between both operation regions can be identified. Operating with
the rated power (240 W), the RF is lower than 0.6% taking its
minimum value around 0.1%.

Finally, the ripple behavior was evaluated considering differ-
ent relations of the capacitor size and the extremes of the output
power. As it is depicted in Fig. 9(a) for low powers, values of
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Fig. 8. Operation region of the LSW-QBC of the numerical example 1.
(a) Duty cycle. (b) RE. (c) Rpp percentage.

C1 lower than Cy considerably increases the RF while values
of (' higher than C5 has not considerable effect. In Fig. 9(b),
similar to what happens for low powers, values of C; lower
than C5 considerably increases the RF. Furthermore, the use of
capacitors of the same value ensures, in this example, a better
result showing a reduced RF. After that, as it is depicted in
Fig. 9(c), for values of C; higher than C, the RF increases.
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C, = 22pF
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Fig. 9. RF as a function of the input voltage for numerical example 1.

(a) Minimum power (24 W). (b) Maximum power for relations Cy > Co
(240 W). (c) Maximum power for relations C'; < Co.

This last result show how the potential use of the best features
of the converter is related with operation with duty cycles close
than 0.5 and having C; = C5 .

D. Numerical Example 2

Consider an RSE-QBC of 600 W, which will be used to
provide an output voltage of 380 V from a battery bank of five
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TABLE II
PARAMETERS OF NUMERIC EXAMPLE 2

Element Symbol  Value  Unities
2,2
3.3
4,7
. C 11 F
Capacitor Cell 1 1 2 #
47
82
R;y 50 9)
Capacitor Cell 2 RCCZZ ;é Zg
Inductor Cell 1 Ly 487.9 uH
Ry 200 me
Inductor Cell 2 L, 2.57 mH
Rg, 200 mQ
. Rin 240 Q
Load resistance - 5400 9
Switching frequency A 50 kHz

Fig. 10. Delimitation of the duty cycle range for numerical example 2.

12 V batteries connected in series. Wide which voltage ranges
from 50 to 72 V. The best properties must be guaranteed for
the neighbor of a nominal input voltage of 60 V. The converter
feds a resistive load demanding a power consumption between
60 and 600 W (10% to 100% of the nominal power). Consider
that switching frequency is defined as 50 kHz and the inductor
design is constrained to attain BCM when the minimum power
load is fed by the converter. The parameters listed in Table II are
used for numerical analysis.

The steady-state values of the converter variables are com-
puted for the entire range of duty cycle using expressions (7)
and (20) considering the maximum and minimum load. As it can
be observed in Fig. 10, the desired voltage of 380 V is obtained
using duty cycle ranging from 0.56 to 0.65.

Different to the numerical example 1, in this case, the range
of operation of the converter has not included the critical point
of D =~ 0.5. Asitis possible to observe in Fig. 11, the duty cycle



LOPEZ-SANTOS et al.: DETAILED MODELING OF THE LOW ENERGY STORAGE QUADRATIC BOOST CONVERTER

.) 60

50
55
70 65

Vin (V)
(c)

Fig. 11.  Operation region of the LSW-QBC of the numerical example 1.
(a) Duty cycle. (b) RE. (c) Rpp percentage.

takes values above 0.56. From the analysis, it is possible to con-
clude that both RF and Rpp have a similar behavior. The values
of RF observed for converter operating with minimum power
are similar indistinctly to the input voltage value. Conversely,
operating with the maximum power, the RF increases when the
input voltage decreases.
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Fig. 12. RF as a function of the input voltage for numerical example 2.
(a) Minimum power. (b) Maximum power.

Similar to the previous example, the ripple behavior was eval-
uated considering different relations of the capacitor sizes. As it
is depicted in Fig. 12, values of C'; lower than C considerably
increases the RF. The use of capacitor of the same value ensures
in this example the better tradeoff because although a lower
ripple is obtained with a higher value of C'1, that reduction is not
compared with the required size of the capacitor. According
to the results, similar RF is obtained when C; = 11 uF or
Cl = 82 /JF

III. DYNAMIC MODELING OF THE CONVERTER
A. Derivation of the Linear Averaged State-Space Model

The expressions (1)—(4) can be written in the differential
form to obtain the dynamic model for each operating state of
the converter as follows: State 00 in expression (30), state 10
in expression (31), state 01 in expression (32), and state 11 in
expression (33)

di 1 . .
% =T [— (KqsRc1 + Re1)iny + K1 K Reoire
1
—K,vc1 + K1 Kovee + K1 Kyvg)
diro 1 ) .
- I, [Kc.Rciipi — (KyReoo + Rp2) ine + Kever

—Kyves + Kcvg]
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del ]. ) .
- _[(R-K, _K,
dt RCl [(R R01) 101 RCQ’LLQ
—Kover — Kovea — Kovg)
dvcy _ 1 [—KoRevipg + (R — KoReo) ing — Kov
di - RCQ ollC1tL1 ollC2) tL2 olC1

—K,vco — Kovg)

vy = KoRevipy — KiKoRezire + Kaver — K1 Koves
+ K,vy

Vo=K,Rciipi+KoReoips + Kover + Kovez + Kovy

(30)
dipy 1 .
a i (—Rp1ir +Ug)
dirs 1 .
— = — [— (K, K.
o T, [— (KyRe2 + Rpz)ire + Keven
—Kpyveo + Kcvg]
dv, 1 .
dil = RC, (_KORCQZLQ — Kovcr — Kovea — Kovg)
d’UCQ 1 .
dt = Ri@ [(R - KORCQ) L2 — KO'UCl - KO'UCQ - Kovg}
vy = — K1 K,Reaire + Kover — K1 Koves + Kavg
Vo = KoReotira + Kover + Kovea + K()Ug (3D
di 1 . )
d;l I [~ (KoRc1 + Rp1) iz + KqRevire
_KavCl + KIKOUCQ + KlKovg}
dips 1 . )
Y = T Ka - Ka
o T, [KqRcuip1 — (KoRe1 + Rp2)ire
+KaUCI - KlKoUCQ + Kavg]
dv 1 . .
dfl = RC, [(R — Ky,Rec1)ipn — (R— KoRe1) e
— V1 — KOUCQ - KOUQ]
dvca 1 . .
= —|[-K,R K,R - K,
dt RC, [ c1tr + C1lL2 Vo1

—KO’UCQ — KO’Ug]
v = KqRovipn — Ko Reovips + Kover — K1 Kpvea + Kqvy
Vo = K0R6'1iL1 - K0R01iL2 + Ko'UCl + KOUCQ + Kovg

(32)

dipy 1 .

T i [—RE1ir1 +Ug]

Bia _ L1 (K Rer + Ris)ins + Ko

i I, oBc1 E£2) 112 alC1

—KlKOUCQ + Ka’l}g]

dv 1 .

djl = RC, [— (R—KoRc1)ipe — Kover — Koveo

—K,vg]
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d’UCQ 1 .
dt - RCQ [K0R01ZL2 - KOUC}'l - KOUCQ - Kovg}
v) = — K Revire + Kover — K1 Koves + Kqvg

v, = — K Revire + Kover + Kyves + Koy (33)

where K, = 1 — K1 K,, K} =K, (14+ K;),and K. = 1 —
K, = K, — K. The differential model defined by expressions
(30)—(33) can be represented in the state-space using the follow-
ing sets of matrices, respectively:

—K.Rc1 — Ry K1 K,Reo -K, K K/]
Iy Ly 14 Ly
K.Rc —KyRey — Rps K. —K,
A — Ly Ly Ly Lo
o0 R — K,Req ~K,Reo  —-K, -K,
RCy RC, RCy RC,
—K,Rc1 R— K,Reo -K, -K,
L RCy RC, RCy RO, |
F KK,
L, 0
K.
T 0
Ly
By = Dyy =
K, K,
RCy
-K, K,
L RCy |
1 0 0 0
0 1 0 0
Coo = (34)
KaRC1 _KlKoRCQ Ka _KlKo
_K0R01 KORCQ KO Ko
- Ry -
— 0 0 0
Ly
o Kl - Re K. —K
Ao — Ly Ly Ly
10 0 —K,Rca -K, -K,
RCl RCl RCl
0 R— KORC2 *Ko *Ko
L RCY RCy RCy |
1
Ly 0
K.
T 0
L
BlO - _}—?O D10 = K
RCy
-K, K,
RC, |
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1 0 0 0
0 1 0 0
Cio = (35)
0 -K1K,Rco K, —K 1K,
_0 KORCQ Ko Ko
[ _KaRCl - REl KaRCl _Ka KlKo T
14 L4 Ly Iy
KuRc1 —KaRc1 — Rpz Ko —K 1Ky
A — Ly Ly Ly Lo
"7 | R— K,Re1 —R+ K Rey —K, — K,
RC, RC4 RCy RCq
7K0R01 KORCl 7Ko 7Ko
L RCs RCy RCy5 RCy i
- KK, 7
L, 0
K,
N 0
Ly
By = Dy, =
-K, K,
RC4
K, K,
L RCsy |
1 0 0 0
0 1 0 0
Co1 = (36)
KaRCl _KaRCl Ka _KlKO
_KORCl _KORCl Ko Ko
[ _fEl 0 0 0o |
' _K.Rei— Rm K. —KiK
0 L L L
An = ritre R R,
RC, RC RC
0 KORCI —No —INo
L RCQ ROQ RC2 -
- i -
L
K. 0
Io 0
By = _L[%O D=k
RC K,
L RC5
(1 0 0 0
0 1 0 0
=10 -K.Re) K, KK, e7
_O _KORCH Ko KO

As it is well known in the literature, the dynamic behavior of
the dc—dc power converters operating in CCM using PWM can
be accurately modeled by using averaged linear models which
in turn are derived from the state-space representation [15]. As a
particular condition for the studied converter operating in CCM,
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its structure changes between three of the four possible states
and one of these states changes depending on the instantaneous
value of the duty cycle. Then, an extension of the conventional
procedure is applied to obtain the averaged linear models.

1) Operation Region D<0.5: Considering the sequence of
states 10— 00— 10—00, the following equation system is ob-
tained from the region D<0.5:

dz

= = [D (Ao + Ao) + (1 = 2D) Ago]

+ (A1 + Aot — 2400) X + (Bio + Bor — 2Boo) V] d
+ (D (Bio + Bo1) + (1 — 2D) Boyo) 74

y=1[D(Cio+ Co1)+ (1 —2D)Coo| &
+[(C10 + Cor — 2C00) X + (D1o + Dor — 2Dgo) Vgl d
+ (D (D10 + Do1) + (1 = 2D) Dyy) 7 (38)

where d is defined as the control variable and U4 as a disturbance.

2. Operation Region D > 0.5: Considering the sequence
of states 11—10—11—01, the following equation system is
obtained from the region D > 0.5:

% =[(1 = D) (Ao + A1) + (2D — 1) An1] &
+[(2411 — A1g — A1) X + (2B11 — Big — Bo) V] d
+((1 = D) Bio+ (1 = D) Bo1 + (2D — 1) B11) 9
y=[1-D)(Cio+Con)+ (2D —-1)C1]7
+[(2C11 — C1o — Co1) X + (2D11 — D1g — Do1) V) d
+ ((1 = D) (D1o + Do1) + (2D — 1) D11) 0. (39)

From the averaged models (38) and (39), itis possible to obtain
the transfer functions for any of the state variables or the outputs
to either the control variable or the input voltage disturbance. For
transfer functions related with the control, the input voltage is
considered as nule as well as for transfer functions related with
the input voltage, the control is considered as nule. For numerical
examples, the following transfer functions are considered:

Goals) = ‘l/;((j)) (40)
Gvg(s) = ;: Ez; (41)

The validity of the models is assessed by comparing the re-
sponse of the complete circuit in a simulated model implemented
in PSIM.

B. Numerical Example 1

The parameters defined in Table I corresponding to the nu-
merical example 1 of the previous section were used for this
example. Expressions (40)—(41) are evaluated for v, = 70V,
R = 480 Q and D = 0.425 obtaining (42) and (43). As it can
be noted, there are three roots in the numerator of the transfer
function (42) which has a nonminimum phase nature, and two
pairs of complex conjugate roots in the numerator of the transfer
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Fig. 13. Comparison of transient responses obtained from the simulation of

the complete converter and the averaged model. (a) Increasing stimulus of the
duty cycle in the region D<0.5 (0.4 to 0.425). (b) Increasing stimulus of 10 V
in the input voltage (D = 0.425).

function (43).

Gvd(5>

 —256.9k (s — 15.61k) (s® +222.1s + 15.02M) @
(8243305 +4.1M) (s2+216.9s + 20.24M)

Gug(s)

(5% +40.98s + 8.59M) (s% + 134.5s + 29.04M)
(s24330s + 4.1M) (s2 +216.9s + 20.24M)

(43)

Fig. 13 shows a comparison of the transient responses ob-
tained from the complete switched circuit simulated and the
linearized averaged models (transfer function) in PSIM. First,
starting from a duty cycle of 0.4, an increasing stimulus of 0.025
is applied to the duty cycle at 0.05 s. In the same figure, the
response of the converter to an input voltage stimulus of 10 V
applied at 0.06 s is assessed. The initial input voltage is 70 V
for both simulations. The validity of the averaged model for this
example is confirmed from time response analysis.

Similarly, (40)—(41) are evaluated forv, = 50V, R = 4802
and D = 0.6 obtaining (44)—(45). In these transfer functions the
roots remains in the same region of the complex plane

Guals)
—652.1k (s — 3494) (s? + 12475 + 12.78 M)

= 44
(s2 +367.6s + 1.359M) (s2 + 174.5s + 14.5M) “4

Gvg(s)

B (82 + 38.48s + 5.98M) (32 + 130.6s + 20.2M) 43)

(s2 4 367.65 + 1.359M) (s2 + 174.55 + 14.5M)
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¥, (Linear averaged) v, (Switched)

v, (Linear averaged) v, (Switched)

0.06 008 01
Time (s)

Fig. 14. Comparison of transient responses obtained from the simulation of
the complete converter and the averaged model: a) Increasing stimulus of the
duty cycle in the region D > 0.5 (0.575 to 0.6); and, b) Increasing stimulus of
10 V in the input voltage (D = 0.575).

Fig. 14 shows the transient responses for the region D > 0.5.
Firstly, starting from a duty cycle of 0.6, an increasing stimulus
of 0.025 is applied to the duty cycle at 0.05 s. Equally, the
response of the converter to an input voltage stimulus of 10 V
applied at 0.06 s is assessed. The initial input voltage is 50 V
for both simulations. The validity of the averaged model for this
example is confirmed from time response analysis.

C. Numerical Example 2

The same procedure applied for the previous example is
developed using parameters in Table II. Expressions (40)—(41)
were evaluated considering a steady-state starting point with an
input voltage of 55 V and a duty cycle of 0.57. The transfer
functions (46)—(47) were obtained. As it can be noted, the roots
in the complex plane have similar behavior with respect to the
numeric example 1

—714 (s — 11.34k) (s* + 1087s + 34.54M )

Goa(s) = .
a(8) = (¥ 175.85 7 3.878M) (s + 451s 1 44.360)
(46)
(s +91.52s + 14.15M) (s + 4.79s + 74.53M)
Gug (s)=

(s2 4 475.85 + 3.878M ) (s2 + 4515 + 44.36 M )
(47

Fig. 15 compares the transient responses obtained from the
complete switched circuit simulated in PSIM and the averaged
model when a stimulus of 0.03 is applied to the duty cycle at
0.05 s and one of 10 V is applied in the input voltage at 0.06 s.
The validity of the model for this example is confirmed from
time response analysis.



LOPEZ-SANTOS et al.: DETAILED MODELING OF THE LOW ENERGY STORAGE QUADRATIC BOOST CONVERTER

U, (Linear averaged) v, (Switched)

#, (Linear averaged) v, (Switched)
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Fig. 15.  Comparison of transient responses obtained from the simulation of
the complete converter and the averaged model to changes in the duty cycle for
numerical example 2: Increasing stimulus in duty cycle from 0.57 to 0.6.

TABLE III
PARAMETERS OF THE CONVERTER PROTOTYPE 1

Element Symbol Value  Unities

Capacitor Cell 1 C, 11 uF
(EPCOS M110725007) R;y 120 9)
Capacitor Cell 2 C, 11 uF
(EPCOS M110725007) R, 120 me)
Inductor Cell 1 Ly 270 uH
(Bourns 1140-271-RC) R, 100 me
Inductor Cell 2 L, 810 uH
(Bourns 1140-821-RC) R, 200 mQ
MOSFETs Ry 120 me
Diodes R;, 120 me
Switching frequency JA 40 kHz
Vi Nmin 40 4

Input voltage o 50 7
Output voltage v, 220 Vv
Rated power Pox 220 w

IV. EXPERIMENTAL RESULTS

A set of tests were carried out in the laboratory to provide
experimental validation to the theoretical predictions with re-
spect to the modeling of the converter. A first converter pro-
totype was build using the passive components listed in Ta-
ble III as well as two power MOSFET R6020KNZ1 (ROHM),
one diode SURF1560 (SMC), and one diode LXAO08T600. The
gate signals are produced using a dual PWM channel of the
DSP TMS320F28335 and optically isolated using two drivers
TLP351 whose output side is fed by auxiliary dc sources TRIAD
WSU240-1000-13 to entirely isolate the power stage of the
control stage. The experimental setup used during measurements
for this prototype was composed of one programmable dc source
BK Precision XLLN6024 and one ITECH Programmable dc
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DSP controller

Programmable DC source

Programmable DC load

Fig. 16. Photograph of the experimental setup, converter prototype, and in-
struments.
TABLE IV
PARAMETERS OF THE CONVERTER PROTOTYPE 2
Element Symbol  Value  Unities
Capacitor Cells 1 and 2 C, 4.7 ukF
(EPCOS M110725007) R;q 120 me
Inductor Cells land 2 Ly 250 uH
(Bourns 1140-271-RC) R, 100 me
MOSFETs Ry 85 med
Switching frequency fs 50 kHz
Nominal input voltage Vinmin 30 v
Nominal output voltage A 250 4
Rated power P ax 400 w

Load ITECH IT8512+, taking measurements using one Oscillo-
scope Tektronix MSO2014B with current probes TCP0020 (see
Fig. 16).

An additional experiment was conducted with a second con-
verter prototype in order to explore the closed-loop behavior
and provide efficiency measurements when improved elements
are used. The corresponding parameters are listed in Table IV.
The prototype uses four gallium nitride (GaN) FET TPH3212PS
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Fig. 17. Comparison of the output voltage to duty cycle curves obtained from theoretical evaluation, simulations, and experiments.
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Fig. 18.  Experimental measurements of RF as a function of the operation conditions.

(TransPhorm). The gate signals are produced using a dual PWM
channel of the DSP TMS320F28335. The experimental setup
used was composed of one dc source Keysight de SO0V-30A
and one BK Precision de 1.5 kW.

A. Converter Gain Assessment (Prototype 1)

The gain behavior of the first converter prototype was assessed
by comparing the results obtained from theoretical evaluation of
the average output voltage with the results obtained from PSIM
simulations and laboratory experiments. As it can be observed
in Fig. 17 (considering an input voltage between 50 and 60 V,
a load resistance between 240 and 2400 €2, and the objective of
220 V in the output voltage of the converter) the range of duty
cycle required for the operation of the converter is higher for both
simulation and experiments. The window of variation is around
0.1 for theoretical results while it is around 0.12 for simulation
and experiments. The medium point of the range moves to the
right from 0.475 to around 0.525. The deviation is mainly due
switching losses and other parasitic components that have not
been considered in the theoretical modeling approach.

B. RF Assessment (Prototype 1)

The RF behavior was evaluated experimentally for a capacitor
relation of C'y = Cy , which demonstrated to be the best to
operate the converter in a wide range of duty cycle around the
point D = 0.5. Comparison is developed by assessing the RF

for two different levels of output power using: a) the theoretical
model; b) the measurement of the RF from PSIM simulations;
and c¢) the measurement of the RF from laboratory experiments.
As it can be observed in Fig. 18, the existence of the parasitic
resistances in the components increases the optimal RF for
different power levels. In addition, with respect to the theoretical
model, the results obtained from the simulation of the complete
switched circuit shows slightly increased values of the ripple and
a small displacement to the right side of the curve (optimal duty
slightly increases). Also, experimental results shows a rise in
the optimal RF as consequence of spurious phenomena induced
by switching events and additional parasitic capacitances and
inductances that were not included in models since these effects
affect the accuracy of the measurement. In spite of that, the
obtained behavior is close to the one obtained from models and
simulations.

C. Steady-State Behavior of the Converter (Prototype 1)

The waveforms of the converter variables were captured
from PSIM simulation and laboratory experiments performing
a comparison using the same scales and graphical distribution
of signals in the captures. The duty cycle of the converter
was adjusted in order to ensure an output voltage of 200 V
for four different operations points given by an input voltage
(30 or 60 V) and an output load (220 or 440 Q). As it can
be observed in Fig. 19, the current waveforms are practically
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Fig. 19. Comparison of simulated and experimental waveforms. Experiments: (a) Vg = 60 V and R = 440 €, (b) Vg = 60 V and R =220 2, (c) Vg =30V
and R =440 €2, and (d) Vg = 30 V and R = 220 2. Simulations: (¢) Vg =30 V and R =440 €, (f) Vg =30 V and R =220 €2, (g) Vg =30 V and R = 440 Q;
and (h) Vg =30V, D = 0.4 and R = 220 Q. Scales of osciclloscope captures: Chl (v, - ac measurement — 5 V/div), Ch2 (vgq4te- 50 V/div), Ch3 (ig1 - 5 A/div),

and Ch4 (ir,2 - 5 A/div).

equal for simulation and experiments, while the ac component
of the output voltage shows slight differences mainly related to
parasitic capacitances and inductances that has not been included
in the models. Despite this, the similarity found is sufficient to
support the results presented in this article.

D. Open-Loop Dynamic Response Assessment (Prototype 1)

By using the same set of elements in both cell-type QBC
topologies, the open-loop dynamic of the output voltage was

compared. For this test, the response to increasing and decreas-
ing step-type stimulus in the duty cycle was assessed. For the
experiments, one analog input channel of the DSP was used to
modify the duty cycle by means of a symmetric square signal
with a frequency of 100 Hz with levels producing changes in
the duty cycle from 0.4 to 0.5 and 0.55 to 0.6, then reviewing
transient response in both regions of operation of the converter.
Two experiments were developed, one starting from a duty
cycle below 0.5 and other starting from a duty cycle above
0.5. Both experiments use an input voltage of 30 V and a
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Fig. 20. Time responses of the QBC to duty cycle changes. From 0.4 to 0.5 and vice versa: (a) experimental, (b) simulated switched model, and (c) simulated

average model. From 0.55 to 0.6 and vice versa: (d) experimental, (¢) simulated switched model, and (f) simulated average model.

load resistance of 440 (). Fig. 20 shows a comparison of the
transient responses obtained from the nonlinear switched model
implemented in MATLAB (subfigures a and b), the linearized
averaged model implemented in MATLAB (subfigures c and d)
and the real converter (subfigures e and f). Captures obtained
from the numerical simulation were adapted to the same scales
and configuration of the oscilloscope captures favoring detail
in the visual comparison. Time responses with settling times
around 20 ms were obtained. The accuracy of the modeling
process is confirmed allowing the use of the models for control
design.

E. Closed-Loop Dynamic Response Assessment (Prototype 2)

To corroborate the dynamic performance of the converter
under closed-loop operation, line and load regulation tests were
performed. To do that, a proportional-integral control structure
considering a voltage feedback controller was developed to
regulate the output voltage to 250 V. The transfer function of

the implemented controller is Hs = 0.02 s+363.63/s. As it can
be seen in Fig. 21(a), the input voltage is varied from 25 to 35 V
and back from 35 to 25 V. It can be observed that the behavior
of the capacitor voltages along with the output voltage are well
bounded. The same bounded transient behavior is observed in
Fig. 21(b) where the load is changed from 150 to 250 W and
back to 150 W. In both experiments, the output voltage is well
regulated and reaches stability in a maximum time of 10 ms after
the transient event.

FE. Efficiency Measurement (Prototype 2)

The efficiency of the second power converter prototype was
also investigated. A test and computations were performed
considering different output power levels and the results are
shown in Fig. 22. As can be seen, the converter got maximum
efficiencies of 95.8% and 94.3% for the computed and measured
value, respectively.
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Fig. 22. Measured and computed efficiencies of the converter prototype 2.

V. CONCLUSION

This article presented a deep and accurate analysis of the
LES-QBC operating with constant frequency PWM by regard-
ing its static behavior, including the influence of the parasitic
resistances in semiconductors and passive components. The
developed analysis has allowed distinguishing two operation
regions in the duty cycle, one above and one below the point
0.5. All the waveforms of the converter can be reproduced with
high precision using the obtained models. The resulting ripple
component in the output voltage was assessed finding that the
best region to operate the converter regarding this aspect is
around a duty cycle of 0.5. Nevertheless, the advantages of the
converter can be exploited in a wide region by using capacitors
with reduced ESR such as film capacitors, which is possible with
this topology because the value of the required capacitances can
be further reduced.

In addition, a linear state-space dynamic model was derived
from the analysis of the variable structure behavior of the circuit
when a 180° phase displacement is used in the control signals.
Although there are differences in the model for the two studied
regions, they show a very similar response. The accuracy of the
models was confirmed by means of simulation and experimental
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Closed-loop response of the converter prototype 2. (a) Under input voltage changes from 25 to 35 V. (b) Under output power changes from 150

results. The resulting models can be used for control purposes
by applying any classic linear techniques.

The future work related to this research will include the study
of the converter and its control to work inside other applications
including connection to batteries or dc-buses as loads as well as
the use in renewable energy applications.

APPENDIX 1

According to the state of the control signal u;, the waveform
of the current on the inductor L can be defined as a piecewise
function with two time intervals. The expressions for vy, (¢) in
(1)—(4) can be combined in the generalized form
diry v, —tr1Rp1 0<t<t,

{ to <t <Ts

vra (t) =Ly =

7 (A1)

vy — i1 R

wheret, = DT, v, = vy and vy, = vy — v1. The firstinterval
(0 <t < ty) can be rewritten as follows:

dira,
dt

L1 + iLla REl = Vq. (AZ)
By applying the Laplace transform, the following expression

is obtained:

i1 (0
Iy, (s) = + ZL”BS )1 (A3)
I,

By applying the inverse Laplace transform, it is obtained

Va . _EE1y

| =——1%1,(0) e 1.
(REl el ))

For the second interval (¢, < t < T}), the same procedure is
applied to obtain

Vaq

" Rm

ir1, (1) (A4)

ir1, (t) —ir, (0)> e (AS)

o w _( vy
Re Rg
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The inductor current i1 (¢) is then described by

fo<t<t,

v v . —Em
R;l — (T;l —r1, (O)) e I
R .
e = (s =i, (0) e Bt <t < T,
(A6)
To find the initial conditions, the coincidence of the signal
sections in the instant ¢, is assessed as follows:

RE1y

,l}(l vﬂ. . —
— _ O L
Rpy <RE1 i1, ( )> o

a

Up Vp . LT
= (= _ 0 Ly e AT
R (REl iz, ( )> c (A7)
By defining that v = RE”“ and o = a2ty — bt is
obtained that
ir1, (0) =ir1, (0)+a. (A8)

On the other hand, the mean value of i, (¢) can be obtained
by definition from (A6) as follows:

1 ta /' V,
I =—
H T |:/0 (REI

_mt
— Kie 1 dt

v, Bl
+/ ( ~ Kye T >dt] (A9)
t, \Lp1
where K, = 7 (0)and K}, = R‘gl —ir1,(0). Itis ob-
tained that
1 [(va —vp)ta +Ts Kol
I = -
T, Rg1 Rpy
L Ky L
+ e (K, — Ky) + =2t (A10)
REl REl

Having that /71 can be obtained from average analysis in (7)
or (20), it can be deduced that (A11), shown at the bottom of
this page

After that, expression (A8) must be evaluated to complete
parameters defining 7,1 (¢) in (A6).

According to the state of the control signal us, the waveform
of the current on the inductor L5 can be defined as a piecewise
function with three time intervals. The expressions for vy, (¢) in
(1)—(4) can be combined in a generalized form as follows:

Vo — i1 RE1 0 <t <1ty
vp —ipiRe1 ty <t <t
Vg — i1 RE1L te <t < Tj.

di
Lo 11,2 _

p7 (A12)

vra () =

For the case of D < 0.5, t, = 0.5T%, t. = 0.5T4(1 + 2D),
Vg = V1 — U, and v, = v1 . For the case of D > 0.5, t;, =
0.5(2D — 1)Ts, t. = 0.5Ts, v, = vy and vy, = v; — v,. Then,
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we have

Qt
L "0 <t <ty

1%);2 - (1%);2 —ir2, (0)) e
R

ia(t) =3 i~ (s —ism 0)

v Vg ,@t

Res (REZ . (0)) e T2 't <t < T,

(A13)

To find the initial conditions, the coincidence of the signal
sections in the instants ¢; and ¢, is assessed as follows:

Rpot
)

b, <t <t

Vg ( Vg
- 5= —ira,
Rpo Rpo

’Ub Vp . _Rpaty
= 0 L Al4
Rps (RE2 izz, ( )> © A
Up Vp . _Rpate
- - 0 L
RE2 (RE2 L2, ( )> ©
Rpat.
v, v -
=2 (=2~ (0))e L2 (A15)
R <RE2 2. (0)
Rpot Rpoat.
By defining v, = —E2 Yo = E27c | and Y3 =
Lo Lo
REpoT,s . . . .
122 — applying the same solving procedure for differential
2
equations, it is obtained that
Vg — VUp Vg — Up . .
— = 0) — 0 Al6
Jry—— Rpy L (0) —ir2, (0) (A16)
Vp — Vg Vp — Vg . .
- = 0) — 0). Al7
= Ry L2 (0) —ir2, (0) (A17)

Vg — Vb Vg — Up

F hich, it is defined that cvy = d
rom which, it is defined that cvs fopmp— o an
Vp — Vg Vp — Vg
= — . Th
s Rpse™72 Rpo n
ir2, (0) =ir2, (0)+az (A18)
ir2, (0) =ir2, (0)+ az=ir2, (0)+az+az (Al9)

On the other hand, the mean value of i;5(¢) can be obtained
by definition from (A13) as follows: Eq. (A20), shown at the top

of the next page. where K, = Ja_ ir2,(0), K = U
N Rps Rpo
ir2,(0), and K, = —— —ip2_(0). It is obtained that (A21),

" Res
shown at the top of the next page.

By replacing K,, K, and K., and solving for irs,(0),
Eq. (A22), shown at the top of the next page, where K, =
Ya(Tatty— = Jtonltet)  nitial conditions iy, (0) and iz, (0)
are obtalned from (A18) and (A19), having the complete set of
parameters defining i (¢) in(A13).

Rey

ir1, (0) = )

Req

(IMT . {(va op) ty + 0y Ts —

val1 Vo — Vp o w }
+ Lie” +a|+Lie" | =— -«
Rg ! < Rp1 ) ! (REI
(AT1)
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P Rp, , BB, . Rp,
b v - c Vp — - r
Io=— |[| =% -Kse L2 |at+[|=2-Kee L2 |dt+[|=2-Ke L2 |at (A20)
Ts |o | Re2 ty | Re2 te £2
1 st st —73
I = W (U(L (Ta + 1ty _tc)+vb (tc_tb) — Lo [Ka+e (Kb _Ka) +e (Kc _Kb) — Kce }) (A21)
sI{VE2
ir2, (0) =
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— | I2Ts — | Kg — = e[t te (T taz) te P (= —ay— a3
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