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A Class of Linear—Nonlinear Switching Active

Disturbance Rejection Speed and Current Controllers
for PMSM

Ping Lin"¥, Zhen Wu

Abstract—This article investigates a class of linear—nonlinear
switching active disturbance rejection control (ADRC) to design
speed controllers and current controllers for permanent magnet
synchronous machine (PMSM) in servo systems, which aims at
enhancing the ability of disturbance rejection of speed and current
controllers for PMSM. First, the mathematical model of PMSM is
introduced. Next, the design of a class of linear—nonlinear switching
ADRGC:s is introduced in details. Then, the stability of linear—
nonlinear switching extended state observers (ESOs) is proved
by multiple Lyapunov functions. Lastly, the effectiveness of the
speed and current controllers based on the linear-nonlinear active
disturbance rejection technique is validated by experiments results
of a 5.5-kW PMSM platform. Specially, the experiment results of
the speed controllers illustrate that the amplitude of speed change
of the proposed ADRC:s is smaller than that of the linear ADRC
(LADRC) when the step load torque disturbance occurs. The pro-
posed ADRC:s can overcome the overshoot of speed response caused
by improper parameter setting of LADRC. The experiment results
of the current controllers show that the proposed LNSADRC type
2 has greater robustness than the other ADRC controllers when
bo- is not estimated accurately.

Index Terms—Current controller, extended state observer
(ESO), linear-nonlinear switching active disturbance rejection
control (ADRC), permanent magnet synchronous motor (PMSM),
speed controller.

I. INTRODUCTION

T IS WELL known that servo systems adopt electrical ma-
I chines to realize the tracking of speed and position signals,
such as computerized numerical control machine tool [1] and
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multi-axis servo systems [2]. Especially in aviation application,
servo systems are prevalent in more electric aircraft (MEA),
such as A380 and B787, which can contribute to the reduction
of consumption of nonpropulsive power and then reduce total
fuel consumption [3]. MEA can also reduce maintenance costs
while increase the operational reliability [4]. To be more specific,
servo systems, such as electrical starter/generator and electro-
mechanical actuators, are one of the most important parts of the
MEA. Increasing the robustness of the above systems is of great
significance. On the one hand, some starter/generators with new
structure have been designed to enhance the reliability, such as
a doubly salient starter/generator with two-section twisted-rotor
structure in [5] and doubly salient permanent magnet machine
in [6]. On the other hand, improving the robustness of the control
system should be paid more attention without changing the
hardware structure.

Generally speaking, cascade control structure can be adopted
to enhance the robustness of the control system, which in-
cludes the outer speed loop controller and the inner current
loop controller. A large number of control algorithms with the
aim of realizing disturbance attenuation have been proposed to
design the speed controller and the current controller, such as
proportional-integral (PI) control with feed-forward compensa-
tion, disturbance-based control [7], slide mode control (SMC),
active disturbance rejection control (ADRC), and so on. In order
to enhance the robustness of speed controller, many advanced
algorithms are proposed (see [8]-[21]). We just list some of
them. A new sliding-mode reaching law was proposed in [8] to
overcome the chattering of SMC, which includes the system state
variable and the power term of sliding surface function. The key
point is that the power term is bounded by the absolute value of
the switching function, which can attenuate the inherent chatter-
ing and speed up the convergence of the system state to the slid-
ing mode surface. Specially, a revised extended state observer
(ESO) is designed to calculate the total disturbance [8] which has
enhanced the disturbance attenuation ability of the plant. A sim-
ilar sophisticated framework is also introduced in [9]. A novel
adaptive terminal sliding mode reaching law is proposed in [9]
which has better tracking performance and more alleviating
chattering compared with those traditional sliding mode reach-
ing law by experiments. Furthermore, the total disturbances
are estimated by the extended sliding mode observer, which
strengthens the disturbance rejection ability of the plant [9].
The corresponding research in current controller has aroused the
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enthusiasm of many scientific and technical researchers, such as
predictive current control [22]-[26] and SMC [22].

The ADRC is also a good candidate to attenuate disturbance,
and the corresponding academic research has been done by sci-
entific researchers (see [27]-[35]). For example, the gain of ESO
is subjected to sensor sampling frequency, which means that the
gain of ESO is limited. The nonlinear ADRC may have smaller
gain of ESO compared with that of linear ADRC while can
possess the same accuracy of total disturbance estimation [33].
However, the magnitude or gradient of the total disturbance
affects the prediction accuracy of ESO. To be more accurate,
the performance of the nonlinear ADRC may begin to degen-
erate when the magnitude or gradient of the total disturbance
becomes large to a certain degree [34]. While the deterioration
of linear ADRC performance will not sharply take place when
the magnitude or rate of changing of the total disturbance turns
big [34]. Toward that end, integrating the merits of linear ADRC
and nonlinear ADRC together is of great usefulness. How to
integrate the strengths of linear ADRC and nonlinear ADRC to-
gether should be investigated in depth. Switching is an effective
method to integrate linear ADRC and nonlinear ADRC seam-
lessly together. Thus, the linear—nonlinear switching ADRC has
attracted the attention of some scholars recently. For example,
a linear—nonlinear switching ADRC is proposed to estimate
the total disturbances, which has been verified in ball-beam
system [34] and the PMSM system [30]. The experiment results
of ball-beam system illustrate that the linear—nonlinear switch-
ing ADRC possesses the merits of linear ADRC and nonlinear
ADRC [34], which is sophisticated and pioneered.

However, as for the linear—nonlinear switching ADRC, sta-
bility analysis is of great challenge compared with the linear
ADRC. To be more specific, the traditional methods for lin-
ear systems are not suitable for nonlinear systems. Lyapunov
function is an effective tool to analyze the stability of the non-
linear systems. Nevertheless, constructing Lyapunov function
is challenging. There is less literature illustrating how to prove
the stability of linear—nonlinear switching ADRC by Lyapunov
functions compared with the linear ADRC. Especially, how
to construct Lyapunov function of linear—nonlinear switching
ADRC designed by different switching rules is of great skill.

Based on the above observation, inspired by [8], [9], [30],
[34], a novel class of linear—nonlinear switching ADRCs are
proposed to design the speed controller and current controller
for PMSM, whose goal is to strengthen the robustness of the con-
trol systems of the PMSM. Furthermore, the proposed ADRCs
integrate the traditional ESO and linear ESO together seamlessly
by observation error. Such work may be of great significance,
which can be extended in other engineering scenarios.

The contribution of this article is to design the speed con-
troller and current controller in PMSM by using linear—nonlinear
switching ADRC. Multiple Lyapunov functions are constructed
to prove the stability of linear—nonlinear switching ESOs. Fi-
nally, the effectiveness of the speed and current controllers based
on the linear—nonlinear active disturbance rejection technique is
validated by experiments results of a 5.5-kW PMSM platform.

The rest of the article is presented as follows. The prob-
lem is formulated in Section II. Section III presents the
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Fig. 1. Control system of the PMSM coupling to load equipment.

linear—nonlinear switching ADRCs for speed controller for
PMSM. Section 1V illustrates the linear—nonlinear switching
ADRC:s for current controller for PMSM. The relationship
between ADRC and PI is revealed in Section V. Next, multi-
ple Lyapunov functions are constructed to prove the stability
of linear-nonlinear switching ESO and the transfer function
method is used to analyze the stability of the closed-loop system,
which is illustrated in Section VI. And the detailed deduction
is presented in the Appendix A and Appendix B. Furthermore,
experiment results and the corresponding discussions are given
in Section VII. Lastly, we conclude the whole article in Sec-
tion VIIIL.

II. PROBLEM FORMULATION

According to the common sense in [36], the mathematical
model of PMSM in the d—q axis of the rotor synchronous rotation
coordinate system can be obtained.

The stator voltage equations are given as follows:

dv

Us = Ryig + —2 —w, 0, (1)
drt
dv

U, = Reig + —2 4w, 0y, )

dt

The stator flux equations are shown as follows:

Vg = Lgiqg + ¥y 3)
W, = Lyig. “
The electromagnetic torque equation is presented as follows:
3 ; .
T. = §np(‘l’dlq —Wig). 5)
The motion equation is illustrated as follows:
J dw,
T, — Ty, — Buwy, = — 6
e L Wm n, dr (6)

where Uq, Uy, iq, ig, Ly, La, and Wg, ¥, in (1)—(6) are, re-
spectively, the voltage, the current, the inductance, and the
flux linkage in the d—q axis of the rotor synchronous rotation
coordinate system. Ry is the stator winding phase resistance.
w,- 1s the electrical angular velocity of the PMSM rotor. w,, is
the mechanical angular velocity of the PMSM. W is the flux
amplitude of permanent magnet. n,, is the pole pairs of PMSM.
wmNy = wy. Te is the electromagnetic torque of PMSM. T7, is



14368

the load torque from load equipment in Fig. 1. J is the moment
of inertia of PMSM. B is the viscous frictional coefficient.

In Fig. 1, load equipment may be gas turbine, oil pump, etc.
On the one hand, how to devise a speed controller to enhance
the robustness of the control system should be investigated. In
the next section, a speed controller in possession of disturbance
rejection ability is proposed. To improve the disturbance rejec-
tion ability, the speed controller in Fig. 1 is replaced by the
proposed linear—nonlinear switching ADRCs, which is shown
in Section III. Furthermore, the current controllers will also be
devised by the proposed linear—nonlinear switching ADRCs,
which is introduced in Section IV.

III. DESIGN OF LINEAR—NONLINEAR SWITCHING ACTIVE
DISTURBANCE REJECTION SPEED CONTROLLERS

In general, it is prevalent that cascade control structure con-
sists of the speed controller and the current controller [37]. In
order to enhance the robustness of the controller of the speed
loop, a speed controller based on linear—nonlinear switching
ADRC is introduced in details. The controller of the current
loop adopts PI algorithm. Note that the bandwidth of current
loop is faster than that of the bandwidth of speed loop. Thus, iﬁff
is equal to ¢, when the speed loop is in transient process, where

fff is the reference value of 4. This assumption is introduced
in [38].

By the simple deduction from the equalities (1)—(6), the

following mathematical expressions can be got:

3np\11d

Wy, = g + fm (7
.U,
ig= 71+, ®)
q Lq q
. Ud
= — 9
=17 + fa ©)
where
TL me
fm= =777
fo= Rsiq wrLgiq +wr\Ilf
“ Lq Lq
f L Rsid w,«qu’q
T L, Ly

Equations (7)—(9) are the canonical forms for designing ADRC.
We give an example how to design ADRC in speed loop.
Equation (7) can be recast as

i’lzbo'iq-l-"EQ
—h

) (10)
T =

where 1 = Wy, by, = 31’;’1}”, o = fm +(
is the estimated value of b,,,.

A class of linear—nonlinear switching ADRCs are given
in the next subsection by adopting different linear—nonlinear
switching ESOs. To avoid confusion, the corresponding con-
trollers are named as linear—nonlinear switching ADRC type
1 (LNSADRC type 1) and linear—nonlinear switching ADRC

b — bo)iq and by
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type 2 (LNSADRC type 2), respectively. In comparison with
linear ESOs, linear—nonlinear switching ESOs integrate the
merits of linear ESOs and nonlinear ESOs together and eliminate
the demerits of traditional ESOs [34].

A. Linear—Nonlinear Switching ADRC Type 1

Define v = w;ff and e; = z1 — wWy,. €1 1S the observation
error. Inspired by [34], the first linear—nonlinear switching ESO
for (10) is presented as follows:

{21 =z — Brier +bo - g

(11)
2o = — Fy - fal(e1, a2, 01,92)

where z,, are estimated values of x,, with n € {1, 2}. The math-
ematical expression of F; - fal(ey, as, 81, 02) can be described
as follows:

(3)_€1

21 51 o slei] < 01

857 e[ sign(er)

F5 - fal(er, a,01,02) = (12)

(51 < |€1‘ < (52

ﬂéi)el, |€1| > (52.

Equation (12) adopts discontinuous switching, Which is different
from the method introduced in [34]. §11, 21 ,521 ,and 521 are
gain coefficients of ESO. The control law is z[ff “0==2 and
ug = k11(v1 — 21), where by is the estimated value of b, and
k11 is the control gain.

Define e; = 29 — x5. The error state equations from (10) and
(11) are shown as follows:

é1 = ez — frien
(13)
= h — F2 . fal(el,ag, (51,(52).
The stability of (13) is proved in Appendix A.

B. Linear-Nonlinear Switching ADRC Type 2

Define v = w;ff and e; = 21 — wy,. The corresponding
linear—nonlinear switching ESO for (10) is presented as follows:

21 =20 — F1 - fal(er, a1, 61,02) + by - 14
) (14)
Zyg = — Fy- fal(e1, az,01,02)

where z,, are estimated values of x,, with n € {1, 2}. ﬁi(ll), ﬂ(Q)

and BS’ ) are gain coefficients of ESO. The control law is illus-
trated as i, = ““b 22 and ug = k11 (v1 — z1). The mathematical
expression of F; - fal(ey, a, d1,d2) is illustrated as follows:

(&
B leal < 4
1

B e1|* sign(er)

51 < |61‘ < 52

F; - fal(e1, a;,01,02) = (15)

51-(11)61, le1| > d2

where ¢ € {1,2}.
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Define es = 25 — xo. The error state equations from (10) and
(14) are shown as follows:

é1 = ey — I - fal(er, 1, 61,02)
ég = h — F2 . fal(el,ag,dl,ég).

The stability of (16) is presented in Appendix B.

(16)

C. Linear—Nonlinear Switching ADRC Type 3

This subsection introduces the linear—nonlinear switching
ADRC presented in [34], which is called linear—nonlinear
switching ADRC type 3 (LNSADRC type 3). Define v; = w!¢/
and e; = 21 — wy,. The corresponding linear—nonlinear switch-
ing ESO for (10) is presented as follows:

{21 =z — fBrier +bo - g
%9 = — Po1 - fal(er, a2,01,02)

where z,, are estimated values of x,, withn € {1, 2}. f2; and 814
are gain coefficients of ESO. The control law is illustrated as i, =
“"b 22 and up = k11 (v1 — 21). The mathematical expression of
fal(el, aa, 01, d2) can be shown as follows:

a7

61 a27|el| < 51

|e1|** sign(e1)

(51 < |61| < (52

fal(er, az,01,02) = (18)

e1, ler| > 0a.

Define es = zo — x9. The error state equations from (10) and
(17) are shown as follows:

{él = ez — frer
= h — Ba1 - fal(er, s, 61, 02).

The stability of (19) is proved by Li [34], which is introduced
in Section 1.

19)

D. Linear ADRC

This section introduces the linear ADRC, which is called
LADRC. Define vy = w’¢/ and e; = 21 — w,,. The corre-
sponding ESO for (10) is presented as follows:

{21 =23 — frer +bo - ig

(20)
29 = — Parer

where z,, are estimated values of z:,, withn € {1, 2}. The control
law is illustrated as i, = “(JT;” and ug = kq1(v1 — 21). Define
€2 = zo — xo. The error state equations from (10) and (20) are
illustrated as follows:

' (1)
€x = h — 52161-

{é1 =e2 — frier

The stability of (21) is analyzed in [39].
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IV. DESIGN OF LINEAR—-NONLINEAR SWITCHING ACTIVE
DISTURBANCE REJECTION CURRENT CONTROLLERS

The current loop controllers can be designed by using the
linear—nonlinear switching ADRC type 1, the linear—nonlinear
switching ADRC type 2, the linear—nonlinear switching ADRC
type 3, and the linear ADRC. The detailed process is similar
to the speed loop controllers designed by the above ADRCs. In
order to save limited space, we omit it here. The speed controller

parameter symbols aq, o, 01, 02, Bi1, Po1, ﬁ), S), 5ﬁ),

B3, 85D, BSY. by, and kyy are replaced by ana, azs, 12, Oaz,
1 3 1 2 3

Bi2, P22, 552), 552 , 5%2), 552), 5§2), 552), bo2, and ko for

current controller parameter symbols, respectively, where by

is the estimated value of by with by = -

V. STABILITY AND CONVERGENCE OF THE PROPOSED ADRCS

First, the convergence of linear—nonlinear switching ESOs
with different rules is given. Second, the stability of the closed-
loop system is proved by transfer functions.

A. Stability of Linear—Nonlinear Switching ESO in LNSADRC
Type 1

We present a theorem to show that the linear—nonlinear
switching ESO in LNSADRC type 1 is bounded-input-bounded-
output (BIBO) stability.

Theorem 1: If the parameters of system (13) satisfy 0 <
az == <1,311 >0, ,BS) > 0, ,85? > 0, ﬁé‘? >0, 3n >m,
Zmﬁg) = (m+n) é‘?,n >0, |5 m L = g%:,and |h] < Ry,
where R; is positive number, then for any corzr)llpact set Q, there
exists a constant /N > 0 such that any solution e of the system
(13) with initial value e(0) € Q satisfies ||e(t)|| < N for all
t>0.

The proof of Theorem 1 is presented in Appendix VIIL

B. Stability of Nonlinear—Linear Switching ESO in LNSADRC
Type 2

The following theorem shows that the linear—nonlinear
switching ESO in LNSADRC type 2 is BIBO stability.
Theorem 2: Ifthe parameters of system (16) satisfy 0 < ag

2cap=1<1, BY >0, 5(2)>0 BY >0, 2mBY =

(m+n)BY. 30 >m, 1< 20 44 |g|n! = ?21) and |h| <

R;, where R; is positive number then for any compact set O,
there exists a constant M/ > 0 such that any solution e of the
system (16) with initial value e(0) € O satisfies |e(t)]] < M
for all ¢t > 0.

The proof of Theorem 2 is given in Appendix IX.

C. Stability of the Closed-Loop System

Theorem 3: Consider the closed-loop system (i) constituting
of (10)—(12) with the control law i, = k“(vlb;ozl)m satisfying
k11 > 0. If the conditions of Theorem 1 hold, then the closed-
loop system (i) is stable.
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Theorem 4: Consider the closed-loop system (ii) constituting
of (10). (14), and (15) with the control law 7, = *1(vL-2t)==
satisfying k11 > 0. If the conditions of Theorem 2 hold, then the
closed-loop system (ii) is stable.

Proof: Substituting (11) and ¢, =

ki1 (vi—z1)—22
b

into (10), we

can obtain
i1 = ki (Wit — 21 — 21 +31) — 29 + 7o (22)
Equation (22) can be recast as
i1 =k (W —xz —e1) — eo. (23)

Theorem 1 can guarantee that e; and e, are bounded. By Laplace
transformation, three transfer functions can be obtained

Qm(S) kll
= 24
Qel(s)  s+kn &4
X1 (S) _ kll
Fy (S) o s+ ki1 (25)
X1 (8) _ 1
EQ(S) o s + kll (26)

where Q7¢f(s), Q,,(s), Fi(s), and E5(s) are Laplace trans-
formation of w:rff , Wm, €1, and eq, respectively. The poles of
the transfer functions (24)—(26) locate in the left plane of the
complex frequency domain. Thus, we can conclude that the
closed-loop system (i) constituting of (10)—(12) with the control
law i, = % is stable. The proof of Theorem 3 is
finished.

The proof of Theorem 4 is similar to the proof of Theorem 3,
so we omit it here.

VI. RELATIONSHIP BETWEEN ADRC AND PI

How to compare the controller performance of the proposed
ADRC with that of the LADRC and the PI should be discussed
in details. A rigorous justification is pursued by academic re-
searchers. Thus, we try our best to establish the corresponding
criterion to satisfy such requirements.

First, the relationship between the linear ADRC and the PI
is revealed [40], [41]. To be more accurate, it proves that the
first-order LADRC is equivalent to a PI controller with a low-
pass filter [40]. And it reveals that the second-order LADRC
can be interpreted as a PID controller with a low-pass filter [41].
They reveal that the LADRC can have better ability to attenuate
overshoot and measurement noise [40], [41]. In this article, we
cite the corresponding results, which are shown in Fig. 2. §,,
stands for measurement noise and d,, is input disturbance. r is
the reference value. y is the controlled output. u is the control
input. The C'(s) and H (s) in Fig. 2 can be illustrated as follows:

(82 + B118 + B21)k11

H(s) = 27
(#) (Brikir + Bi1)s + Parkin 0
_ (Brikin + Pr1)s + Porknn
Cls) = brns(s + Bi1 + k11) %)
C'(s) can be recast as
O(S) = Cp[(S)FLl(S) (29)
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- Ym

+ 0,

(YW
+ Yy
- Ym

+ 0,

Fig. 2. Relationship of PI and the first-order LADRC [42].

Fig. 3.

The 5.5-kW PMSM platform.

where Cpi(s) = Kp + KL, Fri(s) = s-flﬂi%’ Kp=
Bi1ki1+pB11 _ B21ki1
b (B114k11)’ and K7 = b (Br1+Fk11) "

In Fig. 2, the feedback characteristics cannot be influenced
by the prefilter (H(s)) [43]. Thus, each first-order LADRC
corresponds to a PI controller. At the same time, (29) has
established the comparison criterion between the first-order
LADRC and the PI controller. Equation (29) also verifies that the
first-order LADRC has stronger ability in attenuating overshoot
and measurement noise than that of PI controller. Thus, we do
not repeat the experiment results in our article, and the similar
experiment results are illustrated in [42].

Second, we try to establish the comparison criterion between
the LADRC and linear—nonlinear switching ADRCs. The de-
tailed parameter tuning rules are illustrated as follows: the gain
coefficients of the linear—nonlinear switching ESO must be
smaller than that of the linear ESO, which helps to verify that the
performance of the proposed linear—nonlinear switching ESOs
is better than that of the linear ESO.

The above comparison criterion is used to in Section VII.
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TABLE I
KEY PARAMETERS OF THE HIGH SPEED PERMANENT MAGNET SYNCHRONOUS
MACHINE IN NOMINAL PARAMETER CONDITION

Symbols Description Value Unit
7 flux linkage 0.0515 V.s
nyp pole of pairs 1 \

Rs stator phase resistance 0.31 Q)
Ly inductance of d axis 0.00173 H
Ly inductance of ¢ axis 0.00173 H
J moment of inertia 169.33 kg.mm?

VII. EXPERIMENT RESULTS AND DISCUSSIONS

The 5.5-kW PMSM platform is shown in Fig. 3. And the
corresponding technical parameters are given in Table 1. A
is the PMSM. C is the control system of A. The proposed
linear—nonlinear switching ADRCs (namely LNSADRC type 1
and LNSADRC type 2) are downloaded into the C. The system
consisting of B and D is the electric dynamometer. E is the data
acquisition system, which is programmed by Labview.

The speed controller and the current controller designed by
the proposed linear—nonlinear switching ADRCs are validated
by the 5.5-kW PMSM platform. First, we illustrate the exper-
iment results of speed controller. Next, the current controller
experiments are shown by us.

A. Speed Controllers Experiments

by is the estimated value of b,,. According to the nominal
parameters of the PMSM, we can get the nominal by = 456.
When the value of by deviates from the nominal value, the
uncertainty on by is resulted from ¥, and J. So, different values
of by are used to test the performance of the proposed ESOs.

In order to evaluate the performance of the proposed speed
controllers, comparison will be made with the speed controller
based on the LNSADRC type 3 in [34] and LADRC [39].

The current loop controller adopts PI algorithm, and the corre-
sponding protection procedures, such as over-current protection
and over-voltage protection, are considered. Such considerations
can guarantee that the experiment is operated safely. For d—q
axis PI controllers, the proportional coefficient is 7.35 and the
integral coefficient is 17.15.

It also means that the parameters of the proposed linear—
nonlinear switching ADRCs must be limited within a cer-
tain range. Thus, the corresponding parameters are shown
as follows in consideration of the constraints in Theorems 1
and 2. Condition 1: p=9, ¢=8, m=2, n=1, g{) =20,
ﬂé _ 40 5(3) 160 5(1) _ 40 5( _ 40 ﬂ(3) _ 60 ﬂll —
160 ﬁgl 160 52 rad/s 51 = lrad/s kll = 5 b() =
456 x 0.6. Condmon 2:p=9,g=8 m=2,n= 1, 521
20, 637 =40, 37 =130, g1y = 40, B = 40, 1Y = 60,
B11 = 160, Bo1 = 160 5 = rad/s 01 = 1rad/s, ki1 =5,
b0—456 Condmon 3: p—9 q=S28, m—2 n=1, B(l)
20, 621 = 40, 62 160 68) =40, ﬁ = 40, 51) = 60,
511 = 160, ﬁgl 62 = 64T(1d/8 51 = 1rad/s kll = 5
by = 456 x 1.4. Condltlon 4: The parameters of LADRC are as
follows: 311 = 160, $21 = 160/3, k11 = 5, and by = 456. The
parameters of LADRCI are as follows: 811 = 160, 521 = 1440,
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ki1 =5, and by = 456. The parameters of LADRC2 are as
follows: 511 = 160, 821 = 6400, k11 = 5, and by = 456.

In experiment processes, the step load torque disturbance
(Tr), whose magnitude is 20% of the nominal electromag-
netic torque of PMSM, is applied to the PMSM by the elec-
tric dynamometer. Figs. 4-6 illustrate that the performance of
LNSADRC type 1, LNSADRC type 2, and LNSADRC type
3 are superior to that of LADRC when the PMSM faces the
step load torque disturbance and the uncertainty of by. When
the load torque (77,) is applied to the PMSM, the LNSADRC
type 2 has the minimum value of speed drop, followed by the
LNSADRC type 1 and the LNSADRC type 3, and the largest
value of speed drop is the LADRC. When the load torque (77.)
is removed from the PMSM, the LADRC has the largest value
of speed rise, and the LNSADRC type 2 has the smallest value
of speed rise, and the LNSADRC type 1 and the LNSADRC
type 3 rank the middle place. Thus, we can conclude that the
LNSADRC type 2 has the best performance from the values of
speed rise and speed drop perspective. Furthermore, when bg
increases, the values of speed rise and speed drop go up for the
LNSADRC type 1, the LNSADRC type 2, the LNSADRC type
3 and the LADRC, and the rate of change of magnitude value
of speed drop is greater than that of speed rise. In Condition 1,
the maximum value of speed rise of the LADRC is 27 times
as large as the LNSADRC type 2, and the maximum value of
speed drop of the LADRC is 32 times as big as the LNSADRC
type 2. In Condition 1, the maximum value of speed rise of the
LADRC is 22 times larger than the LNSADRC type 1 and the
LNSADRC type 3, and the maximum value of speed drop of
the LADRC is 29 times bigger than the LNSADRC type | and
the LNSADRC type 3. In Condition 2, the maximum value of
speed rise of the LADRC is 27 times as big as the LNSADRC
type 2, and the maximum value of speed drop of the LADRC
is 28 times as large as the LNSADRC type 2. In Condition 2,
the maximum value of speed rise of the LADRC is 22 times
larger than the LNSADRC type 1 and the LNSADRC type 3,
and the maximum value of speed drop of the LADRC is 25 times
larger than the LNSADRC type 1 and the LNSADRC type 3. In
Condition 3, the maximum value of speed rise of the LADRC
is 24 times as big as the LNSADRC type 2, and the maximum
value of speed drop of the LADRC is 25 times as large as the
LNSADRC type 2. In Condition 3, the maximum value of speed
rise of the LADRC is 22 times bigger than the LNSADRC type
1 and the LNSADRC type 3, and the maximum value of speed
drop of the LADRC is 23 times as big as the LNSADRC type 1
and the LNSADRC type 3.

The specific values are also illustrated in Table II, where
AA, BB, CC, and DD stand for the LNSADRC type 1, the
LNSADRC type 2, the LNSADRC type 3, and the LADRC,
respectively.

From Figs. 4-7, the performance of LADRC can approach
that of the LNSADRC type 1, the LNSADRC type 2, and
the LNSADRC type 3 by increasing the gain coefficients
of ESO of LADRC. However, for the LADRC2, the speed
fluctuates sinusoidally when the load torque (77) is removed
from the PMSM, which is resulted from the overlarge [o;.
The specific values are also illustrated in Table III. The
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TABLE IT
SPEED VARIATION OF DIFFERENT ADRCS

Condition 1 AA BB CcC DD

Speed rise (r/min) 50 43 51 1160

Speed rise (%) 0.56 | 0.48 | 0.57 | 12.89

Speed drop (r/min) 38 35 38 1151

Speed drop (%) 042 | 039 | 042 | 12.79

Condition 2 AA BB CC DD

Speed rise (r/min) 73 63 73 1690

Speed rise (%) 0.81 | 0.7 0.81 | 18.78

Speed drop (r/min) 65 59 65 1679

Speed drop (%) 0.72 | 0.66 | 0.72 | 18.66

Condition 3 AA BB cC DD

Speed rise (r/min) 93 88 92 2140

Speed rise (%) 1.03 | 098 | 1.02 | 23.78

Speed drop (r/min) 92 84 91 2132

Speed drop (%) 1.02 | 093 | 1.0l | 23.69

TABLE III
SPEED VARIATION OF DIFFERENT LINEAR ADRCS
Condition 4 The LADRC | The LADRCI | The LADRC2
Speed rise (r/min) 1690 124 33

Speed rise (%) 18.78 1.38 0.37
Speed drop (r/min) 1679 120 25
Speed drop (%) 18.66 1.33 0.28

proposed LNSADRC type 1 and LNSADRC type 2 have small
gain coefficients (Bﬁ), ﬁ), %3{), S), g), S)), which
can avoid the similar problems. It also shows that switching
rules adopted in estimating z; can decrease the gain of ESO
without sacrificing the ability of disturbance rejection. The
overshoot of speed response caused by improper parameter
setting of LADRC, which is shown in Figs. 4(d), 5(d), 6(d), and
7(a), can be solved by the proposed linear—nonlinear switching
ADRGC:s.

Of course, the overshoot of speed response caused by im-
proper parameter setting of LADRC can be implemented by
using the traditional methods in [39].

B. Current Controllers Experiments

The speed loop adopts LADRC controller. The g-axis current
loop adopts the proposed ADRC controller. The d-axis current
loop adopts the PI controller, and the proportional coefficient is
7.35 and the integral coefficient is 17.15. Condition 5: 81, = 16,
521 = 144, kll = 5, bo = 456, 19 — 8/9, Q9 — 1/2, ﬁéé) =
160/9, B33 = 40, B5y) = 180, B1y) =40, B3 =40, B3 =
60, P12 = 160, fBog = 150, 839 = 9A, G120 = 4A, k2 = 60,
bp2 = 578. Condition 6: 811 = 16, Bo1 = 144, k11 =5, by =
456, anp = 8/9, as = 1/2, B = 160/9, B2 = 40, 85 =
2, 5%5) = 40, 58) = 40, 53) =60, B2 = 160, By = 139,
b9 = 9A, 610 = 4A, k12 = 60, bys = 578 x 2. Condition 7:
511 = 160, 621 = 1440, kll = 5, bo = 456, 12 = 8/9, 9o —
1/2, B =160/9, B33 = 40, 55 = 182, p13) = 40, 573 =
40, B3 = 60, 635 = 9A, 615 = 44, k15 = 60.

In order to test the tracking ability of the current controller
designed by the proposed ADRCs, the output of the speed
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Fig. 7. Speed response of different LADRCs by changing 321 in Condition
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controller designed by the LADRC has sinusoidal fluctuation

phenomenon. The corresponding parameters are illustrated in

Condition 5. » * io0g 1500 2000 250p L s oo eso0 om0
By observing the Figs. 8-10, we can obtain the following 0 2000 ‘S‘gfnoplmg pg?:t‘: 8000 10000

experience. The ADRCs including the LNSADRC typel, the @

LNSADRC type2, the LNSADRC type3, and the LADRC have

good sinusoidal tracking performance. By increasing the value  Fig. 8. 4, current response of different ADRCs in Condition 5. (a) The

of bo2, the tracking error value of i, is decreased for the LNSADRC type I. (b) The LNSADRC type 2. (c) The LNSADRC type 3.

LNSADRC typel, the LNSADRC type2, and the LNSADRC (@) The LADRC.
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type3. However, the tracking error value of ¢, of the LADRC
is increased. When byo = 1156, the LNSADRC type 2 has the
minimum value of tracking error of 4. Nevertheless, the LADRC
has the worst tracking performance.

We increase the gain coefficients of ESO of the LADRC
in speed loop. The corresponding parameters in Condition 7
have increased to tenfold of the value in Condition 5. The
experiment results of the LNSADRC type2 are illustrated in
Fig. 11. By increasing the value of bgs, the tracking error of
i4 decreases sharply. Because the parameters of the LADRC
for speed loop are different in Conditions 5 and 7, the refer-
ence value of i, (i,—reference) is different in Figs. 8(b) and
11(a). When byy deviates from the nominal value of b,, the
tracking error value of i, for the LNSADRC type2 decreases
substantially.
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disturbances. The proposed LNSADRC type 1 and LNSADRC
type 2 can overcome the overshoot of speed response caused by
improper parameter setting of LADRC. The experiment results
of the current controllers show that the proposed LNSADRC
type 2 has better tracking ability than the LNSADRC type 1, the
LNSADRC type 3, and the LADRC when b is not estimated
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Fig. 11. 14 current response of the LNSADRC typel in Condition 7 by
changing bo2. (a) bo2 = 578. (b) bp2 = 1156. (c) The tracking error of i,.

VIII. CONCLUSION

This article has investigated a class of linear—nonlinear
switching ADRCs applied to design speed controller and current
controller for PMSM. The stability of linear—nonlinear switch-
ing ESOs are addressed by multiple Lyapunov functions, and
the stability of closed-loop systems is proved by the frequency
domain method. The advantages of speed controllers and current
controllers designed by the proposed linear-nonlinear switch-
ing ADRCs are validated by experiment results of a 5.5-kW
PMSM platform. The experiment results of the speed controllers
illustrate that the proposed ADRCs (LNSADRC type 1 and
LNSADRC type 2) are more proficient in inhibiting changes of
speed than the LADRC and the LNSADRC type 3 in coping with

accurately.

APPENDIX A
PROOF OF THE THEOREM 1

Proof: The candidate Lyapunov function V (e), constituting
of multiple Lyapunov functions, of system (13) can be proposed
as

Ve) = Viz(e), |er]| <61
V(e) = ‘/12(6),(51 < ‘61| < (52
Vii(e), lei| > o2

(30)

<

—
)

~—
I

where
2m
Viz = (cze? + bed)m+n + czed + bel — aejes
Vi = =41 be2 2m =41 be2
12 = (ler|™ " +bez)™+7 + |er|™ " + bes — aejes
Vi1 = (c16% + be3)m+n + c1e? + bel — aeyes.
5
C1 = —~&y»
21

6<1,+2>, e = [61,62}71, and a € (O,Rg) with Rs =
1
min{Ra1, Ras, Rag, Roa, Ros, Rog }, where

) = 261185 by — 25811
= 2.6 3y =6 I—a
50 + 60057 LAt
2\/55? 2
Rz = —m o fRu= 5
B31 1/ﬁ21
(

m+n)pi1

mp)

1

The parameters of V(e) satisfy b= —5;,
21

C3 —

2
Ros = —————,Ras =

3 -« ’
NETRE

By mathematical deduction, a € (0, R) can guarantee that
(31)—(35) are true

¢ ~z9hu ~ 0 31)
—3afn (251101 - 5&)@)
. e -0 32
— e (—5152;2 +2c3/311) ¢
1 -
_a
[Cla 2|0 (33)
—2 p
[1 a 2|0 (34)
-5 b
{CSQ _5} = 0. (35)
—2 )

Step 1: By mathematical deduction, we can get V11 > ¢; e% +
be3 — aerez, Vig > le1|? + bes — aerea, and Vig > cze? +
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be3 — aejeq. Inequalities (33)—(35) mean that V4 are positive
definite and radially unbounded, where d € {1, 2, 3}.

Step 2: We will show that the given functions do not increase
during switching instants. And during continuous evolution, the
function is decreasing. Computing the derivative of V}, along
the solution of system (13) yields that

. 2m 2m
2 2\ == —1 2
V13 = man (0361 + b€2) m+tn 2czeieq — 203ﬁ1161

+ 2besh — 25@ + 2c3eq1e9 — 2036116%
1
(3)
+ 2besh — Qb@%ei? — ae3
03
ae?
+ Briaezer — aerh + ’8511 .
1
(36)
. 2 n m-n n
Vig = m:_n (e m+1+beg)m[m;n|el megsign(er)
m+n
|61|’”+ B11+2besh— 2bﬂ§1)|el|megszgn(el)}
m-+n n . n
+ ler| ™ easign(er) — |€1\’"+1511

+2begh — 2b625§?)|61 "%sign(el)

— ae3 + Briaeres — aerh + aﬁg) \el|ﬁ+1
37

1[2016162

. 2m _2m__
Vi = (el + )
— 5112616% + 2b62h - ﬂg)%egel]

— ﬂ112616% + 2begh — ,85?2&3261]

2 (1) 2
—ae; + friaese; —aerh + aflsy ef.

+ [2016162

(38)

The inequality (31) results in —ae3 + aﬁﬁ)eleg — (268)01 —
521 a)et < 0. And when ¢; = ﬁg)b, (38) can be recast as

-1 2

. 2m 2m
Vii= — 11261627 8162 +b€2 m+n — ae
1 1 2 2

m-+n

(2B11¢1 — aﬁg))ef

+ friaese; —

m

(6161 + b62) i

1 4 2besh — aeqh.
(39)

2
+ 2egh—"
m-+n

It is easy to derive the following inequality:

1 2m 2m

(cref + beg)%_ < (2c1ed)mrn 4 (2be3)mrnt (40)

and then we have

62(016% + be%)%fl < |62|(2016§>7’”2‘7T”

(41)

L Jea|(2be3) R
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Furthermore, the inequality (41) can be recast as

2(201)%71 (42)

ea(cre? + be2) mim L < Jeo|(Jeq|)2min

J'_ |€2|2"§%71(2b) 'nzrnil.

By combining (39) and inequality (42), one can conclude that

. 2m m
2 2 2\ 2] 2
Vii < — 511261617711 n n(clel + bes)min T — ae;

+ ,811&6261 - (Qﬁllcl - aﬁéi))e% (43)
+ 2bR [Jea(fer[)?757 2 (2e0) 77 !
+ |€2|27’”2‘7T”71(2b) "mn*l] + 2besh — aeqh.

The constraint m < 3n results in 2-22- — 2 < 1 and 2= zm

+
1 < 2. Toward that end, the order of the negative terms is

larger than the order of the positive terms in (45). Then with
the constraint 0 < 617 < 1, thus, the following result can be
obtained:

2m 1

- (cle1 + beQ) +n

. 2m
Vi< —(1- 911)[5112616%771

+ aej — Biraeser + (2B11cr — aﬁé?)e%]
(44)
when
2m om
gi1 = — 911[5112C1€%m n n(Clef + beZ)man !
+ aeg Briaeser + (261161 — aﬁm )61] (45)
+20Ry[|ez|([e] )77 (2 ) 7 !
+ |€2|2%71(2b)%71] + 2besh — aerh < 0.
And when 2 _622)219 and m;g Bi1 > a,(37)canberecast
as
Vig < —2(lex| ™ ™ + bed)mn By — ae3
2m o1 o\ mon
be2)mTn 2besh, (46)
pe—— (lex + be3) €2
+ 2besh + Bi1aei1ea — aeqh.
It is easy to verify the following inequality:
(Jea |+ + beB) #55 < (2leq |7+ #55 + (2be3)
m-n __m-n 2( (47)
— (|€1|)Tgm + (62) m+n (Qb) M
Thus, one can conclude that
ea(ler|m T + bed)min < |62||el|%2:;‘;2
(48)
+|62 m+n (2[7) mEn

With the constraints 3n > m and inequality (48), the order of
the negative terms is larger than the order of the positive terms
in (50). With 0 < #15 < 1, we have

mHpbed) wn ey | Bry +ae3)
(49)

Vi < = (1=612)[2(jes
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when

m-n

+ beg)m+" |61‘m+ ﬂn

2m n
+aej] + mﬂeﬂ nt

g2 = — 0122(Jes |

Lt be2)mTn 2besh (50)

+ 2besh + B11ae1e9 — aerh < 0.

(3)
With the constraints 037;71 21

@2

and inequality (32), the fol-
lowing results can be obtained:

. 2m 2m__
Vig = — 2035116%7” +n (caef + beg)men !
(3)
a
— aej + Briaezer — (— ffla + 283511) el
1
2m 2 2y 2m_ ]
+ 2beah n (cse] + bez)m+tn " — aerh + 2besh.
m+n
(51)
There exists
(c3e2 + be2)min 1 < (2e5e2) i L 4 (2be2)min 1. (52)

One can conclude that

_2m 2m 2m
ea(cze? + bed)mrn 1 < ‘62|(61)2m+n 2(203)"% 1

(53)
+ (Jea]) 771 (2b) 77
The constraint m < 3n results in 227 — 2 < 1 and 222 —
1 < 2. Thus, the inequality (53) can be recast as

2m 2m 2m 1

ea(csei+bed) it < lea|ler|(2es) M Heo|* (20) mEn
(54)

Toward that end, the order of the negative terms is larger than the
order of the positive terms in (56). With 0 < #;3 < 1, it holds
that

27n 1

(c3e? 4 bed)m+n

. 2m
Vis < — (1 - 913) [263&116%TM

(3)

(51 @y

+ ae3 — Briaeser + < + 2¢3811

(55)

when

-1

2m 2m
= — 0132 2= 2 4 be2)mtn
913 13[ 63511€1m T n(Cgel + 62)

o),
plen +2¢3511 | €3]

+ ae2 Briaeser + (

I ae  h2besh < 0.

(56)
according to |Jo|m

(caettbe3) min

2
2begh—
m-+n

At the switching points, ¢ =|dy|m !

& n .
and ¢ = % and c3=|0; = 1 according to ¢z = and

sz
21
Qg = -, can guarantee V11 = V12 and Vi3 = V2, respectively.
The detailed deduction is illustrated as follows:

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 12, DECEMBER 2021

(1)
-1_ 8 —
(3) and|62\m = 52%) canget Vi =

When |€1| = (52, c1 =

(Jex| =+ + be2)% + |61|m+1 + be3 — aejes.  Then, we

define Vi = (|€1 wmtl + be? )"?Tn + |61 mtl + be% — aeiés.
Thus, Vi = Vi;. .

When |ej| = 61,c3 = |[01]= !, we can obtain Vi3 =
(lex| =+ + be%)% + er| =t + be2 — aeqes. Vig =
(ler| " +1 + be2) ¥ + |eq|#+! + be2 —aeje; is defined

by us, so we can get V1o = V3.

When V' (e) > K forsome K > 0,¢911 < 0,912 < 0,913 <0,
and thus, V < —a(|z|) where & is a positive function. The proof
of Theorem 1 is finished.

APPENDIX B
PROOF OF THE THEOREM 2

Proof: The candidate Lyapunov function V'(e), constituting
of multiple Lyapunov functions, of system (16) is constructed
as follows:

V(e) = Vaz(e), le1] < 01
V(e) = Vaa(e), 01 < |ex| < 62
V(e) = Vai(e), er| > o2

(57)

where
2 2\ =2 2 2
Vas = (csey + bes) T+ + cgey + be; — aeres
w4 beZ — aejey

Voo = (Jea|[# 1+ 5e3) 70 + [y

2 2\ 2 2 2
Vo1 = (cre] + bes) T+ + cref + bes — aeqes.

(1)
The parameters of V(e) satisfy b= 6(3)’ c = 2y,
21
03:5“%2), e=ler,e2)T and a € (0,R3) with R =
1

min{Ra1, R3z, R33, R34, R35}, where

" 25(1)521) o 8,3(3)5(a1 agz)
31 — )
SO + 2D 4pal Y + (s
R 2/ 5 n 2 . 2
33 = — @ = , Ras = T
B PN T

By mathematical deduction, a € (0, R3) can guarantee that
the following inequalities hold:

1. 5(1)
a —5aB3;
-0 (58)
[—;wﬁ) @80 - BPa),
aﬂ(3)
’ I -0 (59)
_ agy (_u & + 2636(3))
2511 5 2 5
—_a
{C_la b‘é‘} -0 (60)
2
1 =3
EPRRCH Ee 61)
2
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b (62)

{63 _%} = 0.

e

Step 1: By mathematical deduction, we can get Vo1 > ¢; e% +
be3 — aerez, Vag > le1]? + be3 —aejes and Vaz > cze? +
be% — aejes. Inequalities (60)—(62) mean that V5, are positive
definite and radially unbounded, where d € {1, 2, 3}.

Step 2:We will show that the given functions do not increase
during switching instants. And during continuous evolution, the
function is decreasing.

Computing the derivative of V,,4 along the solution of system
(16) yields that

2m

Vo = m(@,e% + beg)(’i%")il[2c,3€1€2
— 263857 L + 2beah — 265357 ;{ejz]
e 1
+ [2cse1e2 — 203817 1611 + 2besh — 2bs 357 ;ll,ejz]
1 1
) e1€2 e?
— aeges + aﬂn 51 o —aeth + a,6’21 R
(63)
Ve = (mZT oy (a7 4 be 2
AT e [Feasign(er) — B ealF T e
+ 2besh — ﬁg)%eﬂelﬁsign(el)}
T e Feasign(er) — T B fer 4
+ 2begh — Bé?)2b€2|61|%8ign(61)}
— ae + aﬂﬁ)|el\%egsign(el) —aerh + ﬂ a|e \mﬂ
(64)
e (mZTn) (c163 +be3) 75! [(2ere1ez — 261 ere)

2

+ (2begh — 2@1)1)6261)] + [(2c1e1€9 — 2ﬁﬂ)61€1)

+(2begh— 2[321 begel)]—aeg—i—aﬁll eleg—aelh—l—ﬂm ae%.
(65)

The inequality (58) results in —ae3 + aﬁﬁ)eleg — (26;})01 —
521 a)e? < 0. When ¢; = 6;)17, (65) can be recast as

Vo = (cr€3 + be3) D) 71[*2ﬂﬁ)0161 + 2besh)

2m
(m+mn)
+2begh—aelh—ae%—|—aﬂﬁ)elez (2,811 C1—521 a)el.
(66)
It is easy to derive

14379

es(c1e24+bel) T < [eg|(2e1€2) T ey | (2be3) Trim

(67)
Furthermore, we can have
L) m-—n
e2(c16} +be3) T L < Jeglles| T (200) W
) ) (68)
+ |es f(%)j
Then the constraint m < 3n results in § > (Wffn) —1>0

and 3 > +n), and 0 < f9; < 1 and the inequality (68), the
order of the negative terms is larger than the order of the positive
terms in (70). Thus, the following result can be obtained:

Var € = (1= 02028 caef ———(ere] +be) 5

(69)
Megfaﬂ 6162+(2ﬂ(1)cl ﬂé})a) 2]

when
2m m-n

go1 = — 921[2511 cre? e (c1e? + bed)mFn

+ ae% aﬁn erez + (Qﬁn €1 — Bg)a)ef]

2m
+ Qbeghm T (cr€24bed) min42besh—aerh < 0.
(70)
When %M:Qﬁg)b, (64) can be recast as
. . _2m q
‘/22 o /8(2)2(‘61|E+1 +b€§) Tm+n) | 1|m+
2 n Ty
+— (lea] T +be2) ™ 2begh
_m +n

611 leq | T ¥+ 2besh — ae’

+ aﬁn \el|5623ign(el)—aelh—|—ﬂ21 a|61|%'H

Using Young’s inequality leads to |a5ﬁ)|el|gegsz’gn(el)| <
1k1|aﬂ(2)|\el| v+ le |a,8 )|e§, with k; > 0. One can con-
clude that

2m,

. n Tmt+n) * no g
Voo < — B22(lex |71 +0e2) ™ ey |7

2m o4 2 %71
+ ———(lex|™ " +be 2besh
(m_’_n)(‘ 1| 2) 2
m+n @) 24
- eyt +2begh— ae2—|— k1 ‘aﬁ ler|"®
+ 5[0 | 3-aer o alen
(72)

With
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2m -1
- +1) (m+n)

- et
(Jex| " +be3) ™™ < (2fen]

2m__

+ (2bed) ()

we can have

Ty 4
+ be3) lea| ™o

‘/22 < _B(2)2(|61|ﬁ+1

2m PN =i
+ [————(2]ey|™ T 2besh
2m =i m4n o2y, 24
—(be? 2besh] — m
+ (m+n)( 62) €2 } ﬁll |€1‘ P

1 a
+ 2besh — aeg + §k1 ‘aﬁﬁ)’ |e1|2p

+ o [0 - aerh+ B afer 41
(73)
Using Young’s inequality, we have
_2m___q
2hmb o1y (mtn) 2hmb 1 e2
Tty 22lea =) 2 S Tntn) 5262 T
n Ty . .
(%L_Tﬁ) ka2 (2|el w2 which  satisfies kg > 0.
Because + 1>1, we have 2(2 + 1)((m+n) 1) <

Then the followmg results can be obtained:

n

_2m
Var < — (1= 00){B22(ex |7 T+ 0e2) ™7 ey HE

m+n

n o, 9
B e+ aes)

_922{511)2“6 |7+ 4 be )(m+") |61|,%’+

m+n

n o, 9
B e[+ aes)

2mbh |
+[m—)k}2 |:2( m+1) +

(m+n
2mbh

162 2m
(m+n)ky >

2 e T g
(m+n)( 62) €2 ]

1 q 1

+ 2besh+ Sy [aBD | len P + o= [aBD |3
2 2k

=41

—aerh + ﬁg)cﬂel

(74)
The inequality (74) can be recast as

q

_2m
Var < — (1= 022){B22(|ex |71 4 be3) ™*7 ey B HE

m-4+n

+ B e 715 + ael}

m

(75)
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when

om
41 (m+n) o4
T + be%) " m+p

g22 = —922{ 8)2“61

m-+n

+ <?mﬂ%+i+ag}

2mbh n Ty
+{ 2 ko[2(20eq | T 2
{<m+n) 2[2(2ler| ™) ]

2mbh 162+ 2m
(m4+n)ky 2 (m+n)

_—2m g
(bed) "™ 2b62h}
2besh 1 (2) 21 1 (2)| 2
+ 2bep "‘5]‘31 aBy’ | le1l ”+2_k1 aBy’| es

—aerh + ﬁg)a|el|%+1 <0.

(76)
Furthermore, with the constraints 3 > 2 —="—~ (m +n) —|— 1 <2,
2% <2and 2(2 + 1)((m+n) 1) <(Z+ 1)((m+n) —1)+

o+ % aforementioned, we can conclude that the order of the

negative terms is larger than the order of the positive terms in
(76).
@)
With the constraints 03:5316%2 and inequality (59), the fol-

lowing results can be obtainecli from (63):

. 2 e% 2 2 2m 1
‘/23 = — (m T ) 03/611 51 a (0381 + b€2) (m+mn)
(3) (3)
3) €1€2 ap 2c3p
— aeg + aﬂ%l) 517041 - ( 513a12 5170111 > 6%
1 1 1

+ 2besh (czettbed) Gy 1 + 2besh—aer h.

2m
(m+n)
(77)
We can derive the following inequality according to Young’s
inequality:

-1

ea(cset + beg)(’"z’iil"rl < |€2|(2636%)%

+ lea|(2be2)TET L (78)

Furthermore, we can have

62(036% —l—be%)('ﬁf’t) < |€2||€1| ) (263)<m+n> -1
3m-n 2m (79)
+ |eg| R (20) w1,

. . 1
Then the constraint m < 3n results in 5 > (m +n) —1>0

and 3 > —~. Moreover, with the constralnts 0<b3<1
and the 1nequa11ty (79), we can conclude that the order of the
negative terms is larger than the order of the positive terms in
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(81). Moreover, the sequel results can be presented as

) m e? 2m
‘/23 S _(1_023) ( In ) 355?1)) 51‘1al (036?—’—1)6%) (m+n) !
1
(3) (3)
(3) €1€2 aBay’ | 2c3fqy 2
+ aes—afy; 61 ot 6%’“2 + 5%—011 el
(80)
when
2m 9 oy 2m g
g2z = — b3 WQCJBH (51 a7 (cael + beg) )
(3) (3)
) €1€2 afs] 2¢3,] 9
+a€2 aﬁn 51 a1 51 Qs + sl-on €1
1 1
2m 2 2\ s -1
+ 2b€2hm(03€1 + b€2) (m+n)
+ 2besh — aerh < 0.
(81)
At the switching points, 01:|52|TT'»’1 according to |do|m !
&)
and ¢ = 2(3), and 03:|51 according to c3 = 5%2 and

ag = -, can guarantee Vo1 = Vag and Vag = Voo, respectlvely

When V( ) > K forsome K > 0, g21 < 0,g22 < 0,g23 <0
and thus V' < —a(]x|) where @& is a positive function. The proof
of Theorem 2 is finished.
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