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Abstract—Duty-cycle control is a widely used control method of
resonant converters. In this article, the existing model of duty-cycle
controlled resonant converters is found to have discrepancy com-
pared with the simulation and experimental results. The reason
behind is investigated, showing the phase change in the output
voltage of the inverter bridge caused by the duty-cycle perturbation
was ignored in the existing model. The phase change law is highly
dependent on the duty-cycle scheme used, which is further deter-
mined by the forms of the carriers and the switching sequences of
the resonant converters. With this consideration, improved models
of both full-bridge and half-bridge resonant converters with dif-
ferent duty-cycle control schemes are rederived. It is revealed that
different duty-cycle control schemes lead to different phase curves
of the duty-cycle-to-output-voltage transfer functions, therefore
care should be taken when selecting the appropriate duty-cycle
control scheme. In the end, a series-series compensated wireless
power transfer system is built to verify the validity of the proposed
models.

Index Terms—Carriers, duty-cycle control, resonant converter,
small-signal modeling, switching sequencies.

I. INTRODUCTION

R ESONANT converters have been demonstrated to be
very suitable in high-frequency and high-efficiency power

transfer. In recent years, various resonant topologies have been
widely applied in the fields like data center power supply, elec-
tric vehicle charger, wireless power transfer (WPT), distributed
power system in telecom, and network application among others
[1]−[5].

The basic control method of resonant converters is variable
frequency control. However, variable frequency control usually
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leads to large reactive power at light load, or a big switching
frequency variation range when the input voltage range is wide.
To solve this problem, the duty-cycle control has also been
widely employed in many designs [6]–[11].

Dynamical models with good accuracy and a concise form are
critical prerequisites for the analysis and dynamical control of
resonant converters. Nevertheless, modeling resonant convert-
ers can be particularly challenging due to the high-frequency
resonant mode operation, which renders the conventional state-
space averaging technique no longer applicable [12]. For this
purpose, some other modeling approaches suitable for resonant
converters have been investigated. The discrete-time model or
the sample-data model was proposed in [13] and [14]. The
discrete-time model is known for its high accuracy. However, the
derivation process involves solving a series of piecewise linear
equations, and the result is represented by complicated matrix
exponentials, which severely limits the use of the discrete-time
model. Small-signal models based on state plane analysis and
dq-transformation were proposed in [15] and [16], but this
technique is mainly applicable to two-element resonant tanks.
The idea that combines the time and frequency domain anal-
yses provides some methods that are easy to understand and
implement, for example, the dynamic phasor transform (DPT)
technique [17], [18] and the generalized state space averaging
(GSSA) method [19], [20], and the extended describing function
(EDF) method in [21] and [22]. The methodologies of the three
methods are similar, that is, decomposing the switching ripple of
each variable in the resonant tank into two independent variables
with dc operating points, so as to obtain a linearized small-signal
model around the dc operating points. Although the ways of the
decomposition are different, the derived models by the three
methods, e.g., [17]–[22], are essentially identical. In addition,
these approaches can also offer the corresponding equivalent
circuits of the models [21]. Compared with the form of state-
space representation, the equivalent circuit is simpler and more
straightforward. Recently, some reduced-order equivalent cir-
cuits have been proposed in [23] and [24], further facilitating
the analysis and the closed-loop design of resonant converters.

To date, the DPT, GSSA, and EDF methods are among the
most popular modeling approaches, with which, the models
for both variable frequency control and duty-cycle control of
many resonant converters have been established. The obtained
models by the three methods for varying frequency control
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Fig. 1. General structure of a typical resonant converter.

and input voltage control show very good consistency with the
simulation and experiment. However, it is found that the existing
models for duty-cycle control using the three methods, e.g.,
[25]−[29] are not accurate. Significant errors are observed at
certain duty-cycles. Besides, categorized by the forms of carriers
and the switching sequences, there are various duty-cycle control
schemes, but they are also found to have different models, which
cannot be explained by the existing models as it has nothing to
do with how the duty-cycle is realized.

This article studies the reason behind this phenomenon and
rederives an improved model with better accuracy for duty-cycle
controlled resonant converters. Both the full-bridge and half-
bridge structures of the inverter bridges are considered. This
article is organized as follows. Section II has a brief review of
the existing modeling procedure of the EDF method. Sections
III and IV propose the improved models using the EDF method
for full-bridge and half-bridge resonant converters, respectively.
Section V gives a detailed discussion of the proposed model.
Section VI provides the experimental results of a series-series
(S-S) compensated WPT system to validate the proposed model.
Finally, Section VII concludes this article.

II. BRIEF REVIEW OF THE EXISTING MODEL OF RESONANT

CONVERTERS

Fig. 1 is the general structure of a typical resonant converter.
It consists of an inverter bridge, a resonant tank, and a rectifier
tank. The inverter can be full-bridge or half-bridge structures. In
the full-bridge structure, there are four switches (Q1–Q4); in the
half-bridge structure, there are two switches (Q1, Q2), and point
B is connected to the ground. The resonant tank is composed
of inductors, capacitors, and an optional isolation transformer.
Different combinations of the inductors and capacitors constitute
diverse resonant topologies. In Fig. 1, vin is the input voltage,
vAB is the output voltage of the inverter, vo is the output voltage,
io is the external output current, Co is the output capacitor,
and Rc is the equivalent series resistance of Co, RLd is the
load resistance. The switching angular frequency is ωs and the
switching period is Ts.

In the EDF method, using Fourier transform, the state variable
in the resonant tank x can be decomposed to

x =

+∞∑
n=0

(
x(ns) sin(nωst) + x(nc) cos(nωst)

)
(1)

Fig. 2. vAB and its fundamental harmonic component in (a) full-bridge
inverter and (b) half-bridge inverter.

where x(ns) and x(nc) are, respectively, the coefficients of the
sin(nωst) term and the cos(nωst) term of x.

Similarly, as the excitation of the resonant tank, vAB can also
be decomposed to

vAB(t) =

+∞∑
n=0

(
vAB(ns)

sin(nωst) + vAB(nc)
cos(nωst)

)
.

(2)
Fig. 2(a) shows the waveforms of vAB in full-bridge resonant

converters, which is a pure ac quasi-square, the Fourier series of
which is

vAB(t) =

∞∑
n=1

4vin
nπ

sin
(
n
π

2

)
sin

(
ndyπ

2

)
sin(nωst). (3)

Based on (3), the expressions of vAB(ns) and vAB(nc) (n = 1,
2, 3, …) are readily solved as

vAB(ns)
=

4vin
nπ

sin
(
n
π

2

)
sin

(
ndyπ

2

)
(4a)

vAB(nc)
= 0. (4b)

Similarly, Fig. 2(b) shows the waveforms of vAB in half-
bridge resonant converters, and the corresponding Fourier series
is

vAB(t) = vindy +

∞∑
n=1

2vin
nπ

sin (ndyπ) cos
(
nωst− nπ

2

)
.

(5)
The deduced vAB(ns) and vAB(nc) are

vAB(ns)
=

2vin
nπ

sin
(nπ

2

)
sin (ndyπ) (6a)

vAB(nc)
=

2vin
nπ

cos
(nπ

2

)
sin (ndyπ) . (6b)

Note that x(ns), x(nc), vAB(ns), and vAB(nc) are dc values in
the steady state but will oscillate at the perturbation frequency
around the dc values when perturbed. Therefore, replacing x,
vAB with x(ns), x(nc), vAB(ns), vAB(nc), and using harmonic
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balance, a new state equation with a fixed dc operation point can
be obtained [21].

To further obtain a linearized model, small-signal perturba-
tions are introduced, i.e.,

dy = Dy + d̂y

vin = Vin + v̂in

io = 0 + îo (7)

where the symbols with the first letter capitalized are the steady-
state components of the variables, while the symbols with caps
are the small-signal components of the variables.

Substituting of (7) into (4) and (6) and then performing
linearization lead to the small-signal expressions of v̂AB(ns) and
v̂AB(nc). For the full-bridge inverter, we have

v̂AB(ns) =
4

nπ
sin
(
n
π

2

)
sin

(
nDyπ

2

)
v̂in

+ 2Vin sin
(nπ

2

)
cos

(
nDyπ

2

)
d̂y (8a)

v̂AB(nc) = 0. (8b)

For the half-bridge inverter, we have

v̂AB(ns) =

2

nπ
sin
(nπ

2

)
sin (nDyπ) v̂in+2Vin sin

(nπ
2

)
cos (nDyπ) d̂y

(9a)

v̂AB(nc) =

2

nπ
cos
(nπ

2

)
sin (nDyπ) v̂in + 2Vin cos

(nπ
2

)
cos (nDyπ) d̂y.

(9b)

Finally, a complete linearized small-signal model can be
obtained as

d

dt

⎡
⎣ x̂s

x̂c

v̂Co

⎤
⎦=Ass

⎡
⎣ x̂s

x̂c

v̂Co

⎤
⎦+Bss

⎡
⎣ v̂in
d̂y
îo

⎤
⎦ (10)

v̂o = Css

⎡
⎣ x̂s

x̂c

v̂Co

⎤
⎦+Dss

⎡
⎣ v̂in
d̂y
îo

⎤
⎦ (11)

where Ass, Bss, Css, and Dss are the coefficients matrices of the
small-signal model.

Equations (10) and (11) are the widely used standard EDF-
based model of a duty-cycle controlled resonant converter [21],
from which, the input-voltage-to-output-voltage transfer func-
tion Gvg(s), the duty-cycle-to-output-voltage transfer function
Gvd(s), the output impedance transfer function Zo(s) can be
extracted as

Gvg(s) =
[
Css(sI−Ass)

−1Bss+Dss

] [
1 0 0

]T
(12a)

Gvd(s) =
[
Css(sI−Ass)

−1Bss+Dss

] [
0 1 0

]T
(12b)

Zo(s) =
[
Css(sI−Ass)

−1Bss+Dss

] [
0 0 1

]T
. (12c)

In this article, it is found that Gvg(s) and Zo(s) by the existing
model coincide with the experimental data very well, however,
Gvd(s) is found to be inaccurate in certain circumstances. Dif-
ferent duty-cycle control schemes are found to have different
models, which cannot be reflected by the existing Gvd(s). The
reason lies in the handling of vAB under duty-cycle perturbation,
which will be reinvestigated in the following using the EDF
method. It is worth noting that the theoretical analysis can be
extended to the GSSA method and DPT method, as discussed
in Appendix A.

III. SMALL-SIGNAL MODEL FOR FULL-BRIDGE INVERTER

A. Classification of Different Phase-Shift Control Schemes for
Full-Bridge Structure

In full-bridge resonant converters, the duty-cycle control is
usually implemented by phase-shift (PS) between the leading-
leg and the lagging leg. There are two commonly used shapes
of carriers, namely the sawtooth carrier (SC) and the triangle
carrier (TC), which leads to six different PS control schemes,
as shown in Fig. 3. Without loss of generality, the leg com-
posed of Q1 and Q2 is fixed, while the phase of the leg com-
posed of Q3 and Q4 is shifted according to the modulation
signal.

In Fig. 3(a), the rising type SC is used. In this case, Q1

and Q2 constitute the lagging leg, Q3 and Q4 constitute the
leading leg. At the instants when the duty-cycle modulation
signal vmod intersects the carrier vcar, Q3 and Q4 toggle the
states to implement PS.

In Fig. 3(b), the falling type SC is used. In this case, Q1 and
Q2 constitute the leading leg, Q3 and Q4 constitute the lagging
leg. At the instants when vmod intersects vcar, Q3 and Q4 toggle
the states to realize PS.

In Fig. 3(c), the TC is used. Q1 and Q2 constitute the lagging
leg, Q3 and Q4 constitute the leading leg. vmod compares with
vcar during the rising period of vcar to determine the turn-ON

instant of Q3. After half of the switching cycle, Q4 turns ON

naturally.
In Fig. 3(d), the TC is used. In this case, Q1 and Q2 are the

leading leg, Q3 and Q4 are the lagging leg. vmod compares with
vcar during the falling period of vcar to determine the turn-ON

instant of Q3. After half of the switching cycle, Q4 turns ON

naturally.
Fig. 3(e) and (f) are respectively the dualities of Fig. 3(c) and

(d) by exchanging the positions of Q1 and Q2 as well as Q3 and
Q4.

Note that for TC, there are two forms of the leading-leg PS
and lagging-leg PS. For ease of presentation, Fig. 3(c) and (e)
are, respectively, named Form 1 and Form 2 of TC leading-leg
PS; Fig. 3(d) and (f) are, respectively, named Form 1 and Form 2
of TC lagging-leg PS. Although there are a variety of PS control
schemes, they can be summarized into two categories, i.e., the
leading-leg PS [see Fig. 3(a), (c), and (e)] and the lagging-leg PS
[see Fig. 3(b), (d), and (f)]. Fourier transform will be performed
on vAB to investigate the effect of different duty-cycle control
schemes.
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Fig. 3. Different PS control schemes for full-bridge inverter. (a) SC leading-leg PS. (b) SC lagging-leg PS. (c) TC leading-leg PS, Form 1. (d) TC lagging-leg
PS, Form 1. (e) TC leading-leg PS, Form 2. (f) TC lagging-leg PS, Form 2.

Fig. 4. Summarized two kinds waveforms of vAB by different PS schemes.
(a) Leading-leg PS. (b) Lagging-leg PS.

B. Small-Signal Model of the Full-Bridge Inverter

The waveforms of vAB by leading-leg PS and lagging-leg
PS are illustrated in Fig. 4(a) and (b), respectively. To keep
consistent with the existing models, the zero time of vAB is
also selected at the zero-crossing point of its fundamental com-
ponent in steady state as Fig. 2 does. As can be seen in Fig. 4,
when there is a perturbation in the duty-cycle, the zero-crossing
point of vAB will change accordingly. Considering this, for
leading-leg PS, the expression of vAB in one switching cycle
becomes

vAB(t)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Vinif(1−Dy)Ts/4 < t < (1 +Dy)Ts/4 + d̂yTs

/
2

0if(1 +Dy)Ts/4 + d̂yTs

/
2 < t < (3−Dy)Ts/4

−Vinif(3−Dy)Ts/4 < t < (3 +Dy)Ts/4 + d̂yTs

/
2

0if(3 +Dy)Ts/4 + d̂yTs

/
2 < t < (5−Dy)Ts/4.

(13)

Please note that, since Gvg(s) and Zo(s) have no the inaccuracy
issue as Gvg(s) does, v̂in and îo are not considered in (13).

Performing Fourier transform on (13) yields

vAB(t)

=

∞∑
n=1

4Vin

nπ
sin
(
n
π

2

)
sin

(
ndyπ

2

)
sin
(
nωst− nπ

2
d̂y

)
.

(14)

Comparing (14) with (3), it can be found that the amplitude
of each harmonic is the same, but the phase of the nth harmonic
lags the existing result by nπ

2 d̂y.

Using dy = Dy + d̂y, (14) is simplified to be

vAB(t) =
∞∑

n=1

4Vin

nπ sin
(
nπ
2

)·[
sin
(

nDyπ
2

)
cos
(

nd̂yπ
2

)
+ cos

(
nπDy

2

)
sin
(

nd̂yπ
2

)]
[
sin (nωst) cos

(
nπ
2 d̂y

)
− cos (nωst) sin

(
nπ
2 d̂y

)]
.

(15)
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When d̂y << 1, the following approximations hold true

cos

(
nd̂y
2

π

)
≈ 1, sin

(
nd̂y
2

π

)
≈ nd̂y

2
π (16)

Substituting (16) into (15), the small-signal component
v̂AB(t) is solved as

v̂AB(t) =

∞∑
n=1

[
2Vin sin

(nπ
2

)
cos

(
nπDy

2

)
d̂y sin (nωst)

−2Vin sin
(nπ

2

)
sin

(
nDyπ

2

)
d̂y cos (nωst)

]
.

(17)

from which, v̂AB(ns) and v̂AB(nc) for leading-leg PS control are
readily obtained as

v̂AB(ns) = 2Vin sin
(nπ

2

)
cos

(
nπDy

2

)
d̂y (18a)

v̂AB(nc) = −2Vin sin
(nπ

2

)
sin

(
nDyπ

2

)
d̂y. (18b)

Similarly, for the case of lagging-leg PS control in Fig. 4(b),
the expression of vAB in time domain is

vAB(t)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Vin if (1−Dy)Ts/4− d̂yTs

/
2 < t < (1 +Dy)Ts/4

0 if (1 +Dy)Ts/4 < t < (3−Dy)Ts/4− d̂yTs

/
2

−Vin if (3−Dy)Ts/4− d̂yTs

/
2 < t < (3 +Dy)Ts/4

0 if (3 +Dy)Ts/4 < t < (5−Dy)Ts/4− d̂yTs

/
2.

(19)

Performing Fourier transform on (19), it is obtained as

vAB(t)

=

∞∑
n=1

4Vin

nπ
sin
(
n
π

2

)
sin

(
ndyπ

2

)
sin
(
nωst+

nπ

2
d̂y

)
.

(20)

In this case, the phase of the nth harmonic is found to lead the
existing result in (3) by nπ

2 d̂y.
Using the same method as leading-leg PS control, the ex-

pressions of v̂AB(ns) and v̂AB(nc) for lagging-leg PS control are
derived as

v̂AB(ns) = 2Vin sin
(nπ

2

)
cos

(
nπDy

2

)
d̂y (21a)

v̂AB(nc) = 2Vin sin
(nπ

2

)
sin

(
nDyπ

2

)
d̂y. (21b)

The gains from d̂y to v̂AB(ns)and v̂AB(nc) are respectively
defined as GAB(ns) and GAB(nc), whose expressions by the
existing model can be obtained from (8), while the results by the
proposed model can be obtained from (18) and (21) accordingly.
Since the resonant tank is tuned close to the resonant frequency
that allows mainly the fundamental frequency in most resonant

TABLE I
EXPRESSIONS OF GAB(1s) AND GAB(1c) FOR FULL-BRIDGE INVERTER

TABLE II
EXPRESSIONS OF GAB(1s) AND GAB(1c) FOR HALF-BRIDGE INVERTER

TABLE III
PARAMETERS OF THE S-S COMPENSATED WPT SYSTEM

converters, only the case when n = 1 is considered here, but the
theoretical analysis in this article still applies when considering
the third harmonic or higher harmonics as well [30]–[34]. The
expressions of GAB(1s) and GAB(1c) corresponding to different
PS control schemes are concluded and tabulated in Table I.
According to Table I , the expressions of GAB(1s) by the proposed
model are consistent with those of the existing model. However,
GAB(1c) is no longer zero as the existing model predicted, and
has different expressions for leading-leg PS and lagging-leg PS
controls.

IV. SMALL-SIGNAL MODEL FOR HALF-BRIDGE INVERTER

A. Classification of Different Duty-Cycle Control Schemes for
Half-Bridge Inverter

In the half-bridge inverter, the carrier for the duty-cycle con-
trol can also be SC and TC. Fig. 5(a)–(c) gives the corresponding
waveforms of the half-bridge inverter with different carriers.

In Fig. 5(a), the rising type SC is used. In this case, the
instant when the modulation signal vmod intersects the carrier
vcar determines the turn-OFF instant of Q1. As the trailing edge
of vAB is modulated, it is also called trailing-edge modulation
[35].
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Fig. 5. Different duty-cycle modulation schemes for the half-bridge inverter. (a) SC trailing-edge modulation. (b) SC leading-edge modulation. (c) TC dual-edge
modulation.

Fig. 6. Three kinds of waveforms of vAB and the fundamental harmonic com-
ponents by different duty-cycle control schemes. (a) Trailing-edge modulation.
(b) Leading-edge modulation. (c) Dual-edge modulation.

In Fig. 5(b), the falling type SC is used. In this case, the instant
when vmod intersects the carrier vcar determines the turn-ON

instant of Q1. As the leading edge of vAB is modulated, it is also
called leading edge modulation [35].

In Fig. 5(c), the TC is used. In this case, both the turn-ON

and turn-OFF instants of Q1 are regulated by vmod. This is also
named as dual-edge modulation [36].

In conclusion, for the half-bridge inverter, the duty-cycle
control schemes can be divided into three categories, which will
be derived respectively.

B. Small-Signal Model of the Half-Bridge Inverter

The waveforms of vAB by the three duty-cycle control
schemes are illustrated in Fig. 6.

For trailing-edge modulation in Fig. 6(a), the expression of
vAB under duty-cycle perturbation in one switching cycle is

vAB(t)

=

{
0 if (2Dy + 1)Ts/4 + d̂yTs < t < (5− 2Dy)Ts/4

Vin if (5− 2Dy)Ts/4 < t < (2Dy + 5)Ts/4 + d̂yTs.

(22)

Performing Fourier transform on (22) leads to

vAB(t) =

Vindy +
∞∑

n=1

2Vin

nπ sin (ndyπ) cos
(
nωst− nπ

2 − nd̂yπ
)
.

(23)
After that, linearizing (23) results in the following expressions

of v̂AB(ns) and v̂AB(nc) for trailing-edge modulation

v̂AB(ns) = 2Vin sin
(
nDyπ +

nπ

2

)
d̂y (24a)

v̂AB(nc) = 2Vin cos
(
nDyπ +

nπ

2

)
d̂y. (24b)

Similarly, for leading-edge modulation in Fig. 6(b), the ex-
pression of vAB in one switching cycle is

vAB(t)=

{
0 if (2Dy+1)Ts/4<t<(5− 2Dy)Ts/4− d̂yTs

Vin if (5− 2Dy)Ts/4− d̂yTs<t<(2Dy + 5)Ts/4.
(25)

After Fourier transform, we can obtain that

vAB(t) =

Vindy +
∞∑

n=1

2Vin

nπ sin (ndyπ) cos
(
nωst− nπ

2 + nd̂yπ
)
(26)

from which, the expressions of v̂AB(ns)and v̂AB(nc)for leading-
edge modulation are found to be

v̂AB(ns) = −2Vin sin
(
nDyπ − nπ

2

)
d̂y (27a)

v̂AB(nc) = 2Vin cos
(
nDyπ − nπ

2

)
d̂y. (27b)

For dual-edge modulation in Fig. 6(c), the expression of vAB

in one switching cycle is

vAB(t) ={
0 if (2Dy + 1)Ts/4 + d̂yTs < t < (5− 2Dy)Ts/4− d̂yTs

Vin if (5− 2Dy)Ts/4− d̂yTs < t < (2Dy + 5)Ts/4+d̂yTs.
(28)

The Fourier transform of (28) as well as the derived v̂AB(ns)

and v̂AB(nc) are found to be completely consistent with the
existing result, namely (5), (9) in Section II.

All the expressions of GAB(1s) and GAB(1c) for half-bridge
inverter by the existing model and the proposed model are col-
lected and list in Table II, where we can see that the expressions
of GAB(1s) are identical in all duty-cycle control schemes and
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are consistent with the existing model, while the expressions
of GAB(1c) are different. The existing model agrees with the
proposed model only when dual-edge modulation is used.

V. COMPARISON AND DISCUSSION

Based on the analysis above, this article makes a modification
to the standard modeling procedures of the EDF method in [21].
When modeling a resonant converter with duty-cycle control,
we need to select the corresponding GAB(1s) and GAB(1c) from
Tables I or II according to the actual duty-cycle control scheme to
get the expressions of vAB(1s) and vAB(1c). Except for this, other
procedures in [21] remain completely unchanged. Besides, the
modified transfer function of Gvd(s) is still expressed as (12b)
except that some elements related to the d̂y in matrix Bss are
changed. Other transfer functions, such as Gvg(s), Zo(s), etc. are
completely unaffected.

A. Physical Insights of the Proposed Model

The proposed model exhibits distinct characteristics from the
existing model, which will be interpreted here by acquiring the
physical insights.

As shown in Figs. 4 and 6, the actual vAB is a square wave
or a quasi-square wave. After injecting duty-cycle perturbation
into the modulation signal, the pulsewidth of vAB changes. In the
full-bridge structure, no matter the leading-leg PS or the lagging-
leg PS is adopted, the pulsewidth expands along just one side
of the center line of vAB in each half switching cycle, causing
the center line to move synchronously. For the two PS schemes,
the center line moves in opposite directions. Considering the
peak of the fundamental harmonic of vAB is always aligned
with the center line, therefore both the amplitude and phase
of the fundamental harmonic component of vAB would change
with the perturbation of duty-cycle, which is well described by
the proposed model with the nonzero GAB(1c). The fundamental
harmonic components of vAB before and after imposing duty-
cycle perturbation are depicted in Fig. 4 (red dotted line and
green dash-dotted line respectively) to show the small phase
difference.

The same explanation also applies to the leading-edge modu-
lation and trailing-edge modulation in the half-bridge structure.
However, for the dual-edge modulation, the pulsewidth of vAB is
symmetrically increased on both sides of the center line after the
injection of the duty-cycle perturbation, which does not affect
the phase of the fundamental harmonic component.

Furthermore, for leading-leg PS and lagging-leg PS or
leading-edge modulation and trailing-edge modulation, the
phase of the fundamental component of vAB changes in the op-
posite direction, therefore the signs of GAB(1c) are also opposite.

With regard to the existing model, nevertheless, the Fourier
transform is in fact performed on the steady-state waveform of
vAB, instead of the actual wave after duty-cycle perturbation.
Since the phase of the steady-state fundamental harmonic com-
ponent of vAB is fixed and has nothing to do with the duty-cycle
[see (3) and (5)], therefore the information of the phase change is
ignored by the existing model, which inevitably leads to errors.

B. Case Study

To further demonstrate the proposed models, the S-S com-
pensated WPT system is taken as an example to illustrate this
issue. Fig. 7 gives the topology of the S-S compensated WPT
system, where L1(2) and C1(2) are the self-inductances and the
compensation capacitors for the transmitting side and receiving
side respectively, M is the mutual inductance. i1(2) is the current
of the transmitting coil and the receiving coil, v1(2) is the voltage
of C1(2).

The existing small-signal model of the S-S compensated WPT
system based on the EDF method has been derived in [28] and
[29]. The state variables matrix is expressed as

x =
[
î(1s) î(1c) î(2s) î(2c) v̂(1s) v̂(1c) v̂(2s) v̂(2c) v̂Co

]T
. (29)

The coefficients matrices corresponding to the standard EDF-
based small-signal model in (10) and (11) are shown in (30a)–
(30d) as follows:

Bss =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2m
πLeq2

sin
(
π
mDy

)
2Vin

Leq2
cos
(
π
mDy

)
0

0 K14 0
2m

πLeqm
sin
(
π
mDy

)
2Vin

Leqm
cos
(
π
mDy

)
0

0 K15 0
0 0 0
0 0 0
0 0 0
0 0 0

0 0 K18

Co

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(30b)

Css =
[
0 0 K16 K17 0 0 0 0 K18

]
(30c)

Dss =
[
0 0 RcK18

]
(30d)

Ass =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− R1

Leq2
Ωs K1 K2 − 1

Leq2
0 − 1

Leqm
0 K3

−Ωs − R1

Leq2
K2 K4 0 − 1

Leq2
0 − 1

Leqm
K5

− R1

Leqm
0 K6 Ωs +K7 − 1

Leqm
0 − 1

Leq1
0 K8

0 − R1

Leqm
−Ωs +K7 K9 0 − 1

Leqm
0 − 1

Leq1
K10

1
C1

0 0 0 0 Ωs 0 0 0

0 1
C1

0 0 −Ωs 0 0 0 0

0 0 1
C2

0 0 0 0 Ωs 0

0 0 0 1
C2

0 0 −Ωs 0 0

0 0 K11 K12 0 0 0 0 K13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(30a)
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Fig. 7. Topology of the S-S compensated WPT system.

where m = 1 for half-bridge structure, and m = 2 for full-bridge
structure, and

Leq1 = L2 −M2
/
L1 (31a)

Leq2 = L1 −M2
/
L2 (31b)

Leqm = L1L2/M −M. (31c)

K1–K18 are the elements of the matrices Ass–Dss, as shown
in Appendix B. As we have mentioned in Section V, the existing
model and the proposed model share the same Ass, Css, and Dss,
but have different Bss. In the existing model, K14 and K15 of Bss

are zero, but in the proposed model, they depend on GAB(1c),
i.e.,

K14 =
GAB(1c)

Leq2
,K15 =

GAB(1c)

Leqm
. (32)

By substituting the expressions of GAB(1c) in Tables I and II
into (30b), the revised Bss is obtained. Substituting the Ass–Dss

into (12b), the modified expression of Gvd can be obtained.
An S-S compensated WPT system is designed in the labora-

tory. The circuit parameters are list in Table III. Fig. 8 shows
the bode diagrams of Gvd for full-bridge S-S compensated
WPT system by the existing model and the proposed model,
where we can see that if Dy is small, the deviation between the
existing model and the proposed model is small. However, as
Dy increases to 1, the deviation gradually becomes large. This
is because the absolute value of GAB(1c) rises monotonically
with Dy in the proposed model but remains zero in the existing
model. Moreover, due to the opposite signs of GAB(1c), there are
a large distinction between the models for leading-leg PS and
lagging-leg PS, especially in terms of phase curves. For the case
in Fig. 8(c), the phase of leading-leg PS leads that of lagging-leg
PS significantly, indicating the leading-leg PS is better in terms
of the stability design in this case.

Fig. 9 shows the bode diagrams of Gvd(s) for the half-bridge
S-S compensated WPT system by the existing model and the
proposed model. It should be pointed out that in the exist-
ing model and the proposed model for dual-edge modulation,
GAB(1s) and GAB(1c) are both zero when Dy = 0.5 according
to Table II, therefore Gvd(s) � 0 in the entire frequency range,
indicating the duty-cycle perturbation has no effect on the output
voltage. Due to this reason, the bode diagrams are not drawn in
Fig. 9(b). From Fig. 9, we can see that if Dy is close to 0 or
1, the deviation between the existing model and the proposed
model is small, but reaches the maximum when the duty-cycle

reaches Dy = 0.5, which coincides with the results in Table II.
Besides, we can see that for the given S-S WPT system, when
Dy< 0.5, trailing-edge modulation is better than leading-edge
modulation; when Dy > 0.5, leading-edge modulation is better
than trailing-edge modulation.

The following is to verify the effect of different duty-cycle
control schemes on the stability of the closed-loop system.
Fig. 10 is the corresponding closed-loop control block diagram
of the full-bridge S-S WPT system, where Hv is the gain of
the output voltage sensor, and Vm is the peak-peak value of the
carrier wave of the pulsewidth modulator, whose value can be
found in Table III. According to Fig. 10, the expression of the
loop gain is

T (s) =
Hv

Vm
Gc(s)Gvd(s) (33)

where the transfer function of the controller Gc(s) is designed
as

Gc(s) =
9000

s

s+ 40000

s+ 5000
. (34)

The expected output voltage is 20 V, which will be reached
when the duty-cycle is 0.85. Based on the information above,
the Bode plots of T(s) for leading-leg PS control and lagging-leg
PS control are collectively shown in Fig. 11, where we can find
both control schemes share the same cut-off frequencies, namely
3 kHz, but the phase margins are different. According to the
proposed model, the phase margin is 40° for leading-leg PS, but
drops to −12° for lagging-leg PS, indicating the system should
be stable in the former case, but unstable in the latter case. In
contrast, the existing model predicts the phase margin to be 15°
for both schemes, meaning the system should be stable in both
cases. Obviously, the time-domain simulation waveforms given
in Fig. 12 are completely consistent with the proposed model,
verifying the value of the proposed model in control loop design
and stability judgment.

VI. EXPERIMENTAL VERIFICATION

The prototype of the S-S compensated WPT system in
Table III is built in the laboratory, photograph of which is
shown in Fig. 13, where the digital signal processor (DSP)
TMS320F280049C from Texas Instruments is used to imple-
ment all the duty-cycle control. Different carriers are obtained
by changing the time-base counter mode of the enhanced
pulsewidth modulator (ePWM) module of the DSP. To be spe-
cific, the up-count mode, down-count mode, and up-down-count
mode of the time-base counter correspond to rising SC, falling
SC, and TC. The vector network analyzer (VNA) Bode 100 is
utilized to measure the bode diagrams of Gvd(s).

A. Measurement of Gvd(s)

The schematic diagram of the measurement of Gvd(s) is
shown in Fig. 14, where the VNA first outputs a sine-sweep sig-
nal with a frequency range of 100 Hz to 125 kHz (the switching
frequency). After isolated by the signal injector, the sine-sweep
signal is superimposed with a dc voltage Vdc (Vdc is used to
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Fig. 8. Bode diagrams of Gvd of the full-bridge S-S WPT system by the existing model and the proposed models with different duty-cycles. (a) Dy = 0.25.
(b) Dy = 0.5. (c) Dy = 0.85.

Fig. 9. Bode diagrams of Gvd of the half-bridge S-S WPT system by the existing models and the proposed models with different duty-cycles. (a) Dy = 0.25.
(b) Dy = 0.5. (c) Dy = 0.85.

Fig. 10. Closed-loop control block diagram of the S-S WPT system.

regulate the steady-state duty-cycle) and then is converted to a
digital value by the analog-to-digital converter module inside
the DSP. The digital value compares with the time-base counter
value in the ePWM module to generate a pair of complementary
sinusoidally modulated pulse signals to drives the switches.

For full-bridge structure, two ePWM modules, e.g., ePWM1
and ePWM2 are applied since there are four active switches,
namely Q1–Q4. As shown in Fig. 14, the two pairs of diagonal
switches are Anded first. Their outputs are then ORed to obtain
the actual duty-cycle dy. The acquired waveforms of dy and the
output voltage vo, are sent to VNA to draw the Bode plots.

For the half-bridge structure, only the ePWM1 module is used
since there are only two switches Q1–Q2. Considering Q1 is

Fig. 11. Bode diagrams of the loop gain of the full-bridge S-S compensated
WPT system using the existing model and the proposed model.

exactly the duty-cycle for the half-bridge structure, it is directly
sent to the VNA without any logical operation.

Fig. 15 gives the measured Gvd(s) of the full-bridge S-S
compensated WPT system. To maximize the difference between
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Fig. 12. Simulation waveforms of the closed-loop full-bridge S-S WPT system
with different PS schemes. (a) Leading-edge PS. (b) Lagging-leg PS.

Fig. 13. Photograph of the S-S compensated WPT system prototype.

Fig. 14. Schematic diagram of the measurement circuit of Gvd(s).

Fig. 15. Bode diagrams of Gvd of full-bridge S-S compensated WPT system
by experiment and the proposed model when Dy = 0.85 for (a) leading-leg PS
and (b) lagging-leg PS.

Fig. 16. Bode diagrams of Gvd of half-bridge S-S compensated WPT system
by experiment and the proposed model when Dy = 0.5 for various duty-cycle
control schemes.



13244 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 11, NOVEMBER 2021

Fig. 17. Duty-cycle step response of the full-bridge S-S compensated WPT systems with different PS control schemes. (a) TC lagging-leg Form 1. (b) TC
leading-leg Form 1.

Fig. 18. Duty-cycle step response of the half-bridge S-S compensated WPT
systems with different duty-cycle control schemes. (a) Trailing-edge modulation.
(b) Leading-edge modulation. (c) Dual-edge modulation.

the existing model and the proposed models, the duty cycle
should be as close to 1 as possible, which is chosen to be 0.85
here. Fig. 15(a) is the result when three kinds of leading-leg
PS schemes are used. From Fig. 15(a), we can find that the

measurement results of the three schemes are almost identical
and all agree well with the proposed model. Similarly, the
consistency of the proposed model and the measurement results
with the lagging-leg PS scheme is also confirmed in Fig. 15(b).

Fig. 16 gives the experimental results of the half-bridge S-S
compensated WPT system. Dy is set at 0.5 to maximize the
difference between the existing model and the proposed models.
According to Fig. 16, both the proposed leading-edge modula-
tion model and trailing-edge modulation model agree well with
the experimental curves. Besides, the measured magnitude curve
for dual-edge modulation is not infinitesimal as the proposed
model predicted, the deviation comes from the error of funda-
mental harmonic approximation. Despite the deviation, it still
has a much smaller amplitude than those of leading-edge and
trailing-edge modulation in a wide frequency range.

B. Step Response Predictions

To further verify the proposed model, the duty-cycle step re-
sponse experiments under different duty-cycle control schemes
are conducted.

Figs. 17 gives the experimental waveforms of the full-bridge
S-S compensated WPT system as well as the prediction results by
the existing model and the proposed model. From top to bottom,
the waveforms in Fig. 17 are the duty-cycle, transmitting coil
current i1, receiving coil current i2, and ac component of the
output voltage Δvo, respectively. The duty-cycle steps between
0.7 and 0.9. Fig. 17(a) and (b) correspond to TC lagging-leg PS
Form 1 and TC leading-leg PS Form 1, respectively. Comparing
Fig. 17(a) and (b), it can be readily found that the dynamic
responses are quite different, showing the model of the system is
highly dependent on the duty-cycle control schemes. Moreover,
the predicted curves by the proposed model coincide very well
with the experimental results in both cases, while these of the
existing model fail to differentiate different duty-cycle control
schemes and are found to deviate from the experimental results.

Similarly, the experimental results of the half-bridge S-S com-
pensated WPT system are provided in Fig. 18, where Fig. 18(a)–
(c) adopt the SC trailing-edge modulation, SC leading-edge
modulation, and TC dual-edge modulations, respectively. The
duty-cycle steps from 0.4 to 0.6. It can be found that the proposed
model is capable of well tracking the transient experimental
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waveforms in all cases. Besides, from Fig. 18(a) and (b), we
can see that with the same duty cycle transient, the responses
of the output voltage are reverse symmetrical. This can be
interpreted with Fig. 9(b), where the trailing edge modulation
and leading-edge modulation share exactly the same Gvd(s)
magnitude, but the phase curve differs by 180° at the duty-cycle
of 0.5. Conversely, the predicted curves by the existing model
are all horizontal lines from Fig. 18(a)–(c). This is because when
the duty-cycle is 0.5, Gvd(s) � 0 in the entire frequency range
according to the existing model and the proposed model for
dual-edge modulation, as discussed in Section V.

In general, the existing model is effective only for half-bridge
resonant converters that adopt dual-edge modulation, but the
proposed model is useful for both half-bridge and full-bridge
resonant converters with various duty-cycle control schemes.

VII. CONCLUSION

Duty-cycle control is a widely used in resonant converters.
However, the existing models of duty-cycle controlled reso-
nant converters are found to deviate from the simulation and
experiment results. The reason behind is investigated in this
article, showing the zero-crossing instant change of the output
voltage of the inverter caused by the duty-cycle perturbation
should be taken into account while performing Fourier trans-
form. Improved models of both full-bridge and half-bridge
resonant converters are re-derived, which show that different
duty-cycle control schemes lead to different phase curves of the
duty-cycle-to-output-voltage transfer functions, thus care should
be taken when selecting the duty-cycle control scheme for the
adopted resonant topology to guarantee the stability. An S-S
compensated WPT system is designed and fabricated to verify
the validity of the proposed models.

APPENDIX A

This Appendix will extend the proposed EDF method-based
modeling procedure to the GSSA method and DPT method.

As mentioned in Section I, the methodologies of the EDF
method, GSSA method, and DPT method are to decompose the
switching ripple of each variable in the resonant tank into two
independent variables with dc operating points. However, the
decomposition methods are different in some literature.

In the EDF-based model [21], [22], vAB is separated into the
sine and cosine terms

vAB(t) =

+∞∑
n=0

(
vAB(ns)

sin(nωst) + vAB(nc)
cos(nωst)

)
.

(A1)
In the GSSA-based model [19], [20], vAB is separated to the

following form:

vAB =

+∞∑
n=0

(〈vAB〉nejnωst + 〈vAB〉−ne
−jnωst

)
(A2)

where 〈vAB〉n and 〈vAB〉−n are conjugated. Separating 〈vAB〉n
into the real part and imaginary part yields

〈vAB〉n = 〈vAB〉rn + j 〈vAB〉in . (A3)

〈vAB〉rn and 〈vAB〉in are the counterparts of vAB1s and vAB1c.
Substitution of (A3) into (A2) leads to

vAB=

+∞∑
n=0

(
−2 〈vAB〉in (t) sin (ωst) + 2 〈vAB〉rn (t)cos (ωst)

)
.

(A4)
Comparing (A1) and (A4), it is obvious that

〈vAB〉in = −1

2
vAB(ns), 〈vAB〉rn =

1

2
vAB(nc). (A5)

The gains from d̂yto 〈vAB〉rn and 〈vAB〉in are defined as
〈GAB〉rnand 〈GAB〉in, respectively. According to (A5), the re-
vised 〈GAB〉rnand 〈GAB〉in are solved to be

〈GAB〉rn =
1

2
GAB(nc), 〈GAB〉in = −1

2
GAB(ns). (A6)

Since the expressions of GAB(ns) and GAB(nc) have been
derived in this article, the proposed modeling procedure can be
extended to GSSA method using (A6).

In the DPT based model [17], [18], vAB is separated to be

vAB =
+∞∑
n=0

(
Re
(
vAB(n)e

jθ(n)ejnωst
))

(A7)

where vAB(n)e
jθ(n) is a complex time-varying phasor. Separat-

ing it into the real part and imaginary part leads to

vAB(n)e
jθ(n) = vAB(nr) + jvAB(ni). (A8)

Substitution of (A8) into (A7) yields

vAB =

+∞∑
n=0

(
Re
[(
vAB(nr) + jvAB(ni)

)
ejnωst

])
. (A9)

Comparing (A1) and (A9), the following relationship can be
found

vAB(nr) = vAB(nc), vAB(ni) = −vAB(ns). (A10)

Defining the gains from d̂yto vAB(nr)and vAB(ni) as
GAB(nr)and GAB(ni)respectively, we have

GAB(nr) = GAB(nc), GAB(ni) = −GAB(ns). (A11)

Based on (A11), the modeling procedure of this article can be
readily extended to the DPT method.

APPENDIX B

This appendix gives the expressions of the elements in the
matrices Ass–Dss of the S-S compensated WPT system

K1 = − R2

Leqm
− 4I22cVCo

πLeqmI3pk
,K2 =

4I2sI2cVCo

πLeqmI3pk

K3 = − 4I2s
πLeqmIpk

,K4 = − R2

Leqm
− 4I22sVCo

πLeqmI3pk

K5 = − 4I2c
πLeqmIpk

,K6 = − R2

Leq1
− 4I22cVCo

πLeq1I3pk

K7 =
4I2sI2cVCo

πLeq1I3pk
,K8 = − 4I2s

πLeq1Ipk
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K9 = − R2

Leq1
− 4I22sVCo

πLeq1I3pk
,K10 = − 4I2c

πLeq1Ipk

K11 =
2

πCo

RLd

RLd +Rc

I2s
Ipk

,K12 =
2

πCo

RLd

RLd +RC

I2c
Ipk

K13 = − 1

Co

1

RLd +Rc
,K16 =

2

πCo

RLdRc

RLd +Rc

I2s
Ipk

K17 =
2

πCo

RLdRc

RLd +Rc

I2c
Ipk

,K18 =
RLd

RLd +Rc
(A12)

where I2s, I2c, and Ipk are the coefficients of the sine part, cosine
part, and peak value of i2 in steady state, respectively.
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