
14366 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 12, DECEMBER 2021

A Class of Linear–Nonlinear Switching Active
Disturbance Rejection Speed and Current Controllers

for PMSM
Ping Lin , Zhen Wu , Kun-Zhi Liu, and Xi-Ming Sun , Senior Member, IEEE

Abstract—This article investigates a class of linear–nonlinear
switching active disturbance rejection control (ADRC) to design
speed controllers and current controllers for permanent magnet
synchronous machine (PMSM) in servo systems, which aims at
enhancing the ability of disturbance rejection of speed and current
controllers for PMSM. First, the mathematical model of PMSM is
introduced. Next, the design of a class of linear–nonlinear switching
ADRCs is introduced in details. Then, the stability of linear–
nonlinear switching extended state observers (ESOs) is proved
by multiple Lyapunov functions. Lastly, the effectiveness of the
speed and current controllers based on the linear–nonlinear active
disturbance rejection technique is validated by experiments results
of a 5.5-kW PMSM platform. Specially, the experiment results of
the speed controllers illustrate that the amplitude of speed change
of the proposed ADRCs is smaller than that of the linear ADRC
(LADRC) when the step load torque disturbance occurs. The pro-
posed ADRCs can overcome the overshoot of speed response caused
by improper parameter setting of LADRC. The experiment results
of the current controllers show that the proposed LNSADRC type
2 has greater robustness than the other ADRC controllers when
b02 is not estimated accurately.

Index Terms—Current controller, extended state observer
(ESO), linear–nonlinear switching active disturbance rejection
control (ADRC), permanent magnet synchronous motor (PMSM),
speed controller.

I. INTRODUCTION

I T IS WELL known that servo systems adopt electrical ma-
chines to realize the tracking of speed and position signals,

such as computerized numerical control machine tool [1] and
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multi-axis servo systems [2]. Especially in aviation application,
servo systems are prevalent in more electric aircraft (MEA),
such as A380 and B787, which can contribute to the reduction
of consumption of nonpropulsive power and then reduce total
fuel consumption [3]. MEA can also reduce maintenance costs
while increase the operational reliability [4]. To be more specific,
servo systems, such as electrical starter/generator and electro-
mechanical actuators, are one of the most important parts of the
MEA. Increasing the robustness of the above systems is of great
significance. On the one hand, some starter/generators with new
structure have been designed to enhance the reliability, such as
a doubly salient starter/generator with two-section twisted-rotor
structure in [5] and doubly salient permanent magnet machine
in [6]. On the other hand, improving the robustness of the control
system should be paid more attention without changing the
hardware structure.

Generally speaking, cascade control structure can be adopted
to enhance the robustness of the control system, which in-
cludes the outer speed loop controller and the inner current
loop controller. A large number of control algorithms with the
aim of realizing disturbance attenuation have been proposed to
design the speed controller and the current controller, such as
proportional-integral (PI) control with feed-forward compensa-
tion, disturbance-based control [7], slide mode control (SMC),
active disturbance rejection control (ADRC), and so on. In order
to enhance the robustness of speed controller, many advanced
algorithms are proposed (see [8]–[21]). We just list some of
them. A new sliding-mode reaching law was proposed in [8] to
overcome the chattering of SMC, which includes the system state
variable and the power term of sliding surface function. The key
point is that the power term is bounded by the absolute value of
the switching function, which can attenuate the inherent chatter-
ing and speed up the convergence of the system state to the slid-
ing mode surface. Specially, a revised extended state observer
(ESO) is designed to calculate the total disturbance [8] which has
enhanced the disturbance attenuation ability of the plant. A sim-
ilar sophisticated framework is also introduced in [9]. A novel
adaptive terminal sliding mode reaching law is proposed in [9]
which has better tracking performance and more alleviating
chattering compared with those traditional sliding mode reach-
ing law by experiments. Furthermore, the total disturbances
are estimated by the extended sliding mode observer, which
strengthens the disturbance rejection ability of the plant [9].
The corresponding research in current controller has aroused the
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enthusiasm of many scientific and technical researchers, such as
predictive current control [22]–[26] and SMC [22].

The ADRC is also a good candidate to attenuate disturbance,
and the corresponding academic research has been done by sci-
entific researchers (see [27]–[35]). For example, the gain of ESO
is subjected to sensor sampling frequency, which means that the
gain of ESO is limited. The nonlinear ADRC may have smaller
gain of ESO compared with that of linear ADRC while can
possess the same accuracy of total disturbance estimation [33].
However, the magnitude or gradient of the total disturbance
affects the prediction accuracy of ESO. To be more accurate,
the performance of the nonlinear ADRC may begin to degen-
erate when the magnitude or gradient of the total disturbance
becomes large to a certain degree [34]. While the deterioration
of linear ADRC performance will not sharply take place when
the magnitude or rate of changing of the total disturbance turns
big [34]. Toward that end, integrating the merits of linear ADRC
and nonlinear ADRC together is of great usefulness. How to
integrate the strengths of linear ADRC and nonlinear ADRC to-
gether should be investigated in depth. Switching is an effective
method to integrate linear ADRC and nonlinear ADRC seam-
lessly together. Thus, the linear–nonlinear switching ADRC has
attracted the attention of some scholars recently. For example,
a linear–nonlinear switching ADRC is proposed to estimate
the total disturbances, which has been verified in ball-beam
system [34] and the PMSM system [30]. The experiment results
of ball-beam system illustrate that the linear–nonlinear switch-
ing ADRC possesses the merits of linear ADRC and nonlinear
ADRC [34], which is sophisticated and pioneered.

However, as for the linear–nonlinear switching ADRC, sta-
bility analysis is of great challenge compared with the linear
ADRC. To be more specific, the traditional methods for lin-
ear systems are not suitable for nonlinear systems. Lyapunov
function is an effective tool to analyze the stability of the non-
linear systems. Nevertheless, constructing Lyapunov function
is challenging. There is less literature illustrating how to prove
the stability of linear–nonlinear switching ADRC by Lyapunov
functions compared with the linear ADRC. Especially, how
to construct Lyapunov function of linear–nonlinear switching
ADRC designed by different switching rules is of great skill.

Based on the above observation, inspired by [8], [9], [30],
[34], a novel class of linear–nonlinear switching ADRCs are
proposed to design the speed controller and current controller
for PMSM, whose goal is to strengthen the robustness of the con-
trol systems of the PMSM. Furthermore, the proposed ADRCs
integrate the traditional ESO and linear ESO together seamlessly
by observation error. Such work may be of great significance,
which can be extended in other engineering scenarios.

The contribution of this article is to design the speed con-
troller and current controller in PMSM by using linear–nonlinear
switching ADRC. Multiple Lyapunov functions are constructed
to prove the stability of linear–nonlinear switching ESOs. Fi-
nally, the effectiveness of the speed and current controllers based
on the linear–nonlinear active disturbance rejection technique is
validated by experiments results of a 5.5-kW PMSM platform.

The rest of the article is presented as follows. The prob-
lem is formulated in Section II. Section III presents the

Fig. 1. Control system of the PMSM coupling to load equipment.

linear–nonlinear switching ADRCs for speed controller for
PMSM. Section IV illustrates the linear–nonlinear switching
ADRCs for current controller for PMSM. The relationship
between ADRC and PI is revealed in Section V. Next, multi-
ple Lyapunov functions are constructed to prove the stability
of linear–nonlinear switching ESO and the transfer function
method is used to analyze the stability of the closed-loop system,
which is illustrated in Section VI. And the detailed deduction
is presented in the Appendix A and Appendix B. Furthermore,
experiment results and the corresponding discussions are given
in Section VII. Lastly, we conclude the whole article in Sec-
tion VIII.

II. PROBLEM FORMULATION

According to the common sense in [36], the mathematical
model of PMSM in thed–q axis of the rotor synchronous rotation
coordinate system can be obtained.

The stator voltage equations are given as follows:

Ud = Rsid +
dΨd

dt
− ωrΨq (1)

Uq = Rsiq +
dΨq

dt
+ ωrΨd. (2)

The stator flux equations are shown as follows:

Ψd = Ldid +Ψf (3)

Ψq = Lqiq. (4)

The electromagnetic torque equation is presented as follows:

Te =
3

2
np(Ψdiq −Ψqid). (5)

The motion equation is illustrated as follows:

Te − TL −Bωm =
J

np

dωr

dt
(6)

where Ud, Uq , id, iq , Lq, Ld, and Ψd,Ψq in (1)–(6) are, re-
spectively, the voltage, the current, the inductance, and the
flux linkage in the d–q axis of the rotor synchronous rotation
coordinate system. Rs is the stator winding phase resistance.
ωr is the electrical angular velocity of the PMSM rotor. ωm is
the mechanical angular velocity of the PMSM. Ψf is the flux
amplitude of permanent magnet. np is the pole pairs of PMSM.
ωmnp = ωr. Te is the electromagnetic torque of PMSM. TL is
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the load torque from load equipment in Fig. 1. J is the moment
of inertia of PMSM. B is the viscous frictional coefficient.

In Fig. 1, load equipment may be gas turbine, oil pump, etc.
On the one hand, how to devise a speed controller to enhance
the robustness of the control system should be investigated. In
the next section, a speed controller in possession of disturbance
rejection ability is proposed. To improve the disturbance rejec-
tion ability, the speed controller in Fig. 1 is replaced by the
proposed linear–nonlinear switching ADRCs, which is shown
in Section III. Furthermore, the current controllers will also be
devised by the proposed linear–nonlinear switching ADRCs,
which is introduced in Section IV.

III. DESIGN OF LINEAR–NONLINEAR SWITCHING ACTIVE

DISTURBANCE REJECTION SPEED CONTROLLERS

In general, it is prevalent that cascade control structure con-
sists of the speed controller and the current controller [37]. In
order to enhance the robustness of the controller of the speed
loop, a speed controller based on linear–nonlinear switching
ADRC is introduced in details. The controller of the current
loop adopts PI algorithm. Note that the bandwidth of current
loop is faster than that of the bandwidth of speed loop. Thus, iref

q

is equal to iq when the speed loop is in transient process, where
iref
q is the reference value of iq . This assumption is introduced

in [38].
By the simple deduction from the equalities (1)–(6), the

following mathematical expressions can be got:

ω̇m =
3npΨd

2J
iq + fm (7)

i̇q =
Uq

Lq
+ fq (8)

i̇d =
Ud

Ld
+ fd (9)

where

fm = − TL

J
− Bωm

J

fq = − Rsiq
Lq

− ωrLdid + ωrΨf

Lq

fd = − Rsid
Ld

+
ωrLqiq
Ld

.

Equations (7)–(9) are the canonical forms for designing ADRC.
We give an example how to design ADRC in speed loop.
Equation (7) can be recast as{

ẋ1 = b0 · iq + x2

ẋ2 = − h
(10)

where x1 = ωm, bm =
3npΨd

2J , x2 = fm + (bm − b0)iq and b0
is the estimated value of bm.

A class of linear–nonlinear switching ADRCs are given
in the next subsection by adopting different linear–nonlinear
switching ESOs. To avoid confusion, the corresponding con-
trollers are named as linear–nonlinear switching ADRC type
1 (LNSADRC type 1) and linear–nonlinear switching ADRC

type 2 (LNSADRC type 2), respectively. In comparison with
linear ESOs, linear–nonlinear switching ESOs integrate the
merits of linear ESOs and nonlinear ESOs together and eliminate
the demerits of traditional ESOs [34].

A. Linear–Nonlinear Switching ADRC Type 1

Define υ1 = ωref
m and e1 = z1 − ωm. e1 is the observation

error. Inspired by [34], the first linear–nonlinear switching ESO
for (10) is presented as follows:{

ż1 = z2 − β11e1 + b0 · iq
ż2 = − F2 · fal(e1, α2, δ1, δ2)

(11)

where zn are estimated values of xn with n ∈ {1, 2}. The math-
ematical expression of F2 · fal(e1, α2, δ1, δ2) can be described
as follows:

F2 · fal(e1, α2, δ1, δ2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

β
(3)
21

e1

δ1−α2
1

, |e1| ≤ δ1

β
(2)
21 |e1|α2sign(e1)

δ1 < |e1| ≤ δ2

β
(1)
21 e1, |e1| > δ2.

(12)

Equation (12) adopts discontinuous switching, which is different
from the method introduced in [34]. β11, β(1)

21 , β(2)
21 , and β

(3)
21 are

gain coefficients of ESO. The control law is irefq = u0−z2
b0

and
u0 = k11(υ1 − z1), where b0 is the estimated value of bm and
k11 is the control gain.

Define e2 = z2 − x2. The error state equations from (10) and
(11) are shown as follows:{

ė1 = e2 − β11e1

ė2 = h− F2 · fal(e1, α2, δ1, δ2).
(13)

The stability of (13) is proved in Appendix A.

B. Linear–Nonlinear Switching ADRC Type 2

Define υ1 = ωref
m and e1 = z1 − ωm. The corresponding

linear–nonlinear switching ESO for (10) is presented as follows:{
ż1 = z2 − F1 · fal(e1, α1, δ1, δ2) + b0 · iq
ż2 = − F2 · fal(e1, α2, δ1, δ2)

(14)

where zn are estimated values of xn with n ∈ {1, 2}. β(1)
i1 , β(2)

i1

and β
(3)
i1 are gain coefficients of ESO. The control law is illus-

trated as iq = u0−z2
b0

and u0 = k11(υ1 − z1). The mathematical
expression of Fi · fal(e1, αi, δ1, δ2) is illustrated as follows:

Fi · fal(e1, αi, δ1, δ2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

β
(3)
i1

e1

δ1−αi
1

, |e1| ≤ δ1

β
(2)
i1 |e1|αisign(e1)

δ1 < |e1| ≤ δ2

β
(1)
i1 e1, |e1| > δ2

(15)

where i ∈ {1, 2}.
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Define e2 = z2 − x2. The error state equations from (10) and
(14) are shown as follows:{

ė1 = e2 − F1 · fal(e1, α1, δ1, δ2)

ė2 = h− F2 · fal(e1, α2, δ1, δ2).
(16)

The stability of (16) is presented in Appendix B.

C. Linear–Nonlinear Switching ADRC Type 3

This subsection introduces the linear–nonlinear switching
ADRC presented in [34], which is called linear–nonlinear
switching ADRC type 3 (LNSADRC type 3). Define υ1 = ωref

m

and e1 = z1 − ωm. The corresponding linear–nonlinear switch-
ing ESO for (10) is presented as follows:{

ż1 = z2 − β11e1 + b0 · iq
ż2 = − β21 · fal(e1, α2, δ1, δ2)

(17)

where zn are estimated values ofxn withn ∈ {1, 2}.β21 andβ11

are gain coefficients of ESO. The control law is illustrated as iq =
u0−z2

b0
and u0 = k11(υ1 − z1). The mathematical expression of

fal(e1, α2, δ1, δ2) can be shown as follows:

fal(e1, α2, δ1, δ2) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

e1

δ1−α2
1

, |e1| ≤ δ1

|e1|α2sign(e1)

δ1 < |e1| ≤ δ2

e1, |e1| > δ2.

(18)

Define e2 = z2 − x2. The error state equations from (10) and
(17) are shown as follows:{

ė1 = e2 − β11e1

ė2 = h− β21 · fal(e1, α2, δ1, δ2).
(19)

The stability of (19) is proved by Li [34], which is introduced
in Section I.

D. Linear ADRC

This section introduces the linear ADRC, which is called
LADRC. Define υ1 = ωref

m and e1 = z1 − ωm. The corre-
sponding ESO for (10) is presented as follows:{

ż1 = z2 − β11e1 + b0 · iq
ż2 = − β21e1

(20)

where zn are estimated values ofxn withn ∈ {1, 2}. The control
law is illustrated as iq = u0−z2

b0
and u0 = k11(υ1 − z1). Define

e2 = z2 − x2. The error state equations from (10) and (20) are
illustrated as follows:{

ė1 = e2 − β11e1

ė2 = h− β21e1.
(21)

The stability of (21) is analyzed in [39].

IV. DESIGN OF LINEAR–NONLINEAR SWITCHING ACTIVE

DISTURBANCE REJECTION CURRENT CONTROLLERS

The current loop controllers can be designed by using the
linear–nonlinear switching ADRC type 1, the linear–nonlinear
switching ADRC type 2, the linear–nonlinear switching ADRC
type 3, and the linear ADRC. The detailed process is similar
to the speed loop controllers designed by the above ADRCs. In
order to save limited space, we omit it here. The speed controller
parameter symbols α1, α2, δ1, δ2, β11, β21, β(1)

11 , β(2)
11 , β(3)

11 ,

β
(1)
21 , β(2)

21 , β(3)
21 , b0, and k11 are replaced by α12, α22, δ12, δ22,

β12, β22, β(1)
12 , β(2)

12 , β(3)
12 , β(1)

22 , β(2)
22 , β(3)

22 , b02, and k12 for
current controller parameter symbols, respectively, where b02
is the estimated value of bq with bq = 1

Lq
.

V. STABILITY AND CONVERGENCE OF THE PROPOSED ADRCS

First, the convergence of linear–nonlinear switching ESOs
with different rules is given. Second, the stability of the closed-
loop system is proved by transfer functions.

A. Stability of Linear–Nonlinear Switching ESO in LNSADRC
Type 1

We present a theorem to show that the linear–nonlinear
switching ESO in LNSADRC type 1 is bounded-input-bounded-
output (BIBO) stability.

Theorem 1: If the parameters of system (13) satisfy 0 <

α2 = n
m < 1, β11 > 0, β(1)

21 > 0, β(2)
21 > 0, β(3)

21 > 0, 3n > m,

2mβ
(2)
21 = (m+ n)β

(3)
21 , n > 0, |δ2| n

m−1 =
β
(1)
21

β
(3)
21

, and |h| ≤ R1,

where R1 is positive number, then for any compact set Q, there
exists a constant N > 0 such that any solution e of the system
(13) with initial value e(0) ∈ Q satisfies ‖e(t)‖ ≤ N for all
t ≥ 0.

The proof of Theorem 1 is presented in Appendix VIII.

B. Stability of Nonlinear–Linear Switching ESO in LNSADRC
Type 2

The following theorem shows that the linear–nonlinear
switching ESO in LNSADRC type 2 is BIBO stability.

Theorem 2: If the parameters of system (16) satisfy 0 < α2 =
n
m < α1 = q

p < 1, β
(1)
i1 > 0, β

(2)
i1 > 0, β

(3)
i1 > 0, 2mβ

(2)
21 =

(m+ n)β
(3)
21 , 3n > m, 1 < 2n

m + q
p , |δ2| n

m−1 =
β
(1)
21

β
(3)
21

and |h| ≤
R1, where R1 is positive number, then for any compact set O,
there exists a constant M > 0 such that any solution e of the
system (16) with initial value e(0) ∈ O satisfies ‖e(t)‖ ≤ M
for all t ≥ 0.

The proof of Theorem 2 is given in Appendix IX.

C. Stability of the Closed-Loop System

Theorem 3: Consider the closed-loop system (i) constituting
of (10)–(12) with the control law iq = k11(υ1−z1)−z2

b0
satisfying

k11 > 0. If the conditions of Theorem 1 hold, then the closed-
loop system (i) is stable.
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Theorem 4: Consider the closed-loop system (ii) constituting
of (10), (14), and (15) with the control law iq = k11(υ1−z1)−z2

b0
satisfying k11 > 0. If the conditions of Theorem 2 hold, then the
closed-loop system (ii) is stable.

Proof: Substituting (11) and iq = k11(υ1−z1)−z2
b0

into (10), we
can obtain

ẋ1 = k11(ω
ref
m − z1 − x1 + x1)− z2 + x2. (22)

Equation (22) can be recast as

ẋ1 = k11(ω
ref
m − x1 − e1)− e2. (23)

Theorem 1 can guarantee that e1 and e2 are bounded. By Laplace
transformation, three transfer functions can be obtained

Ωm(s)

Ωref
m (s)

=
k11

s+ k11
(24)

X1(s)

E1(s)
= − k11

s+ k11
(25)

X1(s)

E2(s)
= − 1

s+ k11
(26)

where Ωref
m (s), Ωm(s), E1(s), and E2(s) are Laplace trans-

formation of ωref
m , ωm, e1, and e2, respectively. The poles of

the transfer functions (24)–(26) locate in the left plane of the
complex frequency domain. Thus, we can conclude that the
closed-loop system (i) constituting of (10)–(12) with the control
law iq = k11(υ1−z1)−z2

b0
is stable. The proof of Theorem 3 is

finished.
The proof of Theorem 4 is similar to the proof of Theorem 3,

so we omit it here.

VI. RELATIONSHIP BETWEEN ADRC AND PI

How to compare the controller performance of the proposed
ADRC with that of the LADRC and the PI should be discussed
in details. A rigorous justification is pursued by academic re-
searchers. Thus, we try our best to establish the corresponding
criterion to satisfy such requirements.

First, the relationship between the linear ADRC and the PI
is revealed [40], [41]. To be more accurate, it proves that the
first-order LADRC is equivalent to a PI controller with a low-
pass filter [40]. And it reveals that the second-order LADRC
can be interpreted as a PID controller with a low-pass filter [41].
They reveal that the LADRC can have better ability to attenuate
overshoot and measurement noise [40], [41]. In this article, we
cite the corresponding results, which are shown in Fig. 2. δn
stands for measurement noise and δw is input disturbance. r is
the reference value. y is the controlled output. u is the control
input. The C(s) and H(s) in Fig. 2 can be illustrated as follows:

H(s) =
(s2 + β11s+ β21)k11

(β11k11 + β11)s+ β21k11
(27)

C(s) =
(β11k11 + β11)s+ β21k11

bms(s+ β11 + k11)
. (28)

C(s) can be recast as

C(s) = CPI(s)FL1(s) (29)

Fig. 2. Relationship of PI and the first-order LADRC [42].

Fig. 3. The 5.5-kW PMSM platform.

where CPI(s) = KP +KI
1
s , FL1(s) =

β11+k11

s+β11+k11
, KP =

β11k11+β11

bm(β11+k11)
, and KI = β21k11

bm(β11+k11)
.

In Fig. 2, the feedback characteristics cannot be influenced
by the prefilter (H(s)) [43]. Thus, each first-order LADRC
corresponds to a PI controller. At the same time, (29) has
established the comparison criterion between the first-order
LADRC and the PI controller. Equation (29) also verifies that the
first-order LADRC has stronger ability in attenuating overshoot
and measurement noise than that of PI controller. Thus, we do
not repeat the experiment results in our article, and the similar
experiment results are illustrated in [42].

Second, we try to establish the comparison criterion between
the LADRC and linear–nonlinear switching ADRCs. The de-
tailed parameter tuning rules are illustrated as follows: the gain
coefficients of the linear–nonlinear switching ESO must be
smaller than that of the linear ESO, which helps to verify that the
performance of the proposed linear–nonlinear switching ESOs
is better than that of the linear ESO.

The above comparison criterion is used to in Section VII.
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TABLE I
KEY PARAMETERS OF THE HIGH SPEED PERMANENT MAGNET SYNCHRONOUS

MACHINE IN NOMINAL PARAMETER CONDITION

VII. EXPERIMENT RESULTS AND DISCUSSIONS

The 5.5-kW PMSM platform is shown in Fig. 3. And the
corresponding technical parameters are given in Table I. A
is the PMSM. C is the control system of A. The proposed
linear–nonlinear switching ADRCs (namely LNSADRC type 1
and LNSADRC type 2) are downloaded into the C. The system
consisting of B and D is the electric dynamometer. E is the data
acquisition system, which is programmed by Labview.

The speed controller and the current controller designed by
the proposed linear–nonlinear switching ADRCs are validated
by the 5.5-kW PMSM platform. First, we illustrate the exper-
iment results of speed controller. Next, the current controller
experiments are shown by us.

A. Speed Controllers Experiments

b0 is the estimated value of bm. According to the nominal
parameters of the PMSM, we can get the nominal b0 = 456.
When the value of b0 deviates from the nominal value, the
uncertainty on b0 is resulted from Ψd and J . So, different values
of b0 are used to test the performance of the proposed ESOs.

In order to evaluate the performance of the proposed speed
controllers, comparison will be made with the speed controller
based on the LNSADRC type 3 in [34] and LADRC [39].

The current loop controller adopts PI algorithm, and the corre-
sponding protection procedures, such as over-current protection
and over-voltage protection, are considered. Such considerations
can guarantee that the experiment is operated safely. For d–q
axis PI controllers, the proportional coefficient is 7.35 and the
integral coefficient is 17.15.

It also means that the parameters of the proposed linear–
nonlinear switching ADRCs must be limited within a cer-
tain range. Thus, the corresponding parameters are shown
as follows in consideration of the constraints in Theorems 1
and 2. Condition 1: p = 9, q = 8, m = 2, n = 1, β(1)

21 = 20,

β
(2)
21 = 40, β(3)

21 = 160
3 , β(1)

11 = 40, β(2)
11 = 40, β(3)

11 = 60, β11 =
160, β21 = 160

3 , δ2 = 64
9 rad/s, δ1 = 1 rad/s, k11 = 5, b0 =

456× 0.6. Condition 2: p = 9, q = 8, m = 2, n = 1, β(1)
21 =

20, β(2)
21 = 40, β(3)

21 = 160
3 , β(1)

11 = 40, β(2)
11 = 40, β(3)

11 = 60,
β11 = 160, β21 = 160

3 , δ2 = 64
9 rad/s, δ1 = 1 rad/s, k11 = 5,

b0 = 456. Condition 3: p = 9, q = 8, m = 2, n = 1, β(1)
21 =

20, β(2)
21 = 40, β(3)

21 = 160
3 , β(1)

11 = 40, β(2)
11 = 40, β(3)

11 = 60,
β11 = 160, β21 = 160

3 , δ2 = 64
9 rad/s, δ1 = 1 rad/s, k11 = 5,

b0 = 456× 1.4. Condition 4: The parameters of LADRC are as
follows: β11 = 160, β21 = 160/3, k11 = 5, and b0 = 456. The
parameters of LADRC1 are as follows: β11 = 160, β21 = 1440,

k11 = 5, and b0 = 456. The parameters of LADRC2 are as
follows: β11 = 160, β21 = 6400, k11 = 5, and b0 = 456.

In experiment processes, the step load torque disturbance
(TL), whose magnitude is 20% of the nominal electromag-
netic torque of PMSM, is applied to the PMSM by the elec-
tric dynamometer. Figs. 4–6 illustrate that the performance of
LNSADRC type 1, LNSADRC type 2, and LNSADRC type
3 are superior to that of LADRC when the PMSM faces the
step load torque disturbance and the uncertainty of b0. When
the load torque (TL) is applied to the PMSM, the LNSADRC
type 2 has the minimum value of speed drop, followed by the
LNSADRC type 1 and the LNSADRC type 3, and the largest
value of speed drop is the LADRC. When the load torque (TL)
is removed from the PMSM, the LADRC has the largest value
of speed rise, and the LNSADRC type 2 has the smallest value
of speed rise, and the LNSADRC type 1 and the LNSADRC
type 3 rank the middle place. Thus, we can conclude that the
LNSADRC type 2 has the best performance from the values of
speed rise and speed drop perspective. Furthermore, when b0
increases, the values of speed rise and speed drop go up for the
LNSADRC type 1, the LNSADRC type 2, the LNSADRC type
3 and the LADRC, and the rate of change of magnitude value
of speed drop is greater than that of speed rise. In Condition 1,
the maximum value of speed rise of the LADRC is 27 times
as large as the LNSADRC type 2, and the maximum value of
speed drop of the LADRC is 32 times as big as the LNSADRC
type 2. In Condition 1, the maximum value of speed rise of the
LADRC is 22 times larger than the LNSADRC type 1 and the
LNSADRC type 3, and the maximum value of speed drop of
the LADRC is 29 times bigger than the LNSADRC type 1 and
the LNSADRC type 3. In Condition 2, the maximum value of
speed rise of the LADRC is 27 times as big as the LNSADRC
type 2, and the maximum value of speed drop of the LADRC
is 28 times as large as the LNSADRC type 2. In Condition 2,
the maximum value of speed rise of the LADRC is 22 times
larger than the LNSADRC type 1 and the LNSADRC type 3,
and the maximum value of speed drop of the LADRC is 25 times
larger than the LNSADRC type 1 and the LNSADRC type 3. In
Condition 3, the maximum value of speed rise of the LADRC
is 24 times as big as the LNSADRC type 2, and the maximum
value of speed drop of the LADRC is 25 times as large as the
LNSADRC type 2. In Condition 3, the maximum value of speed
rise of the LADRC is 22 times bigger than the LNSADRC type
1 and the LNSADRC type 3, and the maximum value of speed
drop of the LADRC is 23 times as big as the LNSADRC type 1
and the LNSADRC type 3.

The specific values are also illustrated in Table II, where
AA, BB, CC, and DD stand for the LNSADRC type 1, the
LNSADRC type 2, the LNSADRC type 3, and the LADRC,
respectively.

From Figs. 4–7, the performance of LADRC can approach
that of the LNSADRC type 1, the LNSADRC type 2, and
the LNSADRC type 3 by increasing the gain coefficients
of ESO of LADRC. However, for the LADRC2, the speed
fluctuates sinusoidally when the load torque (TL) is removed
from the PMSM, which is resulted from the overlarge β21.
The specific values are also illustrated in Table III. The
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Fig. 4. Speed response of different ADRCs in Condition 1. (a) The LNSADRC
type 1. (b) The LNSADRC type 2. (c) The LNSADRC type 3. (d) The LADRC.

Fig. 5. Speed response of different ADRCs in Condition 2. (a) The LNSADRC
type 1. (b) The LNSADRC type 2. (c) The LNSADRC type 3. (d) The LADRC.
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Fig. 6. Speed response of different ADRCs in Condition 3. (a) The LNSADRC
type 1. (b) The LNSADRC type 2. (c) The LNSADRC type 3. (d) The LADRC.

TABLE II
SPEED VARIATION OF DIFFERENT ADRCS

TABLE III
SPEED VARIATION OF DIFFERENT LINEAR ADRCS

proposed LNSADRC type 1 and LNSADRC type 2 have small
gain coefficients (β(1)

11 , β
(2)
11 , β

(3)
11 , β

(1)
21 , β

(2)
21 , β

(3)
21 ), which

can avoid the similar problems. It also shows that switching
rules adopted in estimating z1 can decrease the gain of ESO
without sacrificing the ability of disturbance rejection. The
overshoot of speed response caused by improper parameter
setting of LADRC, which is shown in Figs. 4(d), 5(d), 6(d), and
7(a), can be solved by the proposed linear–nonlinear switching
ADRCs.

Of course, the overshoot of speed response caused by im-
proper parameter setting of LADRC can be implemented by
using the traditional methods in [39].

B. Current Controllers Experiments

The speed loop adopts LADRC controller. The q-axis current
loop adopts the proposed ADRC controller. The d-axis current
loop adopts the PI controller, and the proportional coefficient is
7.35 and the integral coefficient is 17.15. Condition 5: β11 = 16,
β21 = 144, k11 = 5, b0 = 456, α12 = 8/9, α22 = 1/2, β(1)

22 =

160/9, β(2)
22 = 40, β(3)

22 = 160
3 , β(1)

12 = 40, β(2)
12 = 40, β(3)

12 =
60, β12 = 160, β22 = 160

3 , δ22 = 9A, δ12 = 4A, k12 = 60,
b02 = 578. Condition 6: β11 = 16, β21 = 144, k11 = 5, b0 =

456, α12 = 8/9, α22 = 1/2, β(1)
22 = 160/9, β(2)

22 = 40, β(3)
22 =

160
3 , β(1)

12 = 40, β(2)
12 = 40, β(3)

12 = 60, β12 = 160, β22 = 160
3 ,

δ22 = 9A, δ12 = 4A, k12 = 60, b02 = 578× 2. Condition 7:
β11 = 160, β21 = 1440, k11 = 5, b0 = 456, α12 = 8/9, α22 =

1/2, β(1)
22 = 160/9, β(2)

22 = 40, β(3)
22 = 160

3 , β(1)
12 = 40, β(2)

12 =

40, β(3)
12 = 60, δ22 = 9A, δ12 = 4A, k12 = 60.

In order to test the tracking ability of the current controller
designed by the proposed ADRCs, the output of the speed
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Fig. 7. Speed response of different LADRCs by changing β21 in Condition
4. (a) The LADRC. (b) The LADRC1. (c) The LADRC2.

controller designed by the LADRC has sinusoidal fluctuation
phenomenon. The corresponding parameters are illustrated in
Condition 5.

By observing the Figs. 8–10, we can obtain the following
experience. The ADRCs including the LNSADRC type1, the
LNSADRC type2, the LNSADRC type3, and the LADRC have
good sinusoidal tracking performance. By increasing the value
of b02, the tracking error value of iq is decreased for the
LNSADRC type1, the LNSADRC type2, and the LNSADRC

Fig. 8. iq current response of different ADRCs in Condition 5. (a) The
LNSADRC type 1. (b) The LNSADRC type 2. (c) The LNSADRC type 3.
(d) The LADRC.
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Fig. 9. iq current response of different ADRCs in Condition 6. (a) The
LNSADRC type 1. (b) The LNSADRC type 2. (c) The LNSADRC type 3.
(d) The LADRC.

Fig. 10. Tracking error of iq current of different ADRCs in Conditions 5 and
6. (a) Condition 5. (b) Condition 6.

type3. However, the tracking error value of iq of the LADRC
is increased. When b02 = 1156, the LNSADRC type 2 has the
minimum value of tracking error of iq . Nevertheless, the LADRC
has the worst tracking performance.

We increase the gain coefficients of ESO of the LADRC
in speed loop. The corresponding parameters in Condition 7
have increased to tenfold of the value in Condition 5. The
experiment results of the LNSADRC type2 are illustrated in
Fig. 11. By increasing the value of b02, the tracking error of
iq decreases sharply. Because the parameters of the LADRC
for speed loop are different in Conditions 5 and 7, the refer-
ence value of iq (iq−reference) is different in Figs. 8(b) and
11(a). When b02 deviates from the nominal value of bq , the
tracking error value of iq for the LNSADRC type2 decreases
substantially.
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Fig. 11. iq current response of the LNSADRC type1 in Condition 7 by
changing b02. (a) b02 = 578. (b) b02 = 1156. (c) The tracking error of iq.

VIII. CONCLUSION

This article has investigated a class of linear–nonlinear
switching ADRCs applied to design speed controller and current
controller for PMSM. The stability of linear–nonlinear switch-
ing ESOs are addressed by multiple Lyapunov functions, and
the stability of closed-loop systems is proved by the frequency
domain method. The advantages of speed controllers and current
controllers designed by the proposed linear-nonlinear switch-
ing ADRCs are validated by experiment results of a 5.5-kW
PMSM platform. The experiment results of the speed controllers
illustrate that the proposed ADRCs (LNSADRC type 1 and
LNSADRC type 2) are more proficient in inhibiting changes of
speed than the LADRC and the LNSADRC type 3 in coping with

disturbances. The proposed LNSADRC type 1 and LNSADRC
type 2 can overcome the overshoot of speed response caused by
improper parameter setting of LADRC. The experiment results
of the current controllers show that the proposed LNSADRC
type 2 has better tracking ability than the LNSADRC type 1, the
LNSADRC type 3, and the LADRC when b02 is not estimated
accurately.

APPENDIX A
PROOF OF THE THEOREM 1

Proof: The candidate Lyapunov function V (e), constituting
of multiple Lyapunov functions, of system (13) can be proposed
as ⎧⎪⎪⎨

⎪⎪⎩
V (e) = V13(e), |e1| ≤ δ1

V (e) = V12(e), δ1 < |e1| ≤ δ2

V (e) = V11(e), |e1| > δ2

(30)

where⎧⎪⎨
⎪⎩

V13 = (c3e
2
1 + be22)

2m
m+n + c3e

2
1 + be22 − ae1e2

V12 = (|e1|
n
m+1 + be22)

2m
m+n + |e1|

n
m+1 + be22 − ae1e2

V11 = (c1e
2
1 + be22)

2m
m+n + c1e

2
1 + be22 − ae1e2.

The parameters of V (e) satisfy b = 1

β
(3)
21

, c1 =
β
(1)
21

β
(3)
21

,

c3 = 1

δ
(1−α2)
1

, e = [e1, e2]
T , and a ∈ (0, R2) with R2 =

min{R21, R22, R23, R24, R25, R26}, where

R21 =
2β11β

(1)
21

β
(1)
21 β

(3)
21 + 1

4β
2
11β

(3)
21

, R22 =
2β11

β
(3)
21 + 1

4β
2
11δ

(1−α2)
1

R23 =
2

√
β
(1)
21

β
(3)
21

, R24 =
2√
β
(3)
21

R25 =
2√

β
(3)
21 δ

(1−α2)
1

, R26 =
(m+ n)β11

mβ
(2)
21

.

By mathematical deduction, a ∈ (0, R2) can guarantee that
(31)–(35) are true[

a − 1
2aβ11

− 1
2aβ11

(
2β11c1 − β

(1)
21 a

)] � 0 (31)

⎡
⎣ a −aβ11

2

−aβ11

2

(
− aβ

(3)
21

δ
1−α2
1

+ 2c3β11

)⎤⎦ � 0 (32)

[
c1 −a

2−a
2 b

]
� 0 (33)

[
1 −a

2−a
2 b

]
� 0 (34)

[
c3 −a

2−a
2 b

]
� 0. (35)

Step 1: By mathematical deduction, we can get V11 ≥ c1e
2
1 +

be22 − ae1e2, V12 ≥ |e1|2 + be22 − ae1e2, and V13 ≥ c3e
2
1 +
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be22 − ae1e2. Inequalities (33)–(35) mean that V1d are positive
definite and radially unbounded, where d ∈ {1, 2, 3}.

Step 2: We will show that the given functions do not increase
during switching instants. And during continuous evolution, the
function is decreasing. Computing the derivative of V1d along
the solution of system (13) yields that

V̇13 =
2m

m+ n
(c3e

2
1 + be22)

2m
m+n−1

[
2c3e1e2 − 2c3β11e

2
1

+ 2be2h− 2b
β
(3)
21 e1e2

δ1−α1
1

]
+ 2c3e1e2 − 2c3β11e

2
1

+ 2be2h− 2b
β
(3)
21 e1e2

δ1−α1
1

− ae22

+ β11ae2e1 − ae1h+
β
(3)
21 ae21
δ1−α1
1

(36)

V̇12 =
2m
m+n

(|e1|
n
m+1+be22)

m−n
m+n [

m+n

m
|e1|

n
m e2sign(e1)

− m+n

m
|e1|

n
m+1β11+2be2h−2bβ

(2)
21 |e1|

n
m e2sign(e1)]

+
m+n

m
|e1|

n
m e2sign(e1)−m+n

m
|e1|

n
m+1β11

+2be2h− 2be2β
(2)
21 |e1|

n
m sign(e1)

− ae22 + β11ae1e2 − ae1h+ aβ
(2)
21 |e1|

n
m+1

(37)

V̇11 =
2m

m+ n
(c1e

2
1 + be22)

2m
m+n−1[2c1e1e2

− β112c1e
2
1 + 2be2h− β

(1)
21 2be2e1]

+ [2c1e1e2 − β112c1e
2
1 + 2be2h− β

(1)
21 2be2e1]

− ae22 + β11ae2e1 − ae1h+ aβ
(1)
21 e21.

(38)

The inequality (31) results in −ae22 + aβ
(1)
11 e1e2 − (2β

(1)
11 c1 −

β
(1)
21 a)e21 < 0. And when c1 = β

(1)
21 b, (38) can be recast as

V̇11 = − β112c1e
2
1

2m
m+ n

(c1e
2
1 + be22)

2m
m+n−1 − ae22

+ β11ae2e1 − (2β11c1 − aβ
(1)
21 )e21

+ 2be2h
2m

m+ n
(c1e

2
1 + be22)

2m
m+n−1 + 2be2h− ae1h.

(39)
It is easy to derive the following inequality:

(c1e
2
1 + be22)

2m
m+n−1 ≤ (2c1e

2
1)

2m
m+n−1 + (2be22)

2m
m+n−1 (40)

and then we have

e2(c1e
2
1 + be22)

2m
m+n−1 ≤ |e2|(2c1e21)

2m
m+n−1 + |e2|(2be22)

2m
m+n−1.

(41)

Furthermore, the inequality (41) can be recast as

e2(c1e
2
1 + be22)

2m
m+n−1 ≤ |e2|(|e1|)2 2m

m+n−2(2c1)
2m

m+n−1

+ |e2|2 2m
m+n−1(2b)

2m
m+n−1.

(42)

By combining (39) and inequality (42), one can conclude that

V̇11 ≤ − β112c1e
2
1

2m
m+ n

(c1e
2
1 + be22)

2m
m+n−1 − ae22

+ β11ae2e1 − (2β11c1 − aβ
(1)
21 )e21

+ 2bR1[|e2|(|e1|)2 2m
m+n−2(2c1)

2m
m+n−1

+ |e2|2 2m
m+n−1(2b)

2m
m+n−1] + 2be2h− ae1h.

(43)

The constraint m < 3n results in 2 2m
m+n − 2 < 1 and 2 2m

m+n −
1 < 2. Toward that end, the order of the negative terms is
larger than the order of the positive terms in (45). Then with
the constraint 0 < θ11 < 1, thus, the following result can be
obtained:

V̇11 ≤ − (1− θ11)[β112c1e
2
1

2m
m+ n

(c1e
2
1 + be22)

2m
m+n−1

+ ae22 − β11ae2e1 + (2β11c1 − aβ
(1)
21 )e21]

(44)
when

g11 = − θ11[β112c1e
2
1

2m
m+ n

(c1e
2
1 + be22)

2m
m+n−1

+ ae22 − β11ae2e1 + (2β11c1 − aβ
(1)
21 )e21]

+ 2bR1[|e2|(|e1|)2 2m
m+n−2(2c1)

2m
m+n−1

+ |e2|2 2m
m+n−1(2b)

2m
m+n−1] + 2be2h− ae1h ≤ 0.

(45)

And when m+n
m =β

(2)
21 2b and m+n

mβ
(2)
21

β11 > a, (37) can be recast
as

V̇12 ≤ − 2(|e1|
n
m+1 + be22)

m−n
m+n |e1|

n
m+1β11 − ae22

+
2m

m+ n
(|e1|

n
m+1 + be22)

m−n
m+n 2be2h

+ 2be2h+ β11ae1e2 − ae1h.

(46)

It is easy to verify the following inequality:

(|e1| n
m+1 + be22)

m−n
m+n ≤ (2|e1| n

m+1)
m−n
m+n + (2be22)

m−n
m+n

= (|e1|)m−n
m 2

m−n
m+n + (e2)

2(m−n)
m+n (2b)

m−n
m+n .

(47)

Thus, one can conclude that

e2(|e1| n
m+1 + be22)

m−n
m+n ≤ |e2||e1|m−n

m 2
m−n
m+n

+|e2|
2(m−n)
m+n +1(2b)

m−n
m+n .

(48)

With the constraints 3n > m and inequality (48), the order of
the negative terms is larger than the order of the positive terms
in (50). With 0 < θ12 < 1, we have

V̇12 ≤ − (1−θ12)[2(|e1|
n
m+1+be22)

m−n
m+n |e1|

n
m+1β11+ae22]

(49)
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when

g12 = − θ12[2(|e1|
n
m+1 + be22)

m−n
m+n |e1|

n
m+1β11

+ ae22] +
2m

m+ n
(|e1|

n
m+1 + be22)

m−n
m+n 2be2h

+ 2be2h+ β11ae1e2 − ae1h ≤ 0.

(50)

With the constraints c3=
bβ

(3)
21

δ
1−α2
1

and inequality (32), the fol-

lowing results can be obtained:

V̇13 = − 2c3β11e
2
1

2m
m+ n

(c3e
2
1 + be22)

2m
m+n−1

− ae22 + β11ae2e1 −
(
− β

(3)
21 a

δ1−α1
1

+ 2c3β11

)
e21

+ 2be2h
2m

m+ n
(c3e

2
1 + be22)

2m
m+n−1 − ae1h+ 2be2h.

(51)
There exists

(c3e
2
1 + be22)

2m
m+n−1 ≤ (2c3e

2
1)

2m
m+n−1 + (2be22)

2m
m+n−1. (52)

One can conclude that

e2(c3e
2
1 + be22)

2m
m+n−1 ≤ |e2|(e1)2 2m

m+n−2(2c3)
2m

m+n−1

+ (|e2|)2 2m
m+n−1(2b)

2m
m+n−1.

(53)

The constraint m < 3n results in 2 2m
m+n − 2 < 1 and 2 2m

m+n −
1 < 2. Thus, the inequality (53) can be recast as

e2(c3e
2
1+be

2
2)

2m
m+n−1 < |e2||e1|(2c3) 2m

m+n−1+|e2|2(2b) 2m
m+n−1.

(54)
Toward that end, the order of the negative terms is larger than the
order of the positive terms in (56). With 0 < θ13 < 1, it holds
that

V̇13 ≤ − (1− θ13)

[
2c3β11e

2
1

2m
m+ n

(c3e
2
1 + be22)

2m
m+n−1

+ ae22 − β11ae2e1 +

(
− β

(3)
21 a

δ1−α1
1

+ 2c3β11

)
e21

]
(55)

when

g13 = − θ13

[
2c3β11e

2
1

2m
m+ n

(c3e
2
1 + be22)

2m
m+n−1

+ ae22 − β11ae2e1 +

(
− β

(3)
21 a

δ1−α1
1

+ 2c3β11

)
e21]

+2be2h
2m

m+ n
(c3e

2
1+be

2
2)

2m
m+n−1−ae1h+2be2h ≤ 0.

(56)
At the switching points, c1=|δ2| n

m−1 according to |δ2| n
m−1

and c1 =
β
(1)
21

β
(3)
21

, and c3=|δ1| n
m−1 according to c3 = 1

δ
1−α2
1

and

α2 = n
m , can guarantee V11 = V12 and V13 = V12, respectively.

The detailed deduction is illustrated as follows:

When |e1| = δ2, c1 =
β
(1)
21

β
(3)
21

and |δ2| n
m−1 =

β
(1)
21

β
(3)
21

can getV11 =

(|e1| n
m+1 + be22)

2m
m+n + |e1| n

m+1 + be22 − ae1e2. Then, we
define V12 = (|e1| n

m+1 + be22)
2m

m+n + |e1| n
m+1 + be22 − ae1e2.

Thus, V12 = V11.
When |e1| = δ1, c3 = |δ1| n

m−1, we can obtain V13 =

(|e1| n
m+1 + be22)

2m
m+n + |e1| n

m+1 + be22 − ae1e2. V12 =

(|e1| n
m+1 + be22)

2m
m+n + |e1| n

m+1 + be22 − ae1e2 is defined
by us, so we can get V12 = V13.

WhenV (e) ≥ K for someK > 0, g11 ≤ 0, g12 ≤ 0, g13 ≤ 0,
and thus, V̇ ≤ −α̃(|x|)where α̃ is a positive function. The proof
of Theorem 1 is finished.

APPENDIX B
PROOF OF THE THEOREM 2

Proof: The candidate Lyapunov function V (e), constituting
of multiple Lyapunov functions, of system (16) is constructed
as follows: ⎧⎪⎪⎨

⎪⎪⎩
V (e) = V23(e), |e1| ≤ δ1

V (e) = V22(e), δ1 < |e1| ≤ δ2

V (e) = V21(e), |e1| > δ2

(57)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩
V23 = (c3e

2
1 + be22)

2m
(m+n) + c3e

2
1 + be22 − ae1e2

V22 = (|e1| n
m+1 + be22)

2m
(m+n) + |e1| n

m+1 + be22 − ae1e2

V21 = (c1e
2
1 + be22)

2m
(m+n) + c1e

2
1 + be22 − ae1e2.

The parameters of V (e) satisfy b = 1

β
(3)
21

, c1 =
β
(1)
21

β
(3)
21

,

c3 = 1

δ
(1−α2)
1

, e = [e1, e2]
T and a ∈ (0, R3) with R3 =

min{R31, R32, R33, R34, R35}, where

R31 =
2β

(1)
11 β

(1)
21

β
(1)
21 β

(3)
21 + 1

4 [β
(1)
11 ]2β

(3)
21

, R32 =
8β

(3)
11 δ

(α1−α2)
1

4β
(3)
21 δ

(1−α2)
1 + [β

(3)
11 ]2

R33 =
2

√
β
(1)
21

β
(3)
21

, R34 =
2√
β
(3)
21

, R35 =
2√

β
(3)
21 δ

(1−α2)
1

.

By mathematical deduction, a ∈ (0, R3) can guarantee that
the following inequalities hold:[

a − 1
2aβ

(1)
11

− 1
2aβ

(1)
11 (2β

(1)
11 c1 − β

(1)
21 a)

]
� 0 (58)

⎡
⎢⎣a − aβ

(3)
11

2δ
1−α1
1

− aβ
(3)
11

2δ
1−α1
1

(− aβ
(3)
21

δ
1−α2
1

+
2c3β

(3)
11

δ
1−α1
1

)

⎤
⎥⎦ � 0 (59)

[
c1 −a

2−a
2 b

]
� 0 (60)

[
1 −a

2−a
2 b

]
� 0 (61)
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[
c3 −a

2−a
2 b

]
� 0. (62)

Step 1: By mathematical deduction, we can get V21 ≥ c1e
2
1 +

be22 − ae1e2, V22 ≥ |e1|2 + be22 − ae1e2 and V23 ≥ c3e
2
1 +

be22 − ae1e2. Inequalities (60)–(62) mean that V2d are positive
definite and radially unbounded, where d ∈ {1, 2, 3}.

Step 2:We will show that the given functions do not increase
during switching instants. And during continuous evolution, the
function is decreasing.

Computing the derivative of V2d along the solution of system
(16) yields that

V̇23 =
2m

(m+ n)
(c3e

2
1 + be22)

2m
(m+n)

−1[2c3e1e2

− 2c3β
(3)
11

e21
δ1−α1
1

+ 2be2h− 2bβ
(3)
21

e1e2

δ1−α2
1

]

+ [2c3e1e2 − 2c3β
(3)
11

e21
δ1−α1
1

+ 2be2h− 2b3β
(3)
21

e1e2

δ1−α2
1

]

− ae2e2 + aβ
(3)
11

e1e2

δ1−α1
1

− ae1h+ aβ
(3)
21

e21
δ1−α2
1

(63)

V̇22 =
2m

(m+ n)
(|e1|

n
m+1 + be22)

2m
(m+n)

−1

× {m+ n

m
|e1|

n
m e2sign(e1)− β

(2)
11 |e1|

q
p
m+ n

m
|e1|

n
m

+ 2be2h− β
(2)
21 2be2|e1|

n
m sign(e1)}

+ {m+ n

m
|e1|

n
m e2sign(e1)− m+ n

m
β
(2)
11 |e1|

n
m+ q

p

+ 2be2h− β
(2)
21 2be2|e1|

n
m sign(e1)}

− ae22 + aβ
(2)
11 |e1|

q
p e2sign(e1)− ae1h+ β

(2)
21 a|e1|

n
m+1

(64)

V̇21 =
2m

(m+ n)
(c1e

2
1 + be22)

2m
(m+n)

−1[(2c1e1e2 − 2β
(1)
11 c1e

2
1)

+ (2be2h− 2β
(1)
21 be2e1)] + [(2c1e1e2 − 2β

(1)
11 c1e

2
1)

+(2be2h−2β(1)
21 be2e1)]−ae22+aβ(1)

11 e1e2−ae1h+β(1)
21 ae21.

(65)

The inequality (58) results in −ae22 + aβ
(1)
11 e1e2 − (2β

(1)
11 c1 −

β
(1)
21 a)e21 < 0. When c1 = β

(1)
21 b, (65) can be recast as

V̇21 =
2m

(m+ n)
(c1e

2
1 + be22)

2m
(m+n)

−1[−2β
(1)
11 c1e

2
1 + 2be2h]

+2be2h−ae1h−ae22+aβ(1)
11 e1e2−(2β(1)

11 c1−β(1)
21 a)e21.

(66)
It is easy to derive

e2(c1e
2
1+be

2
2)

2m
(m+n)

−1≤ |e2|(2c1e21)
2m

(m+n)
−1+|e2|(2be22)

2m
(m+n)

−1.
(67)

Furthermore, we can have

e2(c1e
2
1 + be22)

2m
(m+n)

−1 ≤ |e2||e1|
2(m−n)
m+n (2c1)

m−n
m+n

+ |e2| 3m−n
m+n (2b)

m−n
m+n .

(68)

Then the constraint m < 3n results in 1
2 > 2m

(m+n) − 1 > 0

and 3 > 4m
(m+n) , and 0 < θ21 < 1 and the inequality (68), the

order of the negative terms is larger than the order of the positive
terms in (70). Thus, the following result can be obtained:

V̇21 ≤ − (1− θ21)[2β
(1)
11 c1e

2
1

2m
m+ n

(c1e
2
1 + be22)

m−n
m+n

+ae22−aβ(1)
11 e1e2+(2β

(1)
11 c1−β(1)

21 a)e21]

(69)

when

g21 = − θ21[2β
(1)
11 c1e

2
1

2m
m+ n

(c1e
2
1 + be22)

m−n
m+n

+ ae22 − aβ
(1)
11 e1e2 + (2β

(1)
11 c1 − β

(1)
21 a)e21]

+ 2be2h
2m

m+ n
(c1e

2
1+be

2
2)

m−n
m+n+2be2h−ae1h ≤ 0.

(70)
When m+n

m =2β
(2)
21 b, (64) can be recast as

V̇22 = − β
(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
2m

(m+ n)
(|e1|

n
m+1 + be22)

2m
(m+n)

−1

2be2h

− m+ n

m
β
(2)
11 |e1|

n
m+ q

p + 2be2h− ae22

+ aβ
(2)
11 |e1|

q
p e2sign(e1)−ae1h+β(2)

21 a|e1|
n
m+1.

(71)

Using Young’s inequality leads to |aβ(2)
11 |e1|

q
p e2sign(e1)| ≤

1
2k1|aβ(2)

11 ||e1|2
q
p + 1

2k1
|aβ(2)

11 |e22, with k1 > 0. One can con-
clude that

V̇22 ≤ − β
(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
2m

(m+ n)
(|e1|

n
m+1 + be22)

2m
(m+n)

−1

2be2h

− m+ n

m
β
(2)
11 |e1|

n
m+ q

p+2be2h−ae22+
1

2
k1

∣∣∣aβ(2)
11

∣∣∣ |e1|2 q
p

+
1

2k1

∣∣∣aβ(2)
11

∣∣∣ e22−ae1h+β(2)
21 a|e1|

n
m+1.

(72)
With
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(|e1|
n
m+1 + be22)

2m
(m+n)

−1

≤ (2|e1|
n
m+1)

2m
(m+n)

−1

+ (2be22)
2m

(m+n)
−1

we can have

V̇22 ≤ − β
(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+ [
2m

(m+ n)
(2|e1|

n
m+1)

2m
(m+n)

−1

2be2h

+
2m

(m+ n)
(be22)

2m
(m+n)

−1

2be2h]− m+ n

m
β
(2)
11 |e1|

n
m+ q

p

+ 2be2h− ae22 +
1

2
k1

∣∣∣aβ(2)
11

∣∣∣ |e1|2 q
p

+
1

2k1

∣∣∣aβ(2)
11

∣∣∣ e22 − ae1h+ β
(2)
21 a|e1|

n
m+1.

(73)
Using Young’s inequality, we have

2hmb
(m+n)2(2|e1|

n
m+1)

2m
(m+n)

−1

e2 ≤ 2hmb
(m+n)

1
k2
e22 +

2hmb
(m+n)k2[2(2|e1|

n
m+1)

2m
(m+n)

−1

]2 which satisfies k2 > 0.

Because 2n
m + q

p > 1, we have 2( n
m + 1)( 2m

(m+n) − 1) <

( n
m + 1)( 2m

(m+n) − 1) + n
m + q

p . And 0 < θ22 < 1.
Then the following results can be obtained:

V̇22 ≤ − (1− θ22){β(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
m+ n

m
β
(2)
11 |e1|

n
m+ q

p + ae22}

− θ22{β(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
m+ n

m
β
(2)
11 |e1|

n
m+ q

p + ae22}

+ [
2mbh

(m+ n)
k2

[
2(2|e1|

n
m+1)

2m
m+n

−1
]2

+
2mbh

(m+ n)

1

k2
e22 +

2m
(m+ n)

(be22)
2m

(m+n)
−1

2be2h]

+ 2be2h+
1

2
k1

∣∣∣aβ(2)
11

∣∣∣ |e1|2 q
p +

1

2k1

∣∣∣aβ(2)
11

∣∣∣ e22
− ae1h+ β

(2)
21 a|e1|

n
m+1.

(74)
The inequality (74) can be recast as

V̇22 ≤ − (1− θ22){β(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
m+ n

m
β
(2)
11 |e1|

n
m+ q

p + ae22}
(75)

when

g22 = − θ22

{
β
(2)
11 2(|e1|

n
m+1 + be22)

2m
(m+n)

−1

|e1|
n
m+ q

p

+
m+ n

m
β
(2)
11 |e1|

n
m+ q

p + ae22

}

+

{
2mbh

(m+ n)
k2[2(2|e1|

n
m+1)

2m
(m+n)

−1

]2

+
2mbh

(m+ n)

1

k2
e22 +

2m
(m+ n)

(be22)
2m

(m+n)
−1

2be2h

}

+ 2be2h+
1

2
k1

∣∣∣aβ(2)
11

∣∣∣ |e1|2 q
p +

1

2k1

∣∣∣aβ(2)
11

∣∣∣ e22
− ae1h+ β

(2)
21 a|e1|

n
m+1 ≤ 0.

(76)
Furthermore, with the constraints 3 > 2 2m

(m+n) , n
m + 1 < 2,

2 q
p < 2 and 2( n

m + 1)( 2m
(m+n) − 1) < ( n

m + 1)( 2m
(m+n) − 1) +

n
m + q

p aforementioned, we can conclude that the order of the
negative terms is larger than the order of the positive terms in
(76).

With the constraints c3=
bβ

(3)
21

δ
1−α2
1

and inequality (59), the fol-

lowing results can be obtained from (63):

V̇23 = − 2m
(m+ n)

2c3β
(3)
11

e21
δ1−α1
1

(c3e
2
1 + be22)

2m
(m+n)

−1

− ae22 + aβ
(3)
11

e1e2

δ1−α1
1

−
(
− aβ

(3)
21

δ1−α2
1

+
2c3β

(3)
11

δ1−α1
1

)
e21

+ 2be2h
2m

(m+ n)
(c3e

2
1+be

2
2)

2m
(m+n)

−1 + 2be2h−ae1h.
(77)

We can derive the following inequality according to Young’s
inequality:

e2(c3e
2
1 + be22)

2m
(m+n)

−1 ≤ |e2|(2c3e21)
2m

(m+n)
−1

+ |e2|(2be22)
2m

(m+n)
−1. (78)

Furthermore, we can have

e2(c3e
2
1 + be22)

2m
(m+n)

−1 ≤ |e2||e1|
2(m−n)
m+n (2c3)

2m
(m+n)

−1

+ |e2| 3m−n
m+n (2b)

2m
(m+n)

−1.
(79)

Then the constraint m < 3n results in 1
2 > 2m

(m+n) − 1 > 0

and 3 > 4m
(m+n) . Moreover, with the constraints 0 < θ23 < 1

and the inequality (79), we can conclude that the order of the
negative terms is larger than the order of the positive terms in
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(81). Moreover, the sequel results can be presented as

V̇23 ≤ −(1−θ23)

[
2m

(m+n)
2c3β

(3)
11

e21
δ1−α1
1

(c3e
2
1+be22)

2m
(m+n)

−1

+ ae22−aβ
(3)
11

e1e2

δ1−α1
1

+

(
−aβ

(3)
21

δ1−α2
1

+
2c3β

(3)
11

δ1−α1
1

)
e21

]
(80)

when

g23 = − θ23

[
2m

(m+ n)
2c3β

(3)
11

e21
δ1−α1
1

(c3e
2
1 + be22)

2m
(m+n)

−1

+ ae22 − aβ
(3)
11

e1e2

δ1−α1
1

+

(
− aβ

(3)
21

δ1−α2
1

+
2c3β

(3)
11

δ1−α1
1

)
e21

]

+ 2be2h
2m

(m+ n)
(c3e

2
1 + be22)

2m
(m+n)

−1

+ 2be2h− ae1h ≤ 0.
(81)

At the switching points, c1=|δ2| n
m−1 according to |δ2| n

m−1

and c1 =
β
(1)
21

β
(3)
21

, and c3=|δ1| n
m−1 according to c3 = 1

δ
1−α2
1

and

α2 = n
m , can guarantee V21 = V22 and V23 = V22, respectively.

When V (e) ≥ K for someK > 0, g21 ≤ 0, g22 ≤ 0, g23 ≤ 0
and thus V̇ ≤ −α̃(|x|) where α̃ is a positive function. The proof
of Theorem 2 is finished.
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