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An Optimized Digital Synchronous Rectification
Scheme Based on Time-Domain Model of Resonant
CLLC Circuit

Bodong Li, Student Member, IEEE, Min Chen
Ning Chen

Abstract—Uncontrolled rectification on the secondary side of the
resonant CLLC circuit causes a large amount of conduction loss.
Accurate synchronous rectification (SR) can reduce conduction
loss by replacing rectifier diodes with mosfets’ channels exactly.
The accuracy of the SR signals depends on the determination of
the zero-crossing points of the secondary side resonant current.
In this article, an accurate time-domain model is introduced for
the resonant CLLC circuit to obtain these zero-crossing points.
This modeling method is more accurate than first harmonic ap-
proximation and requires less computational effort than extended
harmonics approximation. Compared with previous time-domain
modeling methods, the proposed time-domain model gives detailed
circuit state expressions and covers the entire circuit operating
states. Relying on the accurate circuit model, the SR scheme pro-
posed in this article can adaptively generate SR signals in different
frequency ranges and has the ability to switch modes smoothly.
And this method can be used for the later efficiency optimization
of CLLC converters that do not originally have SR function, only
through the control program update. Moreover, the robustness of
the proposed SR method is analyzed, and the proposed concept is
verified through a 3-kW resonant CLLC prototype.

Index Terms—High efficiency, resonant CLLC
synchronous rectification (SR), time-domain model.

circuit,

NOMENCLATURE
LRFM Lower resonant frequency mode.
RFM Resonant frequency mode.
URFM  Upper resonant frequency mode.
Qn,y Bn Undetermined parameters in URFM.
%) SR angle.
PAa SR angle in DSP table.
Yrower SR angle in LRFM.
@upper SR angle in URFM.
w Switching angular frequency.
Wan Normalized ratio similar to w,, in Stage a.
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Normalized ratio similar to w,, in Stage b.
Normalized ratio similar to w,,.
Normalized switching angular frequency.
Resonance angular frequency.
Undetermined parameters in Stage a.
Undetermined parameters in Stage b.
Equivalent resonant capacitor.

Resonant capacitor on the primary side.
Resonant capacitor on the secondary side.
Input capacitor on the primary side.
Output capacitor on the secondary side.
Inverse parallel diode of S,,.

Normalized ratio similar to f;,.
Normalized switching frequency.
Resonance frequency.

Switching frequency.

Switching frequency in DSP table.

The first harmonic component of 7.

Input current in time-domain model.

Output current in time-domain model.

The difference between 77 and 7.
Magnetizing inductor current on the primary side.
Resonant current on the primary side.
Resonant current on the secondary side.
Magnetizing inductor current in time-domain model.
The sum between 77 and 7.

The current from source to drain of MOSFET.
Ratio of L,,, to L,..

Magnetizing inductor on the primary side.
Equivalent resonant inductor.

Resonant inductor on the primary side.
Resonant inductor on the secondary side.
Voltage gain.

Transformer ratio.

Converter transmission power.

Quality factor.

Equivalent resistance.

Switching device.

The lag time of the SR signal turn-ON.

The lag time of the SR signal turn-OFF.
Switching cycle.

The beginning of a switching cycle.
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trs The ending of a switching cycle.
ts0, o The time when 71,,.; crosses zero.
10 The time when 7y,,., crosses zero.

trs/2 The midpoint of a switching cycle.

Vasn Drive signals on the primary side.

Ves.o.n SR drive signals in LRFM.

Ves.un SR drive signals in URFM.

Vp Input voltage on the primary side.

Vs Output voltage on the secondary side.

1% The conversion results of Vp in time-domain model.
Vs The conversion results of Vg in time-domain model.
A;}F The first harmonic component of v 4.

V, Converter output voltage.

Voa Converter output voltage in DSP table.

VAR The voltage between A and B.

1 Input voltage in time-domain model.

Vo Output voltage in time-domain model.

vr1, vre Resonant inductor voltage in time-domain model.
vc1, Vo2 Resonant capacitor voltage in time-domain model.
VCod The difference between v1 and ves.

VCs The sum between vy and ves.

UDSP The voltage across the primary MOSFET.

UDSS The voltage across the secondary MOSFET.

I. INTRODUCTION

SOLATED bidirectional dc—dc converters are available in a
I variety of applications, such as microgrid, on-board-charger
(OBCQ) in electric vehicle, energy storage systems, power elec-
tronic transformer, and so on [1]-[4]. At present, dual-active-
bridge (DAB) and resonant CLLC circuit topology are widely
concerned in the research of isolated bidirectional dc—dc con-
verters due to their common advantages such as high efficiency,
high power density, wide gain range, and zero-voltage-switching
(ZVS) feature [5]-[8].

Compared with the resonant CLLC circuit, the research on
the DAB circuit is relatively early and comparatively mature.
However, due to the increase of circulating current and the loss
of the ZVS feature, the efficiency of the DAB circuit with single
phase-shift-control is significantly reduced under the unmatched
voltage between input and output as well as light load situations
[9]. To solve these problems, control methods in [10]-[12]
increase the degrees of freedom based on single-phase-shift-
control, realizing the minimum circulating current and ZVS
feature in the whole load range. Nevertheless, the control of
multidegrees of freedom increases the complexity of the control
system, and DAB is challenging to work at a higher switching
frequency to improve the power density. DAB still has the defect
of MOSFETs switching when the current reaches the peak, which
causes a tremendous turn-OFF loss. In contrast, the resonant
CLLC circuit topology makes it easier to implement the ZVS
feature in full range. It has a relatively small turn-OFF loss [13],
[14]. Therefore, the resonant CLLC circuit is widely studied as
an alternative circuit to DAB currently.

A series of studies [15]-[20] have made some progress in
topological structure, model establishment, parameter design,
and control optimization of the resonant CLLC circuit. It is
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TABLE I
COMPARISON TABLE OF THREE SR METHODS

Ttemns Voltage Curre_nt Calcgla?ion
Detection Detection Prediction
ezr‘;‘;f‘;s [22] [23] [24]-[26]
Accuracy * * Kk * * %
Dificulty of *x ok *x * *
realization
Efficiency * K * * k%
Power density * % * * * *
Versatility * * * * * %k
Economy * % * * * *

*“x” is the unit of quantization.

well known that the bidirectional CLLC circuit is evolved from
the single-direction LLC circuit. LLC circuit is widely used
in industry due to high efficiency and high power density.
However, compared with the CLLC circuit, the LLC circuit
cannot achieve the boost function when operating in backward
mode [15]. In [16], the forward and backward voltage gains
of the LLC-type resonant network in frequency-domain were
analyzed. The method of changing the structure of the resonant
network to increase the maximum voltage gain for the backward
working situation was proposed. Research in [17] added just
one capacitor to the secondary side based on the LL.C topology
and proposed a new type of bidirectional asymmetric CLLC-
type resonant network. This topology achieves a wide range
of gain adjustments, with the ZVS feature in the full range of
the primary side satisfying bidirectional power flow. However,
the asymmetric CLLC-type resonant network makes the gain
characteristics of the forward and backward modes of operation
substantially different, which is not conducive to application de-
sign. To simplify the resonant network’s design process, Jung et
al. [18] proposed a symmetric CLLC-type resonant network and
analyzed the relationship between the gain curve and frequency
variation by first harmonic approximation (FHA). Based on the
FHA method, He and Khaligh [19] gave the expression of the
gain and normalized frequency of the resonant CLLC circuit.
Furthermore, the research in [20] introduced a comprehensive
design process of the CLLC converter, simplifying the design
of the multiparameter CLLC topology.

To sum up, the resonant CLLC converter has the excellent
characteristic of switching loss, and it can be devoted to reducing
the volume of passive components at high switching frequency.
However, the secondary side bridge operates in rectification
mode. Each MOSFET body diode on the secondary side has a
sizeable ON-state voltage drop, especially for SiC MOSFET, which
will significantly reduce the efficiency of the CLLC converter
[21]. Synchronous rectification (SR) can effectively solve this
problem and substantially improve the converter’s efficiency.

The basic idea of SR is to use the MOSFETs’ channels to
replace the body diodes for rectification. During SR process,
the drive signals of the MOSFETSs are determined based on the
ON/OFF time of the body diodes. The working states of the body
diodes can be obtained by the methods shown in Table 1. The
working principles of these SR methods are shown as follows.
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1) Voltage Detection: This method achieves SR by detecting
the voltage drops of body diodes since the magnitude of
this voltage will change depending on whether there is a
reverse current [22]. However, the magnitude of this volt-
age is relatively small compared to the output voltage. The
detection accuracy for this voltage is difficult to guarantee.
Besides, the detection result of this voltage is also easily
affected by the parasitic parameters in the circuit.

2) Current Detection: Through the current detection circuit
with current transducer, the current change through the
body diodes can be accurately obtained. The polarity
change of this current can be directly transmitted to the
drive circuit. This SR scheme based on current detection
has strong versatility and anti-interference ability [23].
However, the current detection circuit has a large volume
and weight, which will reduce power density and increase
the converter’s cost. Chen et al. [8] proposed a SR scheme
based on resonant inductor voltage sensing. According to
the principle that the resonant current is proportional to
the integral of the inductor voltage in CLLC circuit, the
information of the resonant current is obtained by the volt-
age detection circuit and the integral circuit. This scheme
reduces the size and cost of the detection circuit compared
to the scheme that directly detects the inductor current.
However, the additional integration circuit will increase
the sampling delay, and there is a risk of false triggering
of the SR signal when the secondary side resonant current
is intermittent.

3) Calculation Prediction: Through the calculation and anal-
ysis of the circuit model, the digital controller can calculate
the turn-ON and turn-OFF time of the MOSFET body diodes,
and generate the corresponding SR signals [24]-[26]. The
method of digital SR does not require additional detection
circuits, and the operating efficiency is high. However,
the accuracy of SR depends on the accuracy of the circuit
model and is limited by the computing capability of the
controller.

In conclusion, the comparison results of three SR methods
are shown in Table I. The method of voltage detection is limited
by the application scenario. Although the method of current
detection is versatile, it increases the size and cost. With the en-
hancement of the controller’s computing capability, the method
of calculation prediction based on the accurate circuit model
reduces the cost while ensuring accurate performance, which
has received extensive attention in recent years.

Gao et al. [24] proposed a phase-shift-based SR scheme with-
out additional detection devices for CLLC resonant converters.
However, the phase-shift of the SR of the CLLC circuit is
related to the multiple circuit states such as the input/output
voltage, switching frequency, and transmission power. The spe-
cific analysis of these issues lacks in this text. The research
in [25] showed an SR control model based on FHA, which
will be inaccurate when deviating from the resonant frequency.
Inaccurate SR may cause circulating current to affect efficiency.
Subsequently, the work in [26] proposed an SR method based
on extended harmonics approximation (EHA), which achieves
a better SR effect. Nevertheless, analysis of other odd-order
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harmonics increases the amount of computation, and the control
strategy is defective in this article when the switching frequency
is less than the resonant frequency.

As mentioned above, the core issue of the calculation predic-
tion scheme is the accurate circuit model. For resonant topology
with a wide range of switching frequency variations, FHA
typically does not provide sufficient accuracy for design and
analysis [27]. The establishment of the EHA model requires
a vast amount of calculation and is challenging to promote.
Here are some other model building methods worth learning,
which are compared in Table II. The simulation analysis method
traverses different parameters through the simulation software’s
built-in algorithm to obtain the working states of the circuit.
Due to the massive workload, it is generally only used as a
supplement to other analysis methods. Zhao et al. [28] pro-
posed an artificial intelligence algorithm based on the optimal
design methodology of CLLC resonant converters. Afterward,
the research in [29] showed a time-domain model of resonant
CLLC converters for faster parameter scanning, compared to
MATLAB/Simulink, SIMPLIS, and PLECS simulation meth-
ods. However, these methods do not give detailed circuit state
expressions and cover the entire circuit operating states. In [27],
a general time-domain model of the dual-bridge series resonant
converter was created, giving detailed circuit state expressions of
the series resonant converter. Compared with the series resonant
circuit, the resonant network of the CLLC circuit has multiple
resonant components. And in order not to affect the normal
operation of the circuit, SR control requires high accuracy of
the circuit time-domain model. It is even more challenging to
calculate the operating states for the resonant CLLC circuit.

In order to describe the accurate circuit working states of
the CLLC circuit, an establishment process of a time-domain
model is introduced. This article analyzes the relationship in
detail between the three different working modes: lower reso-
nant frequency mode (LRFM), upper resonant frequency mode
(URFM), and resonant frequency mode (RFM). Furthermore,
the phase shift angle of the primary and secondary sides is
selected as the state variable for calculation, simplifying the
calculation process. Combining the physical meaning and the
mathematical equation reduction method, the simplified time-
domain expressions of resonant CLLC circuit under all working
conditions are obtained. Subsequently, an optimized digital SR
scheme based on the time-domain model applied to the CLLC
topology is proposed. Under the premise of ensuring accuracy,
it improves the design and application efficiency of the SR
control strategy as much as possible. It realizes SR of the entire
frequency range, significantly improving the efficiency of the
CLLC converters.

This article is organized as follows. In Section I, the modeling
methods and the SR schemes of the resonant CLLC circuit have
been reviewed and summarized in detail. The existing FHA and
EHA modeling methods with the corresponding SR schemes
have compromise in accuracy and computational complexity.
Therefore, it has important practical significance to introduce
the time-domain modeling method that is currently used in low-
order circuits (such as series resonant circuits) into high-order
CLLC circuits. Section II describes the circuit states of the
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TABLE II
COMPARISON TABLE OF MODELING METHODS

Time-domain

Items FHA EHA Simulation Artificial intelligence algorithm . .
Iteration Expression
Ref [24], [25] [26] - [28] [29] [27]

Accuracy * * * % Kk * %k * Kk Kk * %k Kk
Simplicity * * * * k k * * *
Efficiency * Kk * * * * * * % * * *
Workload * * K * Kk Kk * %k * Kk Kk * % Kk
Versatility * * * * * % * % * * *

““x” is the unit of quantization;

“*Simplicity represents the difficulty of modeling;

***Efficiency represents the calculation speed of the model;
“**Workload represents the workload of analysis using existing models.

C; Vo= 20,

" " il C,,
s | s |
Dsis  Backward Dss Dss
~——————

Circuit topology of the CLLC resonant converter.

Fig. 1.

resonant CLLC circuit under different switching frequencies
and analyzes the influence of SR signal accuracy on circuit
operation. Section III builds the time-domain model and obtains
accurate circuit state expressions through simplification and
gives calculation method of SR angle in different frequency
ranges. The sensitivity analysis of the SR angle to resonant in-
ductor and capacitor is carried out to prove the robustness of the
proposed SR scheme. Section IV details the working principle
and implementation process of the proposed SR method. Next,
the proposed control scheme is verified by experiment results
presented in Section V. Finally, Section VI concludes this article.

II. ANALYSIS OF RESONANT CLLC TOPOLOGY

The full range of SR method relies on a detailed analysis of
the circuit states of different operating modes. The bidirectional
resonant CLLC circuit is evolved from the traditional resonant
LLC circuit. By adding an LC resonant network symmetrical to
the primary side of the transformer into the secondary side, the
bidirectional CLLC circuit can be approximated as a resonant
LLC circuit, whether working in forward or backward mode.
It can meet the buck and boost requirements in both directions.
Meanwhile, the bidirectional resonant CLLC circuit also inherits
the resonant LLC circuit’s control and analysis method.

As shown in Fig. 1, the bidirectional resonant CLLC circuit
is mainly composed of three parts: two bridges of switch-
ing devices and a symmetrical resonant network containing a
high-frequency transformer. To realize the bidirectional power
transmission, S; ~ Sg use wholly controlled devices, mainly
MOSFETs, Dg; ~ Dgg are the inverse parallel diodes of Sy ~
Ss. L, and C, represent the resonant inductor and resonant

capacitor on the primary side, respectively, L,, and C,.; rep-
resent the resonant inductor and resonant capacitor on the sec-
ondary side, respectively, and L,,, represents the magnetizing
inductor of transformer on the primary side. The bidirectional
resonant CLLC circuit generally uses variable frequency control.
The MOSFETs on the primary side receive the drive signals
with the duty cycle of 0.5 in the case of working forward, and
uncontrolled rectification is used on the secondary side.

The bidirectional resonant CLLC circuit follows the vari-
able frequency control method commonly used in resonant
circuits. When the switching frequency changes, the values of
the impedance of the passive components in the circuit change
accordingly. Under certain input conditions, due to the voltage
division’s principle, the output voltage, current, and power are
controlled by changing switching frequency. In the bidirec-
tional resonant CLLC circuit, when the switching frequency f
changes, working modes can be divided into three types accord-
ing to frequency band: LREM (fs < f,), URFM (fs > f), and
RFM (fs = f,), where f, is the resonance frequency.

To simplify the analysis process, assuming that each compo-
nent is ideal in steady state and the dead time is ignored, each
working process is analyzed below.

1) Analysis in LRFM (fs < f;)

Fig. 2 shows the CLLC circuit’s waveforms working in the
LRFM (f, < f;), to ~ t1s represents a complete switching
cycle. The circuit waveforms have the characteristics of half-
wave symmetry, so only the working process of the first half
switching cycle needs to be considered. In the LRFM, the first
half switching cycle can be divided into two stages: Stage a and
Stage b.

By extracting the components involved in the two stages of
Stage a and Stage b, the equivalent circuit diagrams of the two
stages can be obtained, as shown in Fig. 3. The working process
will be described below.

Stage a (ty ~ tsp): At the instant of time ¢y as shown in
Fig. 3(a), the switches S, and S3 turn OFF, the primary resonant
current iz, < 0 through the inverse parallel diodes Dg; and
Dg4 of the switches S; and S4. Then, the switches S; and Sy turn
ON, the CLLC circuit realizes ZVS while the voltage between
two points A and B is constant Vp. During the period from %,
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Fig. 2. Waveforms of LRFM.
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Fig. 3. Equivalent circuit diagram of LRFM. (a) At the instant of time ¢¢. (b)
Time period tg to t,0. (¢) Time period ¢,0 to tso. (d) Time period ¢40 to lrsya-

to ts0, i1rp rises faster than the magnetizing inductor current
i1,m, Which generates a positive resonant current iy, on the
secondary side, and the inverse parallel diodes Dgs and Dgg
naturally turn ON, the voltage between two points C and D is
constant Vg. At ty,0, i1, crosses zero and divides the circuit
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Fig. 4.  Waveforms of RFM.

state into two types, as shown in Fig. 3(b) and (c). S; and Sy
remain ON-state and the structure of the equivalent circuit is not
changed.

Stage b (tso ~ t1s/2): At tso, due to the resonant network
effect, i, is reduced to be equal to ir,,, the resonant current
i1rs on the secondary side is also reduced to 0, and the diodes
Dg5 and Dgg turn OFF naturally. From ¢5 to t 7 /2, 115 is kept at
zero until the next switching action, and the circuits of primary
and secondary sides work separately.

The SR boundary indicates the ON and OFF of the SR drive. The
SR signal within this range will not affect the normal operation
of the circuit.

2) Analysis in RFM (fs; = f;)

As shown in Fig. 4, the bidirectional resonant CLLC circuit
operates in the RFM (fs = f,). Compared with the LRFM,
the diodes rectifier on the secondary side in the RFM is in
critical conduction mode (CRM). There is no Stage b, and the
entire working process is the same as Stage a in the LRFM.
In particular, when the switching devices on the primary side
switch the ON/OFF state, the diodes on the secondary side switch
at the same time.

3) Analysis in URFM (fs > f,)

As shown in Fig. 5, compared with the LRFM, when the
switching devices on the primary side switch the ON/OFF state,
the resonant current 77,,.; on the secondary side has not reached
0. At this time, the uncontrolled rectifier diodes on the secondary
side are the inverse parallel diodes Dgg and Dg7, and the equiva-
lent circuit diagram is shown in Fig. 6. From ¢ to ¢ 5o, the voltage
between two points C and D is constant —Vs. From ¢50 to 72,
the working process is the same as Stage a in the LRFM.

In Fig. 7, drive and SR represent the primary drive signal and
SR signal in the secondary side, respectively, and 7 1, represents
the secondary resonant current. Fig. 7(a) shows the critical point
of the SR drive signal SR, and SR,z on the time axis; Fig. 7(b)
and (c) respectively show the abnormal state of the circuit when
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Fig. 6. Equivalent circuit diagram of URFM from ¢g to t 5.

the SR drive signals turn ON too early and turn OFF too late;
the SR signal in Fig. 7(d) adds a certain dead time on the basis
of Fig. 7(a) to prevent the occurrence of the situations shown
in Fig. 7(b) and (c). Compared with the SR signal of Fig. 7(a),
these dead times do not affect the normal operation of the circuit.
In addition, they will not cause large losses, for the value of the
secondary side resonant current iy, is small during the dead
time.

III. TIME-DOMAIN MODEL OF THE RESONANT CLLC
ToOPOLOGY

The FHA model only considers the first harmonic and has low
accuracy. The EHA model considers other odd-order harmonics,
but it is computationally expensive. In addition to the FHA
and EHA mentioned above, the circuit modeling methods also
include the time-domain model analysis method and simulation
analysis method. The simulation analysis method builds a model
in the simulation software and sets the parameters therein ac-
cording to the variables. Simulation software relies on iterative
calculations to obtain convergence points. The statistical analy-
sis of the obtained data is needed to get the relationship between
the variables, so the simulation analysis method is accurate but
requires extensive work.

The basic principle of the time-domain model analysis method
is to express the state of the circuit utilizing mathematical
functions. The calculation process of the time-domain model
is based on calculus instead of iteration, with a smaller amount
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Fig. 7. Influence of the accuracy of the SR signal.

of calculation. However, in the resonant circuit, as the switching
frequency changes, the resonant voltage and resonant current
waveforms in a switching cycle are piecewise functions. In
particular, the CLLC circuit contains many passive components,
which cause problems such as multiple variables, high equa-
tion order, and complex algebra calculation in the time-domain
model analysis process. These problems restrict the application
of the time-domain model analysis method in the CLLC circuit.
This article proposes a time-domain analysis method suitable
for the resonant CLLC circuit. Decoupling calculations are used
in the analysis and calculation of multiple variables. Accurate
low-order function expressions are obtained as well. Similarly,
the time-domain model is analyzed according to the relationship
between the switching frequency and the resonant frequency.
The secondary resonant current i,.s in the RFM is CRM, so
this mode is used as the switching point of the other two modes
and can be regarded as any other mode.

A. Time-Domain Model in URFM

Asshown in Fig. 5, when the circuit works in URFM, the turn-
ON period of the switches is less than the resonant period. The
secondary resonant current ¢z, is continuous, and the circuits
on both sides of the transformer work together with one another.
However, the voltage between C and D changes at the time %,
which is the zero-crossing point of 7 ,,-s. The simplified diagram
of the CLLC circuit in this case can be expressed as Fig. 8.

Define the variable direction according to the symbol def-
inition in Fig. 8. The input voltage v; and output voltage v
can be represented by Fig. 9, where V; = Vp, Vo = nVs is the
conversion results of Vg according to the transformer ratio n.
It can be seen that there is a phase angle difference between v,
and v,. Correspondingly, the voltage and current waveforms are
piecewise functions, as is shown in Fig. 5.



LI et al.: OPTIMIZED DIGITAL SR SCHEME BASED ON TIME-DOMAIN MODEL OF RESONANT CLLC CIRCUIT

Fig. 8. Simplified CLLC circuit diagram.
v
A —u
PR—)
Vl TS 2
Vs P Pe
/ . —
0 t
T
2
Fig. 9. Waveforms of input voltage v; and output voltage vs.

The state equations of the voltage and current of passive
components in Fig. 8 can be expressed by

L dzl +Lmd(11d-l-12) +UC’1

Todt
d
e 1)
d
V2 = L’”d(lizzt + L, (11+12) + ve2
d
C, dvce

In (1), v; and vy can be regarded as known conditions and
the other four variables on the two sides of the transformer are
coupled. Equation (1) is a second-order differential equation
with four variables. It can be seen that the sum of 7; and iy is
the magnetizing current 4,,,. Taking the sum and difference for
these variables, we can obtain

i
=L, 302%) 4o ey

V1 — U2
i1 — iy = Cr—d(véhzl)cz) o )
vy +vp = L, 3052 op, dlibia) g0y 40y

. . d(ver+v
i14is =C, (CIdt cz).

Define d and s as difference and sum. According to (32) in
Appendix, (2) can be expressed as follows:

v1 — Vg = L, 44 4 40y
3
{Zd = CT dUCd ( )
vy + vy = (L + 2L, )d“—HJcs
iy = C,dvcs @
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Equations (3) and (4) are simple second-order differential
functions and are independent of each other. Equation (3) de-
scribes the change law of the difference, and (4) describes the
change law of the sum. They are analyzed separately below.

Due to the half-wave symmetry, it is only necessary to analyze
the working process within half switching cycle. At ¢T/2, vo
changes from —V5 to V5. Then, solve the differential (3) to get
the general solution (5) as follows:

UCd(t) =
oy sinw,t + agcosw,t + Vi + Vo, 0<t < pTs/2
agsinw,t + agcosw,t + Vi — Vo, T /2 <t < Ts/2

)
where a; ~ a4 are undetermined parameters, f,is normalized
resonant frequency, and w,is resonant angle frequency. Their
relationship is described as follows:

1

Wy =

T\/LTCT
wr B = e (6)
o - PTs _ o7
r 2 fTL :

Differential of capacitor voltage has physical meaning of
current, differentiating (5) we can obtain

1 dvca(t) _ [ajcoswt —assinw,t , 0<t< 25
Wy dt a3 coswyt — agsinw,t %TS <t< %
(N

Bring vcq(0) + vea(Ts/2) = 0 into (5), according to the
half-wave symmetry, we can obtain

a9 + ( fn) asz + (cos };) ay = —2V7. (8)

Simultaneously, (5) is continuous at time ¢t = ¢T /2, we can
obtain

=2V, = (bln i) o1 + <cos fn) oy — (bln fn)
— <COS ?:) Qy. )

Similarly, (7) also satisfies the half-wave symmetry and con-
tinuity conditions, which is expressed as

a1 + (COS fn) a3 — < fn) Qg = 0 (10)
(cos er) — (sin ?j) vy — (cos ?i;)
+ (sin‘;:) ay = 0. (11)

Combine (8)—(11), undetermined parameters can be ex-
pressed as

V1 5111 +V2 (sln %71)7( + sin “}’")
cosf +1

aq B (1+ cos )+V2(cos (V’f + cos %)
(65) . c0§l+1
sz |l -w sin - +V2(bln WJFI)W + sin *”) : (12)
oy Co:af—Jrl

V1(1+ cos ) Vg(cos (“’+1)ﬂ+cos ‘}’")

L cos = +1 B
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Similarly, consider the change law of the sum (4), general
solution (13) can be obtained as

ves(t) =
B1sinwyt + Bacoswnmt + Vi — Vo , 0 <t < Ts/2
B3 sinwy,t 4+ Bycoswmt + Vi + Vo | oTs/2 <t < Ts/2
(13)
where 3, ~ (3, are undetermined parameters, f,, and w,, are
normalized ratio. Their relationship is as follows:

wm-%:f—m (14)
wm-‘P;S:%

Special solution parameters matrix (15) can be obtained
according to half-wave symmetry and continuity, which is as
follows:

Vi sin 77— + Vs (%m (o f = + sin f" ) ]
COS 7 + 1

61 Vi (1 + cos 7 ) V2 (COb M + cos fm )
[’32 o - cos f— + 1 (15)
ﬂ3 - V1 sin -2~ -+ Vs (sm (“PJF )m + sin ]f”r ) :
64 cos 7 + 1

_ (1+ cos 7 )+V2(cos(“’?+)"+c05 ;)7:;)

L cos — + 1 i

The time-domain expression (16) of the secondary side reso-
nant current ¢5 can be obtained by (1), (2), (5), (13), and (32) in
Appendix, which is as follows:

o, [—owr coswyt + aawy sin w,.t

2 \+B1wm, oS Wyt — Bowyy, SIN W, t
c, [—aswr coswt + auwy sin w,.t

2 \4+Bawm oS Wt — Bawm Sin wmt

, O<t< el

, i<ty

(16)
where the parameters oy ~ 4 and 3y ~ (4 satisfy the relation-
ship in (12) and (15).

In conclusion, the time-domain expression of the resonant
CLLC circuit in URFM has been calculated. The current 7o
crosses zero at tso. Therefore, when the resonant network pa-
rameters, input and output voltages, and switching frequency

(transmission power) are known, SR angle ¢ can be solved by
(16).

B. Time-Domain Model in LRFM

As shown in Fig. 2, when the circuit works in LRFM, the turn-
ON period of the switches is more than the resonant period, and
the secondary resonant current <, s is discontinuous. According
to the value of ¢,,.5, the half switching cycle can be divided into
two parts, Stages a and b.

1) Stage a: Since i, is continuous, simplified CLLC circuit
diagram under this state is the same as URFM, which is
shown in Fig. 8. However, the voltage between two points
CandDis constant Vg. Same with the previous calculation
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Fig. 10.  Simplified CLLC circuit diagram in Stage b.

method, (33) and (34) can be easily obtained in Appendix,
where A,1 ~ Ay are undetermined parameters.

2) Stage b: For ir,s remains zero, the current situation in
the circuit can be represented by Fig. 3(d). In this stage,
the two sides of the transformer work separately, and the
circuit diagram can be simplified to Fig. 10.

According to Fig. 10, list the differential equations at this

stage, we can obtain

A7)

Equation (17) is a simple second-order differential equation with
two variables, solve (17) to get (35) in the Appendix. In (35), Ap;
and Ao are undetermined parameters, ¢ and wy, are represented
by

tso - (1 5)711 (18)
W = om0,

According to the analysis of Stages a and b, the general
solution expression can be represented by (33) and (35) in
Appendix. Sorting out the analysis and calculation results in
Stages a and B in LRFM, the circuit state expression in LRFM
can be obtained as
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Bring the time state into (19) to get (20), which is the system
of equations to solve the parameters

walAa2 - waQAuA =0

. 1-p)Ts
Wal *Aal SN | We1 % + Aag COS (wal (

1*90)Ts>
2

twaz [AaB sin (wa2 %) — A4 cos Qﬂu%) =0

“"QTS ) + wp Apa cos
Ts\ _
(i) =0
(A—p)Ts

Wa1l |:7Aa1 sin (wal 2 —+ Aag COS (wal >:|

-+wa2[—ftﬁshl(wa2“ )T ) +~Aa4608(wa2 ? )}
= wpAp2

Agr 08 (war 222 ) 4 Ay sin (wal ()T,
+Aq3 cos (waz %) + Agqsin (wa2 %) = Ay,

Aal - Aa3 - ‘/2 + Aal COSs (wal%
(1_@)Ts
2

walAa2 + wa2Aa4 - wabl sin (

+ A9 sin (wal 7(1_?% )

— A3 cos (wag
—Aa4 sin (wag%) - V =0

¢T>

A1+ Agz + V1 + Apy cos (
+Ab28m( )+V1—0

(20)

In (20), the switching period T, the input voltage V7, and the

output voltage V5 are known quantities of the current state of the

circuit. There are other seven parameters A,1, Ag2, Agss Aaas

Ap1, Ap2, and . We obtain the following, from (20), as the final
 value calculation expression:

Wa1[—Aq1 sin wayQA§Lf>-+1Lm608(wa1“7§ﬂg)}

+wWa2 |:—Aa3 sin <wa2 %) + Agq cos (wag %)}
= wpApz.
2D

Simplify the other expressions in (20), so that A1, Aga, Aas,
Aqa, Ap1, and Aps can be expressed by ¢. The expressions of the
parameters in (21) can be listed as shown in (36) in Appendix.

In summary, by bringing the switching period T’s, the input
voltage V) and the output voltage V5 into (21), the SR angle ¢
in a certain state can be obtained.

C. Robustness of the Proposed Modeling

Sensitivity is generally used to indicate the degree of change
of a variable affected by other variables. The SR angle ¢ between
the primary drive signal and secondary resonant inductor current
is numerically calculated from (22) in URFM and (23) in LRFM.
The corresponding sensitivity can be obtained by considering the
parameter of (22) or (23) that need to be analyzed for sensitivity
as a variable and performing partial differential calculation of
(22) and (23). The expression of LRFM is more complicated, so
the calculation process of partial differential is difficult to show
in the article. And parameter sensitivity analysis requires the
assistance of mathematical analysis tools such as MATLAB. The
parameter sensitivity analysis in the case of LRFM is omitted.
The following shows the sensitivity analysis of parameter in

10941

URFM

= (%)
2\ 72

_ G [ —aqw, cosw, &
2 \ +B1wm, coswm“" s

©Ts

T

+ aawr sinw, 55 _0
— Bowyy, sinw,, “"Ts -
(22)

; (A=) Ts
Wa1 [—Aal sin (wal 5

) + Ao cos (war (l_g)TS

'+wa2{_U4a3snl<wa2£t%92£) +~Aa4008<am233%?15 }
= wabg.
(23)

Equation (22) can be rewritten as an implicit function of ¢
and L, as

F(p,L;)

©Ts

T

+ aaw, sinw, 55 —0
— Py, sinwyy, “’Ts -
(24)

_ G [ —aqw, cosw, &
2 \ +B1wm coswm”’ s

According to the definition of parameter sensitivity, S“L"T
represents the degree of influence on ¢ when L, changes, and
its expression is as

e _ do/y
Le = 4L, /L,

Calculate (24) according to the implicit function derivation
rule to get

(25)

oF 0F

dp o oF
0L, 9y’

dL,

(26)

Decompose F'(p, L) in (24) into Fj.4, as shown in Ap-
pendix, to facilitate subsequent calculations, where C)./2 is not
equal to 0 can be omitted

b Bpelpagn
dLr - 8F1 + 6Fz _|_ (9F3 + 8F4 : ( 7)

As shown in (27), there are elght partlal differential calcula-
tions. The calculation process of OF; /0L, is shown in (28) as
an example, and the rest are shown in Appendix

5 281, cos (£Tywr) — S cos (§Tc)
B B[Cob(aLT wr)] -
9ay (28)

oL Wy COS ( T, w,) — g”ﬂ Q1 COS (%TSwT)

—|—8‘”T 2T,y w, sin ( QTS(JJT) )

There are two new partial derivative expressions day /0L,
and Ow,- /0L, in (28), and they can be represented by

oy —OT. x {Vlcos;+V2[Lp005 “D"Jr(tp 1)00:3(“’?771)"]
oL, rls

(1+cos )(L C)2

sin 7 [Vl sin 7~ + V3 sin 5"’— +V2 sin (“0 l)w )]
élJr cos 7 ) (L C, )
Wy
oL, — 2(LrCr)3/2

(29)
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TABLE III
ESTIMATION INACCURACY WITH RESONANT INDUCTOR VARIATIONS

% variation in L, Estimation inaccuracy (%)

0% (no change) 0%
5% 1.34%
10% 2.65%
20% 5.13%
TABLE IV

ESTIMATION INACCURACY WITH RESONANT CAPACITOR VARIATIONS

% variation in C, Estimation inaccuracy (%)

0% (no change) 0%
5% 1.79%
10% 3.50%
20% 6.63%

L, Forward L,

H} BBE F—H} ot

n:1 C,

Ve

—l—Cp

. o
Primary Drive

Digital SR Controller

Time Base

PWM Generator
@
P
Ve 4’\ 7, q ¢ Calculator Vs
’PWM Generator ‘<—{ PI Controller
fs

Fig. 11.  Overall diagram of the proposed digital SR scheme.

Other expressions in (27) can also use similar calculation
methods to get the final result. Put the calculation results of these
partial derivative expressions into (26) to get the sensitivity of SR
angle ¢ relative to parameter L,.. Table III shows the influence
of the deviation of the resonant inductor L,. on the SR angle ¢
under the rated power transmission condition.

It can be seen from Table III that when L, changes, the
deviation of SR angle ¢ calculated by the proposed time-domain
model is within the acceptable range. Similarly, the sensitivity
of SR angle ¢ relative to parameter C,. can be calculated using
formula (30), and the results of the deviation analysis are shown
in Table IV. The deviation of SR angle ¢ caused by the change
of the resonant capacitor C). is also within the acceptable range

dp/¢
L
SCr - dCT/CT . (30)

IV. DIGITAL SR SCHEME

Fig. 11 shows the overall diagram of the proposed digital
SR scheme. When the CLLC circuit works in forward working
mode, the PI controller calculates the switching frequency f
according to the error of the output voltage Vs, and the PWM
generator generates the primary drive signal according to the
frequency information and the dead time. The generation method
of the primary drive signal is consistent with the traditional
control method of the CLLC circuit, and is not affected by the
newly added digital SR control.
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Fig. 12.  Relationship between primary drive signals and SR signals in LRFM
or URFM.
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Fig. 13. Results of SR angle ¢ with output voltage Vg and switching fre-

quency. (a) LRFM. (b) URFM.

In the digital SR controller, three variables of input voltage
Vp, output voltage Vg, and switching frequency fs are used
to calculate the current working state of the CLLC circuit.
The ¢ calculator carry out look-up table linearization analysis
according to the circuit state to generate the SR angle ¢. Vp
and Vg can be obtained with the original dc voltage detection
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Y

Determine the closest upper
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Fig. 14.  Process of generating SR signals.

Bidirectional ACDC Circuit

Resonant CLLC Circuit

Fig. 15. Photograph of the prototype.

circuit. Since Vp and Vg are relatively stable dc voltage values,
their sampling delay can be ignored. And f, is the calculation
result of the PI controller, which has no sampling delay. Finally,
the SR PWM generator generates the SR drive signal according
to the switching frequency f;, the SR angle ¢, and the time base.

For load changes, SR control is suitable for all frequency
conversion control ranges. But when the switching frequency
reaches the preset maximum, that is, when the load is very light,
the circuit enters the burst operating mode. When the circuit is in

Battery Simulator

Grid Simulator

Prototype

Oscilloscope

Host Computer Power Analyzer

Fig. 16.  Experimental test platform.
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Fig. 17.  Waveforms in URFM. (a) Light load. (b) Full load.

burst mode, the resonant inductor current of the secondary side
cannot maintain the normal waveform, and the SR function will
be disabled. Only when the circuit working mode re-enters the
frequency conversion mode and continues for a certain period
of time, the SR function will be restarted. This scheme avoids
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Fig. 18.  Waveforms in RFM. (a) Light load. (b) Full load.

frequently turning ON and OFF the SR function, and improves
the stability of the CLLC circuit.

Through the time-domain model in Section III, the secondary
side resonant current ¢y,s can be represented by functions.
The moment when ¢y, crosses zero is where the SR signal
is triggered. The SR drive signals Vs 1., in the LRFM and
Vas.u.n in the URFM can be shown in Fig. 12, according to
Figs. 2 and 5.

As shown in Fig. 12, Vigs. 1., shows the SR signals in the
LRFM. The turn-ON action of the SR signals can be simultaneous
with the drive signals of the primary side, but the turn-OFF time
will be ahead of ¢ e angle relative to the drive signals. On
the other hand, Vs 7., indicates that the SR signals lag the
primary drive signals by an angle ¢y, in the URFM.

When the normalized switching angle frequency w,,, quality
factor (), and voltage gain M of the resonant CLLC circuit are
known, the state of the circuit is determined and unique. In other
words, the value of two of these three states can determine the
last. In FHA, @ and R, are inversely proportional, while Q) is
proportional to the transmission power P.

The SR angle ¢ of a resonant CLLC circuit in different work-
ing states can be obtained by bringing w,, with the time-domain

o &
ik
=<1
o] !
= B
g'i. ¥
il lr
i

W

i gL e oo,

: SR 81gnal
Upsp
—_—
t: 2us/div
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Upsp
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S N & S L St v ""‘”& B R A B
%1&‘%2‘ g:ioa“ml\ . 19.1 4 lil( ) -19.1 A ) :.% 124214 A.
C1:10V/div C2:10V/div C3:250V/div C4:5A/div
(b)
Fig. 19.  Waveforms in LRFM. (a) Light load. (b) Full load.

model calculated in Section III. In specific applications, when
the resonant frequency f, and input voltage Vp are determined,
the switching frequency fs and output voltage Vg can be used
instead of w,, and M.

Fig. 13 shows the change of SR angle ¢ with different f;
and V. Considering the computing power of the digital signal
processor (DSP), the piecewise linearization method can be used
to the SR signals generation on the DSP. The data in Fig. 13 can
be stored in the DSP in the form of tables.

Fig. 14 shows the process of generating SR signals, definitions
of SR,, and SR, are the lag time of the SR signals turn-ON
and turn-OFF, respectively, compared with the primary side drive
signals. First, determine the closest state in the table based on
the current circuit state. Then, the reference values of the SR
angle ¢ are obtained in the table, and ¢ of the current state is
calculated according to (31), which is as follows:

Vo_Vo o V
$=pa (ﬁ +e5 (—B VOA)
= s—Jsa fso—fs V,—V,
= [0 ('LLf e ) om (Ff )| (F7%)
—fsa fso—fs Vos—Vo
+ QOBU' fsb fsa +¢Bb fsbb fsa V. = VOA)
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Fig. 20. Dynamic waveforms during load switching. (a) Increase load. (b)

Reduce load.

Finally, the relationship between the switching frequency f;
and the resonant frequency f,. of the circuit is judged, and SR,
and SR, of the SR signals are assigned. In particular, RFM is
the transition state between LRFM and URFM. The values of
SR, and SR, are both 0.

V. EXPERIMENTAL VERIFICATION

In order to verify the above-mentioned content, a prototype of
a3-kW resonant CLLC converter was set up. The key parameters
of the prototype are shown in Table V. The prototype photo
is shown in Fig. 15, a 3-kW bidirectional OBC, including two
parts: a Totem-pole PFC and a resonant CLLC converter with the
control chip TMS320F28335. The resonant inductor and high-
frequency transformer use PC95 series PQ cores. The resonant
capacitor material is the polypropylene film. Switches are SiC
MOSFET of SCT3080AL. Finally, an experimental test platform,
as shown in Fig. 16, is set up for related experiments.

Due to the passive components’ parameter deviation and the
influence of parasitic parameters in the switching devices and
lines, an appropriate control margin is added to the calculated
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Efficiency Curves
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Fig. 21. Comparison of efficiency curves.

TABLE V
KEY PARAMETERS OF CLLC CONVERTER

Parameters Values
Input Voltage 380V
Output Voltage (Rated) 200~300V (260V)
Resonant Frequency 110kHz
Rated Power 3kW
Transformer Ratio 19/13
Primary Resonant Inductor 22.57uH
Primary Resonant Capacitor 92.75nF
Secondary Resonant Inductor 10.57uH
Secondary Resonant Capacitor 198.12nF
Primary Magnetizing Inductor 79uH

secondary SR signals. This control margin ensures that the SR
signals will not turn ON too early or turn OFF too late, avoiding
problems such as circulating current. During the control margin
period, the secondary resonant current i ,,.; is uncontrolled rec-
tified through the MOSFETs’ body diodes. Simultaneously, when
the circuit is working in the dynamic switching process, a certain
margin also ensures the circuit stability during the switching
process. The current through the body diodes is small in this
period, therefore no significant losses will occur.

Because the working state of the bidirectional resonant CLLC
converter is related to the switching frequency, the digital SR
scheme also uses the design of the segmented DSP programs.
Figs. 17-19 show the oscilloscope waveforms of the circuit
operating conditions in different working modes.

As shown in Fig. 17, in the URFM, it can be seen from the
change of the resonant current iz, that the SR signal on the
secondary side should lag behind the primary-side variable-
frequency control drive signal by a certain angle. As the load
becomes heavy, the angle of lag will increase.

As shown in Fig. 18, in the RFM, it can be seen from the
resonant current iz, that the phase angle difference between
the SR signal on the secondary side and the drive signal on the
primary side is basically 0, and the deviation is small with the
change of load.

As shown in Fig. 19, in the LRFM, it can be seen from the
resonant current ¢z, that the turn-ON time of the SR signal on
the secondary side is close to the turn-ON time of the drive signal
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of the primary switches. However, the turn-OFF time of the SR
signal is ahead of the drive signal on the primary side by a certain
angle. As the load increases, the angle enlarges as well.

As shown in Figs. 17-19, the proposed SR scheme can cover
all the working states effectively.

Fig. 20 shows the dynamic waveforms during load switching.
The primary resonant current 4z,,-, and output current i, change
with load switching, while the output voltage v, and the voltage
across the secondary MOSFET vp g g remain stable, which proves
that the proposed SR scheme has excellent dynamic response
capability.

From the above experimental waveforms, it can be seen that
the secondary side SR signal has been maintained within a period
when the secondary side resonant current ¢y, is greater than 0.
Moreover, the circuit working state is stable, which proves the
accuracy and reliability of the proposed digital SR scheme.

During the experiment, the comparison of efficiency curves
before and after using the proposed digital SR scheme was
measured by the YOKOGAMA WT500 power analyzer, as
shown in Fig. 21. The green dots and red dots, respectively,
represent the efficiency measurement points of synchronous
rectifier and uncontrolled rectifier. The efficiency performance
of the converter is greatly improved with the application of the
digital SR optimization strategy. The efficiency in the full power
range has been improved, especially the full load efficiency has
increased by 1.8%, and the efficiency reached a peak of 97.05%
near half load. All the experimental results totally agree with the
abovementioned analysis and calculation.

VI. CONCLUSION

In this article, different SR schemes and modeling methods
of resonant circuit are discussed, and a novel modeling method
based on time-domain analysis and an optimized digital SR con-
trol strategy are proposed. The time-domain modeling method
proposed is an original method, which is more accurate than
FHA, requires less computational effort than EHA, and is more
convenient than simulation and artificial intelligence algorithm.
Compared with other time-domain modeling methods, this arti-
cle gives detailed circuit state expressions and covers the entire
circuit operating states. Relying on the accurate circuit model,
the SR scheme proposed in this article can adaptively generate
SR signals in different frequency ranges and has the ability to
switch modes smoothly. The proposed SR strategy achieves
precise SR function without additional detection circuit, and
saves volume and cost. And this method can be used for the
later efficiency optimization of CLLC converters that do not
originally have SR function, only through the control program
update. Moreover, the influence of the inaccuracy of the SR drive
signal is simulated and analyzed, and the deviation caused by the
parameter resonant inductor L, and the resonant capacitor C'. in
the calculation process of the proposed SR angle ¢ is analyzed.
Finally, the contents mentioned are verified by the experiment
of a 3-kW CLLC converter. The comparison of efficiency curves
proves that the proposed optimized digital SR control strategy
effectively improves the efficiency of the CLLC converter, and
the steady state and dynamic waveforms prove the reliability and
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stability of the scheme. The proposed modeling method and SR
scheme are general for resonant CLLC topology, which can be
widely applied in microgrid, electric vehicle, power electronic
transformer, and so on.

APPENDIX

Define d and s as difference and sum, relationships among the
input voltage v1, input current 71, output voltage v, and output
current 5 in Fig. 8 are as follows:

iqg =11 — 42

Vcag = Vc1 — Ve2
by = by = 11 + 12
Vos = Vo1 + Vo2-

(32)

In LRFM, the half switching cycle can be divided into two
parts, Stages a and b, according to the value of ir,.,. In Stage
a, the CLLC circuit working state of LRFM is similar to that of
URFM, and the following formula can be obtained by a similar
method in URFM, which is as follows:

Uc1_a(t) = Aal COS (walt) + Aag sin (walt)
+ Agz cos (waat) + Agq sin (weat) + vy
’ch_a(t) = 7Aa1 COS (walt) — Aag sin (walt)
+ Agz cos (waat) + Aga sin (weat) + vo
il.a(t) = C’Twal [714(11 sin (walt) + Aag COS (walt)]
+ Crwaz [—Ags sin (waat) + Agq cos (waat)]
ig_a(t) = C’Twal [Aal sin (walt) — Aag COS (walt)]
+ Crwaz [—Aas sin (waat) + Agg cos (waat)]
im.a(t) = 2C,waa [—Aas sin (waa2t) + Agq cos (waat)]

(33)
1
Waq1 =
YOy (34)
W2 SRt L )Cr

Solve the simple second-order differential equation in (17),
the result Is

ve1.p(t) = Apy cos [wb (t _ % }

+ Apo sin {wb (t — %)] + g

(35
il,b(t) = —Ap1Crwpsin |wy |t — %)}
+ ApaCrwy cos [wb (t — %)} .
The parameter expression of (21) is as follows:
— Ts — (17 )Ts
Ts@ - <F2 T = %
A1 = k1Aa2 + b1
Ao = wy [bs sin(wy T, ) —bg cos(wy Ty, )]
a2 2wa1—wp ks sin(wp Ty ) —ke cos(wp Ty, )]
Aag = kgAag + b3 (36)
Aa4 = %Z;A(ﬂ

Ap1t = ks Ag2 + bs
Apo = ke Aqz + be.

In order to facilitate browsing, some parameters in (36) are
replaced with k and b, as shown in (37).
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Decompose F' (¢, L,.) in (24) into F} .4, which are represented
by

wa2 sin(wgaTe) [:‘1; sin(wazTc)fsin(wach)}

k=

wa2 sin(wgaTe)[14cos(wa1Te )] —wq1 sin(wg1Te) [1+cos(waaTe)]
wa1[cos(we2Te)—cos(wqe1Te)][1+cos(wa2Te)]
+ wa2 sin(wgaTe)[14cos(wa1Te)]—wa1 sin(wq1Te) [1+cos(waaTe)]
by — 2Vowga sin(wqe2Te
1= TFcos(warTe)]waz sin(wazTe) —war sin(we1 1e) [1+cos(wazle)]
_ Wa1 sin(wa17e) wailcos(waaTe)—cos(wa1Te)
kS - kl wq2 sin(wgaTe) + : wa2 sin(wgaTe) :

o wa1 sin(wg1Te)
b3 - bl Wa2 Sin(wa2Tc)

ks = k1 cos (wa1Te) + sin (wa1Te) + k3 cos (waaTe)

+ZZ; sin (wach)

bs = by cos (wq1Te) + b3 cos (we2Tr)

ke — _ kitkstks cos(wpTy)
6 = sin(wpT,)
be — _ bitbs+bs cosfwa¢)+2V1
- sin(wyTy,)
(37)
(01 = onon (<2:)
Fy (¢, L) = agwy sin (%Lwr)
(38)
Fs (o, L) = Brwp, cos (“’;wm)
Fy(p, L) = —Bawy, sin (‘PQTS wm>
06— Baau, in (5T,0) + G5z in (§T00) +
o7 § Ty cos (§Tuwr)

gi?; = %wﬂl cos (£Tswy,) + %WL’: 1 cos (£Tswy, )

—0Wm & B0, sin (%Tswm)

oL, 2
0 8 i (£ T0m) — G s (§ )
—%LL’:’%Tsﬁgwm cos (£Tswy,)
oOF; __ day @ 1 2 : ®
% : gaf—wwr' cos(p(gTswr) —51— §T52wr i 51n£§Tswr)
G2 = F2wrsin (£Tow,) + 3Taw?as cos (£Tw;)
oot ition (1)
B =~ F/Wmsin (£Tswn) — $Tsw?, B2 cos (£Tswn,) -

(39)

The rest partial differential calculations in (27) are shown in
(39).
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