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A New Approach to Steady-State Modeling,
Analysis, and Design of Power Converters

Mohammad Daryaei

Abstract—Steady-state models of power converters that provide
accurate closed-form expressions for converter waveforms are ex-
tremely valuable for converter analysis and design, and enable com-
parative evaluation of different converter topologies. An obstacle
in the development of such models is the inherent nonlinearity
of switching power converters. This article presents a systematic
procedure to model a broad class of power converters using ordi-
nary differential equations (ODEs) with periodic and discontinuous
inputs, and provides an approach to determine closed-form expres-
sions for their steady-state waveforms. The formal mathematical
proof of the proposed approach to finding closed-form expressions
for the steady-state solution of ODEs with periodic and discon-
tinuous inputs, Laplace-based theorem (LBT), is also presented.
The presented modeling procedure and LBT, collectively called
Laplace-based steady-state modeling (LBSM), serves as an effective
analysis and design tool for power converters. The value of LBSM is
demonstrated by using it to obtain closed-form expressions for the
steady-state waveforms of different types of converters. In particu-
lar, two commonly used topologies—the series resonant converter
and the phase-shift converter—are analyzed and compared using
LBSM and their optimum operating conditions and applications
are discussed. The converter waveforms, soft switching ranges
and other characteristics obtained using LBSM are also validated
through simulations and experiments.

Index Terms—Laplace transform, phase-shift converter, series
resonant converter, steady-state modeling, switching power
converters, symbolic analysis and design.

I. INTRODUCTION

TEADY-STATE models of power converters that can accu-
S rately predict converter voltage and current waveforms are
extremely valuable for converter analysis and design, as they
enable determination of component voltage and current stresses,
identification of soft-switching opportunities, loss estimation,
component selection, and topology comparisons. The most
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valuable modeling techniques are those that provide accurate
closed-form expressions for converter waveforms, as they also
enable rapid design optimization [1], [2]. The main obstacle in
determining accurate closed-form steady-state waveforms for
switching power converters is the presence of switches that
introduce nonlinearity into the circuit. The switching action of
the switches can be mathematically modeled by discontinuous
functions in the governing differential equation of the power
converter. However, the presence of the discontinuous functions
makes solving the converter’s differential equation for a closed-
form solution a serious challenge.

Various methods have been developed to determine the
steady-state switched waveforms of power converters, includ-
ing a variety of numerical and analytical techniques [3], [4].
The simplest numerical technique relies on computing the con-
verter’s state variables by integrating its state equations in small
time-steps, starting with zero initial conditions, across multiple
switching periods until the values of the state variables reach
periodic steady state [5]. This approach is widely used and can
be implemented using commercial circuit simulators, but is com-
putationally inefficient [4]. More efficient numerical techniques
have also been developed that determine the initial values of
the state variables under steady-state operation before solving
for the converter waveforms across only one switching period.
These include iterative search techniques [6], [7], a noniterative
augmented state-vector-based technique, which is limited to
converters with known subinterval durations [8], and a hybrid
approach, which combines the augmented state-vector technique
with a binary search to make it broadly applicable [9]. How-
ever, unlike closed-form solutions, numerical approaches do not
provide insights into the dependence of converter waveforms
on its parameters, and are computationally less efficient during
converter optimization.

A number of analytical modeling techniques have also been
developed to determine steady-state waveforms. A popular ana-
Iytical approach to converter modeling, applicable to both steady
state and transient operation, is state-space averaging, in which
an averaged circuit model and averaged state-space equations
of the converter are developed by averaging its switching ac-
tion over a switching period [10]. While extremely valuable
for studying averaged converter dynamics of PWM convert-
ers operating in continuous conduction mode (CCM) and the
design of their controllers, such averaged models cannot pre-
dict waveform dynamics within a switching period and can-
not be directly used to determine switched waveforms [11].
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Approximate closed-form expressions for switched waveforms
of PWM converters operating in CCM can be found by su-
perimposing the ripple in the state variables, determined under
small ripple approximation, onto their steady-state average val-
ues [10]. This approach does not work well for converters with
large ripple, such as PWM converters operating in discontinuous
conduction mode (DCM), soft-switching converters, and reso-
nant converters. More sophisticated averaging techniques that
attempt to capture the waveform dynamics within a switching
period by incorporating switching frequency and higher order
harmonics, in addition to the dc component, have also been
developed [12]-[15]. The use of large number of harmonics
to achieve high degree of accuracy makes these techniques
cumbersome and does not yield closed-form expressions. The
simplest of these approaches, widely used in the modeling of
resonant converters, uses only the fundamental component of the
switching waveform and is referred to as fundamental harmonic
analysis (FHA) or sinusoidal analysis [16]. While this approach
yields closed-form expressions, the results are accurate only
for resonant converters with high loaded quality factor resonant
tanks. Additional steady-state modeling approaches include an-
alytically solving the differential equations associated with each
switching interval of the converter and equating the state variable
waveforms at the beginning and end of the switching period [17],
[18]. A related approach is state plane analysis, in which state
variable waveforms are mapped to geometric figures comprising
segments of circles, lines, or ellipses [19], [20]. State plane
analysis becomes extremely tedious for converters with more
than two state variables, and both of the abovementioned time
domain approaches require finding all the switching intervals of
the converter and the initial values of the state variables, which is
not straightforward. Another time domain steady-state modeling
approach is step-superposition analysis, in which step responses
to switch-network imposed steps are summed up by leveraging
geometric series analysis to determine closed-form expressions
for converter waveforms [21]. However, this approach has only
been successfully demonstrated for converters in which the
switch networks can be replaced by independent sources.
Recently a new approach to determine accurate closed-form
steady-state solutions of ordinary differential equations (ODEs)
with periodic and discontinuous input, referred to as Laplace-
based theorem (LBT), has been introduced [22], and used to
analyze a series resonant converter [23]. However, this approach
can only be applied to a limited set of power converters, referred
to here as edge switch-network converters, where the switching
action of the converter’s switches does not reconfigure the in-
terconnection between its energy storage elements. This article
presents a generalized technique, referred to as Laplace-based
steady-state modeling (LBSM), which leverages LBT and in-
troduces a systematic modeling procedure to model a broad
class of power converters using ODEs with periodic and dis-
continuous inputs, including edge switch-network converters as
well as interior switch-network converters, in which the switch-
ing action reconfigures the interconnection between its energy
storage elements. To demonstrate the effectiveness of LBSM,
this article uses LBSM to determine closed-form steady-state
waveforms for a number of power converters, including the buck
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Fig. 1. Response of a power converter with an arbitrary initial condition,
showing its state variable going through a transient before reaching steady state.

converter, the boost converter, the series resonant converter, and
the phase-shift converter. LBSM is also leveraged to determine
the zero voltage switching (ZVS) conditions for the series reso-
nant converter and the phase-shift converter and compare these
converters in terms of efficiency. It is shown that in applications
where the variation in input voltage is less than a factor of two,
the series resonant converter has superior performance; while
in applications where the variation in input voltage is larger, the
phase-shift converter has superior performance. This article also
provides a rigorous proof of the LBT.

The remainder of this article is organized as follows. Section II
presents the LBT and describes the procedure to finding the
steady-state response of ODEs with inputs that are periodic
discontinuous functions. The LBSM technique is described for
edge and interior switch-network converters in Section III. To
demonstrate the effectiveness of this technique for edge and inte-
rior switch-network converters, closed-form steady-state models
for the buck converter and the boost converter are also developed
using LBSM in Section III. The LBSM technique is utilized
to analyze and design a phase-shift controlled series resonant
converter and a phase-shift converter in Section IV. Section IV
also compares these two converters. The predicted results for the
series resonant converter and the phase-shift converter are exper-
imentally validated in Section V. Finally, Section VI concludes
this article. This article also has six appendices.

II. STEADY-STATE SOLUTION OF ODES USING LBT

A power converter can be mathematically modeled by its
governing differential equation(s) in which its switching actions
are represented by periodic discontinuous functions. The math-
ematical model can be a single differential equation (typically of
high order), or multiple first-order differential equations in the
form of state-space representation. Here, the single differential
equation approach is used for simplicity, and the state-space
approach is presented in Appendix II. Determining an accu-
rate closed-form expression for the steady-state response of
the converter is not straight-forward, as with arbitrary initial
conditions the converter’s response will typically go through
a transient before reaching steady state, as shown in Fig. 1.
During the transient, the state variables of the converter (i.e., its
capacitor voltages and inductor currents) have different values
at the beginning and end of a switching period. On the other
hand, in steady-state operation, the state variables have the same
values at the beginning and end of the switching period and the
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waveform repeats itself. Therefore, the converter’s steady-state
waveform can be determined by solving its differential equation
over one switching period provided the initial values of the state
variable and its time derivatives under steady-state operation are
known. These initial values can be determined using LBT, which
is introduced next.

A. Laplace Based Theorem

LBT provides a method to determine the initial values for the
steady-state solution of a constant-coefficient nonhomogeneous
ordinary differential equation with periodic and discontinuous
input. Consider a system with the constant-coefficient nonho-
mogeneous ordinary differential equation

Aty
dtn71

d"x
n—w + - +agx(t) = f(t), (t>0)
(H
where x is the state variable, ¢ is time, az’s (0 < k < n and
an # 0) are constant coefficients (which in general can be
complex), and the input f is a periodic function with period
T that is integrable over [0,T). The input f can be a linear
combination of a piecewise smooth function with finite number
of discontinuities and a finite number of Dirac functions on

[0, T). Taking the Laplace transform of (1) gives

P(s)X(s) + Q(s) = F(s)

+ Qp—1

@)

where P(s) = >"}'_, ays" is the differential equation’s charac-
teristic polynomial of order n, X (s) is the Laplace transform
of z(t), F(s) = (fOT ft)e=stdt)/(1 — e 1) is the Laplace
transform of the periodic input function f(¢), and Q(s) is a
polynomial of degree at most n — 1 formed using the initial
values of the system and given by

Q(s) = —x(0)ans" ' — (x(0)an_1 + 2'(0)ay,)s" 2 —---
7 [an ana ag  ay | [gn1
—QC(O) 0 an, as gn—2
—2'(0)
= . 0 0
o)) | @n ot | ®
L0 0 0 a, | L1
3)
where 2(0)and 2/(0), ..., 21 (0) are the n unknown initial
values of the state variable x and its time derivatives.
Assuming that P(s) has n distinct roots sq,..., s, that do

not intersect with the poles of F(s), LBT states that the system
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has a periodic solution if and only if
[Q(s1), Q52 Q(sn)| = [F(s1), Fls2), ., Fsn)| -
“)
A rigorous proof of LBT is provided in Appendix I.

B. ODE Steady-State Solution Using LBT

LBT can be leveraged to determine the initial values of the
state variable under steady-state operation. Simply substituting
(3) into (4) results in the n linear equations given by (5) at the bot-
tom of the page, which can be used to find the n unknown initial
values for the steady-state solution. Since the s;’s are distinct,
the matrix [Sz_l]lghlgn is invertible. Also, since a,, # 0, the
upper triangular matrix is invertible. Hence, the equation given
by (5) always has a unique solution for z(0),. ..,z 1 (0).
Therefore, the following procedure is proposed to determine
the closed-form steady-state solution of a constant coefficient
nonhomogeneous ODE having the form of (1).

S1) Determine F'(s) = L{f(t)}, where f(t) is periodic with
period T and can be discontinuous.

S2) Determine s, So, ..., Sy, the roots of the characteristic
polynomial P(s) = > 1_; axs*.

S3) Formulate the set of n linear equations in accordance with
(5), and solve (5) to determine the n steady-state initial values
z(0), ...,z 1(0).

S4) Using the n initial steady-state values of the state variable
and its time derivatives, solve (1) to find the steady-state solution
for x(t) across one switching period.

To understand the limitations of the proposed approach note
that since LBT is based on a constant coefficient differential
equation, it cannot be applied to power converters that con-
tain nonlinear elements other than switches, such as saturable
inductors and nonlinear capacitors. Also since there are no
algebraic closed-form solutions for the roots of a general poly-
nomial equation of degree five or higher, algebraic closed-form
expressions for the waveforms of converters with more than
four state variables are not guaranteed. However, closed-form
expressions that include non-algebraic operations may exist for
some of these cases. Other than these limitations, the proposed
approach can be used for a broad class of power converters.
The requirement that the roots of P(s) have to be distinct from
one another and different from the poles of F(s) is rarely not
met in real power converters. For example, if a root of P(s) is
at the same location as a pole of F'(s) then the converter will
have an undamped oscillatory response, which is undesirable
and will be intentionally avoided in a practical design. Also
if P(s) has nondistinct roots, this will occur for a specific

T |Gn  Ap-1 az aj T
—z(0 0 a, s st shd sn-1 F(s1)
—z'(0) 5172 sy s F(s2)
. 0 0 . . .= : )
—z(™=1)(0) S Un Gn-1) | 1 1 1 F(sp)
0 0 0 an,




DARYAEI et al.: NEW APPROACH TO STEADY-STATE MODELING, ANALY SIS, AND DESIGN OF POWER CONVERTERS

loading condition. For this rare case, converter waveforms can be
obtained using a slightly different loading condition in the very
close vicinity of the original loading without introducing much
error in a practical design. It should also be noted that although
LBT holds even when the ODE’s constant coefficients (aj’s)
are complex numbers, these coefficients will be real for a power
converter comprising only switches and linear time invariant
(LTT) elements.

III. LAPLACE BASED STEADY-STATE MODELING

LBT provides an approach to determine closed-form expres-
sions for the steady-state solution of ODEs with periodic and dis-
continuous input. However, to utilize LBT to find a converter’s
steady-state waveforms, the converter must be modeled as a
constant-coefficient ODE having the form of (1). Therefore, the
LBSM approach introduced here has two high-level steps. In the
first step, a constant coefficient ODE is derived that models the
steady-state switched behavior of the converter. In the second
step, the procedure described in Section II-B is applied to the
converter’s ODE to determine its steady-state waveforms.

Switching power converters comprise linear elements (ca-
pacitors, inductors, and transformers), also referred to as en-
ergy storage elements, and switches. Converters interface with
sources and loads at their input and output ports. Depending
on their topology, converters can be categorized into one of
two classes: 1) edge switch-network converters, or 2) inte-
rior switch-network converters. If the switching action of the
converter’s switches does not reconfigure the interconnection
between its energy storage elements, the converter is called
an edge switch-network converter. This will typically only be
possible when the switches are connected to the input and/or
output ports of the converter. Examples of edge switch-network
converters include buck converter, voltage source inverter, and
series resonant converter (if the dynamics of its output filter are
negligible). If the switching action of the converter’s switches
reconfigures the interconnection between its energy storage
elements, the converter is called an interior switch-network con-
verter. Examples of interior switch-network converters include
boost converter, buck—boost converter, Cuk converter, SEPIC
converter, Zeta converter, four-switch buck—boost converter,
Watkins—Johnson converter, flyback converter, and any of the
edge switch-network converters with an input filter whose dy-
namics cannot be ignored. Different procedures are needed to
model edge and interior switch-network converters in the form
of constant-coefficient ODEs.

A. Edge Switch-Network Converters

In edge switch-network converters, the voltage across, or the
current through, each switch can be determined solely from the
values of the actual or equivalent sources connected at the input
and/or output ports of the converter. Hence, individual switches,
or more commonly switch networks, can be replaced by time
varying independent voltage or current sources, simplifying
the derivation of its ODE. To model an edge switch-network
converter in the form of an ODE, the following procedure is
proposed.
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Buck converter: (a) topology, and (b) switched-mode equivalent circuit

M1) Create an equivalent circuit model for the converter
by replacing switch networks and/or individual switches with
periodic discontinuous independent voltage or current sources
that model the ports of the switch networks and/or the switches.

M2) Determine the converter’s governing differential equa-
tion from the equivalent circuit model in terms of one of its state
variables. This equation will be a constant coefficient ODE of
the form of (1).

As an example, consider the buck converter shown in Fig. 2(a).
This converter can be separated into two cascaded networks:
a switch network and an energy storage network. The switch
network comprises two switches (a MOSFET and a diode) and
is connected to the input voltage source at the input port of the
converter. The energy storage network comprises an inductor
and a capacitor and is connected to a load resistor at the output
port of the converter, forming a LTI network. Following step
(M1) and assuming that the converter is operating in CCM,
the voltage across the diode is either Vin (when MOSFET is
ON) or zero (when MOSFET is OFF). Hence, the buck converter
can be modeled using the equivalent circuit shown in Fig. 2(b).
Following step (M2), Fig. 2(b) can be used to easily determine
the following constant coefficient ODE for the buck converter
operating in CCM:

+ ——— +vc(t) = vi(t) (6)

where v;(t) = q(t)Vin, and ¢(t) is a switching function which
equals 1 when the MOSFET (i.e., active switch) is ON and O when
the MOSFET is OFF.

The steady-state solution for this ODE can be found using
the four steps given in Section II-B. Following step (S1), the
Laplace transform of the input function is:

1— 673DTS
F(s) = L{vi(t)} = VINm (7

where Ty is the switching period and D is the duty cycle
of the converter. Next, following step (S2), the characteristic
polynomial has the following roots:

1 R2C
= (2144124
512 2RC<

=s,. Lt s, (8)
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Fig. 3. Comparison of normalized output voltage waveform obtained using
LBSM, numerical simulation, and small ripple approximation for a buck con-
verter with following parameter values: L = 20 uH, C =5uF, R=0.1,
D = 0.25,and fs = 100 kHz. Here, Avc /V ¢ is 3.2% and 9.4% for the LBSM
and small ripple approximation waveforms, respectively.

Following step (S3), and formulating Q(sy) = F(sy) for k =
1,2 in the form of (5), results in the following set of linear
equations:

LC % S1 S22
0 LC||1 1

= [FGs1) Fls2)]

©))
which can be solved for the initial conditions v¢(0) and v (0)
to obtain

~[ve@) )

F(s1)—F(s s1F(s1)—s2F (s
ve(0) = T, ve(0) = 2HEEEERL (10)
Finally, following step (S4), and solving (6) across one switching
period using the abovementioned initial conditions, yields the

following output voltage:
vo(t) =
es*t ( Acosh(s,t) + % sinh(smt)) +Vin 0<t < DTy

esvt (A’ cosh(syt) + sBi sinh(smt)) DT, <t <Tg

an

where A = Uc(O) — VIN, B = ’U,C(O) — Sr(’UC (O) - VIN),
A" = A+ Vine *7PTs(cosh(s,, DTy) + 2= sinh(s,, DT5)),
and B' = B — Vine *7PTs (s, cosh(s,,, DTs) +
Sm sinh(8,, DTy)).

To validate the accuracy of the closed-form expression for the
output voltage waveform given by (11), it is compared with a
simulated steady-state waveform generated using PSIM in Fig. 3
for an example buck converter design. The LBSM and PSIM
simulation results are identical, since they both accurately solve
the same differential equation—the simulation software solves
the differential equation numerically from period to period until
it reaches steady state, while LBSM solves it analytically across
only one period. Fig. 3 also plots the output voltage waveform of
the buck converter obtained using small ripple approximation.
The output voltage waveform, and the associated voltage ripple,
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Fig. 4. Comparison of normalized peak-to-peak output voltage ripple AV%

as a function of load resistance obtained using LBSM and small ripple approx-
imation for the example buck converter of Fig. 3.

predicted by small ripple approximation is quite different from
the actual one predicted by numerical simulation and LBSM.
Hence, the waveform obtained using LBSM can be used to an-
alyze and design the buck converter more accurately than small
ripple approximation. The values of normalized peak-to-peak
output voltage ripple as predicted by LBSM and small ripple
approximation are compared for a range of load resistances in
Fig. 4. It is interesting to note that the output voltage ripple
predicted by small ripple approximation is independent of load
resistance (and equal to 9.4% in this example), while it depends
on the load resistance according to LBSM. For small values
of load resistance (where s; and ss in (8) are real), the output
voltage ripple is substantially smaller than what is predicted by
small ripple approximation. This makes sense as the output filter
of the buck converter is highly damped under these conditions.
Therefore, if the buck converter does not have to be operated
under light loading, the LBSM-based design could prevent out-
put capacitor over-design and result in improved power density
of the converter.

In the abovementioned example, the buck converter is as-
sumed to be operating in CCM, so the duration of each subin-
terval is known from the active switch’s control signal. In cases
where subinterval durations cannot be simply determined from
switch control signals (e.g., buck converter operating in DCM),
the subinterval durations will need to be included in LBSM as
additional unknown variables, and their values determined by
imposing appropriate constraints on the resulting waveform ex-
pressions. For example, in the case of a buck converter operating
in DCM, the time at which the inductor current becomes zero
can be defined as an unknown variable before applying LBSM.
After the inductor current waveform has been determined using
LBSM, its expression can be set equal to zero and solved for the
unknown zero crossing time. The obtained equation is nonlinear,
but can be solved numerically.
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Fig. 5. Boost converter: (a) topology, (b) switching function q(t) which serves as the control signal for the active switch, along with a switching function ds (¢)

used to model the third subinterval under DCM operation, (c) equivalent circuit during first subinterval ¢(¢) = 1 and d3(t) = 0, (d) equivalent circuit during
second subinterval ¢(¢) = 0 and d3(t) = 0, () equivalent circuit during third subinterval if under DCM operation ¢(t) = 0 and d3(¢) = 1, and (f) switched-mode

equivalent circuit model.

B. Interior Switch-Network Converters

In interior switch-network converters, where switching action
reconfigures the interconnection between the converter’s energy
storage elements, the voltage across and the current through
at least some switches depends on both the energy storage
elements and the actual/equivalent sources connected at the
input/output ports of the converter. These interior switches (or
switch networks) cannot simply be replaced by independent
voltage or current sources with values determined solely from
the actual/equivalent sources connected at the input/output ports.
Hence, the approach presented to model edge switch-network
converters will not work for this class of converters. Instead,
an additional initial step (M0) must be introduced, and the re-
maining steps appropriately modified, to enable interior switch-
network converters to be modeled in the form of an ODE, as
given below.

MO) Determine analytical expressions for either the current
through or the voltage across each interior switch of the con-
verter across all subintervals under steady-state operation using
the following procedure: for each subinterval of the converter,
starting with the first subinterval, solve the linear circuit for
that subinterval to determine analytical expressions for the cur-
rents through the switches, which are closed during the first
subinterval, and for the voltages across the switches, which are
open during the first subinterval, in terms of the known circuit
parameters, any unknown subinterval durations, and one state
variable of the converter with an unknown initial value at the
start of the first subinterval.

M2) Create an equivalent circuit model for the converter
by replacing the interior switches whose currents were de-
termined in step (MO) by periodic discontinuous independent
current sources with values given by the previously determined
analytical expressions, and the switches whose voltages were
determined in step (MO) by periodic discontinuous independent
voltage sources with values given by the previously determined
analytical expressions. Any noninterior switches, or switch net-
works, can still be replaced by independent voltage or current

sources with values determined solely from the actual/equivalent
sources connected at the input/output ports.

M3) Determine the converter’s governing differential equa-
tion from the equivalent circuit model in terms of the state
variable selected in step (MO). This will be a constant-coefficient
nonhomogeneous ODE of the form of (1).

As an example, consider the boost converter shown in
Fig. 5(a). Unlike the buck converter, switching action recon-
figures the interconnection between its inductor and capacitor
(i.e., its energy storage elements). Therefore, to model the boost
converter in the form of (1) the procedure outlined for the interior
switch-network converter has to be followed. Following step
(MO0), and assuming that the converter is operating in CCM
with its active switch controlled by the switching function ¢(¢)
shown in Fig. 5(b), the boost converter reduces to one of the two
linear equivalent circuits shown in Fig. 5(c) and (d) in its two
subintervals. Hence, the voltage across the diode D is given by
vp(t) = q(t)ve(t) and the current through the transistor Q is
given by iq(t) = q(t)ir,(t). Furthermore, the equivalent circuit
of Fig. 5(c) can be solved to determine v (t) and iy, (¢) for the
subinterval corresponding to ¢(¢) = 1

ve(t) = ve(0)e wE (12)
in(t) = %t + Cu(0) + U%(LO) (13)
resulting in
on(t) = q(t) (ve(0)e ) (14)
io(t) = q(t) (VIiNt + Cula(0) + chEO)) . (15)

Following step (M1), the boost converter can now be modeled
by the circuit shown in Fig. 5(f), where the values of the
independent voltage and current source are given by (14) and
(15), respectively. Finally, following step (M2), the steady-state
behavior of the boost converter can be described by the following
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constant coefficient ODE, which is of the form of (1):

d2vc L dvc diQ (t)
a2 TR el

= f(t).

(16)
Here, the periodic and discontinuous input of the ODE f(¢) (=
Vin +vp(t) — Ld“jit(t)) is given by (17) shown at the bottom
of the page. In (17), 6(¢) is an impulse function that appears
due to the differentiation of the discontinuous function ¢(t).
Now, the procedure given in Section II-B can be used to find
the steady-state solution of (16). Following step (S1), F'(s) (the
Laplace transform of f(¢)) is obtained from (17). Following step
(S2), the roots of the characteristic polynomial associated with
(16) are given by

1
= — [—1+4/1-1
51,2 2RC<

Next, following step (S3), and formulating Q(si) = F'(sy,) for
k =1, 2 in the form of (5) and solving it for the initial conditions
gives the following steady-state initial conditions:

LC = V1N+UD(t)—L

R2C

) = 8, & Sp,. (18)

_ B(s1)C(s2) — C(s1)B(s2)
20 = A2 Bor) = Bloa)A(sr) )
_ C(s1)A(s2) — A(51)C(s2)
o A(SQ)B(Sl) B(SQ)A(Sl) (19)
where  A(s) = %(1 — e sPTs) 4 17‘3:% — 176715_:1;%2)[)%,
B( ) LC( —sTg 7sDT )’ and C( ) V;N (estT

e 1) + VinDTge “’DT . Finally, following step (S4), and
solving (16) across one sw1tch1ng period using the obtained ini-
tial conditions, yields the following output voltage, (20) shown at
bottom of this page, where k; = (vc(0)e PTs/RE — Vi) and
ko = VINDT“ + UC(O) +v6(0) + 5 (Vin + Uc(O)e_DTS/RC).

As expected vc( ) t) has a first order response for 0 < ¢t < DTy
as the inductor and capacitor are disconnected during the first
subinterval. To validate the accuracy of the closed-form ex-
pression for the output voltage waveform given by (20), it is
compared with a simulated steady-state waveform generated
using PSIM in Fig. 6 for an example boost converter design.
The LBSM and PSIM results are identical. Fig. 6 also plots
the output voltage waveform of the boost converter obtained
using small ripple approximation. The output voltage waveform,
and the associated voltage ripple, predicted by small ripple
approximation is quite different from the actual one predicted by
numerical simulation and LBSM. Hence, the waveform obtained
using LBSM can be used to analyze and design the boost
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Fig. 6. Comparison of normalized output voltage waveform obtained using
LBSM, numerical simulation, and small ripple approximation for a boost con-
verter with the following parameter values: L = 1 pH, C =10puF, R =1Q,

D = 0.3, and fs = 100 kHz. Here, Avc /V ¢ is 39% and 30% for the LBSM
and small ripple approximation waveforms, respectively.
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Fig. 7. Comparison of normalized average output voltage V¢ /Vin (i.e.,
voltage gain) as function of duty cycle obtained using LBSM and small ripple
approximation for the example boost converter of Fig. 6.

converter more accurately than small ripple approximation. The
values of normalized average output voltage (i.e., voltage gain)
as predicted by LBSM and small ripple approximation are
compared for a range of duty cycle in Fig. 7. It is interest-
ing to note that small ripple approximation overestimates the
voltage gain. Furthermore, small ripple approximation does not

(LCug(0) +

£vc(0)) 6(t)

0<t< DTy

Sm

ft) = { ool - (17)
VIN + (LCv(0) + fvc(0) + ViNDTy) 6(t — DTg) DTy <t < Ty
UC(O)@ RC 0<t< DTy
volt) = Vin + esr(t7PTe) {kl cosh (s,,(t — DTy)) + L] sinh (s,,(t — DTy)) | DTs <t < T, 20)
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Fig. 8. Comparison of normalized output voltage (vc/Vin) and inductor
current (i1,) waveforms obtained using LBSM and experimental measurement
for aboost converter operating in CCM with following parameter values: Vin =
33V,L=1pH,C=10pF, R=1Q, D = 0.3, and fs = 100 kHz.

predict the dependence of voltage gain on load resistance. In
reality, the voltage gain decreases with increased loading and
this decrease is more pronounced at larger duty cycles, as can be
seen from Fig. 7. Small ripple approximation overestimates the
voltage gain for a boost converter because it uses the average
value of the output voltage across the full switching period
Vour as the average value of the output voltage during the
second subinterval (DT < t < Ty) while applying volt-second
balance for inductor L. Hence, it incorrectly predicts the av-
erage output voltage of the converter to be Vin/D’, while in
reality this is the average value of the output voltage during
the second subinterval. Since, Vour is less than the average
value of the output voltage in the second subinterval (see LBSM
predicted output voltage waveform of Fig. 6), the average output
voltage is less than Viy/D’. To experimentally validate the
waveforms predicted by LBSM for the boost converter operating
in CCM, a boost converter is built using the Texas Instru-
ments LMG5200EVM-02 GaN power stage evaluation board.
The parameter values for this prototyped boost converter are:
Vin=33V,L=1pH,C=10puF,R=1Q, D =0.3, and
fs = 100 kHz. The experimentally measured output voltage and
inductor current waveforms for the boost converter operating in
CCM are compared with the LBSM predicted waveforms in
Fig. 8. There is a good match in the shape of the LBSM and the
experimental waveforms. The slight discrepancy between these
waveforms is due to the losses in the experimental prototype,
which have not been accounted for in the theoretical analysis.
LBSM can also model the boost converter under DCM op-
eration. Under this operating mode, the boost converter of
Fig. 5(a) has three subintervals, the first two of which are
identical to the subintervals under CCM operation. To model
the third subinterval, a new switching function ds(t) is in-
troduced, as shown in Fig. 5(b). The duration of this third
subinterval (D3Ty) is not known a priori, and will have to be
determined by LBSM. Again following the modeling proce-
dure for interior switch-network converters, starting with step
(MO), the boost converter under DCM operation reduces to
one of the three linear equivalent circuits shown in Fig. 5(c)-
(e) in its three subintervals. Hence, the voltage across the
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diode D is given by vp(t) = q(t)vc(t) + ds(t) (ve(t) — Vin)
and the current through the transistor Q is given by iq(t) =
q(t)iy,(t). Furthermore, the equivalent circuits of Fig. 5(c) and
(e) can be solved to determine v (t) and 4y, (t) during the first
(q(t) = 1and d3(t) = 0) and the third (¢(¢) = O and d3(t) = 1)
subintervals

~ Jwe(0)e wo if g(t) = 1and ds(t) =0
velt) = { ve(0)e™ T if g(t) = 0 and ds(t) = 1 @1
o [ Ygifg(t) = Tand d3(t) =0
iw(t) = { 0" if g(t) = 0 and ds(t) = 1 (22)

resulting in

op(t) = g(t) (ve(0)e 7 ) +ds(t) (vo(0)e” T — Viy)
(23)

Vin

iq(t) = q(t)Tt. (24)

Following step (M1), the boost converter in DCM can also be
modeled by the circuit shown in Fig. 5(f), but with the values
of the independent voltage and current source given by (23)
and (24), respectively. Finally, following step (M2), the steady-
state behavior of the boost converter is again described by (16),

however, with input f(¢) (= Vix + vp(t) — Ldi‘j—t(t)) given by
i ,
ve(0)e” rRe 0<t< DT

=< Vin+ VINDT 6 (t — DTg) DTy <t < (1—D3) Ty
ve(0)e wE (1—D3)Ty <t <Ts.

(25)
In the first step (S1) towards finding the steady-state solution
of the ODE modeling the boost converter in DCM, F(s) is
obtained from (25). In the second step (S2), the roots of the
characteristic polynomial come out to be the same as those for
the boost converter in CCM as given by (18). In step (S3), by
formulating Q(s;) = F'(si) for k = 1,2 and solving it for the
initial conditions gives

B(s1)C(s2) — C(s1)B(s2)
vel0) = Ao B~ Blea) A o
- C(Sl)A(S2) — A(Sl)C(Sg)
= A(52)B(51) — B(32)A(s1) (20

where: A(s) = 1’QSSTS — (elsTrRe)I=Da)Tay /(5 4 =),
B(s) = LC(e T — 1), and C(s) = v%(e’SDTS —
e~ s(1=DsTa)y 4 Viy DTee "PTs. Note that both vc(0) and
U’C(O) are in terms of D3, which is unknown. However, under
DCM operation, the steady state initial conditions vc(0) and
v¢(0) are not independent of each other and are related by

Cue(0) = —vc(0)/R 27)

as in the third subinterval the capacitor current is equal to the
negative of the load current, and the end of the third subinterval
coincides with the start of the first subinterval (i.e., this current
relationship holds at ¢ = 0). Substituting (26) into (27), yields
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Fig. 9. Comparison of normalized output voltage (vc/Vin) and inductor
current (¢1,) waveforms obtained using LBSM and experimental measurement
for aboost converter operating in DCM with following parameter values: Vin =
5V,L=1uH,C=10puF,R=2Q, D =0.2,and fy = 100 kHz.

the following equation for Ds:

es1(1-Ds)
1-D3)

+u4 (52) es2(1-Ds)
+uy (59) e7%2(-DPs) = ug (51, 59)
(28)
where u;, ug, and uz are given at the bottom of this page. As
(28) is a transcendental equation it does not have a closed form
solution; however, it can be solved numerically for D3. Once
D3 is computed, it can be substituted into (26) to determine
the steady-state initial conditions for the boost converter in
DCM. Finally, following step (S4), and solving (16) across one
switching period using the obtained initial conditions, yields
the output voltage as shown by (29) at the bottom of this
page, where ky = (vc(O)e’DTS/RC —Vin), ko = VniigTS +
5. (Vin 4+ vc(0)e PTs/R€) "and D =1 — D3. The inductor
current under DCM operation can also be obtained using (22)
in first and third subintervals and (29) shown at the bottom of
the page, in the second subinterval. The LBSM predicted output
voltage and inductor current waveforms for a boost converter
operating under DCM are compared with experimental results in

—Uuy (81)
—uy (s1) e—s1(

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 11, NOVEMBER 2021

Fig. 9, which shows a good match between the LBSM predicted
and experimental waveforms.

In addition to dc—dc converters, LBSM can also be used to
accurately predict the waveforms of dc—ac and ac—dc converters.
This is because LBSM can predict waveform dynamics within
a switching period irrespective of whether the external (output
or input) voltages are constant (as in dc—dc converters) or time
varying (as in dc—ac and ac—dc converters). When the external
voltages are time varying, the periodicity used in LBSM must
be selected so as to capture the periodicity of its steady-state
waveforms. In the case when the output (or input) ac voltage of
the dc—ac (or ac—dc) converter has the same periodicity as the
converter’s switching period (such as in resonant inverters and
line-commutated rectifiers), then the steady-state waveforms of
the converter will be periodic with a period equal to its switching
period; and in this case, the periodicity used in LBSM is simply
the switching period. On the other hand, if the output (or input) ac
voltage of the dc—ac (or ac—dc) converter varies more slowly than
its switching period (such as in line-interfaced high-frequency
inverters and power factor correction rectifiers), then, assuming
an integer relationship between the switching and the external
ac frequency, the steady-state waveforms of the converter will
be periodic with a period equal to the period of the external
ac voltage; and in this case, the periodicity used in LBSM is
the period of the external ac voltage. In this later case, LBSM
will involve a relatively large number of subintervals, and the
state-space formulation of LBSM (as given in Appendix II) will
be easier to utilize. The application of LBSM to an example of
each type of dc—ac converter is demonstrated in Appendix III.

IV. ANALYSIS AND DESIGN OF SERIES RESONANT CONVERTER
AND PHASE-SHIFT CONVERTER USING LBSM

In addition to hard-switching PWM converters, the LBSM
technique can also be leveraged for the analysis and design
of isolated soft-switching converters. Because of its accuracy
LBSM captures the intracycle dynamics of such converters,
which allows a detailed study of their soft-switching range
and performance. Two isolated soft-switching converters, the

e (P () (s
s(esTs—1)(e=sTs—1)

ui(s) =

—s9Tg s1DTs _ —s1Ts soDTs
_ LC(81_82)+8 +e s—1 _ e Ste 1

o
Jug(s) = 2LC(s+ 525 )+ (

1
bJrW)T%resDTLl

[(s(e7==1)), uz (51, 52) =

. (e(s+ o )Tsil)

DT.e #1DTs n DT.e 52DTs e-51DTs ,~$2DTs

sl(e’slTsfl) 52(6’52T571)

s2Ts 4 os1DTs _q e 1Ts { gs2DTs _q

e
e s1Ts 1 e s2Ts 1 31(8*51"1"571) + S e*-*szfl)

DT.e*1PTs DT 52D7Ts i e-s1DTs e-52DTs

+ ( LC (s1 + s2) — si(e1To1) | sy(e2Teo1)
Ts Ts
2e RC _ 2e RC
(32)2(6’52T571)(e""‘lTSfl) (81)2(6’52T571)(e’51TS—1)

+

es1Ts 1 e 52Ts 1 sl(e—slTs_l) - 52(67521“5_1)

ve(0)e Re
Uc(t) =

—Ts

ve(0)e™ TS

, k
Vin + e PT) 1k cosh (sm(t — DTg)) + 22 sinh (sm(t — DTy))

0<t< DT,

DT, <t < DyTy (29)

m

DiTs <t < Ty



DARYAEI et al.: NEW APPROACH TO STEADY-STATE MODELING, ANALY SIS, AND DESIGN OF POWER CONVERTERS

CoT Vour §R

D;M Dy
2
>
J " wet
__VIN
N
o~ —ntVOUT v
o
= f<6— L~ .
RS 11,
- A~
S wst
N~—
S
-—nyVour —
(b)
Fig. 10. SRC: (a) topology, and (b) typical waveforms under phase-shift

control while maintaining ZVS.

phase-shift controlled series resonant converter (SRC) and the
phase-shift converter (PSC), are investigated in this section.

A. Phase-Shift Controlled SRC

Fig. 10 shows the topology of the SRC and its typical wave-
forms when operating under phase-shift control while maintain-
ing ZVS. An ODE for this converter can be derived using steps
(M1) and (M2) of LBSM for edge-switch network converters
d*v

dt2c ~wo(?)
where v;(t) and v, (t) are as shown in Fig. 10(b). In Fig. 10(b),
the waveform for v,(t) assumes a large output capacitor C,,
so that the output voltage can be considered constant and an
equivalent voltage source connected at the converter’s output
port can replace the load resistor. Using steps (S1)-(S4) of
Section II-B, and under the condition that ZVS is maintained

LC

+ e = vi(t) (30)

(.e., ”2;(/) < 0), the steady-state solution for (30) is
e1(t) + es(t) 0§¢wst<%¢
_J ea(t) +es(t) 5P <wit <0
ve(t) = ea(t) +e4( ) 0 < wst < 712 1)
—e1(t — 75-) +ea(t) e <wit <
where el(t)=-V Sm(%) sin(w,t) ea(t) =
1 - IN Cos (=) rl)s 2 -
sin i
—Vin COS(( L ; sin(w,t) + Vin(1 — cos(w,t — ¢)),
es(t) = MVIN[l + tan(g5 ) sin(w,t — ) - cos(wrt -4,
and e4(t) = MVin[—1 + tan(Z) sin(w,t — %) + cos(w,t —
%)] Here, M = “x% is converter voltage gain without the

transformer, 0 < ¢ < 7 is the phase shift between the two
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half-bridges of the inverter, w, = 1/ V/LC is the radial resonant
frequency, wy is the radial switching frequency and F' = w;/w,
is the normalized switching frequency of the converter. An
expression for the inductor current i1, can be determined from
(31) as it is equal to the capacitor current. The two unknowns
in (31), voltage gain M and current phase lag angle 6, can be
determined by imposing capacitor charge balance and setting
i1, to zero at wyt = 6

ABVA?2+ B2 -1- B?
7TQ A? + B2

AVA2+ B2 —-1—
9:g—FSin_1< +

(32)

B) (33)

where A= sin(%) tan(g%) + cos(%), and B=
(mQcos(%F))/(2F sin(&)), @ = Zo/(n,?R) is the loaded quality
factor, and Zo = \/L/C is the characteristic impedance. By
equating 6 as given by (33) to ”2—;?, the phase-shift associated
with the ZVS boundary of the converter ¢zyvs can be obtained

1
2\ ~32
Q) T
— 1 —9F cos ! 1 x 2
ozvs =T — 2F cos <+<2 cot2 >>

(34)
To evaluate the benefits of the accurate waveforms determined
using LBSM, consider an example 100-W constant output
power SRC with a constant output voltage Voyr =40V, in
which variations in input voltage from Vin min = 100V to
VIN,max = 330V are compensated for using phase-shift con-
trol. Assuming the SRC is required to always operate under
ZVS, and regulation is done by decreasing the phase shift from
T to ¢zvs, the ratio of the SRC voltage gain at 7 phase shift to
its voltage gain at ¢zvysg is given by

M (¢ - 7T) _ VIN,max
M (¢ = ¢zvs)

Substituting (32) and (34) into (35) and simplifying gives

tan \/tan

tan()

A? + B?

. 35
VIN,min (35)

’VQ CbC( )) - VQ . VIN,max
1Q a

where v = 5. Equation (36) can be used to determine the ap-
propriate loaded quality factor () when the normalized switching
frequency F'is known. Typically, phase-shift control is activated
when the effectiveness of frequency control diminishes [24]. As-
suming that in our example phase-shift control becomes active
at F' = 1.4, the appropriate value of () = 2.5. Using (32), the
voltage gain of the converter when ¢ = 7 is M = 0.408. As the
converter has maximum voltage gain at ¢ = m, it uses this phase

shift when the input voltage is at its minimum. Hence, the trans-
M(¢=

7T)\/IN min

36
VIN,min ( )

former turns ratio can be computed using ny =
and its value is 1.02. Assuming F' = 1.4 corresponds to 200 kHz
switching frequency, the resonant tank component values can be
computed using the defining expressions for F' and @), and their
values are given by L = 89 yH and C = 55nF. The conven-
tional method for designing a phase-shift controlled SRC relies
upon fundamental harmonic analysis (FHA), which yields the
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TABLE I
SIMULATION RESULTS FOR LBSM- AND FHA-BASED DESIGNED SRC WITH
CONVERTER OPERATING CONDITIONS AS: INPUT VOLTAGE (V) OF 100 V,
OUTPUT VOLTAGE (VouT) OF 40 V, INVERTER PHASE SHIFT ¢ OF 180°, AND
OUTPUT POWER OF 100 W

Design It rms | 0.5LIL pi? | 0.5CVe pi?
method | T | @ | Me=m | T W "
FHA | 1.4 | 35| 0.303 3.9 1247 519
LBSM | 1.4 | 2.5 | 0.408 2.9 835 365
following design equation:
2
M ((]5 = 7T) N \/64/7T4 + (Q(F - 1/F)) o VIN,max
M (¢ = dzvs) 8/m? VIN,min
(37)

whichis analogous to LBSM’s (36). For F' = 1.4, the FHA based
design gives @ = 3.5, M = 0.303, ny, = 0.75, L = 70 H, and
C = 71nF. The FHA- and LBSM-based designs are compared
in Table I. The inductor rms current and the peak energy
stored in the inductor and the capacitor are determined through
simulations for both converters. Since the LBSM-based design
provides a higher voltage gain M, and a correspondingly higher
transformer turns ratio, it imposes lower current and voltage
stresses on the resonant tank elements compared to the FHA
based design. This substantial benefit due to the higher voltage
gain is not negated by the LBSM-based design’s lower tank
@ value and potentially increased losses due to higher order
harmonics, as any higher order harmonics in the tank current also
contribute to real power transfer (further lowering inductor rms
current) and generally assist in achieving ZVS. In fact, the lower
tank @ enables the use of a smaller inductance value inductor
(hence, lower effective series resistance given an inductor quality
factor), which combined with the lower rms inductor current
results in substantially lower losses. In the considered example,
the 26% lower inductor rms current of the LBSM-based design
would resultin 45% reduction in primary side conduction losses.
Furthermore, the 32% lower peak stored energy in the resonant
tank would enable the tank elements of the LBSM based design
to be substantially smaller in size.

B. Phase-Shift Converter

Topologically, the PSC with capacitive filter is identical to
the SRC except that it does not have the resonant capacitor [see
Fig. 10(a)]. Mathematically, the PSC can be derived from the
SRC by taking the limit C — oo, which would effectively short
circuit the resonant capacitor. Therefore, the expression for the
current waveform of the PSC can be derived simply by making
the resonant capacitor infinitely large in the expression for the
current waveform of the SRC. Making the resonant capacitor
C — oo results in ) — 0 and F' — oo. Therefore, the voltage
gain and the current phase lag angle under ZVS operation, and
the ZVS boundary (¢zvs) for the PSC can be obtained from
(32)—(34) under the limit @ — 0 and F' — oo

~1 (oo

+(2Qu)° - 2QL> (38)
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of the inductor @y, in the ZVS region of the PSC.

0= g (1— M) (39)
dzvs = T — 201, (40)

where Qp, = I‘l‘igrﬁ
At the ZVS boundary, i.e., ¢ = ¢zys, the expression for M
simplifies to

M=1-— 2QL _ dzvs | 1)
T 0

A plot of voltage gain M as a function of phase shift ¢ and the

loaded quality factor of the inductor @y, as given by (38), for

the ZVS region of the PSC is shown in Fig. 11.

To compare the PSC with the SRC, the PSC is also de-
signed for the same example specifications, i.e., ViNmin =
100 V, VIN,max =330 V, VOUT =40 V, P =100 W, and
fs = 100 kHz. Assuming the PSC is also required to operate
under ZVS, and regulation is also done by decreasing the phase
shift from 7 to ¢zvs, the ratio of the PSC voltage gain at 7 phase
shift to its voltage gain at ¢yyg is given by

M@=m)  1+(2Qu) -2
M (¢ = dzvs) 1-2QL

which is analogous to the SRC’s (36). For the given specifi-
cations, (42) gives the required loaded inductor quality factor
@1, = 1.35. From (38), at ¢ = 7, the voltage gain of the con-
verter M is 0.46. Similar to the SRC, the PSC has maximum
voltage gain at ¢ = 7, which it uses at minimum input voltage.
Hence, its transformer turns ratio n; = M((b T ViNmin _ ] 15,
Given the PSC is also operating at 100 kHz sw1tch1ng frequency,
its inductor value can be computed using the defining expression
for Qr,, and is L = 45.5 uH. The key parameter and component
values for the PSC are compared with those for the SRC, de-
signed for the same example specifications, in Table II. As canbe
seen from Table II, for this example with an input voltage range
of 3.3 to 1, the PSC provides a larger voltage gain relative to the
SRC at a given phase shift and, therefore, gets to use a higher

_ VIN,rnax

42
VIN,min (“42)



DARYAEI et al.: NEW APPROACH TO STEADY-STATE MODELING, ANALY SIS, AND DESIGN OF POWER CONVERTERS

TABLE II
PARAMETER AND COMPONENT VALUES FOR THE SRC AND THE PSC IN THE
CONSIDERED EXAMPLE

Converter Tank M(¢p =) ng Tank
parameters components
F=14, L =89.1 uH,
SRC Q=25 0.408 1.02 C = 55.70F
PSC Q1 =135 0.46 1.15 | L=45.5puH

value of n¢. Since both converters have the same fixed output
current, the PSC with its higher n; has a lower primary-side
current irrespective of phase shift. With near-identical inverter
switching losses due to ZVS and identical transformer core and
secondary-side losses in both converters, the PSC with the lower
primary-side currents is expected to be more efficient due to
lower primary-side conduction losses and lower inductor core
losses. The PSC is also expected to be smaller as it has fewer
and smaller tank components.

The comparison between the PSC and the SRC can also
be generalized for an arbitrary input voltage range of « to
1, where o = VinN max / VIN,min 18 the maximum-to-minimum
input voltage ratio. For the PSC, using (42), @1, can be expressed
in terms of « as

(¢ —1) = 2a(a—1)
ala—2)

2 o
—QL = (43)
0

Substituting this expression for ()1, and ¢ = 7 into (38) gives an
expression for the maximum voltage gain of the PSC in terms
of a:

—a+ +/2a(a—1)

Mpsc(¢ =) = 0 _2

(44)

For the SRC, using (32), (36) and ¢ = 7, an analogous expres-
sion for the maximum voltage gain is obtained in terms of «,
(45) shown at bottom of this page.

Since the SRC and the PSC are operating under ZVS and
have identical output currents, any difference in their efficiency
will arise from differences in their primary-side currents. Hence,
the most important characteristic of their designs is maximum
voltage gain M(¢ = m), which determines the primary-side
currents and consequently conduction losses and tank sizes. The
maximum voltage gain for the PSC depends solely on «, while
for the SRC it depends on both « and the normalized switching
frequency F', as can be seen from (44) and (45), respectively. A
plot of maximum voltage gain M(¢ = ) for the SRC and the
PSC, as a function of F, for two different values of o (1.3 and 3.3)
is shown in Fig. 12. As can be seen from Fig. 12, either the SRC
or the PSC has the higher maximum voltage gain independent
of F' and depending solely on the value of «. If « is small (e.g.,
o = 1.3), the SRC has a larger voltage gain and is the superior
design. However, if « is large (e.g., « = 3.3), the PSC provides
a larger voltage gain and is superior. Another aspect to note
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Fig. 12.  Maximum voltage gain for the SRC and the PSC as a function of

normalized switching frequency for maximum-to-minimum input voltage ratio
a=13and a = 3.3.
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Fig. 13.  Maximum voltage gain for the SRC (F' — 1) and the PSC (F' — o0)
as a function of maximum-to-minimum input voltage ratio.

from Fig. 12 is that the maximum voltage gain of the SRC is
a monotonic function of F' and as F' — oo the SRC essentially
becomes the PSC. Therefore, a convenient way to determine,
which converter is superior is to evaluate the maximum voltage
gain of the SRC at F' — 1 (pure resonance) and at F' — oo
(PSC). If the SRC’s maximum voltage gain at F' — 1 is larger
than its maximum voltage gain at ' — oo, then the SRC is
superior, otherwise the PSC is superior. The maximum voltage
gain of the SRC under these two limiting values of F is

}lj,igllMSRC(Qs:ﬂ'):]-/O‘ (46)
Jim Mgpo(6 =) = —— QQ_O‘Q(O‘ D w

The maximum voltage gains of the SRC under the two limiting
values of F, as given by (46) and (47), are plotted in Fig. 13 as
functions of a. As can be seen from Fig. 13, the two gains are
equal when o = 2. If the maximum-to-minimum input voltage
ratio o < 2, then the SRC provides the higher maximum voltage
gain and is superior, and if a > 2 then the PSC provides the
higher maximum voltage gain and is superior.

@ (tan2(’y) +(2- a)) -

(2 —a)y/(a—1) (2a + tan?(y)(1 + a))

Msrc (¢ = 7) =

a?tan?(y) + (2 — @)?

(45)
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Fig. 14. Inverter output voltage v;(¢) and inductor current iy, (t) of the
prototyped SRC operating with (a) input voltage Viny = 100V and (b) input
voltage Vi = 330 V.

TABLE III
COMPONENTS USED IN THE PROTOTYPED SRC AND PSC

Components SRC PSC
Q1, Q2, Qs, FCBO70N65S3 FCBO70N65S3
and Qq 650-V/44-A MOSFET 650-V/44-A MOSFET
D1, Da, D3, V3P6L 60-V/3-A V3P6L 60-V/3-A
and Dy Schottky diode Schottky diode
c 55.7-nF 630-V N/A
polypropylene film cap.
89.1 uH 45.5 pH
32 turns of 140-strand 32 turns of 140-strand
L AWG-38 Litz wire AWG-38 Litz wire
ETD 34/17/11 TDK N87 | ETD 34/17/11 TDK N87
1.36-mm airgap 2.7-mm airgap
1.02:1 turns ratio 1.15:1 turns ratio
primary: 13 turns of primary: 15 turns of
100-strand AWG-38 100-strand AWG-38
Transformer
secondary: 13 turns of secondary: 13 turns of
100-strand AWG-38 100-strand AWG-38
E 32/16/9 TDK N87 E 32/16/9 TDK N87

V. EXPERIMENTAL VERIFICATION OF SRC AND PSC

To validate the accuracy of the LBSM-based designs, and
to compare the performance of the SRC and the PSC, the two
converter designs given in Table II are built and tested. The
details of the hardware are shown in Table III. The converter
is controlled using a Texas Instruments TMS320F28335 DSP
microcontroller, which generates the gating signals for each half-
bridge with a dead time of 0.4 us and all experimental results
are reported for an output power of 100 W. The experimentally
measured operating waveforms for the SRC and the PSC are
shown in Figs. 14 and 15, respectively, for two different values
of input voltage (100 and 330 V). From Figs. 14(b) and 15(b), it
can be seen that the inductor current in both converters is zero
at the instant when the leading leg switches, and both converters
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Fig. 15. Inverter output voltage v;(¢) and inductor current ir,(t) of the
prototyped PSC operating with (a) input voltage Vin = 100V and (b) input
voltage Viny = 330 V.

operate on the ZVS boundary, when the input voltage is 330 V.
This validates the accuracy of the LBSM-based design equations
as far as predicting ZVS boundary is concerned, since both
converters were designed using (35) and (42) to have a ZVS
boundary at an input voltage of 330 V.

The voltage gain M of the SRC and the PSC (discounting for
their transformers’ turns ratios) is also experimentally measured
and compared with theoretically predicted values of M across
a range of switching frequencies and for two different values
of phase shift, as shown in Fig. 16(a). Here, the theoretically
computed values of M are calculated using (32) and (38) for the
SRC and the PSC, respectively. As can be seen from Fig. 16(a),
there is an excellent match between experiment and theory,
validating the accuracy of the LBSM-based equations for voltage
gain.

The prototyped SRC and PSC are also operated under phase-
shift control while operating at a fixed switching frequency.
Fig. 16(b) shows the experimentally measured voltage gain
M of the two converters as a function of phase shift while
operating at 100 kHz. As expected the PSC provides a larger
voltage gain than the SRC across the entire range of phase shift.
The theoretically calculated values of M for the SRC and the
PSC, computed using (32) and (38), respectively, are also shown
using the dotted lines in Fig. 16(b). As can be seen, there is an
excellent match between the experimentally measured and the
theoretically predicted values of M for large values of phase
shift. For phase shifts below about 0.47 for SRC and 0.447
for PSC there is a small deviation between the theoretically
calculated and the experimentally measured voltage gains. This
deviation at low phase-shifts arises from decreased volt-seconds
applied by the inverter during the dead time. The presence of
dead time and non-negligible output capacitance of the inverter
transistors, that were ignored in the theoretical analysis, results
in a reduction of volt-seconds applied by the inverter due to the
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two different values of inverter phase shift, (b) voltage gain as a function of phase shift when operating at 100 kHz switching frequency, and (c) inductor current
at the instant when leading leg switches (Ir, sw) as a function of inverter phase shift when operating at 100 kHz.
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Fig. 17. Theoretically calculated using LBSM and FHA and experimentally measured for the SRC: (a) voltage gain as a function of switching frequency with an

inverter phase shift of 180°, (b) voltage gain as a function of inverter phase shift when operating at 100 kHz switching frequency, and (c) inductor current at the
instant when leading leg switches (I, sw) as a function of inverter phase shift when operating at 100 kHz.

extra time needed to charge/discharge these capacitances. This
change in applied volt seconds can be expressed in terms of an
effective phase shift ¢, which can then be used to determine the
converter waveforms, including the inductor current and voltage
gain using the already developed expressions for these in terms
of phase shift ¢ based on an edge switch network model for the
converter in which the dead times were not included. Following
this approach, the effective phase shift ¢.g is given by:

ZOSSI sSw
Dot = P — Wy (At _ Zoss Losw (1 —cos (wOSSAt))> (48)
wOSSVIN

where wy is the converter’s radial switching frequency, woss(=

\/#T) and Z s (=
the characteristic impedance of the tank formed by L and 2C s,
respectively, Ir, s is the inductor current at the instant when the
leading half-bridge switches (i.e., at wst = L;b), and At is the
time taken by the inverter output voltage v; to go from 0 V to
the converter input voltage Vin

L gin~! (ZV¢

Woss osslL,sw

£/ %) are the resonant frequency and

) if ZossIL,SW 2 VIN (49)

td if ZossIL7sw < VIN

At =

where t4 is the dead time of the leading half-bridge. A derivation
of (48) and (49) is given in Appendix IV. The theoretically cal-
culated voltage gain with the dead time effect included by means

of peg 1s plotted as solid lines and compared with experimental
data and the theoretical calculation without the dead time effect
included in Fig. 16(b). As can be seen, there is an excellent match
between theory and experiment when the dead time is included.

The theoretical calculation of voltage gain utilizing (48) and
(49) relies on I, . An accurate value of Iy, 4, can be deter-
mined from the LBSM derived waveforms. Fig. 16(c) shows the
theoretically calculated values of Iy, 4, for the SRC and the PSC
as a function of phase shift when operating at 100 kHz switching
frequency. The experimentally measured values of Iy, 4, are also
shown in Fig. 16(c), and match the LBSM predicted values
very well. Since the SRC can also be modeled using FHA, it
is instructive to compare the predictions of the LBSM and the
FHA-based models for the SRC with experimental results. This
comparison is shown in Fig. 17. Clearly, the LBSM-based model
provides a closer match to experiments. A comparison of LBSM
with other analytical modeling techniques applicable to resonant
converters is provided in Appendix VI.

The LBSM derived waveforms can also be used to determine
the boundary between full and partial ZVS for both the SRC and
the PSC. Full ZVS is lost and partial ZVS starts when the abso-
lute value of the inductor current at the instant when the leading
leg switches (Ir, s ) is not large enough to fully charge/discharge
the transistor output capacitances (Cogs) to Vin/0 V during the
dead time. As can be seen from Fig. 16(c), the absolute value of
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Fig.18.  Switching waveforms for the leading leg of the SRC’s inverter [(Q; and

Q3 of Fig. 10(a)] including Q1 ’s gate-source voltage vgs (Q1), Q3’s gate-source
voltage vgs(Q3), Q1’s drain-source voltage v4s(Q1) and inductor current
41, (¢) under different operating conditions: (a) full ZVS with Viny = 150V,
(b) boundary between full ZVS and partial ZVS with Viy = 175V, and (c)
partial ZVS with Vin = 225 V.

I1, sw decreases with decreasing phase shift. Using the LBSM
calculated values for Iy, 4, and the output capacitance data for the
leading leg transistors, the phase-shifts below which full ZVS is
lost and partial ZVS begins is 0.47 and 0.447 for the SRC and
the PSC, respectively. These phase-shifts correspond to full ZVS
being lost when input voltage exceeds 175 and 165 V for the SRC
and the PSC, respectively. These threshold voltages defining
the boundary between full and partial ZVS are also validated
through experiment, as shown in Figs. 18 and 19. Figs. 18 and
19 show the switching waveforms for the leading legs of the
SRC and the PSC, respectively, when operating at input voltages
below, equal to and above these threshold voltages. As can be
seen from Figs. 18(b) and 19(b), the drain-source voltage of
the top transistor of the inverter’s leading leg barely makes it
smoothly all the way to zero and all the way back up to the input
voltage when the input voltage is equal to the threshold voltage
for the SRC and the PSC, respectively, indicating the boundary
between full and partial ZVS.

Fig. 20 shows the measured efficiency of the prototyped
SRC and the prototyped PSC for input voltages ranging from
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Fig. 19.  Switching waveforms for the leading leg of the PSC’s inverter [(Q1 and
Q3 of Fig. 10(a)] including Q1 ’s gate-source voltage vgs (Q1 ), Q3’s gate-source
voltage vgs(Q3), Q1’s drain-source voltage v4s(Q1), and inductor current
i1, (t) under different operating conditions: (a) full ZVS with Vi = 140V,
(b) boundary between full ZVS and partial ZVS with Viny = 165V, and (c)
partial ZVS with Vi = 205 V.
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Fig.20. Experimentally measured and theoretically calculated efficiencies for

the SRC and the PSC as a function of input voltage.

100 to 330 V while delivering 100 W of output power at an
output voltage of 40 V. The theoretically predicted efficiencies
for the two converters, determined using the loss model given
in Appendix V, are also shown in Fig. 20. As can be seen
there is a good match between theory and experiment, and the
PSC has a higher efficiency than the SRC across the full input
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voltage range. Given that the two converters are designed for a
maximum-to-minimum input voltage ratio greater than 2, this
result is expected based on the analysis presented using LBSM
in Section I'V. The higher efficiency of the PSC compared to the
SRC is also expected since the prototyped PSC provides a larger
voltage gain than the SRC across the entire phase-shift range [see
Fig. 16(b)], resulting in lower primary-side conduction losses
and inductor core losses in the PSC. Beyond the threshold input
voltages where full ZVS is lost (175 V for SRC and 165 V for
PSC), the efficiency of both converters decreases with increasing
input voltage due to increased switching losses. However, the
PSC maintains its efficiency advantage over the SRC even at the
highest input voltage.

VI. CONCLUSION

A new approach to steady-state modeling, referred to as
LBSM, has been developed and demonstrated to be an effective
tool for the analysis and design of a broad class of power convert-
ers. In LBSM, the converter is first modeled using an equivalent
circuitin which the switches are replaced by independent voltage
or current sources whose periodic and discontinuous values may
depend on the initial values of the converter’s state variables
during steady-state operation. The initial values of the state
variables under steady-state operation are determined using the
LBT. The constant-coefficient nonhomogeneous ODE associ-
ated with the equivalent circuit is then solved for one switching
period to determine closed-form expressions for the converter’s
steady-state waveforms.

The value of LBSM is demonstrated by applying it to a
number of different power converters, including the buck con-
verter, the phase-shift controlled series resonant converter, and
the phase-shift converter, which are classified as edge switch-
network converters, and the boost converter operating in either
CCM or DCM, which is classified as an interior switch-network
converter. The LBSM derived waveforms are experimentally
validated for boost converters operating in CCM and DCM. To
the best of authors knowledge, LBSM is the first systematic
modeling approach that can provide accurate closed-form ex-
pressions for the steady-state switched waveforms of interior
switch-network converters. The technique developed to model
interior switch-network converters is also applicable to edge
switch-network converters, although it has steps that are not
needed for edge switch-network converters. Therefore, a shorter
modeling technique applicable only to edge switch-network
converters is also provided. The limitations of LBSM are also
identified, and ways to overcome some of these limitations are
described. For example, for the modeling of converters operating
in DCM, LBSM generally requires a numerical solution.

LBSM also reveals interesting facets of different converters.
For example, LBSM uncovers the dependence of voltage gain
on load resistance for a lossless boost converter operating in
CCM, which s not predicted by small ripple approximation. The
LBSM derived closed-form analytical expressions for the phase-
shift controlled SRC and the PSC are also used to design and
compare these converters. By comparing their ZVS boundaries,
the preferred operating ranges for the SRC and the PSC are
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determined. It is discovered that if the required maximum-to-
minimum converter input voltage ratio is less than two, then
the SRC has better performance, otherwise the PSC is superior.
The converter voltage gains, ZVS ranges, and efficiencies for
the SRC and the PSC predicted by LBSM are validated using
experimental prototypes.

APPENDIX |
PROOF OF LBT

This appendix provides a rigorous proof of the LBT. The proof
of LBT relies on the properties of periodic functions and two
other theorems, which are described and proved first.

A. Periodic Functions

Let f be a function on (0, c0) for which there is a constant
00 € R such that [ e 70| f(¢)| dt < co. In particular, f can
be piecewise smooth, consist of an infinite sequence of Dirac
functions, or be a linear combination of both, as in these situa-
tions the condition is fulfilled. Then, the Laplace transform of f
is defined by

F(s) = (£ = | T etp () de

0

(A-1)

on the half plane Jts > oy and represents an analytic function
there. Under certain conditions, F' extends to a larger domain as
ameromorphic function. One such possibility relates to periodic
functions, as described below.

Let f be integrable over [0, T), where T > 0, and extend
f periodically over [0, 00). We denote the family of all such
functions by Pr. As a common prototype, f can be the linear
combination of a piecewise smooth function and a finite number
of Dirac functions on [0, T'). Using (A-1) and a geometric series
argument, it is easy to see that the Laplace transform of f is

given by [25]
/ e St f(t) dt.
[0,T)

We hesitate to write fOT because if there is a Dirac function
anchored at point ¢ = 0, then by periodicity it appears again at
t = T. However, it must be counted only once in (A-2). To avoid
such a potential problem, in the following whenever we write
7 we mean Jiawy:

The function F' is initially defined in the right-half plane
Rs > 0,1.e., 09 = 0. This condition is imposed to guarantee the
convergence of the geometric series, which creates the factor
1/(1 — e *T). But, using the formula (A-2), we can extend it
to a meromorphic function on the whole complex plane C with
simple poles on the imaginary axis: p,, = iQ”T’T, n € Z, the set
of all integers. In particular, if there is no factor of the form s,
n > 1, in the denominator, the origin is always a simple pole of
F'. This necessary condition plays a vital role in the “only if”
part of the LBT. Let us state this result as a lemma for further
reference (see [25], [26]).

Lemma 1: Let F be the Laplace transform of the function f.
Assume that F' has either multiple poles, or poles, which are not
on the imaginary axis. Then, f is not periodic.

F(s) = !

s 4-2)
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If F' is given by (A-2), P and () are polynomials, and we
consider the combination G := TQ, then g = E’l(G) is not
necessarily periodic over (0, 00). Almost all the time, there are
exponential terms, which are created due to the zeros of P.
However, based on the abovementioned discussion, we find a
necessary and sufficient condition, which ensures the periodicity
of g. The condition also reveals that the periodicity is a very rare
situation.

B. Quotient Operator

Assume that function F'(s) is analytic in a neighborhood of
the point a. Then, the quotient operator (), is defined by

F(S>7F(a) (s#a).

F)(s)i= ———=
(QuF)(s) = =22,
At the point s = «, in order to obtain an analytic function Q, F’
we have no choice but to define

(QaF)(a)

The function @), F' is meromorphic on the same domain that F’
is defined. This operator is usually used to eliminate the zeros
of F'. Note that if F'(a) = 0, then @, F is obtained by removing
the factor s — a from F'. If we repeat this process a finite number
of times (the order of the zero), then Q) F' is zero free at s =
a (see [27]). The following result is an essential observation
about periodic functions. In technical language, it says that Prp
is invariant under the operation £L~1(Q,F).

Theorem 1: Let f € Pr, and let a € C \ {j22F : n € Z}.
Then, £L~Y(Q.F) € Pr.

Using elementary properties of Laplace transform [28], we
see that

t
QPO = -F@et 4 et [ e p@an @0
0
(A-5)
where F(a) is given by (A-2) (and, in fact, not by (A-1) if Ra <
0). Then, forallt > 0

HQUF)t+T) = —F(a)eu(t+T)

t+T
+ ea(t+T) / e “Tf(r)dr
0

T t+T
:_F(a)ea(t+T) + 6a(if+T) </ +/ > efa'rf(,r) dr
0 T

T
=— F(a)ea(t"’T) + eat+T) </ e “Tf(r)dr
0

(A-3)

= F'(a). (A-4)

t
+/ e~ T+ £ (7 4 T) dr)
0
=— F(a)e®™T) 4 T (1 — e7T)F(a)
t
+ ea(t+T)€7aT‘/ efafrf(,r) dr
0

=—F(a)e™ + e /0 e TF(r)dr=L"1(QuF)(t).

In other words, £1(Q, F) is periodic on (0, 0o0) with period T.
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Theorem 1 can be extended to include the poles a = j==% 2”” .In

this case, we may first define Q, by (Q,F)(s) = (s — a)F(s)
and then, with some modifications, the abovementioned proof
still works.

C. Quotient Expansion

The classical partial fraction expansion theorem represents a
rational function f = @)/ P, where () and P are polynomials, as
a linear combination of simpler fractions 1/(s — p)", where p
is a root of P and m is at most the order of this root. For our
application, we need a special expansion which resembles the
partial fraction expansion, but it has a different methodology.

Theorem 2: Let P be a monic polynomial of degree n with
distinct roots sy, ..., s,. Let F' be a holomorphic function in
a domain, which contains the roots of P. Let  be the unique
polynomial of degree at most n — 1 such that

Q(sp) =F(sg), (1<Ek<n). (A-6)

Then, there are constants ¢y, ..., c, € C such that

F(s) = Q(s) _ \~ . F(s) — Fsi)
—_— = _— A-7
P(s) Z R Sk (A7)

k=1
Consider Lagrange interpolating polynomials

(1<k<n). (A-8)

ﬁ S — 8
ST Sk T 51
=}

Then, the polynomial () is uniquely given by the formula

i F Sk Lk
k=1

Appealing again to the uniqueness of representation by Lagrange
polynomials, we also have the well-known identity [29]

(A-9)

iLk@ = (A-10)
k=1
Therefore,
F(S)*Q(S)_ 1 . n oo n .
PG)  P(s) <F< ) 2 Lals) = 3 o) L >>
- (F(s) = F(sk)) Li(s)
B> P
_ n F(s) — F(sg) B . F(s) — F(sg)
_I; (s —sn) lei;}(sk s1) ; kg — Sk
where
cp = ﬁ(Sk —s1) ,  (1<Ek<n). (A-11)

As a byproduct of this proof, it is interesting to see that the
constants ¢; do not depend on F'. They are uniquely determined
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by the zeros of P via (A-11) (recall that P is monic; otherwise
there is a multiplicative constant that should be considered).

D. Linear Systems

Consider the initial value problem

d*z d"lw
andtin + anilW + -+ aoa:(t) = f(t), (t > 0)

(A-12)

where ay’s are complex numbers, a,, # 0, and f € Pr. Upon

taking the Laplace transform of (A-12), we obtain
(s) + Q(s) = F(s)

where P is the characteristic polynomial with order n and @)
is a polynomial of degree at most n — 1 formed with the initial
values of the system. Therefore, solving for X, we easily see
that

P(s)X (A-13)

F(s) — Q(s)

=5

(A-14)

Assume that P has n distinct zeros, which can be everywhere in
the complex plane except at the poles of F, i.e., at p,, = j 2”—“
n € Z, and let a be a zero of P. If F(a) — Q(a) # 0, then X
has a pole at a and, by Lemma 1, we immediately conclude
that x is not a periodic function. This simple observation shows
that a necessary condition for having a periodic response is that
F(a) — Q(a) = 0 at all zeros of P. However, it is not trivial at
all that this condition is also sufficient. To add the obscurity,
note that P and @) are polynomials while F' has the factor
1 — e *T.Itis not clear why the assumption F'(a) — Q(a) = 0,
for all zeros a, essentially forces this factor to pop out for
the whole combination, e.g., as in (A-2), and thus, the inverse
Laplace transform would give us a periodic function. Some deep
observations from operator theory are needed to characterize the
situation under which the system gets an input from Pr and
provides an output precisely in the same space.

Laplace Based Theorem: Let f € Pp. Assume that the char-
acteristic polynomial of the linear system (A-12) has n distinct
roots s1, ..., S, with

ske(C\{jQHTﬂ:nGZ}, (1<k<n). (A-15)
Then, the system has a periodic solution (i.e., z(t) € Pr) if and
only if

F(sk) = Q(sk),

Moreover, the abovementioned conditions are fulfilled for a
unique choice of initial values.

We already observed that F' is meromorphic with poles on
the imaginary axis. The assumption (A-15) ensures that F' is
analytic at the zeros of P. Thus, according to Theorem 2, there
are constants cq, ..., c, € C [see (A-11)] such that

X(s)zF( ZJ S_Sks’“). (A-17)

(1<k<n). (A-16)
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Using the quotient operator (), we may rewrite the abovemen-
tioned formula as

X(s) = er(Qs, F)(s). (A-18)
k=1
Therefore,
ch L7YQ., F)(t) (A-19)

and Theorem 1 ensures that each function £71(Qs, F) is peri-

odic over (0, co) with period T.

APPENDIX II
LBSM UNDER STATE-SPACE REPRESENTATION

This appendix describes the LBSM technique under the state-
space representation of a power converter. The first step of this
technique is to model the converter in the following state-space
form

92— Aw(t) +g(1)

where x(t) is the state vector (i.e., a vector of state variables),
A is a constant matrix, and g(¢) is a periodic and discontinuous
vector. The procedure for obtaining this state-space representa-
tion depends on whether the power converter is an edge-switch
network or an interior-switch network converter.

Edge-switch network converters can be modeled in the form
of (A-20) by first deriving the state-space representation of the
converter for each of its subintervals in the following form:

‘fo _ Asa(t) + Biult)
where A; and B; are constant matrices dependent on the topol-
ogy of the converter, u(t) is a vector obtained from the actual or
equivalent sources connected at the input and output ports of the
converter, and m is the total number of subintervals. The time
evolution of the state vector across all its subintervals can now
be expressed as

di; =Y a®Aw(®) + Y a(t) Beu(t)

where ¢;(t) is a periodic and discontinuous switching func-
tion that equals 1 during the ith subinterval and O during all
other subintervals, and satisfies Y . ; ¢;(t) = 1. Inedge switch-
network converters, since switching action does not reconfigure
the interconnection between its energy storage elements, all A;
matrices are equal, i.e., A; = Ay =---=A,,, = Ag. How-
ever, since switching action does reconfigure the connection to
the sources at the ports, the B; matrices are not equal in all
subintervals. Hence, the converter’s state-space representation
can be simplified to

(A-20)

1<i<m (A-21)

(A-22)

d——AO:): —i-z:qZ t)B;u(t

- (A-23)

This has the desired form of (A-20), where A = Ag and g(t) =
2oity 4i(t) Biu(t).



12764

To model interior switch-network converters in the form of
(A-20) an extra initial step must be included. This step deter-
mines an analytical expression for the state vector (t) in terms
of its unknown steady-state initial value X¢ using the following
equation by starting with the first subinterval [8]:

(Xi_le

t
N / eAnBiu@T)dT), by <t<t; (A24)
ti-1

m(t) — Ai(tft.;,l)

where X;_; is the value of the state vector at the beginning of
the ith subinterval (which for ¢ > 2 is known from the previous
subinterval), ¢;_; is the total time elapsed until the beginning
of the ith subinterval, A; and B; are converter matrices for
the ith subinterval as defined in (A-21). Next, the state-space
representation of the converter for each of its subintervals in
the same form as (A-21) must be derived and used to express
the time evolution of the state vector across all subintervals in
the same form as (A-22). In interior switch-network converters,
since switching action reconfigures the interconnection between
its energy storage elements, the A; matrices are not equal in
all subintervals. Also the B; matrices are not equal. Rewriting
S qi(t) =1 as gm(t) =1—3"7"¢;(t), the converter’s
state-space representation can be expressed as

%: = Amz(t) + 2 qi(t) (A; — Ap) (1)
=1
+> " ai(t)Biu(t) (A-25)

Utilizing (A-24) to eliminate «(t) from the second right-hand-
side term of (A-25), and defining W(¢) as

(A-26)
transforms the converter’s state-space representation to

dz _ Apx(t) )+ Z i (t) Biul(t (A-27)

dt
This has the desired form of (A-20), where A = A,,, and
g(t) =®(t) + >, ¢i(t)B;u(t). It is interesting to note that
edge switch-network converters are a special case of interior
switch-network converters, as (A-27) reduces to (A-23) when
all A; matrices are the same (and defined equal to Ag). Once
the power converter has been modeled in the form of (A-20),
steps similar to those described in Section II-A can be used to
derive an equation analogous to (5)

T
Xo=—[I—eA7] ‘1/ e Ag(t)dt
0

where the initial value of the state vector under steady-state
operation X is analogous to [z(0),2/(0),... ,z" 1 (0)] in

(A-28)
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(5). In the case of edge-switch network converters, X can be
determined explicitly from (A-28) since all the terms on the
right-hand-side of the equation are known. In the case of interior-
switch network converters, g(t) is a function of X making
(A-28) animplicit equation in Xg. However, (A-28) is still linear
and can be used to solve for Xg. Once X is known, (A-20) can
be solved to find the steady-state solution for x(t) across one
switching period.

APPENDIX III
APPLICATION OF LBSM 1O DC-AC AND AC-DC
CONVERTERS

This appendix demonstrates the application of LBSM to two
dc—ac converters, one of which is bidirectional and can also
be considered as an ac—dc converter. As an example of a dc—
ac converter in which its steady-state waveforms are periodic
with a period equal to its switching period, consider the series
resonant inverter shown in Fig. 21(a), which is commonly used
for induction heating applications. An ODE for this converter
can be derived using steps (M1) and (M2) of LBSM for edge-
switch network converters

dQUC
dt?

RCdﬂ + ve(t) = vi(t)

LC (A-29)
where v; (t) is the rectangular switch node waveform. This ODE
is similar to (6), but with different roots for its characteristic
polynomial

S12—2L( 1+4/1 4R%C>Esri3m-

Following steps (S1) through (S4) for (A-29), the steady-state ca-
pacitor voltage is identical to the expression given by (11) except
with the values of s, and s, replaced by those given in (A-30).
The inductor current can be obtained by differentiating (11).
The LBSM predicted capacitor voltage and inductor current
waveforms for an example series resonant inverter are compared
with PSIM simulations in Fig. 21(b) and (c), which show a
good match between the LBSM predicted and the simulated
waveforms.

As an example of a dc—ac converter in which its steady-state
waveforms are periodic with a period equal to the period of a
more slowly varying external ac voltage, consider the bidirec-
tional line-interfaced high-frequency dc—ac converter shown in
Fig.22(a). Here, the line voltage is represented by a sinusoidal ac
voltage source vy(t) (= Vg sin (27 f,t — ¢4)) with amplitude
Vg, frequency f,, and phase ¢,. The switching frequency of
the converter is f5, and the converter uses a unipolar sinusoidal
PWM signal m(t) (= m, sin (27 f,t)) with an amplitude mod-
ulation ratio m, (0 < m, < 1) and a frequency modulation
ratio my(= % Le ) The PWM is implemented digitally with m(t)
discretized m time at a frequency of 2f;. An ODE for this
converter can be derived using steps (M1) and (M2) of LBSM
for edge-switch network converters

(A-30)

diy,
LE = 'Ul(t) — 'Ug(t)

f(t) (A-31)
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Series resonant inverter: (a) topology, and comparison of its (b) capacitor voltage (vc) and (c) inductor current (i1,) waveforms, obtained using LBSM
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Bidirectional line-interfaced high-frequency dc—ac converter: (a) topology, and comparison of its inductor current (i1,) waveforms across (b) a full

line-cycle and (c) five switching cycles, obtained using LBSM and PSIM simulation with the following parameter values: fs = 10 kHz, f, = 50 Hz, m, = 0.8,

Vi =400V, Vy =320 V, and ¢, = 0.

where v;(t) is the rectangular waveform generated by the full
bridge. Assuming that the period of vy (t) is an integer multiple
of the switching period (i.e., the frequency modulation ratio m s
is an integer), the input f(¢) will be periodic with frequency f,.
To determine the converter’s steady-state waveforms from this
ODE, first F(s) = L{v;(t) —vy(t)} is determined following
(S1); next following (S2), the root of the characteristic poly-
nomial P(s) (= Ls) is found to be s = 0; then formulating
Q(s =0) = F(s =0) following (S3) and solving it gives the
steady-state initial condition for the inductor current:
myg—1
. 0
sin (n>
0 mpy
(A-32)

where w, = 27 f,. Finally, solving (A-31) across one line-period
(i.e., 1/ f,) results in

m,Vin

in(0) = wv—gL cos
9

60) = "

n=

in () = i (0) + va c0s (65) — ;’L 08 (gt — )
myg—1
+ m r (t - tmin) - (t - tmax) (A'33)
n=0

where tin = ﬁ(n + 0.5 — 0.5m, sin (nmif)) and toax =

37 (n+ 0.5 + 0.5m, sin (n7=)) and r(t — to) is a ramp func-

tion starting at ¢ as defined in the following:

t—1togt>1o

r(t—tg) = {0 t <ty (A-34)

The LBSM predicted inductor current waveform for an example
bidirectional line-interfaced high-frequency dc—ac converter is
compared with PSIM simulation across a full line cycle in
Fig. 22(b) and across five switching cycles in Fig. 22(c). As can
be seen there is an excellent match between the LBSM predicted
and the simulated waveforms.

APPENDIX IV
EFFECTIVE PHASE SHIFT FOR SRC AND PSC TO ACCOUNT FOR
INVERTER DEAD TIME

For both the SRC and the PSC assuming full or partial ZVS,
during the dead time of a half-bridge, the dominant resonance is
between the converter’s inductor L and the output capacitors
(Coss) of that half-bridge’s two transistors (which act as if
in parallel). Any other capacitors of the converter (e.g., the
tank capacitor C in the case of the SRC) have little impact
on this resonance as they are much larger than, and appear in
series with, 27 Cg. This resonance continues until the transistor
output capacitors are charged/discharged to Vin/0V and the
antiparallel diodes clamp their voltages, or the inductor current
changes direction. This resonance occurs during the dead times
of both the leading and the lagging half-bridges, and results in
a change in the volt-seconds applied by the inverter in a half
switching period. However, the impact on inverter volt-seconds
due to the dead time of the lagging half-bridge is much smaller
than that of the leading half-bridge, as the lagging half-bridge
switches at a much higher current resulting in a much smaller
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inverter output voltage transition time. Hence, the impact of
the dead time of the lagging half-bridge is neglected in this
analysis. Considering the radial half time period 0 < wyt < 7,
the instantaneous output voltage of the inverter v; during the
dead time of the leading half-bridge is given by

Woss T — (b)

ws 2

Vp = ZossIL,sw sin <w0sst - (A'35)

where woss (= \/ﬁ) and Zoss (=
frequency and the characteristic impedance of the tank formed
by L and 2C,s, respectively, ”—;z’ is the radial time when the
leading half-bridge starts to switch, and Iy, 4 is the inductor

T—% The value of I, sw used here is

current at the instant ~—

determined using LBSM without considering dead times as a
reasonably good approximation. The time it takes for the inverter
output voltage to reach Viy, At, can be determined from (A-35)
if ZossIt, sw 1s greater than or equal to Vi, otherwise, the time
taken is the full dead time ¢4 at which point the transistor output

capacitors are hard charged; hence, At is given by

\/ 50— are the resonant

At = { wiss Sin71 (Zvi) if ZossIL,sw > VIN

tq if ZossIL,sw < VIN

ossIL,sw

(A-36)

which is the same as (49). The average value of the inverter
output voltage during the dead time is given by

1 At ta
Via= a </ ZossI1, sw sin (wosst)dt —|—/ VIth>
0

At
]- ZOSSI SwW
== (L* (1 — cos (wessAt)) 4 Vin (tg — At)> .
tq Woss
(A-37)

The dead time eats into the duration ¢ when the inverter output
voltage is V. Hence, an effective phase shift ¢ can be defined
for a dead-time-free inverter such that the volt-seconds delivered
by it are equal to the actual volt-seconds delivered by the inverter
with a dead time

et VIN = (¢ — wsta) Vin + wsta Vi q.

Substituting for V; 4 from (A-37) into (A-38) and solving for
Oeft giVes

(A-38)

ZOSSI Sw
205 LW (1 — o8 (woss At))

Woss VIN
(A-39)
which is the same as (48). Since the SRC and the PSC operate
symmetrically across a half time period, (A-39) is also the
expression for effective phase shift during the second half time
period (1 < wgt < 2).

¢eH:¢_ws (At_

APPENDIX V
Loss MODELS FOR THE SRC AND THE PSC

This appendix provides the loss models used to predict the
efficiency of the SRC and the PSC. Efficiency is calculated
using 7 = %, where Poyr is the output power of the
converter, and Py ogg is the total loss in the converter, comprising

conduction losses, transistor switching losses, and magnetic core
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losses. Conduction losses are calculated using

P
Pconp = I?ms (2Ron + R, + Rp) + 2Vge ouT

Vour (A-40)
where I, is the rms value of the inductor current determined
from the LBSM derived inductor current waveform, Roy is the
ON-resistance of the transistors, Ry, is the ac winding resistance
of the inductor, Rt is the total ac winding resistance of the
transformer reflected to its primary side, Vp is the forward
voltage of the diodes, and Voyr is the output voltage of the
converter. Transistor switching losses are assumed to be zero
when the converter achieves full ZVS. Under partial ZVS of
the inverter’s leading leg, switching losses are calculated by
accounting for capacitive discharge loss and overlap loss for
that leg

PSW = Coss,quRM2fs + tON\/RMIL,dfs

where Cgs oq is the energy equivalent output capacitance of the
transistor, Vry is the switch-node voltage that remains to be
discharged/charged determined using the approach described in
Appendix 111, f is the switching frequency, toy is the transistor
turn-ON time, and Iy, g is the inductor current at the end of dead
time determined from the LBSM derived inductor current wave-
form. Magnetic core losses are calculated using Steinmetz’s
equation

N AL B AT B
Pcore=Cnf; A N. Ver+ A N7 Ver

(A-42)
where C,,,, a, and (3 are core material related constants, A (=
VS%) is the flux-linkage applied across the transformer’s sec-
ondary winding, Ar,(= LAl ;) is the flux-linkage applied
across inductor L with peak-to-peak current Aly, ,p,, Ac 1, (and
A1), and V1, (and V, 1) are the equivalent cross-sectional
area and core volume, respectively, for the inductor (and the
transformer), Ny, is the number of turns in the inductor winding,
and N is the number turns in the secondary winding of the trans-
former. The transistor, diode and magnetic core parameters used
in (A-40)—(A-42) are obtained from manufacturer datasheets,
and the remaining parameters are from the information in
Table II1.

(A-41)

APPENDIX VI
COMPARISON OF LBSM WITH EXISTING ANALYTICAL
MODELING TECHNIQUES

This appendix compares LBSM with existing analytical tech-
niques for modeling the steady-state waveforms of resonant
converters, as summarized in Table V. The FHA technique is the
least complex, but also the least accurate; it is especially inaccu-
rate for converters with low loaded quality factor resonant tanks
and does not model DCM operation. Extensions of FHA, such as
in [30] and [31], have also been developed in which the rectifier
is modeled using a complex impedance instead of a resistance
as in FHA. These approaches increase the modeling accuracy
to some extent but at the cost of increased modeling complexity
and are still unable to model DCM operation. Techniques that
incorporate higher order harmonics, such as the generalized
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TABLE IV
COMPARISON OF LBSM WITH EXISTING ANALYTICAL METHODS FOR
MODELING STEADY-STATE WAVEFORMS OF RESONANT CONVERTERS

Closed- High-order

Method form Accuracy | DCM | ¢ # 7 topologies Complexity
FHA Yes Medium No Yes Yes Low
FHA Yes Low No Yes Yes Medium

Extensions
GAM No Medium Yes Yes Yes High
SPA Yes High No No No High
CyCh.c Yes Medium No No Yes High

Averaging
LBSM Yes High Yes Yes Yes High

averaging method [12] and other similar techniques [32], also
improve the modeling accuracy to a level limited by the number
of harmonics that can be practically included. However, these
techniques have high complexity and do not yield closed-form
expressions for converter waveforms. The state plane analysis
(SPA) technique, while accurate, is not practical for converters
with more than two state variables, and in the case of the SRC,
SPA yields closed-form expressions only if the inverter output
voltage waveform is a symmetrical square wave (¢ = 7). An-
other analytical approach, cyclic averaging [33], uses augmented
averaging matrices to determine steady-state waveforms, but
requires knowledge of subinterval duration, which is determined
by first applying FHA, limiting its accuracy. As can be seen from
Table IV, LBSM brings a unique ability to accurately model
a broad class of resonant converters without being any more
complex than the existing techniques.
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