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Abstract—In this article, a time-invariant polynomial model of
fixed-frequency pulsewidth modulation dc–dc converter is pro-
posed. Through normalized coordinate transformation, the time-
varying model of the converter is transferred into a time-invariant
model, whose state matrix and input matrix are obtained by the
addition and multiplication of matrices simply and expressed by
the polynomial of duty cycle concisely. The proposed model has
the following advantages. Compared with the state-space average
(SSA) model, the ripple of the state vector and the switching period
are considered, thereby improving the accuracy. Contrary to other
time-invariant models, the state matrix and input matrix instead
of the state vector are expanded into series. Therefore, neither the
number of state vectors nor the order of the matrices increases, and
the proposed model has a simple structure similar to the SSA model.
In addition, as a time-invariant polynomial model, the calculation
and analysis of the proposed model are much simpler than the
time-variant exact model. In order to prove the above advantages
of the proposed model, the general expression of the proposed
model is derived and the proposed model is compared with other
models. These analyses and comparisons are verified through the
simulation and experimental results.

Index Terms—Coordinate transformation, normalization,
polynomial models, pulsewdith modulation (PWM) dc–dc
converters, time-invariant model.

I. INTRODUCTION

NOWADAYS, pulsewidth modulation (PWM) dc–dc con-
verters are an important part of power electronics systems,

such as renewable energy generation systems and hybrid electric
vehicle drive systems [1]. However, due to the time-varying
characteristics of the PWM dc–dc converter, it is difficult to
accurately model it.

To solve this problem, the state-space averaging (SSA) model
is proposed. It is a simple time-invariant model, which can be
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analyzed and calculated easily [2]–[5]. Mathematically, the SSA
model reflects the extreme situation of the PWM dc–dc converter
when the switching period T approaches 0. Therefore, when the
switching frequency is high, the SSA model is accurate. But
when the switching frequency decreases, the error of the SSA
model increases. Besides, the ripple of state vector is ignored in
the SSA model as well. In response to these problems, several
improved models were proposed, which can be divided into
time-invariant models and time-variant models.

Time-invariant models mainly include the generalized state-
space averaging (GSSA) model, multifrequency averaging
(MFA) model, and Krylov–Bogoliubov–Mitropolsky (KBM)
model. In the GSSA model [6]–[11] and the MFA model [12]–
[14], the state vector is expanded into the Fourier series, and the
harmonic balance method is used to generate the extended state
matrix and input matrix. When more harmonics are considered,
the error of the GSSA model and the MFA model will decrease,
but the complexity will increase simultaneously. For example,
when the mth harmonic is considered in the model, the order of
state vectors and matrices should be 2m+1 times larger. In the
KBM model [15]–[18], the switching period T is regarded as the
small parameter of the general KBM method, and the state vector
is expanded into the Taylor series, whose terms are calculated
successively. However, the KBM model regards the solution of
the SSA model as the zero-order term in the Taylor series. When
the switching frequency is low, the SSA model cannot accurately
reflect the average behavior of the converter, and the error of the
KBM model is also relatively large. In summary, the state vector
expansion improves the accuracy of the existing time-invariant
models. But when the accuracy increases, the model becomes
more and more complex.

Time-variant models mainly include Floquet model and
discrete-time model. In the Floquet model [19], the PWM
converter is analyzed by Floquet theory. However, the Flo-
quet theory is mainly used to analyze systems without input.
Even if Floquet transformation is used, the input matrix of
the PWM converter is still time varying. In the discrete-time
model [20]–[24], the PWM converter is modeled by the time-
varying equation, which is an exact model. However, compared
with time-invariant models, the analysis and calculation of the
time-variant models are generally more difficult. The complexity
of the time-variant models limits their application.
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This article presents a time-invariant polynomial model of
fixed-frequency PWM dc–dc converter. Using normalized coor-
dinate transformation, the time-varying model of the converter
is transferred into a time-invariant model, whose state matrix
and input matrix are obtained by the addition and multiplication
of matrices simply and expressed by the polynomial of duty
cycle concisely. The advantages of the proposed model are
summarized as follows.

1) Contrary to the SSA model, the ripple of state vector
and the switching period of converter are considered in
the proposed model. Therefore, the proposed model can
provide the accurate ripples and more accurate average
value of state vectors. And the proposed model can be used
to analyze the influence of switching period and carrier on
the stability of converter.

2) Compared with other time-invariant models, the state
matrix and input matrix instead of the state vector are
expanded into series. Therefore, the order of the state
matrix and the input matrix in the proposed model is not
increased, which simplifies the analysis and calculation. In
addition, the state matrix and input matrix of the proposed
model can be obtained by matrix addition and multipli-
cation operations simply, and no other complex matrix
operations are required in the final formula.

3) The Floquet model and the discrete-time model are both
time-variant models, whose calculation and analysis are
mathematically complex. However, the proposed mode
is a time-invariant polynomial model, whose state matrix
and input matrix can be expressed concisely with duty
cycle polynomials. Therefore, the proposed model is much
easier to be calculated and analyzed.

The rest of this article is structured as follows. In Section II, the
principles of the proposed model are introduced. In Section III,
the proposed model is compared with other time-invariant mod-
els. In Section IV, the simulation and experimental results of the
basic converters ensure the correctness of the theoretical analysis
and comparison. Finally, Section V presents the conclusion of
this article.

II. PRINCIPLES OF THE PROPOSED MODEL

In this section, the principles of the proposed model are
explained. First, the PWM dc–dc converter is modeled with
time-variant models with changing state matrices and input
matrices. Then, the following coordinate transformation is used
to normalize the values of state matrix and input matrix:

x(t) = S(t)x∗(t) +P(t)Vin(t) (1)

where x(t) is the state vector in the original time-variant model,
x∗(t) is the normalized state vector in the proposed time-invariant
model, Vin(t) is the input voltage, and S(t) and P(t) are the
normalization transformation coefficients.

Finally, the normalized state vector is obtained in the follow-
ing time-invariant model:

ẋ∗(t) = A∗x∗(t) +B∗Vin(t) (2)

(a)

(b)

Fig. 1. Output of controller, carrier wave, and drive signal. (a) CCM. (b) DCM.

where A∗ and B∗ are the state matrix and input matrix of the
proposed model, respectively, which will be calculated together
with S(t) and P(t) later in this section.

A. Open-Loop Case

The relationship among the modulation signal dC, carrier
wave, and drive signal vGS of PWM dc–dc converter is shown
in Fig. 1, where T is the switching period, n is the number
of switching periods, and n = INT(t/T). The shape of the
carrier wave is decided by the coefficient α. When α is 1, the
carrier is the right-aligned carrier. When α is 0, the carrier is
the left-aligned carrier. And when α is 0.5, the carrier is the
center-aligned carrier.

The PWM dc–dc converters can be expressed with time-
varying models. In the time interval [nT+Dk−1T, nT+ DkT),
the converter is in interval k and

Dk =
k∑

i=1

dSi (3)

where dSi is the duty cycle of interval i.
The state-space equation of interval k can be expressed as{

ẋ(t) = Akx(t) +BkVin(t)
vo = Ckx(t)

(4)

where Ak is the state matrix, Bk is the input matrix, and Ck is
the output matrix.

When the converter operates in continuous conductive mode
(CCM), intervals 1 and 3 correspond to mode 1, and interval 2
corresponds to mode 2. When the converter operates in discon-
tinuous conductive mode (DCM), intervals 1 and 4 correspond
to mode 1, interval 2 corresponds to mode 2, and interval 3
corresponds to mode 3.

Substituting (1) and (2) into (4), it is obtained that

[Ṡ(t) + S(t)A∗ −AkS(t)]x
∗(t)
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+ [Ṗ(t) + S(t)B∗ −AkP(t)−Bk]Vin(t) = 0. (5)

In order to make (5) constant for any x∗(t) and Vin(t), their
coefficients should be zero. Therefore, the normalization trans-
formation coefficients should satisfy

Ṡ(t) = AkS(t)− S(t)A∗ (6)

Ṗ(t) = AkP(t)− S(t)B∗ +Bk. (7)

Since there is no boundary condition, the number of solutions
of (6) and (7) is infinite [25]. In the time interval [nT, nT+T),
the general solution is expressed as

S(t) = eAk(t−nT )Oe−A∗(t−nT ) (8)

P(t) = (eAk(t−nT )L−E)A−1
k Bk

− S(t)(eA
∗(t−nT ) −E)A∗−1B∗ (9)

where E is the identity matrix, and O and L are the undeter-
mined coefficients determined by the boundary conditions. In
the interval k, the O is Ok, and the L is Lk. They are obtained
by the continuity of S(t) and P(t) at the time point nT+Dk−1T⎧⎨

⎩
Ok+1 = e−Ak+1DkT eAkDkTOk

Lk+1 = e−Ak+1DkT [E+ (eAkDkTLk −E)
×A−1

k BkB
−1
k+1Ak+1].

(10)

As shown in (8)–(10), the S(t) and P(t) are determined by O1,
L1, A∗, and B∗. In order to simplify the application of the model,
the S(t) and P(t) should be continuous periodic functions with
period T. Therefore, the values of A∗ and B∗ are selected by the
following equations:⎧⎨
⎩

lim
t→(nT )+

S(t) = lim
t→(nT )−

S(t) = lim
t→(nT+T )−

S(t)

lim
t→(nT )+

P(t) = lim
t→(nT )−

P(t) = lim
t→(nT+T )−

P(t).
(11)

Substituting (8)–(10) into (11), the A∗ and B∗ should satisfy
the following equations:

eA
∗T = O−1

1

N∏
k=1

eAkdkTO1 (12)

B∗ = A∗(eA
∗T −E)−1O−1

1

× [(eANTLN −E)A−1
N BN − (L1 −E)A−1

1 B1].
(13)

Through the coefficient matching method, the A∗ and B∗

can be concisely expressed by duty cycle polynomials. Using
different O1 and L1, the expression of A∗, B∗, S(t), and P(t)
is different. To make the model easier to use, the O1 and L1

should be chosen to eliminate the terms in A∗ and B∗. In order
to eliminate the influence of α in A∗ and B∗, take O1 and L1 as

O1 = L1 = e(0.5−α)A1d1T . (14)

And the expressions of A∗ and B∗ are

A∗ =
∞∑

p=0

A∗
pT

p =

m∑
p=0

A∗
pT

p +O(Tm+1) (15)

B∗ =
∞∑

p=0

B∗
pT

p =

m∑
p=0

B∗
pT

p +O(Tm+1). (16)

For the converter that operates in DCM, the iterative formula
of A∗

p is

A∗
0 = d1A1 + d2A2 + d3A3 (17)

A∗
p =

∑
i+j+m+n=p+1

dm+n
1 di2d

j
3A

m
1 Ai

2A
j
3A

n
1

2m+nm!n!i!j!
−

p−1∑
r=0

∑
Y

(r + 2)!

(18)

where the matrix Y satisfies

Y ∈ Y∗(p, r) = {Y| Y =
r+1∏
j=0

A∗
nj
,
∑r+1

j=0 nj = p− 1− r }.
(19)

For the converter with CCM, the A∗
p can be obtained by

substituting d3 = 0 into (17)–(19).
The formula of B∗

p is similar to that of A∗
p. If the formula of

A∗
p obtained by (17) and (18) is expressed as

A∗
p =

{
F∗

p1A1 + F∗
p2A2 , CCM

F∗
p1A1 + F∗

p2A2 + F∗
p3A3 , DCM

(20)

the formula of B∗
p can be expressed as

B∗
p =

{
F∗

p1B1 + F∗
p2B2 , CCM

F∗
p1B1 + F∗

p2B2 + F∗
p3B3 , DCM.

(21)

In short, the B∗
p is obtained by replacing the last A1, A2,

and A3 in the product terms of the A∗
p with B1, B2, and B3,

respectively. The proofs of (17)–(21) are shown in the appendix.
As shown in (17)–(21), the A∗

p and B∗
p are expressed by the

duty cycle polynomials and the degree of the polynomials is
p+1. In Section IV, the PWM dc–dc converter is expressed with
the first three terms of A∗

p and B∗
p. For the converter with DCM,

the B0
∗ is

B∗
0 = d1B1 + d2B2 + d3B3 (22)

the A1
∗ and B1

∗ are

A∗
1 =

d2d3
2

(A2A3 −A3A2) (23)

B∗
1 =

d2d3
2

(A2B3 −A3B2) (24)

and the A∗
2 and B∗

2 can be expressed as

A∗
2 =

(
d1d

2
2

12
Ã2

2 −
d21d2
24

Ã2A1 +
d21d2
12

A1Ã2

)
A1

+

(
d1d

2
2

12
A1Ã2 − d21d2

24
A1

2 − d1d
2
2

6
Ã2A1

)
Ã2

− 1

6
A∗

1(2d3A3 + d2A2)− 1

6
(d3A3 + 2d2A2)A

∗
1

(25)

B∗
2 =

(
d1d

2
2

12
Ã2

2 −
d21d2
24

Ã2A1 +
d21d2
12

A1Ã2

)
B1
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Fig. 2. Structure of controller in the PWM dc–dc converter.

+

(
d1d

2
2

12
A1Ã2 − d21d2

24
A1

2 − d1d
2
2

6
Ã2A1

)
B̃2

− 1

6
A∗

1(2d3B3 + d2B2)− 1

6
(d3A3 + 2d2A2)B

∗
1

(26)

where

Ã2 = A2 +
d3
d2

A3, B̃2 = B2 +
d3
d2

B3. (27)

For the converter with CCM, the A∗
p and B∗

p can be obtained
by substituting d3 = 0 into (22)–(27). In this case, the A1

∗ and
B∗

1 are both zero due to the usage of (14).
By calculating moreA∗

p andB∗
p in (15) and (16), the accuracy

of the proposed model can be improved. Increasing the order of
the proposed model only increases the degree of the polyno-
mials, and the order of the state vector and matrices does not
increase.

When the converter operates in the open-loop case, the duty
cycle d1 is decided by the external controller. For the converter
that operates in CCM, the duty cycle d2 is

d2 = 1− d1. (28)

For the converter that operates in DCM, the inductor current
is 0 at time point nT+D2T

iL(nT +D2T ) = 0. (29)

The relationship of d1 and d2 can be obtained by substituting
(1) into (29). And the duty cycle d3 is

d3 = 1− d1 − d2. (30)

B. Closed-Loop Case

When the converter is in a closed-loop state, it is necessary
to consider the influence of the controller’s parameters and state
vector on the duty cycle. The general structure of controller in
the PWM dc–dc converter is shown in Fig. 2, where Vref is the
reference output voltage, vo is the output voltage, dC is the output
of controller, vCS is the carrier wave of the controller, and vGS

is the drive signal of the switch.
The linear controller is widely used in industrial application,

which can be expressed by the state-space equation{
ẋC(t) = ACxC(t) +BC(Vref − vo)
dC(t) = CCxC(t) +DC(Vref − vo).

(31)

In order to avoid repeated discussions, the converter with a
linear controller is transferred into the same form of open-loop

TABLE I
AUGMENTED MATRICES FOR CONVERTER WITH CONTROLLER

case. Substituting (31) into (4), in the time interval [nT+Dk−1T,
nT+ DkT), the converter with linear controller can be expressed
as {

ẋau(t) = Aaukxau(t) +Bauku(t)
dC(t) = Caukxau(t) +DCVref

(32)

where the xau(t) is the augmented state vector, u is the augmented
input vector, Aauk is the augmented state matrix, Bauk is the
augmented input matrix, and Cauk is the augmented output
matrix. Their values are listed in Table I.

As (32) has the same form of (4), the discussion result of
(4) can be used for (32) as well. The normalized coordinate
transformation is

xau(t) = Sau(t)xau
∗(t) +Pau(t)u(t) (33)

where xau∗(t) is the state vector of the following time-invariant
model

ẋ∗
au(t) = Aau

∗xau
∗(t) +Bau

∗u(t). (34)

The values of Sau(t), Pau(t), Aau
∗, and Bau

∗ can be calculated
by replacing the original vectors and matrices with the corre-
sponding augmented vectors and matrices, as given in Table I.

Compared with the open-loop case, the value of d1 is decided
by the state vector of the converter in the closed-loop case. As
shown in Fig. 1, the relationship between d1(t) and dC(t) can be
expressed as

d1(t)=αdC(nT+αd1T )+(1− α)dC(nT+T − (1− α)d1T ).
(35)

Substituting (32) and (33) into (35) and remaining the linear
term of switching period T, when the converter operates in CCM,
(35) can be simplified as

d1(t) ≈ αCau1[(E+0.5Aau1d1T )xau
∗

+ 0.5Bau1d1Tu]+DCVref + (1− α)Cau2

× [(E− 0.5Aau1d1T )xau
∗ − 0.5Bau1d1Tu]. (36)

Then, the duty cycle d1(t) can be expressed by xau∗(t) explic-
itly.

d1(t) =

[αCau1 + (1− α)Cau2]xau
∗(t) +DCVref

1− 0.5T [αCau1 − (1− α)Cau2][Aau1xau
∗(t) +Bau1u(t)]

.

(37)
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When the converter operates in DCM, the Cau2 in (36) and
(37) should be replaced by Cau3.

In summary, the expressions of xau∗(t) and d1(t) contain
(34) and (37), which make up a standard system of ordinary
differential equations. After obtaining xau∗(t) and d1(t), the value
of d2(t), d3(t), Sau(t), and Pau(t) can be obtained as well. Finally,
the value of xau(t) is obtained by (33).

The discussion of nonlinear controller is more complex than
linear controller. There are dozens of control methods, which
cannot be discussed one-by-one. Besides, the main purpose
of this article is to propose a modeling method of converter
rather than a general analysis method of nonlinear controller.
Therefore, this article mainly focuses on the interface between
the converter modeled by the proposed method and controller.

Generally, the nonlinear controller can be expressed by the
following differential equation:{

ẋC(t) = FC(xC, Vref − vo)
dC(t) = GC(xC, Vref − vo).

(38)

To eliminate intermediate variables, the vo in (38) should be
represented by x∗(t), and the d1(t) should be represented by dC(t).
Substituting (1) into (3), the vo can be expressed as

vo = Ck[S(t)x
∗(t) +P(t)Vin(t)]. (39)

The relationship between d1(t) and dC(t) is expressed by (35).
The general form of the converter with nonlinear closed-loop

controller can be expressed by (1), (2), (35), (38), and (39).

C. Frequency-Domain Analysis

The frequency-domain analysis is a general tool of linear-
controller design. As an analytical model, the proposed model
can be used in the frequency-domain analysis as the other
time-invariant model. To simplify the analysis, it is assumed
that the converter operates in the CCM state. Using small-signal
analysis, (34) can be expressed as

dx̂∗
au

dt
= Ā∗

aux̂
∗
au + B̄∗

auû+

[
∂Aau

∗

∂d1
x̄∗
au +

∂Bau
∗

∂d1
ū

]
d̂1

(40)

where x̂au, û, and d̂1 are the small disturbances of the augmented
state vector, augmented input vector, and duty cycle d1, respec-
tively, and x̄au, ū, Āau, and B̄au are the steady-state values of
the augmented state vector, augmented input vector, augmented
state matrix, and augmented input matrix, respectively.

Using Laplace transform, (40) can be expressed as

x̂∗
au(s)

d̂1(s)
= (sE− Āau)

−1
[
∂Aau

∗

∂d1
x̄∗
au +

∂Bau
∗

∂d1
ū

]∣∣∣∣
û=0

.

(41)

The transfer function between x̂au and d̂1 can be obtained by
substituting (15)–(27) into (41).

Using small-signal analysis and Laplace transform, the d̂1(s)
can be expressed as

d̂1(s) =
(Φ1e

−0.5d̄1Ts +Φ2e
0.5d̄1Ts)x̂∗

au(s)

1− 0.5T (Φ1 −Φ2)(Aau1x̄∗
au +Bau1ū)

∣∣∣∣∣
û=0

≈ [(Φ1 +Φ2)− (Φ1 −Φ2)0.5d̄1Ts]x̂
∗
au(s)

1− 0.5T (Φ1 −Φ2)(Aau1x̄∗
au +Bau1ū)

∣∣∣∣
û=0

(42)

where

Φ1 = αCau1e
0.5Aau1d̄1T , Φ2 = (1− α)Cau2e

−0.5Aau1d̄1T .
(43)

The proof of (42) is shown in the Appendix. The open-loop
transfer function can be obtained by multiplying (41) with (42).

III. COMPARISON

In this section, other time-invariant models, including the
SSA model, the GSSA model, the MFA model, and the KBM
model, are analyzed and compared with the proposed model.
These time-invariant models can be regarded as the low-order
approximations of the proposed model. As these models mainly
focus on the converter with CCM, the comparison focuses on
the converter with CCM as well.

A. SSA and the Proposed Models

In the SSA model, the average value of state vector xave(t) is
obtained by

ẋave(t) = (A1d1 +A2d2)xave(t) + (B1d1 +B2d2)Vin(t)

= Aavexave(t) +BaveVin(t). (44)

In the proposed model, the x(t) is equal to x∗(t) when the
switching period T approaches 0.

lim
T→0

x(t) = lim
T→0

S(t) lim
T→0

x∗(t) + lim
T→0

P(t)Vin(t)

= E lim
T→0

x∗(t) + 0Vin(t)

= lim
T→0

x∗(t). (45)

And, A∗ and B∗ obtained by (15) and (16) are{
lim
T→0

A∗ = A∗
0 = A1d1 +A2d2 = Aave

lim
T→0

B∗ = B∗
0 = B1d1 +B2d2 = Bave.

(46)

Therefore, the SSA model is the low-order approximation
of the proposed model when the switching period is 0. Due
to the performance limitations of actual switching devices, the
switching period cannot be 0. When the switching period is
not small enough to be regarded as 0, the accuracy of the
proposed model is higher. Besides, the ripple of state vector
can be calculated by S(t) and P(t), which is ignored in the SSA
model as well.

B. KBM and the Proposed Models

In the KBM model, piecewise functions are used to express
the ripple of the state vector. The standard form of the KBM
model is

ẋ(t) = εF(t,x, Vin), ε � 1 . (47)
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And the state vector is expanded into the Taylor series of a
small parameter ε.

x(t) = z(t) +
m∑

k=1

εkψk(t, z, Vin) +O(εm+1) (48)

ż(t) =
m∑

k=1

εkGk(t, z, Vin) +O(εm+1). (49)

When the small parameter ε is the switching period T, the
average state vector z(t) is the result of the SSA model [16], and
the Ψk is the kth ripple of the KBM model{
ψ1(t, z, Vin) =

∫ t

0 [F(t, z, Vin)−G1(z, Vin)]dt+ h1(z)

ψk(t, z, Vin) =
∫ t

0 [F(t,ψk−1, Vin)−Gk(z, Vin)]dt+hk(z)

(50)

where hk is chosen so that the average value of Ψk is 0.
Since the average state vector z(t) is the result of the SSA

model, the relationship between z(t) in the KBM model and the
x∗(t) in the proposed model can be expressed as

z(t) = xave(t) = lim
T→0

x∗(t). (51)

And the relationship among Ψ(t), S(t), and P(t) is

ψk(t, z, Vin) = Sk(t)z(t) +Pk(t)Vin(t) (52)

where Sk(t) and Pk(t) are the coefficients in the Taylor series of
S(t) and P(t), respectively, and{

S(t) = E+
∑m

k=1 Sk(t)T
k +O(Tm+1)

P(t) = E+
∑m

k=1 Pk(t)T
k +O(Tm+1).

(53)

Therefore, the KBM model is the low-order approximation of
the proposed model, when the switching period T is regarded as
0 to obtain x∗(t) and high-order terms in the Taylor series of S(t)
and P(t) are ignored. In addition, it is mathematically difficult
to get the formula using (50). But S(t) and P(t) are represented
by (8) and (9) directly.

C. GSSA, MFA, and the Proposed Models

In the GSSA and MFA models, the state-space equation of
the converter is expressed by switching function s(t).

ẋ(t) = [(A1 −A2)s(t) +A2]x(t)

+ [(B1 −B2)s(t) +B2]Vin(t). (54)

And, the state vector x(t) and switching function s(t) are
expanded into the Fourier series{
x(t) = x0(t) +

∑m
k=1 [xak(t) sin(kωst) + xbk(t) cos(kωst)]

s(t) = s0 +
∑m

k=1 [sak sin(kωst) + sbk cos(kωst)]

(55)

where ωs is the switching angular frequency and m is the
order of the GSSA and MFA model. Then, the expanded
state matrix and input matrix are calculated by the harmonic
balance method.

The state vector in the proposed model can be expressed by the
Fourier series as well. As the S(t) and P(t) are periodic functions

TABLE II
PARAMETERS OF VERIFICATION

ESR: Equivalent Series Resistance

whose angular frequency is ωs as well, the Fourier series of S(t)
and P(t) is expressed as{
S(t)=S0(t) +

∑m
k=1 [Sak(t) sin(kωst) + Sbk(t) cos(kωst)]

P(t)=P0(t) +
∑m

k=1 [Pak(t) sin(kωst)+Pbk(t) cos(kωst)].

(56)

Substituting (56) and (57) into (1), the relationship between
the proposed model and the GSSA model is⎧⎨

⎩
x0(t) = S0(t)x

∗(t) +P0(t)Vin(t)
xak(t) = Sak(t)x

∗(t) +Pak(t)Vin(t)
xbk(t) = Sbk(t)x

∗(t) +Pbk(t)Vin(t).
(57)

It can be seen in (57) that the state vectors in the GSSA and
MFA models are actually proportional. This is also the reason
why they have the same real part of the characteristic root, which
is reported in [12].

In the GSSA and MFA models, the first m-order harmonics
of the state vector are remained, which can be seen that the
first m-order Fourier series of S(t) and P(t) is remained in the
proposed model. However, the proposed model gives the direct
equations of S(t) and P(t), which need not to be calculated by
Fourier series. Therefore, the GSSA and MFA models are low-
order approximations of the proposed model as well. Besides, in
the GSSA and MFA models, when the first m-order harmonics
are considered, the order of vector and matrices will be 2m+1
times. However, in the proposed model, the order of vector and
matrices is as low as the SSA model. The proposed model is
more concise.

IV. VERIFICATION

In this section, the proposed model and other time-invariant
models are established for the basic PWM dc–dc converters.
By comparing the results of different models, the advantages
of the proposed model are more intuitively demonstrated. The
parameters of boost, buck, and buck–boost converters are listed
in Table II, their topologies are shown in Fig. 3, and the state
matrices and input matrices are listed in Table III, where

kR = RL/(RL + rC), r1 = rL + rS

r2 = rL + rS + kRrC, r3 = rL + rD + kRrC. (58)
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(a)

(c)
(d)

(b)

Fig. 3. Topologies of basic PWM dc–dc converters. (a) Boost converter. (b) Buck converter. (c) Buck–boost converter. (d) Boost converter with source impedance.

TABLE III
STATE MATRICES AND INPUT MATRICES OF CONVERTERS

The state vector of converters can be calculated easily by
substituting state matrices and input matrices, as listed in Ta-
ble III, into the proposed model. The state vectors of other
converters, including Cuk, Sepic, and Zeta converters, can be
obtained by substituting their state matrices and input matrices
into the proposed model similarly. Their parameters are the same
as buck–boost converter in this section. Due to the article space
limitation, the detail analyses of these converters are not shown.
When the converter operates in the closed-loop case or DCM, the
duty cycle is decided by state vector and the proposed model is a
time-invariant nonlinear model, which is solved by Runge–Kutta
method.

A. CCM and Open-Loop Case

When the converter is open loop, the state vector x∗(t) is
calculated by solving{

ẋ∗(t) = A∗x∗(t) +B∗Vin(t)
x∗(0) = S−1(0)[x(0)−P(0)Vin(0)].

(59)

And when the duty cycle and input voltage are constant, the
analytical solution of x∗(t) is

x∗(t) = eA
∗tx∗(0) + (eA

∗t −E)A∗−1B∗Vin(t). (60)

Substituting parameters of the boost converter into the pro-
posed model, A∗ and B∗ can be expressed as the polynomial of
duty cycle d1

A∗ =
[
a11(d1) a12(d1)
a21(d1) a22(d1)

]
B∗ =

[
b1(d1)
b2(d1)

]
(61)

where

a11(d1) = −83.895d31 + 167.79d21 − 28.935d1 − 534.96

a12(d1) = 0.80098d31 − 2.4491d21+1999.7d1 − 1998.0

a21(d1) = −20.025d31 + 61.227d21 − 49991d1 + 49950

a22(d1) = 83.895d31 − 167.79d21 + 83.895d1 − 2497.5

b1(d1) = −41.577d31 + 83.148d21 − 41.571d1 + 2000

b2(d1) = −48.128d31+143.24d21 − 95.112d1.

When the duty cycle d1 is 0.4, the value of A∗ and B∗ is

A∗ =
[−525.06 −1198.5

29 962 −2485.4

]
B∗ =

[
1994.0

−18.207

]
. (62)
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Fig. 4. Dynamic waveforms of converters. (a) Boost. (b) Buck. (c) Buck–boost. (d) Boost with source impedance.

The normalized state vector x∗(t) is

x∗(t)=
[

3.2103− 7.8479e−1505.2t cos(5911.7t+ 1.2153)
38.523− 39.239e−1505.2t cos(5911.7t− 0.19112)

]
.

(63)

When α = 1, the original state vector x(t) is

x(t) =

[
s11(tn) s12(tn)
s21(tn) s22(tn)

]
x∗(t) +

[
p1(tn)
p2(tn)

]
Vin(t) (64)

where tn = t−nT and when the converter is in mode 1

s11(tn) = 1.0186e1025.2tn cos(5911.7tn + 0.16430)

s12(tn) = 0.20380e1025.2tn sin(5911.7tn)

s21(tn) = −5.1964e−992.26tn sin(5911.7tn)

s22(tn) = 1.0393e−992.26tn cos(5911.7tn − 0.16430)

p1(tn) = 4.1667− 0.33303e1025.2tn cos(5911.7tn − 1.1554)

− 4.0523e−480.00tn

p2(tn) = −1.6991e−992.26tn cos(5911.7tn + 0.25112)

+ 1.6458e−2497.5tn .

When the converter is in mode 2

s11(tn) = 1.0256e−10.992tn cos(4030.0tn − 0.33150)

+ 0.035652e−10.992tn cos(15 853tn + 1.1081)

s12(tn) = 0.20511e−10.992tn cos(4030.0tn + 1.4036)

+ 0.0071305e−10.992tn cos(15 853tn − 0.62705)

s21(tn) = − 5.1278e−10.992tn cos(4030.0tn + 1.3377)

+ 0.17826e−10.992tn cos(15 853tn − 0.36436)

s22(tn) = 1.0256e−10.992tn cos(4030.0tn − 0.068820)

− 0.035652e−10.992tn cos(15 853tn + 1.0421)

p1(tn) = 0.049389− 0.011657e−10.992tn

× cos(15 853tn − 0.21162)

− 0.33533e−10.992tn cos(4030.0tn + 0.98816)

+ 0.15276e−1516.2tn cos(9941.7tn + 0.5971)

p2(tn) = 0.98778 + 0.058286e−10.992tn

× cos(15 853tn + 1.4576)

− 1.6766e−10.992tn cos(4030.0tn − 0.48425)

+ 0.76381e−1516.2tn cos(9941.7tn − 0.87532).

The waveforms of (64) are shown in Fig. 4(a). Similarly, the
waveforms of buck and buck–boost converters are obtained and
shown in Fig. 4(b) and (c). As shown in Fig. 4, the proposed
model can reflect the dynamic characteristics of the converter
exactly.

When α= 1, the results of the SSA model, the GSSA model,
the second-order KBM model, and the proposed model are
compared with the results of the time-variant exact model in
Fig. 5. In the SSA model, the waveforms contain no ripple.
In the GSSA model, the ripples are expressed by trigonometric
functions. However, the exact waveforms are closer to triangular
wave. The GSSA model is not very consistent with the exact
model. In the KBM model, the ripple is calculated using the
results of the SSA model. For the inductor current, as the results
of the SSA model are accurate, the results of the KBM model
are accurate as well. For capacitor voltages, as the SSA model
cannot reflect the average behaviors of converters accurately,
the KBM model has a large error. In the proposed model, all
waveforms agree well with the results of the exact model.

In order to show the accuracy of the proposed model, the mean
relative errors (MREs) of state variables are calculated and listed
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Fig. 5. Steady waveforms of converters. (a) Boost. (b) Buck. (c) Buck–boost. (d) Boost with source impedance.

TABLE IV
MRES OF THE PROPOSED MODEL AND OTHER MODELS

TABLE V
AVERAGE VALUES OF THE OUTPUT CAPACITOR VOLTAGE

in Table IV. The average value of output capacitor voltage vC is
calculated and listed in Table V. The MRE of the SSA model is
large as all ripples are ignored, the MREs of the GSSA model
and the KBM model are lower than the SSA model, and the MRE
of the proposed model is minimum, which is lower than 0.1%.
The proposed model is more accurate than the other models. For
the average value of the output capacitor voltage, the errors of
the SSA model and the KBM model are much larger than those
of the GSSA model and the proposed model. The SSA model
and the KBM model contain low-frequency errors, which are
negligible in the GSSA model and the proposed model.

In order to further verify the generality of the proposed model,
the boost converter with different carriers (α = 0 and 0.5) and

Fig. 6. Dynamic waveforms of the boost converters with different carriers.
(a) α = 0. (b) α = 0.5.

the buck converter with different duty cycles (d1 = 0.2 and
0.8) are modeled by the proposed method. As shown in Figs. 6
and 7, the proposed model can accurately reflect the dynamic
characteristics of the converter under these circumstances. When
the converter operates in steady state, the MRE of state vari-
ables under these circumstances is 0.0007%, 0.0006%, 0.0084%,
and 0.0018%, respectively. The proposed model can reflect the
steady characteristics of the converters as well.

B. CCM and Closed-Loop Case

The boost, buck, and buck–boost converters with the pro-
portional integral (PI) controller are modeled by the proposed
method, whose results are compared with the results of the
exact model. The reference voltages of the boost, buck, and
buck–boost converters are 40, 24, and −36 V, respectively. The
transfer function of the PI controller is

GPI(s) = KP +
1

s
KI =

s+ 5000

1000s
(65)
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Fig. 7. Dynamic waveforms of the buck converters with different duty cycles.
(a) d = 0.2. (b) d = 0.8.

where KP and KI are the proportionality coefficient and integral
coefficient of the PI controller, respectively.

The transfer function of the PI controller in (65) is equal to
the following state-space equation:

{
ẋC(t) = KI(Vref − vo)
dC(t) = xC(t) +KP(Vref − vo)

(66)

where xC(t) is the state variable of the PI controller. Then, the
converter with PI controller can be solved with the proposed
method.

Assuming that α = 1, x(0) = 0, and the initial conditions of
integrator xC(0) in boost, buck and buck–boost converter are 0.4,
0.6, and 0.6, respectively, the proposed model is calculated and
the waveforms of x(t) are obtained. The dynamic waveforms of
converters with PI controller are shown in Fig. 8. The results
of the proposed model match the results of the exact model
and experiment accurately. In addition, when converters are in
steady state, the MREs of the state vector in boost, buck, and
buck–boost converters are 0.0813%, 0.0858%, and 0.0033%,
respectively. Therefore, the proposed model can reflect both
the dynamic and steady-state behavior of converters during the
closed-loop operation.

In order to further verify the generality of the proposed model,
when α = 1, the buck–boost converter with load resistance and
reference output voltage changes is modeled by the proposed
method, whose results are shown in Fig. 9. Compared with a
zero-state startup, the only difference is that the x(0) is decided
by the state vectors before parameters change. Before parameter
changing, the converter is in the steady state. In case 1, the
reference output voltage Vref is added from −36 to −24 V. In
case 2, the Vref is reduced from −24 to −36 V. In case 3, the
load resistance RL is added from 20 to 30 Ω. In case 4, the RL

is reduced from 30 to 20 Ω. As shown in Fig. 9, the proposed

model can reflect the dynamic behavior of converter under these
circumstances.

C. DCM Case

When the converter operates at DCM, substituting the matri-
ces of boost converter into (29) and remaining the linear term of
switching period T, it is obtained that

d2 ≈ −K[(E+ 0.5A1d1T )x
∗ + 0.5d1TB1Vin)]

K(A2x∗ +B2Vin)T
(67)

where

K =
[
1 0
]
. (68)

The state matrix and the input matrix of a boost converter in
mode 3 are

A3 =

[−r3/L −kR/L
kR/C −kR/(CRL)

]
(69)

B3 =
[
0 0
]T

. (70)

The waveform of the boost converter that operates in DCM is
shown in Fig. 10. In case 1, the boost converter operates in the
open-loop state and the load resistance is increased from 200 to
300 Ω. In case 2, the boost converter operates in the open-loop
state and the load resistance is decreased from 300 to 200 Ω. In
case 3, the boost converter operates in the closed-loop state and
the load resistance is increased from 200 to 300 Ω. In case 4,
the boost converter operates in the closed-loop state and the load
resistance is decreased from 300 to 200 Ω. Other parameters are
the same as the boost converter with CCM, as listed in Table II.
The proposed model can reflect the behavior of the converter
operating in DCM.

D. Frequency-Domain Analysis

The proposed model can be used to analyze the influence of
the switching period on the stability of the converter. The boost
converter with PI controller is discussed here. In this section, the
unmentioned parameters of the converter are listed in Table II.

In case 1, α is 1, KP is 0.012, and KI is 5. When the switching
frequency is 20 kHz, the open-loop transfer function obtained
by the proposed model is

Gop(s)

=
2.21× 10−2s3 − 2365s2+2.59× 107s+ 1.14× 1010

s3 + 3009s2 + 3.458× 107s
.

(71)

When the switching frequency is 5 kHz, the open-loop transfer
function obtained by the proposed model is

Gop(s)

=
8.89× 10−2s3 − 3227s2+2.61× 107s+ 1.11× 1010

s3 + 3009s2 + 3.462× 107s
.

(72)
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Fig. 8. Dynamic waveforms of the converters with PI controller. (a) Boost. (b) Buck. (c) Buck–boost. (d) Boost with source impedance.

Fig. 9. Dynamic waveforms of the buck–boost converter with load resistance and reference output voltage changes. (a) Case 1. (b) Case 2. (c) Case 3. (d) Case 4.

And the open-loop transfer function obtained by the SSA
model is always

Gop(s) =

−8.31× 10−4s3 − 2068s2 + 2.59× 107s+ 1.11× 1010

s3 + 3009s2 + 3.457× 107s
.

(73)

Their bode diagrams are shown in Fig. 11(a) and (b). The
magnitude margin obtained by (71)–(73) is 1.46, −1.15, and
2.61 dB, respectively. As shown in Fig. 11(c), when the switch-
ing frequency is 20 kHz, the converter is stable. The two model
can both reflect the stability of the converter. As shown in
Fig. 11(d), when the switching frequency is 5 kHz, the converter

is unstable, only the proposed model can reflect the stability of
the converter.

In case 2, α is 0, KP is 0.02, and KI is 10. When the switching
frequency is 20 kHz, the open-loop transfer function obtained
by the proposed model is

Gop(s) =

−3.80× 10−2s3 − 3034s2 + 4.18× 107s+ 2.09× 1010

s3 + 3009s2 + 3.31× 107s
.

(74)

When the switching frequency is 5 kHz, the open-loop transfer
function obtained by the proposed model is
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Fig. 10. Dynamic waveforms of boost converter operate in DCM. (a) Case 1. (b) Case 2. (c) Case 3. (d) Case 4.

Fig. 11. Frequency-domain analysis of case 1. (a) Bode diagram. (b) Partial
enlarged drawing. (c) Simulation results of 20 kHz. (d) Simulation results of
5 kHz.

Gop(s) =

−1.38× 10−1s3 − 1485s2 + 3.93× 107s+ 1.61× 1010

s3 + 3009s2 + 3.31× 107s
.

(75)

And the open-loop transfer function obtained by the SSA
model is always

Gop(s) =

−1.50× 10−2s3 − 3608s2 + 4.26× 107s+ 2.22× 1010

s3 + 3009s2 + 3.30× 107s
.

(76)

Fig. 12. Frequency-domain analysis of case 2. (a) Bode diagram. (b) Partial
enlarged drawing. (c) Simulation results of 20 kHz. (d) Simulation results of
5 kHz.

Their bode diagrams are shown in Fig. 12(a) and (b). The
magnitude margin obtained by (74)–(76) is −0.85, 5.51, and
−2.36 dB, respectively. As shown in Fig. 12(c), when the
switching frequency is 20 kHz, the converter is unstable. The
two model can both reflect the stability of the converter. As
shown in Fig. 12(d), when the switching frequency is 5 kHz, the
converter is stable, and only the proposed model can reflect the
stability of converter.

V. CONCLUSION

In this article, a time-invariant polynomial model of fixed-
frequency PWM dc–dc converter is proposed. Through nor-
malized coordinate transformation, the time-varying model of
the converter is transferred into a time-invariant model, whose
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state matrix and input matrix are obtained by the addition
and multiplication of matrices simply and expressed by the
polynomial of duty cycle concisely. The proposed model has
the following advantages. Compared with the SSA model, the
ripple of the state vector and the switching period are considered,
thereby improving the accuracy. Contrary to other time-invariant
models, the state matrix and input matrix instead of the state
vector are expanded into series. Therefore, neither the number
of state vectors nor the order of the matrices increases, and
the proposed model has a simple structure similar to the SSA
model. In addition, as a time-invariant polynomial model, the
calculation and analysis of the proposed model are much simpler
than the time-variant exact model.

In order to demonstrate the advantages of the proposed model
more intuitively, several basic converters are modeled by the
proposed method, whose results are compared with other mod-
els’ results. Compared with the SSA model, the GSSA model,
and the KBM model, the waveforms of state variables in the
proposed model are more accurate. Compared with the exact
model, the maximum error of the proposed model is less than
0.1%. Besides, the proposed model can be used to analyze the
influence of the switching period on the stability of the converter.
The simulation and experimental results ensure the validity of
the above-mentioned analyses and advantages. Therefore, the
proposed model is suitable for the model of fixed-frequency
PWM dc–dc converter when both simple structure and high
accuracy are needed.

APPENDIX

A. Formula of State Matrix

In order to obtain the formula of A∗
p, first, (15) is substituted

into the eA
∗T in (12)

eA
∗T = E+

∞∑
p=0

A∗
pT

p+1 +

∞∑
q=2

(
∑∞

p=0 A
∗
pT

p+1)
q

q!

= E+

∞∑
p=0

A∗
pT

p+1 +

∞∑
q=2

∑∞
n0=0 · · ·

∑∞
nq−1=0

q−1∏
j=0

A∗
nj

q!

× T q+
∑q−1

j=0 nj

= E+

∞∑
p=0

A∗
pT

p+1 +

∞∑
p=1

p−1∑
r=0

∑
Y

(r + 2)!
T p+1 (A1)

where the matrix Y satisfies

Y ∈ Y∗(p, r) = {Y| Y =
r+1∏
j=0

A∗
nj
,
∑r+1

j=0 nj = p− 1− r }.
(A2)

Then, substituting (14) into (12), for the converter that oper-
ates in DCM, eA

∗T can be expressed as

eA
∗T = e0.5A1d1T eA3d3T eA2d2T e0.5A1d1T

=

∞∑
m=0

Am
1 dm1 Tm

2mm!

∞∑
m=0

Am
3 dm3 Tm

m!

∞∑
m=0

Am
2 dm2 Tm

m!

×
∞∑

m=0

Am
1 dm1 Tm

2mm!

=

∞∑
k=0

⎛
⎝ ∑

i+j+m+n=k

dm+n
1 di2d

j
3A

m
1 Ai

2A
j
3A

n
1

2m+nm!n!i!j!

⎞
⎠T k.

(A3)

Let k be equal to p+1 and (A3) can be simplified into

eA
∗T =E+ (d1A1 + d2A2 + d3A3)T

+
∞∑

p=1

( ∑
i+j+m+n=p+1

dm+n
1 di2d

j
3A

m
1 Ai

2A
j
3A

n
1

2m+nm!n!i!j!

)
T p+1.

(A4)

The formula of A∗
p is obtained by comparing the coefficient

of T p+1 in (A1) and (A4). When the converter operates in CCM,
the formula of A∗

p can be obtained by substituting d3 = 0 into
the above equations.

B. Formula of Input Matrix

When the converter operates in DCM, first, (14) is substituted
into (13), and B∗ can be expressed as

B∗ = A∗(eA
∗T −E)−1(e0.5A1d1T eA3d3T eA2d2T +E)

× (e0.5A1d1T −E)A−1
1 B1

+A∗(eA
∗T −E)−1e0.5A1d1T eA3d3T (eA2d2T −E)

×A−1
2 B2

+A∗(eA
∗T −E)−1e0.5A1d1T (eA3d3T −E)A−1

3 B3.
(B1)

Second, (20) is substituted into (15), and A∗ can be expressed
as

A∗ =
∞∑

p=0

A∗
pT

p =
∞∑

p=0

(F∗
p1A1 + F∗

p2A2 + F∗
p3A3)T

p

=
∞∑

p=0

F∗
p1T

pA1 +
∞∑

p=0

F∗
p2T

pA2 +
∞∑

p=0

F∗
p3T

pA3.

(B2)

Third, through the matrix identity transformation, A∗ can also
be expressed as

A∗=A∗(eA
∗T −E)−1(eA

∗T −E)

=A∗(eA
∗T −E)−1(e0.5A1d1T eA3d3T eA2d2T e0.5A1d1T −E)

=A∗(eA
∗T −E)−1(e0.5A1d1T eA3d3T eA2d3T +E)(e0.5A1d1T

−E)A−1
1 A1

+A∗(eA
∗T −E)−1e0.5A1d1T eA3d3T (eA2d2T −E)A−1

2 A2

+A∗(eA
∗T −E)−1e0.5A1d1T (eA3d3T −E)A−1

3 A3.
(B3)
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Fourth, compare (B2) with (B3), it is obtained that⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∑∞
p=0 F

∗
p1T

p=A∗(eA
∗T−E)

−1
(e0.5A1d1T eA3d3T eA2d3T+E)

(e0.5A1d1T −E)A−1
1∑∞

p=0 F
∗
p2T

p=A∗(eA
∗T−E)

−1
e0.5A1d1T eA3d3T

(eA2d2T−E)A−1
2∑∞

p=0 F
∗
p2T

p=A∗(eA
∗T−E)

−1
e0.5A1d1T (eA3d3T−E)A−1

3 .

(B4)

Finally, substituting (16) and (B4) into (B1), it is proved that
the formula of B∗

p is (21).

B∗ =
∞∑

p=0

F∗
p1T

pB1 +

∞∑
p=0

F∗
p2T

pB2 +

∞∑
p=0

F∗
p3T

pB3

=

∞∑
p=0

B∗
pT

p. (B5)

When the converter operates in CCM, the proof can be ob-
tained by substituting d3 = 0 into (B1)–(B5).

C. Formula of Transfer Function

When the converter is in steady state, the augmented state
vector and the augmented input vector satisfy

ẋ∗
au = Aau

∗xau
∗ +Bau

∗u = 0. (C1)

Substituting (C1) into (1), it is obtained that

xau(nT + (α− 0.5)d1T )

= S(nT + (α− 0.5)d1T )x
∗
au +Pau(nT + (α− 0.5)d1T )u

= e−A∗
au(α−0.5)d1Tx∗

au + (e−A∗
au(α−0.5)d1T −E)A∗

au
−1B∗

auu

= x∗
au. (C2)

Substituting (C1) into (33), it is obtained that

dC(nT+αd1T )

= Cau1[e
0.5A1d1Txau(nT + (α− 0.5)d1T )

+ (e0.5A1d1T −E)A−1
1 B1u] (C3)

dC(nT + T − (1− α)d1T ) = dC(nT − (1− α)d1T )

= Cau2[e
−0.5A1d1Txau(nT + (α− 0.5)d1T )

+ (e−0.5A1d1T −E)A−1
1 B1u]. (C4)

Using small-signal analysis and ignoring û, (C3) and (C4)
can be expressed as

d̂C1 = d̂C(nT+αd1T )

= Cau1e
0.5A1d̄1T [x̂au(nT + (α− 0.5)d1T )

+ 0.5T (A1x̄
∗
au +B1ū)d̂1] (C5)

d̂C2 = d̂C(nT − (1− α)d1T ) = d̂C(nT + (α− 1)d1T )

= Cau2e
−0.5A1d̄1T [x̂au(nT + (α− 0.5)d1T )

− 0.5T (A1x̄
∗
au +B1ū)d̂1]. (C6)

Using the time delay nature of the Laplace transform, the
frequency-domain equations of (C5) and (C6) can be expressed
as ⎧⎪⎪⎨

⎪⎪⎩
d̂C1(s) = Cau1e

0.5A1d̄1T [e−0.5d̄1Tsx̂∗
au(s)

+0.5T (A1x̄
∗
au +B1ū)d̂1(s)]

d̂C2(s) = Cau2e
−0.5A1d̄1T [e0.5d̄1Tsx̂∗

au(s)

−0.5T (A1x̄
∗
au +B1ū)d̂1(s)].

(C7)

Using small-signal analysis, (35) can be expressed as

d̂1(s) = αd̂C1(s)+(1− α)d̂C2(s). (C8)

Substituting (C7) into (C8), (42) is proven.
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