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Abstract—To simplify the analysis process of the multirelay
magnetic coupling wireless power transfer system, a novel analysis
method based on the quadratic eigenvalue problem (QEP) has been
proposed. The second-order underlying equation of the system is
given. The eigensolution represents the inherent properties of the
entire system and provides important and useful information. The
analytical solutions of currents induced in each coil are expressed
in terms of the eigensolution of the corresponding QEP. Real parts
and imaginary parts of the eigenvalues represent attenuation coef-
ficients and system resonance frequencies, respectively. The effect
of the load resistance on the eigenvalues is studied. It is found that
the attenuation coefficient of an eigenvalue increases as the load
resistance increases so that it can be ignored. The relationships
between eigenvalues and some key frequencies are discussed, such
as system resonance frequencies, zero-phase angular frequencies,
and constant voltage/current frequencies. The results show that
fixed zero-phase angular frequencies and constant current frequen-
cies are equal to the imaginary parts of the eigenvalues with load
resistance is equal to zero, and the constant voltage frequencies are
equal to the imaginary parts of the complex eigenvalues in a strong
damping stage. Finally, experimental results verify the theoretical
analysis.

Index Terms—Eigensolution, eigenvalue, magnetic coupling,
multirelay, quadratic eigenvalue problem, wireless power transfer.

I. INTRODUCTION

MAGNETIC coupling wireless power transfer (MC-WPT)
technology has been a research hotspot. With the ad-

vantages of safety, reliability, and flexibility, this technology
has been widely used in biomedical implant equipment [1], [2],
smart phones [3], electric vehicles [4], [5], and other fields. The
importance of the multirelay MC-WPT system has long been a
popular topic [6]. Recently, more and more attention has been

Manuscript received November 12, 2020; revised January 22, 2021; accepted
February 19, 2021. Date of publication February 26, 2021; date of current version
June 1, 2021. This work was supported in part by National Key R&D Program of
China by MOST under Grant 2018YFB0106300. Recommended for publication
by Associate Editor J. Acero. (Corresponding author: Yugang Su.)

Xinyu Hou, Zhiping Zuo, Xin Dai, and Yingjun Fei are with the College of
Automation, Chongqing University, Chongqing 400044, China and also with the
(e-mail: 1226879853@qq.com; 564917354@qq.com; toybear@vip.sina.com;
1934563798@qq.com).

Yugang Su is with the Key Laboratory of Complex System Safety and Control,
Ministry of Education, and also with the College of Automation, Chongqing
University, Chongqing 400044, China (e-mail: su7558@qq.com).

Color versions of one or more figures in this article are available at https:
//doi.org/10.1109/TPEL.2021.3062394.

Digital Object Identifier 10.1109/TPEL.2021.3062394

paid to the analysis method and constant voltage/current charac-
teristics of the multirelay MC-WPT system with cross-coupling
[7]–[9].

For the view of analysis method, the coupled-mode theory
was used to model the MC-WPT system from the energy point
of view [10], [11]. The two-port network theory is used to
describe the MC-WPT system to make circuit analysis of the
MC-WPT system becomes simple and clear [9], [12], but rela-
tionship between system output and system parameters cannot
be obtained. The ac impedance analysis method has been used
to analyze the multirelay MC-WPT system [13], [14]. However,
it is found that the analysis process becomes more and more
complicated as the order of the system increases. The analytical
transfer function and the analytical solution of the high-order
system are very difficult to derive [15]. The analytical solutions
of currents induced in each coil cannot be obtained. Therefore,
some cross-coupling parameters and resistances of compensa-
tion network are ignored to simplify the analysis process [16],
which may cause inaccurate results. A novel theoretical analysis
method is proposed to reveal the general characteristic of the
maximum power transfer points of MC-WPT systems in [17],
but the constant voltage/current characteristic is not studied.

For the view of the constant voltage/current characteristic, the
application of special circuit structures such as LCL [18] or CLC
[19] compensation topologies is a common way to achieve it.
Another way is to apply control method in the system. Control
strategies include adding dc–dc converters [20], phase shift
control [21], etc. These control strategies may require additional
circuit structures. Overall, both special circuit structures and ad-
ditional circuit structures increase the complexity of the system.
A long-distance WPT system using domino-resonator which
achieve constant current output characteristic is proposed in
[22], the methodology of calculating and choosing the operating
frequency in constant current mode is put forward. However, the
constant voltage characteristic has not been studied.

In this article, a novel analysis method based on quadratic
eigenvalue problem (QEP) has been proposed. The output char-
acteristics of the multirelay MC-WPT system with nonnegligible
cross-coupling mutual inductances and only series compen-
sation capacitors are studied using the analysis method. The
second-order underlying equation of the system is given. All
system parameters are represented by only three matrices. The
matrix L represents self-inductance and mutual inductance of
the coupler. The matrix R represents load resistance and internal
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resistance of the coils and capacitances. The matrix C represents
compensation capacitor. The eigensolution can be obtained by
solving the QEP. The relationships between eigenvalues and
some key frequencies are given, such as the system resonance
frequency, the zero-phase angular frequency, and the constant
voltage/current frequency. The system resonant frequencies and
the analytical solutions of inducted currents can be expressed in
terms of the eigensolutions. The effect of the load resistance
on the eigenvalues is studied, and the physical meaning of
eigenvalues is explained. In the view of the multirelay MC-WPT
system, this article focuses on the following:

1) Simplification of the analysis process without ignoring
system parameters.

2) Constant voltage/current characteristics without special
topologies and control methods.

This article has been organized as follows. Section II presents
the analysis method for the multirelay MC-WPT system with
series compensation capacitors and explains the physical mean-
ing of eigenvalues. Followed by Section III, the effect of load
resistance on the eigenvalue is studied, and the relationships
between eigenvalues and some key frequencies are discussed. In
Section IV, the simulation model and the prototype are built to
validate the feasibility of theoretical analysis. Finally, Section V
concludes this article.

II. ANALYSIS METHOD BASED ON QUADRATIC

EIGENVALUE PROBLEM

A. System Description

Fig. 1 shows the circuit of a n-coil multirelay MC-WPT
system with only series compensation capacitors. The n coils
and n capacitors compose the coupler, and each coil is in series
with a capacitor to form an oscillating circuit. Variables with
the subscript m represents the parameters in the kth oscillating
circuit (k = 1, 2,..., n). Lk represents self-inductance of the kth
coil. Mij represents the mutual inductance between the ith coil
and the jth coil (Mij = Mji). Ck represents the compensating
capacitance of the kth circuit. Rk represents the sum of the
equivalent series resistance (ESR) of Lk and Ck. RL represents

Fig. 1. Circuit of a n-coil multirelay MC-WPT system.

the load resistance. The dc supply is represented by V. S1, S2,
S3, and S4 denote the full-bridge inverter. D1, D2, D3, and D4

donote rectifier. CL represents the filter capacitor. u(t) represents
the dc voltage supply as a function of time and can be expressed
as

u (t) =

{
V t ∈ [0, T

2 )
−V t ∈ [T2 , T )

(1)

where T is the period.
Obviously, u(t) meet the Dirichlet condition. Therefore, it can

be decomposed into the form of Fourier infinite series, as shown
in (2). ω is the supply angular frequency. Because of the good
low-pass filtering characteristics of the multirelay MC-WPT
system, the high order harmonics can be effectively eliminated,
u(t) can be transformed into (3). The expression of the equivalent
load resistance RLeq is shown as (4)

u (t) =
4V

π

n∑
k=0

sin ((2k − 1)ωt) (2)

u (t) ≈ 4V

π
sin (ωt) (3)

RLeq =
8

π2
RL. (4)

B. System Modeling

The equivalent circuit of a n-coil multirelay MC-WPT system
is shown in Fig. 2. According to Kirchhoff’s voltages law, the
system equation of the n-coil multirelay MC-WPT system can

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

L1
di1(t)
dt +M12

di2(t)
dt + · · ·+M1n

din(t)
dt +R1i1(t) +

1
C1

q1 (t) = u(t)

M21
di1(t)
dt + L2

di2(t)
dt + · · ·+M2n

din(t)
dt +R2i2(t) +

1
C2

q2 (t) = 0

...

Mn1
di1(t)
dt +Mn2

di2(t)
dt + · · ·+ Ln

din(t)
dt + (Rn+RLeq) in(t) +

1
Cn

qn (t) = 0

(5)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

L1
d2i1(t)
dt2 +M12

d2i2(t)
dt2 + · · ·+M1n

d2in(t)
dt2 +R1

di1(t)
dt + 1

C1
i1(t) =

du(t)
dt

M21
d2i1(t)
dt2 + L2

d2i2(t)
dt2 + · · ·+M2n

d2in(t)
dt2 +R2

di2(t)
dt + 1

C2
i2(t) = 0

...

Mn1
d2i1(t)
dt2 +Mn2

d2i2(t)
dt2 + · · ·+ Ln

d2in(t)
dt2 + (Rn+RLeq)

din(t)
dt + 1

Cn
in(t) = 0.

(7)
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Fig. 2. Equivalent circuit of a n-coil multirelay MC-WPT system.

be expressed as (6) where qk(t) is the charge on the capacitor Ck,
ik(t) is the current through the coils, and t is the elapsed time.

The charge qk (t) is related to the current ik (t) by

ik(t) =
dqk(t)

dt
. (6)

Differentiation of (5), shown at the bottom of the previous
page, gives the second-order differential equation of the system
in (7), shown at the bottom of the previous page

This article separately defines the matrix L, the matrix R, the
matrix C as

L =

⎡
⎢⎢⎢⎣
L1 M12 · · · M1n

M21 L2 · · · M2n

...
...

. . .
...

Mn1 Mn2 · · · Ln

⎤
⎥⎥⎥⎦ (8)

R =

⎡
⎢⎢⎢⎣
R1 0 · · · 0
0 R2 · · · 0
...

...
. . .

...
0 0 · · · Rn +RLeq

⎤
⎥⎥⎥⎦ (9)

C =

⎡
⎢⎢⎢⎣
C1

−1 0 · · · 0
0 C2

−1 · · · 0
...

...
. . .

...
0 0 · · · Cn

−1

⎤
⎥⎥⎥⎦ . (10)

The underlying equation of the system expressed by the above
three matrixes is as follows:

L
d2i(t)

dt2
+R

di(t)

dt
+Ci(t) = f(t) (11)

where L, R, and C are n×n matrices, i(t) and f(t) are the nth
order vectors, i(t) = [ i1(t) i2 (t) � in(t)]T, and f (t) = [ du(t)/dt
0 � 0]T, respectively.

There is only one supply in the system. In this case, the
model of the system can be expressed as (12). p(t) represents
the differential of supply voltage. y(t) represents the output
current. H and D are selection matrixes. Elements in D depend
on practices{

Ld2i(t)
dt2 +Rdi(t)

dt +Ci(t) = Hp (t)
y (t) = Di(t)

(12)

H =
[
1 0 · · · 0 ]T (13)

p(t) =
du(t)

dt
. (14)

C. Eigensolution of the System

Equation (15) is an n × n matrix polynomial of degree 2, the
coefficients of the matrix Q(λ) are quadratic polynomials in the
scalar λ. Matrix Q(λ) is often called λ-matrix

Q (λ) = λ2L+ λR+C. (15)

The spectrum of Q(λ) is denoted by Λ(Q), it is the set of the
eigenvalues of Q(λ)

Λ (Q) = {λ ∈ C : detQ (λ) = 0}
= diag (λ1, λ2, . . . , λ2n) (16)

where diag(λ1, λ2, …, λ2n) represents the diagonal matrix with
λ1, λ2, …,λ2n as elements.

Let X and Y represent eigenvectors of the Q(λ); xi and yi are
right and left eigenvectors, respectively, corresponding to λi

X = [x1,x2, . . . ,x2n]

Y = [y1,y2, . . . ,y2n] . (17)

To get the eigensolution, Q(λ) of degree 2 is reduced to the
first-order equation. It is transformed into the form of Ax -
λBx = 0. Most of the reductions used in practice are of the
companion form 1 and the companion form 2

form 1 :

[
0n×n N
−C −R

]
x− λ

[
N 0n×n

0n×n L

]
x = 0

form 2 :

[ −C 0n×n

0n×n −R

]
x− λ

[
R L
N 0n×n

]
x = 0 (18)

where 0n×n represents the n×n null matrix, and N can be any
nonsingular n×n matrix.

After the reduction, generalized eigenvalue and the general-
ized eigenvector of the pair (A, B) can be obtained by computing
the generalized Schur decomposition.

D. Induced Currents and Resonance Frequencies

Resonance frequencies of the multirelay MC-WPT system are
determined by the coupler and the load, and it is independent of
the supply. The resonant frequency can be obtained by solving
the eigenvalues of the QEP. In the n-coil multirelay MC-WPT
systems, L, R, and C are real symmetric positive definite, so
all eigenvalues are real or come in pairs (λ,λ∗) [23]. Therefore,
only part of them needs to be considered during the analysis.
This article only analyzes the eigenvalues above the real axis. L
is a diagonally dominant matrix in general, so it is nonsingular.
When L is nonsingular, there are 2n finite eigenvalue. The real
part Re(λk) of λk is the attenuation coefficient, and imaginary
part Im(λk) of λk is approximately equal to the system resonance
frequency. In general, there are n system resonance frequencies
in the n-coil multirelay MC-WPT systems.

When L is nonsingular and all the eigenvalues are simple, the
general and special solutions of the homogeneous differential
equation are shown in (19) and (20), and they form the solution
of the homogeneous differential equation together as shown in
(21). a is a constant vector and is related to the initial state, as
shown in (22). The special solution ip(t) decrease exponentially
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to zero as t→�, so the steady-state induced current is equal to
the general solution ig(t)

ig (t) =

2n∑
k=1

akxke
λkt = XeΛta (19)

ip (t) = XeΛt

∫ t

0

e−ΛsYHp (s)ds (20)

i (t) = ig (t) + ip (t) = XeΛt

(
α+

∫ t

0

e−ΛsYHp (s)ds

)
(21)

α = [a1, . . . , a2n]
T . (22)

Calculation formula of matrix function eΛt is

eΛt =
+∞∑
k=1

1

k!
Λktk. (23)

BecauseΛ is a diagonal matrix, by transforming (23), we have

eΛt = diag

(
+∞∑
k=0

1
k!λ1

ktk
+∞∑
k=0

1
k!λ2

ktk

· · ·
+∞∑
k=0

1
k!λn

ktk
)
. (24)

Combined (24) and the power series expansion of the expo-
nential function, eΛt and e-Λs can be calculated by

eΛt = diag
(
eλ1t eλ2t · · · eλnt

)
(25)

e−Λs = diag
(
e−λ1s e−λ2s · · · e−λns

)
. (26)

Thus, we transform (21) into

i (t) =

2n∑
k=1

xky
∗
k

iω − λk
Hp (t) (27)

where ω is the angular frequency of the supply voltage and y∗

represents the conjugate transpose of y.
Taking Laplace transforms of (27), we can obtain the system

transfer function G(s) as

G(s) = DX(sE− Λ)−1Y∗H (28)

where E represents the nthorder identity matrix and Y∗ repre-
sents the conjugate transpose of Y.

The expressions of the equivalent system transfer impedance
Z and output current gain K are shown as

Z =
1

sG(s)
, D =

[
1 0 . . . 0

]
(29)

K =
1

sG(s)
, D =

[
0 0 . . . 1

]
. (30)

The analytical solutions of the system resonance frequencies
and the zero-phase angular frequencies can be expressed in terms
of the eigenvalues and eigenvectors of the system. The zero-
phase angular frequencies are represented byωZ, which is shown
as (31). The resonance of MC-WPT systems refers to the sharp
increase of the current amplitudes of the system, the operating

TABLE I
SYSTEM PARAMETERS OF SIMULATION MODEL

Fig. 3. Multirelay MC-WPT system. The normal lines of all coils are in the
same direction, and the transmission distance d between adjacent coils is the
same.

frequencies for the maximum current amplitudes are defined as
the system resonant frequencies of the MC-WPT system [24].

According to (27), the induced current reaches a local max-
imum value when iω is equal to Im(λk). Therefore, the system
resonance frequencies are approximately equal to the imaginary
part of the eigenvalues, and the expression of the system reso-
nance frequency ωS is shown as

ωZ =

{
ω ∈ R : Im

(
D

2n∑
k=1

xky
∗
k

iω − λk
H

)
= 0

}

D =
[
1 · · · 0 0

]
(31)

ωS = {ω ∈ R : ω ≈ Im (λk) , k = 1 : 2n} . (32)

III. RELATIONSHIP BETWEEN KEY FREQUENCIES AND

EIGENVALUES

The multirelay MC-WPT system parameters are shown in
Table I [17]. The methodology of the relationship between key
frequencies and eigenvalues is demonstrated with the use of a
multirelay MC-WPT system, as shown in Fig. 3. This article
employs Neumann’s equation to calculate M between these two
coils [25], and Fig. 4 shows the curve of mutual inductance M
with the distance d between these two concentric coils.

It should be noted that most multirelay MC-WPT systems
are used when the parameters of the coupler are fixed [14], [18],
[22]. The coils of the system in this article are arranged in a fixed
distance. The mutual inductances of different pairs of coils are
equal (M12 = M23 = …, M13 = M24 = …).

A. Variation of Eigenvalues With Load Resistance

According to (27), the system output is closely related to
eigenvalues. Therefore, the variation of eigenvalues with load
resistance is analyzed first. Eigenvalues associate load resistance
with system output. MATLAB is used to simulate the multirelay
MC-WPT systems. In the 3-coil MC-WPT system, the variation
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Fig. 4. Curve of mutual inductance M with transmission distance d.

Fig. 5. Variation of the eigenvalues with the equivalent load resistance RLeq in
the 3-coil MC-WPT system: (a) global eigenvalues; and (b) partial eigenvalues.

of the eigenvalues with the equivalent load resistance RLeq is
shown in Fig. 5 according to (16). The horizontal axis is the
real axis and the vertical axis is the imaginary axis. Since the
eigenvalues are complex conjugates in pairs, only the eigen-
values above the real axis are given. As RLeq increases, three
eigenvalues change in the direction shown by the arrow in Fig. 4.
When RLeq exceeds 25 Ω, Re(λ2) is much higher than Re(λ1)
and Re(λ3). Hence, it can be obtained from (27) that the induced
currents only be related to λ1 and λ3. As RLeq increases, Re(λ1)
and Re(λ3) increase first and then decrease, Im(λ1) gradually
decreases, and Im(λ2) gradually increases. As RLeq increases to

TABLE II
COMPARISON OF EIGENVALUES, ZERO-PHASE ANGULAR FREQUENCIES, AND

SYSTEM RESONANCE FREQUENCIES OF THE 3-COIL MC-WPT SYSTEM

greater than 148 Ω, Im(λ2) decreases to 0. At this time, there are
two resonance frequencies in the system, which is equivalent
to a short circuit on load resistance in the 2-coil MC-WPT
system. If the load resistance is too large, the matrix R will
be ill-conditioned, which may cause the condition number of
the eigenvalue calculation to increase [26]. However, the open
circuit at load resistance is not allowed during operation, so it
can be avoided.

When RLeq is 5, 14, 50, and 148 Ω, eigenvalues, zero-phase
angular frequencies, and system resonant frequencies of the
3-coil MC-WPT system are calculated as shown in Table II
according to (16), (31), and (32). When RLeq is 5 Ω, Re(λ1),
Re(λ2), and Re(λ3) are all small, there are three system reso-
nance frequencies. As Re(λ2) gradually increases, the number of
the system resonances frequencies decreases to two. The system
resonance frequencies slightly shift, because three resonance
modes interact with each other. As for the zero-phase angle
frequency, 1.48 × 106 rad/s is fixed in each of four equivalent
load resistances.

B. Zero-Phase Angle Frequencies

According to (31), input phase angular θ versus the supply
angular frequency ω of the 3-coil MC-WPT system is shown
in Fig. 6. Two fixed zero-phase angle frequencies highlighted
with dotted round frames. When RLeq is 14 Ω, phase angular in
1.11 × 106 rad/s is very small. Hence, 1.11 × 106 rad/s can be
approximated as zero-phase angle frequency too.

In order to study the relationship between the eigenvalues and
the zero-phase angular frequency with different load resistance,
the input phase angle θ versus the supply angular frequency ω
and equivalent load resistance RLeq of the 3-coil MC-WPT sys-
tem is shown in Fig. 7 according to (16) and (31). The horizontal
axis represents RLeq, the vertical axis represents the supply
angular frequency ω, the black dotted line represents Im(λ), and
the color represents the input phase angle θ. According to the
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Fig. 6. Input phase angular θ versus the supply angular frequency ω of the
3-coil MC-WPT system.

Fig. 7. Input-phase angular θ versus the supply angular frequency ω and
equivalent load resistance RLeq of the 3-coil MC-WPT system: (a) global; (b)
partial details; and (c) partial details .

eigenvalues, the system can be divided into three stages: weak
damping stage, transition stage, and strong damping stage.

a) When the system is in the weak damping stage, there
are five zero-phase angle frequencies, and all eigenvalues
slightly changes with RLeq. System characteristics are
related to three eigenvalues.

b) When the system is in the transition stage, Re(λ2) gradu-
ally increases. The number of eigenvalues that affect sys-
tem characteristics gradually decreases from 3 to 2. Two
zero-phase angle frequencies and one system resonant fre-
quency may appear. When RLeq = 14 Ω, strictly speaking,
there is only one zero-phase angle frequency. In most other
cases, there are three zero-phase angle frequencies. From

Figs. 5 and 7, during the transition stage, the changes of λ1

and λ3 are greater than those in the weak damping stage
and the strong damping stage.

c) When the system is in the strong damping stage, there
are always three zero-phase angular frequencies. λ1 and
λ3 slightly changes with RLeq. System characteristics are
only related to two eigenvalues.

The damping stage of the system can be judged according to
the distribution of eigenvalues. The system is in strong damping
stage when the real part of a certain eigenvalue is much larger
than that of others. The system is in weak damping stage when
there is not a large difference between the real parts of eigen-
values. In general, the system is in weak damping stage when
the load resistance is very small, and the system is in strong
damping stage when the load resistance is very large.

Within the global range of RLeq, there are at most five zero-
phase angular frequencies, and at least only one zero-phase
angular frequency. Whenω is equal to 1.11× 106 rad/s or 1.48×
106 rad/s, the input phase angle θ is always zero except for some
equivalent load resistance. From Fig. 6(b) and (c), in the cases,
the input phase angle θ is below 2°, so it can be approximated
as zero-phase angle frequency. 1.11 × 106 rad/s and 1.48 × 106

rad/s are fixed zero-phase angular frequencies in the global range
of the equivalent load resistance, and they are equal to Im(λ1)
and Im(λ3) in the strong damping stage, respectively.

The multirelay system can be designed according to actual
engineering requirements. For example, the supply frequency
can be slightly shifted up or down from the fixed zero-phase
angular frequency to make the inverter output current lead or
lag the supply voltage. The shifting direction depends on the
system stage.

C. Constant Voltage/Current Frequencies

Uout represents the load voltage and Iout represents the load
current. According to (27), Uout and Iout versus the supply
angular frequency ω of the 3-coil MC-WPT system are plotted
in Fig. 8. It can be seen that there are three constant voltages
and two constant currents, and they are highlighted with dotted
round frames. At these frequencies, the output voltage or output
current with four equivalent load resistances remains constant.

In order to study the relationship between the eigenvalues
and constant voltage/current characteristic with different load
resistance, the output voltage Uout and the output current Iout
versus the supply angular frequency ω and equivalent load
resistance RLeq of the 3-coil MC-WPT system is shown in Fig. 9
according to (16) and (27). The horizontal axis represents the
equivalent load resistance RLeq, the vertical axis represents the
supply angular frequency ω, the black dotted line represents
Im(λ), and the color represents the output voltage Uout or the
output current Iout. When ω is equal to 1.04 × 106 rad/s, 1.34 ×
106 rad/s, or 1.55× 106 rad/s marked with arrows in Fig. 9(a), the
output voltage remains almost constant. The three frequencies
are equal to Im(λ1), Im(λ2), and Im(λ3) with RLeq = 0 Ω. When
ω is equal to 1.11 × 106 rad/s or 1.48 × 106 rad/s marked with
arrows in Fig. 9(b), the output current remains almost constant.
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Fig. 8. Output voltage Uout and output current Iout versus the supply angular
frequency ω in the 3-coil MC-WPT system. (a) Output current. (b) Output
voltage .

The two frequencies are equal to Im(λ1) and Im(λ3) in the strong
damping stage.

D. Calculation Method of Key Frequencies

Let Rw and Rs represent matrix R of the system in the weak
damping and the strong damping stages, respectively{

Rw = diag
(
R1 R2 . . . Rn

)
Rs = diag

(
R1 R2 . . . ∞ ) (33)

{
Qw (λ) = λ2L+ λRw +C
Qs (λ) = λ2L+ λRs +C.

(34)

L is nonsingular, let A − λBw is a linearization of Qw(λ), and
let A - λBs is a linearization of Qs(λ)⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

A =

[
C 0
0 E

]

Bw =

[−Rw −L
0 E

]

Bs =

[−Rs −L
0 E

]
.

(35)

By computing the generalized Schur decomposition, we ob-
tain a numerically stable reduction. S and T are upper triangular
and W and Z are unitary{

W∗AZ = Sw, W∗BwZ =Tw

W∗AZ = Ss, W∗BsZ =Ts.
(36)

Fig. 9. Output voltage Uout and the output current Iout versus the supply
angular frequencyω and equivalent load resistance RLeq of the 3-coil MC-WPT
system. (a) Output voltage. (b) Output current.

Λ(Qw)and Λ(Qs)can be obtained from⎧⎨
⎩

Λ (Qw) =
{

Sw(i,i)
Tw(i,i)

}
Λ (Qs) =

{
Ss(i,i)
Ts(i,i)

} (37)

The expression of the three key frequencies are shown as
(38) and (39). ωFZrepresents the fixed zero-phase angular fre-
quency. ωCC represents the constant current frequency and
ωCV represents the constant voltage frequency

ωFZ , ωCC = Im (Λ (Qs)) (38)

ωCV = Im (Λ (Qw)) . (39)

Three coil system is taken as an example to discuss, but the
analysis method is also suitable for two-coil and multicoil MC-
WPT systems.

IV. SIMULATION AND EXPERIMENT VERIFICATION

A. Simulation and Experimental Setup

A simulation model of the multirelay MC-WPT is built ac-
cording Table I and Fig. 1. An experimental setup of multirelay
MC-WPT system is built, as shown in Fig. 10, to verify the
analysis method proposed in this article. The geometric param-
eters of the experimental setup are listed in Table III. The supply
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Fig. 10. Photograph of the experimental setup.

TABLE III
GEOMETRIC PARAMETERS OF THE EXPERIMENTAL SETUP

TABLE IV
COUPLER PARAMETERS OF THE EXPERIMENTAL SETUP

voltage V is 24 V. The coupler parameters are listed in Table IV,
which are measured with a LCR meter (IM3536).

B. Theoretical and Simulation Results

According to (28) and the simulation model, the simulation
results and theoretical results of the impedance in 3-coil, 4-coil,
and 5-coil MC-WPT system with RL = 2Ω are shown in Fig. 11.
It is found that theoretical results and the simulation results are
basically the same.

C. Theoretical and Experimental Results

1) Fixed Zero-Phase Angular Frequencies: According to
(38), 1.12× 106 , 1.05× 106, and 1.01× 106 rad/s are the fixed
zero-phase angular frequencies of the 3-coil, 4-coil, and 5-coil
MC-WPT system, respectively. The supply voltage and input
current waveforms of the 3-coil, 4-coil, and 5-coil MC-WPT
system are shown in Fig. 12. It can be found that there is almost
no phase difference between supply voltage and input current.

Fig. 11. Simulation results and theoretical results of the impedance in 3-coil,
4-coil, and 5-coil MC-WPT system with RL = 2 Ω.

Fig. 12. Supply voltage and input current waveforms. (a) 3-coil MC-WPT
system in 1.12 × 106 rad/s. (b) 4-coil MC-WPT system in 1.05× 106 rad/s.
(c) 5-coil MC-WPT system in 1.01× 106 rad/s.

2) Constant Current/Voltage Frequencies: According to
(38), 1.12× 106, 1.05× 106, and 1.01× 106 rad/s are also
the constant current angular frequencies of the 3-coil, 4-coil,
and 5-coil MC-WPT system, respectively. The theoretical and
measured output current Iout rms versus the load resistance
RL of the 3-coil system, 4-coil system, and 5-coil system are
plotted in Fig. 13. The theoretical results are calculated with
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Fig. 13. Theoretical and measured output current Iout rms versus load resis-
tance RL. (a) 3-coil MC-WPT system in 1.12× 106 rad/s. (b) 4-coil MC-WPT
system in 1.05× 106 rad/s. (c) 5-coil MC-WPT system in 1.01× 106 rad/s.

the experimental setup parameters. The result shows that the
multirelay MC-WPT systems all has good constant current out-
put characteristics. The average current change rates of 3-coil,
4-coil, and 5-coil MC-WPT system are 2.5×10−3, 2.3×10−3,
and 2.4×10−3 A/Ω, respectively.

According to (39), 1.05× 106, 1.01× 106, and 9.86× 105 rad/s
are the constant voltage angular frequencies of the 3-coil, 4-coil,
and 5-coil MC-WPT system, respectively. The theoretical and
measured output voltage Uout rms versus the load resistance
RL of the 3-coil system, 4-coil system, and 5-coil system are
plotted in Fig. 14. The theoretical results are also calculated with
the experimental setup parameters. It can be seen from Fig. 13
that the multirelay MC-WPT systems all has good constant
voltage output characteristics. The average voltage change rates
of 3-coil, 4-coil, and 5-coil MC-WPT system are 6.3×10−2,
6.3×10−2, 6.3×10−2 V/Ω, respectively.

There are some deviations between the theoretical results and
the measured results, which is mainly caused by the measuring
error of electrical parameters and power losses of the inverter
and the rectifier.

D. Relationship Between System Output and Number of Coils

Theoretical calculation results of the system output with sim-
ulation parameters are shown as Table V. RLeq is equal to 50 Ω.
It can be found that output current decreases when the number
of coils increases in constant current frequencies, and the output
voltage is the nearly the same as each other. Constant current
frequencies of 4-coil MC-WPT system are equal to the constant

Fig. 14. Theoretical and measured output voltage Uout rms versus load resis-
tance RL. (a) 3-coil MC-WPT system in 1.05× 106 rad/s. (b) 4-coil MC-WPT
system in 1.01× 106 rad/s. (c) 5-coil MC-WPT system in 9.86× 105 rad/s.

TABLE V
THEORETICAL CALCULATION RESULTS OF THE SYSTEM OUTPUT IN CONSTANT

CURRENT/VOLTAGE FREQUENCIES

voltage frequencies of 3-coil MC-WPT system. Constant current
frequencies of 5-coil MC-WPT system are equal to the constant
voltage frequencies of 4-coil MC-WPT system.

The comparison of calculation results with experimental pa-
rameters and experimental results is shown as Table VI. Equiv-
alent load resistance RL is equal to 50 Ω. Operating frequencies
are 1.05× 106, 1.01× 106, and 9.86× 105 rad/s, respectively.
It can be seen that the experimental results agree with the
theoretical analysis.



9916 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 9, SEPTEMBER 2021

TABLE VI
COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

V. CONCLUSION

In this article, an analysis method based on QEP for the mul-
tirelay MC-WPT system has been proposed. The contributions
are as follows.

1) The analysis method was proven to be capable of getting
the solution of key frequencies including zero-phase fre-
quencies and constant current/voltage frequencies.

2) As the order of the system increases, the analysis process
will not become more complicated.

3) Fixed zero-phase angular frequencies and the constant
current operating frequencies are equal to the imaginary
parts of the eigenvalues in the weak damping stage, and
the constant voltage operating frequencies are equal to the
imaginary parts of the complex eigenvalues in the strong
damping stage.

The simulation model and the experimental setup are built.
The calculated results of the induced current are consistent
with the simulation results. The results show that theoretical
results of fixed zero-phase angular frequency and the constant
current/voltage frequency are consistent with experimental re-
sults. Therefore, the feasibility and effectiveness of this analysis
method were verified. The analysis method provided in this work
is helpful for the application of multirelay MC-WPT systems.
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