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Abstract—The droop control is an advantageous approach for
stand-alone supply systems consisting of multiple batteries, al-
lowing among various inverters without intercommunication. The
droop coefficients of batteries always vary with their state-of-
charge (SoC) and charge/discharge mode, resulting in small-signal
instability. Nevertheless, the existing impedance-based approaches
can only assess the droop coefficients stability point, but not the
stability region. Therefore, this article proposes a droop coefficients
stability region analysis approach. First, the charge/discharge SoC-
based droop controlled battery, the P&Q controlled distributed
generator and the constant power load are separately discussed.
Meanwhile, the state matrix and return-ratio matrix are estab-
lished, respectively. Furthermore, the novel forbidden region crite-
rion based on the return-ratio matrix is constructed, which reduces
conservatism compared with norm-based impedance criteria and
partial forbidden region criteria. Such a forbidden region criterion
is first switched to the Hurwitz identification problem regarding the
equivalent return-ratio matrix. Combined the state matrix and the
equivalent return-ratio matrix, the generalized incidence matrix
is constructed to simultaneously identify subsystem stability and
interactive stability. Based on the generalized incidence matrix,
an adaptive step search strategy is proposed to obtain the droop
coefficients coordinated stability region. Finally, the simulation and
experimental results illustrate the validity of the proposed method.

Index Terms—Battery, droop control, generalized return-ratio
matrix, stability region.
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I. INTRODUCTION

FOR remote location with difficult connect to the main grid,
such as mountainous regions and remote villages, the stand-

alone supply system has become an effective choice [1], [2].
Therein, distributed generators (DGs) have been widely applied
to reduce fuel consumption and CO2 emission. Meanwhile, en-
ergy storage systems such as batteries have been broadly utilized
to compensate the power imbalance between the DGs and loads.
Nevertheless, the low-frequency oscillation and harmonic oscil-
lation accidents have been broadly reported in this stand-alone
supply system. Especially when the loads are interfaced through
the tightly regulated power electronics converters, and operate
as constant power loads (CPLs) with a negative impedance
characteristic, which causes the stand-alone supply system to
be more prone to small-signal instability [3], [4].

Several global control strategies were implemented in the
stand-alone supply system to achieve the energy management.
On one hand, the central control or master–slave approach
was proposed, which required a fast communication system
between master and system elements [5]. On the other hand, the
distributed control approach was proposed, where the battery
inverters operated as voltage source inverters (VSIs) based on
droop controllers and renewable energy source inverters oper-
ated as current source inverters (CSIs) based on P&Q controllers
[5]–[7]. Based on this, the demand of communication module
among VSIs was avoided, and CSIs performed maximum power
point tracking during normal operation and reduced their power
relying on the grid frequency. In order to balance state-of-charge
(SoC) of distributed batteries in microgrids, the adaptive droop
control was proposed, which caused the variation of droop
coefficients [7]. Meanwhile, it was possible that the stand-alone
supply system dominated by power electronics converters oc-
curred small-signal instability phenomenon [8].

Two main approaches were presented to analyze the small-
signal stability of the system dominated by power electronics
converters, i.e., state-steady approach and impedance approach
[9]–[20]. From the viewpoint of the state-steady approach, the
small-signal state-steady function of the converters without volt-
age/current cascaded controller was built to assess the system
stability in [9]. Furthermore, the full order state-steady func-
tion of the small-scale microgrid was established in [10]. The
literature [11] built state-steady function of the ac–dc hybrid
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microgrid to solve the stability assessment problem regarding
bidirectional power flow. There was no doubt that the stability
analysis of the converter-dominated system was time-consuming
[12], [13]. In order to reduce the computational burden, several
model reduction approaches such as participation analysis [12],
aggregate model [13], and so on, were proposed one after an-
other. Obviously, it was still difficult to establish the state-space
function of the complex power system [14]. As a result, the
impedance approach was proposed to deal with the stability
issue of the complex power system consisting of numerous con-
verters. The impedance approach was based on the return-ratio
matrix between the output source subsystem and the input load
subsystem [15], [16]. Therein, the Nyquist criterion (NC) and
generalized Nyquist criterion (GNC) were separately applied for
the dc system and ac system to analyze system stability [16]. The
literature [17] first proposed a sum type criterion to assess the
stability of the power electronics converter with the bidirectional
power flow. In order to deal with the mirror frequency coupled
feature, the apparent impedance analysis approach and harmonic
stability analysis approach were separately proposed [18], [19].
Nevertheless, the GNC was complex, and it was not suitable for
the design of the ac system [20]. To solve this problem, several
forbidden region criteria were proposed to eliminate the tedious
drawing process of the generalized Nyquist curve in turn [21].
Likewise, the norm-based impedance criteria were also con-
structed to solve the limitation of the GNC [20]. Nevertheless,
some problems have not be solved, which are shown as follows.
First, there was no doubt that the artificial conservatism would
be introduced in these two series criteria. Second, the impedance
approach focused more on the interactive stability, rather than on
the subsystem stability and dynamic characteristics of the single
inverter itself [22]. Third, the classical impedance approaches
paid more attention to the identification of stability operation
points and the stability margin assessment of return-ratio matrix,
and it could not provide detailed droop coefficients stability
region.

To solve the foresaid three problems, this article proposes a
droop coefficients stability region identification approach based
on the generalized incidence matrix. The detailed features and
advantages of this article are depicted as follows.

1) The modified stability forbidden region criterion is pro-
posed in this article, which is further switched to the sta-
bility operation region criterion through mirror mapping.
The proposed criterion has lower conservatism than the
norm-based impedance criteria [20] and partial stability
forbidden region criteria [21]. Meanwhile, the proposed
criterion has similar conservatism with novel forbidden-
region-based stability criterion (N-FRB criterion) [23].

2) The stability subregion is first switched as Hurwitz matrix
space through the rotation mapping and translation map-
ping. With this effort, the interactive stability identification
problem is transformed into the condition that at least one
of these three equivalent return-ratio matrices is Hurwitz.

3) The generalized incidence matrix is first constituted to
assess the subsystem stability and interactive stability
at the same time through combining state matrix and
equivalent return-ratio matrix, which results in that the

Fig. 1. Stand-alone supply systems.

solution process of the total stability region is switched
as the stability boundary identification problem of the
parameter-dependant nonlinear time-invariant matrix.

4) Based on the generalized incidence matrix, an adaptive
step search strategy is proposed to obtain the droop co-
efficients stability region, providing the guidance for the
energy management of batteries and stabilization method
research works.

The rest of this article is organized as follows. In Section II,
the analysis and modeling of the stand-alone supply system are
provided. Then, the impedance-based stability criteria based on
the forbidden region is reviewed, and the novel stability forbid-
den/operation region is constituted through the rotation mapping
and translation mapping in Section III. Furthermore, the stability
forbidden/operation region is switched as the condition that
the equivalent return-ratio matrix is Hurwitz. Moreover, The
droop coefficients stability region is calculated by the proposed
adaptive step search strategy in Section IV. The simulation and
experimental results are separately provided to validate the per-
formance of the proposed stability forbidden/operation criterion
and the proposed adaptive step search strategy in Sections V
and VI. Finally, this article is concluded in Section VII.

II. ANALYSIS AND MODELING OF THE STAND-ALONE

SUPPLY SYSTEMS

The structure of the stand-alone supply system consisting of
plenty of batteries, DGs and CPLs is shown in Fig. 1 [24] where
the battery is named as BAT. Therein, N1, N2, and N3 repre-
sent the numbers of the batteries, DGs and CPLs, respectively.
Meanwhile, the battery and the DG are separately controlled
by droop control strategy and P&Q control strategy [5], and the
load is interfaced through the tightly regulated power electronics
converter, which operates as CPL [20]. In this article, the type
of DG is the renewable energy resource, such as wind energy,
solar energy, and so on. Since this article focuses on small-signal
stability identification, the timescale between droop controller
and controller regarding the DG output is different. Based on
this, the DG is always regarded as an ideal dc voltage source,
which is found in the literatures [2], [25]. (As mentioned before,
the renewable energy resources are simply replaced by ideal dc
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Fig. 2. Active power droop curve of the battery.

voltage sources). As a result, the renewable energy resources,
which can be wind energy, solar energy, and so on, are simply
replaced by ideal dc voltage sources. Furthermore, this structure
will be changed accordingly to assume the presence of the
number and type of the converters. The detailed analysis of this
stand-alone supply system can be depicted as follows.

First, the droop functions, which are shown as 1) and 2),
are widely applied to battery inverter controller. These droop
functions are proposed to achieve accurate power sharing among
numerous batteries without communication mode, which can
improve the efficiency of renewable energy and the stability of
the system. According to different demands, the SoC exponent
n can be chosen. The detailed expression regarding this droop
function advantage can also be found in [5]

f = f0 −mPP = f0 − m0

SoCn × P, P ≥ 0 (1)

f = f0 −mPP = f0 −m0SoCn × P, P < 0 (2)

where m0 is the active power droop coefficient for SoC = 1,
and n represents the SoC exponent (n > 0). Although the droop
control strategy provides the flexibility and reliability for power
sharing, it also causes problems in stability and dynamic char-
acteristics. For example, if the m0 is too high, the system will
be unstable, whereas if m0 is too low, the system response
speech will be reduced. Therefore, there is an important tradeoff
between stability and dynamic response. For the viewpoint of
SoC exponent n, on the one hand, low n causes the slope of
the droop curve to vary slightly, and mP is similar to m0. On
the other hand, high n causes the slope of the droop curve to
vary dramatically, and mP reaches higher value than m0 for
discharge mode (P > 0) and lower value than m0 for charge
mode (P < 0). For example, if f0 = 50 Hz, m0 = 0.1 Hz, and
n = 1 are chosen, the active power droop curve is shown in
Fig. 2. As a result, the active power droop coefficient varies
with both battery SoC and charge/discharge mode. Additionally,
the reactive power droop control is shown in (3). Therein, the
reactive power droop coefficient of the batteries is not directly
related to their SoC level and is available in light of their
converters extra/unused capacity. It is worth noting that the
battery with lower SoC can supply a greater number of reactive
power, which reflects its higher unused converter capacity [5]

V = V0 − nQQ. (3)

Thus, the active and reactive droop coefficients are changing
with the battery SoC and charge/discharge mode. Therefore, the

stability operation region of the droop coefficients should be
calculated to provide the guidance for the energy management
of batteries and stabilization method research works. Since SoC
value of battery and charging/discharging mode are always
changed, the equivalent droop coefficient mp is often changed
for SoC-based droop control. Meanwhile, the normal droop
coefficient is always a fixed value. Therefore, it is more impor-
tant for power system designers to provide the stability region
analysis approach for SoC-based droop control, which ensures
that overcharge and overdischarge of battery will not happen.
Based on this, this article will propose an SoC-based droop
coefficients stability region analysis approach in Section IV. Of
course, the stability regions in charging and discharging mode
are different, and the SoC exponent n has also effect on the
system stability. The aim of this article is to provide a generalized
guidance for microgrid system operation, which ensures that
overcharge and overdischarge of the battery will not happen.
First, the battery is always controlled through SoC-based droop
controller to balance the battery SoCs without the utilization of
communications. Therein, the discharging and charging droop
functions are shown as (1) and (2), respectively [5]. In or-
der to apply the proposed approach to a random system with
different SoC exponent n and charging/discharging switching
mode, the stability region of the equivalent droop coefficient
mp is provided, which includes charging/discharging mode,
SoC exponent n and SoC value. Therein, the SoC exponent n
is chosen through power system designers, and charging and
discharging mode is switched through practical power demand.
Once the SoC exponent n and charging/discharging mode are
set, the stability region of SoC value is provided through the
proposed stability region identification approach. For example,
if the battery is under discharging mode, the stability region of
SoC value is SoC = (m0/mp)

1/n, where the stability region
of mp is provided through the proposed adaptive step search
strategy in Section IV. Meanwhile, the battery is under charging
mode, the stability region of SoC value is SoC = (mp/m0)

1/n,
where the stability region of mp is also provided through the
proposed adaptive step search strategy in Section IV. To sum
up, the SoC characteristics, such as charging/discharging mode
and SoC exponent n, have been embedded into the proposed
stability region identification approach. The equivalent droop
coefficient is defined in this article to make the stability region
identification approach more widely applicable.

In light of the impedance approach, the stand-alone supply
system is stable if and only if the two conditions are satisfied at
the same time, i.e., subsystem stability and interactive stability.
On one hand, each subsystem stability can be identified via
the state-space approach, and the interactive stability among
each subsystem can be identified via impedance approach [20].
Obviously, the fluctuation of the droop coefficients results in
both subsystem and interactive instability. First and foremost, the
battery subsystem stability is widely studied, and the complete
state-space model of the ith battery is established as follows:

xi =

⎡
⎣ Δδi ΔPi ΔQi Δφdi Δφqi

Δγdi Δγqi Δildi Δilqi Δi0di
Δi0qi Δv0di Δv0qi

⎤
⎦
T

13×1

. (4)
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Fig. 3. Interconnection of two stable independent systems.

The detailed state-space model is obtained in [10], and the
state matrix of the ith battery is defined as Ai. Moreover, the
subsystem stability of the ith battery is ensured if and only if
Ai is Hurwitz. In this article, each CPL is stable when supplied
by an ideal voltage source, and each P&Q controlled inverter
is stable when connected to the utility grid. If each subsystem
is stable, the stand-alone supply system shown in Fig. 1 is
divided into source subsystem and load subsystem, which is
expressed in Fig. 3. The stand-alone supply system is stable
if and only if the Nyquist contour of the return-ratio matrix
(R) does not encircle the (−1, j0) point [20]. Therein, these
batteries belong to the source subsystem, and DGs and CPLs
belong to the load subsystem. First, the output impedance matrix
of the ith droop-controlled battery is provided in [26], and it
is defined as Zi. Considering the stand-alone supply system
with multiple batteries, the output impedance matrix is cal-
culated as follows: Zsdq = Z1//Z2//. . .//ZN1 [24]. Second,
the input admittance matrix of the ith P&Q controlled DG is
provided in [27], and it is defined as Yinvi. Likewise, the input
admittance matrix of multiply DGs is calculated as follows:
Yinv = Yinv1//Yinv2//. . .//YinvN2 [24]. Third, the input admit-
tance matrix of the ith CPL is provided in [28], and it is defined as
YCPLi. Meanwhile, the input admittance matrix of multiply CPLs
is calculated as follows: YCPL = YCPL1//YCPL2//. . .//YCPLN3

[24]. As a result, the total input admittance matrix of the
stand-alone supply system isYldq = Yinv//YCPL. Eventually, the
return-ratio matrix of the stand-alone supply system is expressed
as follows:

R = ZsdqYldq. (5)

III. STABILITY FORBIDDEN/OPERATION REGION CRITERION

BASED ON RETURN-RATIO MATRIX

Assuming that each subsystem is stable, the stand-alone sup-
ply system is stable if and only if theE + ZsdqYldq does not have
the right pole, where E is a 2 × 2 unit matrix [20], [28]. In other
words, the necessary and sufficient condition for stability of the
stand-alone supply system is obtained that the Nyquist contour
of the return-ratio matrix (R = ZsdqYldq) does not encircle the
(−1, j0) point. However, the GNC is complex, and it is not
suitable for the design of the ac system [20]. According to
this concept, the system stability is guaranteed by maintaining
the eigenvalues (λRi, i = 1,2) of the return-ratio matrix outside
the certain forbidden regions. Thus, several simplified stability
criteria have been proposed [20], [21], [23], i.e., forbidden region

criteria and norm-based impedance criteria. Therein, there are
four common forbidden region criteria, such as Middlebrook cri-
terion, opposing argument criterion, and gain margin and phase
margin (GMPM) criterion [21] and N-FRB criterion [23], which
is shown in Fig. 4(a)–(d). To the best of authors’ knowledge,
the N-FRB criterion should have lowest conservatism among
forbidden-region-based stability criteria. Although these criteria
can eliminate the tedious drawing process of the generalized
Nyquist curve, partial cirteria have high conservatism and N-
FRB criterion is not suitable for stability region identification
based on the following adaptive step search strategy in Sec-
tion IV. Meanwhile, the N-FRB criterion is difficult for scholars
to provide relative stability margin, such as phase margin, gain
margin, and σ margin. Based on this, a novel forbidden region
criterion, which is located in the left of the gray boundary in
Fig. 5, for λRi is constructed. The detailed forbidden region
proposed in this article is presented in the following equation:

|arg(λRi + εGM1)| ≤ 180◦ − θPM (6)

Re (λRi) ≥ −εGM2. (7)

Through maintaining λRi out of the proposed stability for-
bidden region, the system stability is ensured with phase margin
(θPM), first gain margin (εGM1), and second gain margin (εGM2).
Therein, it is advisable that θPM = 600, εGM1 = 0, and εGM2 =
0.5 [21]. Traditionally, the conservative stability criterion is
to obtain the analytical condition, such as phase margin, gain
margin, and σ margin [2]. In this article, the novel stability
forbidden/operation region criterion is based on these three
margins. For the proposed criterion in this article, which is shown
in Fig. 4(e), the phase margin, gain margin, and σ margin in the
proposed criterion are θPM, εGM1, and εGM2, respectively. It is
worth noting that the smaller the area of the stability forbidden
region is, the less conservative the criterion is. Four common
forbidden region criteria and the proposed criterion in this article
are shown in Fig. 4 where the gray area represents the stability
forbidden region. In conclusion, compared with the first three
forbidden region criteria, such as middle criterion, opposing
argument, and GMPM criterion, the proposed forbidden region
criterion based on the eigenvalues of the return-ratio matrix
is less conservative. Moreover, in essence, the norm-based
impedance criteria are based on Middlebrook forbidden region
criterion. And the conservatism of the norm-based impedance
criteria is not lower than that of Middlebrook criterion [20]. The
smaller the stability forbidden region is, the less conservative the
criterion is. As a result, the proposed forbidden region criterion
has less conservatism than Middlebrook criterion. Based on this,
the proposed forbidden region criterion has less conservatism
than the existing three norm-based stability criteria (G-norm
criterion, infinity-norm criterion, and the infinity-one-norm cri-
terion) and the partial stability forbidden region criteria (Middle-
brook criterion, opposing argument criterion, GMPM criterion).
Furthermore, when εGM1 and εGM2 tend to 1 and θPM tends to 00,
the forbidden region proposed in this article is also decreased as
one radial line [−1,−∞] on the imaginary axis. Under this case,
the conservatism of this article is similar with the conservatism
of the novel forbidden-region-based criterion proposed in the
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Fig. 4. Five forbidden region criteria. (a) Middlebrook Criterion. (b) Opposing Argument Criterion. (c) GMPM Criterion. (d) N-FRB Criterion. (e) Proposed
Criterion.

Fig. 5. Novel stability forbidden region criterion.

literature [23]. However, from the viewpoint of the stability
forbidden region criteria, the generalized Nyquist curves still
need to be drawn without other mathematical transformation.
Therefore, the proposed stability forbidden region criterion is
further switched to the Hurwitz identification criterion. First, the
stability forbidden region criterion is switched to the condition
that the Nyquist contour of the −R does not encircle the (1, j0)
point, where −R represents the mirror mapping matrix of the
return-ratio matrix (R). Therein, the detailed proof process is
described as follows.

Theorem 1: The Nyquist contour of the R does not encircle
the (−1, j0) point if and only if the Nyquist contour of the −R
does not encircle the (1, j0) point.

Proof: R and −R are separately reduced to the matrices
in Jordan canonical form, which are shown in the following
equation:

R = ΓT

[
λR1 0
∗ λR2

]
Γ (8)

−R = ΓT

[−λR1 0
∗ −λR2

]
Γ (9)

where Γ and ∗ represent unitary matrix and arbitrary con-
stant, respectively. If the Nyquist contour of the −R does
not encircle the (1, j0) point, the characteristic roots −λR1

and −λR2 do not encircle the (1, j0) point under arbitrary
frequencies. Since −λR1 and λR1 are mirror symmetric about
the y-axis, the characteristic root λR1 does not encircle the
(−1, j0) point under arbitrary frequencies. Similarly, since
−λR2 and λR2 are mirror symmetric about the y-axis, the
characteristic root λR2 does not encircle the (−1, j0) point
under arbitrary frequencies. Therefore, if the Nyquist contour
of the−R does not encircle the (1, j0) point, the Nyquist contour
of the R does not encircle the (−1, j0) point. In the same way,
if the Nyquist contour of the R does not encircle the (−1, j0)
point, the Nyquist contour of the−R does not encircle the (1, j0)
point. As a result, the Nyquist contour of the R does not encircle

the (−1, j0) point if and only if the Nyquist contour of the −R
does not encircle the (1, j0) point.

In summary, the return-ratio matrix stability operation region
is constructed through −R. What is more, the proposed stability
operation region includes three subregions, e.g., AR1, AR2, and
AR3. AR1 is constructed through translation mapping. Both
AR2 and AR3 are constructed through translation mapping and
rotation mapping. The detailed stability operation subregions
are expressed in Fig. 6. Finally, these three subregions can be
provided as follows, where, R1, R2, and R3 are Hurwitz:

AR1 : R1 = −R− εGM2E (10)

AR2 : R2 = − (R+ εGM1E)× ej(π/2−θPM) (11)

AR3 : R3 = − (R+ εGM1E)× e−j(π/2−θPM). (12)

R1, R2, and R3 are defined as the equivalent return-ratio
matrices, which are the parameter-dependent nonlinear time-
invariant matrices under Laplace transformation. To sum up, the
interactive stability forbidden/operation region criterion based
on return-ratio matrix is switched to the Hurwitz matrix identi-
fication criterion.

Remark 1: The detailed switching process can be written
as follows. First, if each subsystem is stable, the stand-alone
supply system is stable if and only if the Nyquist contour of
the return-ratio matrix (R) does not encircle the (−1, j0) point
[20]. Second, according to Theorem 1, the stability identification
condition can be switched as the condition that the Nyquist
contour of the return-ratio matrix (−R) does not encircle the
(1, j0) point. Third, if the characteristic roots −λR1 and −λR2

are located into the green region, which are shown in Fig. 6,
the Nyquist contour of the return-ratio matrix (−R) must not
encircle the (1, j0) point. Fourth, these three subregions can be
switched into left half-plane through translation mapping and
rotation mapping. Undoubtedly, the characteristic roots of one
matrix are located into left half-plane if and only if this matrix
is Hurwitz. Based on this, the stability subregion is switched as
Hurwitz matrix space through relative mapping.

IV. ADAPTIVE STEP SEARCH STRATEGY BASED ON

GENERALIZED INCIDENCE MATRIX

According to the foresaid section, the stability of the stand-
alone supply system is guaranteed if both subsystem stability and
interactive stability are satisfied at the same time. Therefore, the
generalized incidence matrix, combining state-steady function
of the subsystem and stability operation region criterion of the
interactive system, is first constructed in this article as follows:
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Fig. 6. Stability operation subregions. (a) Stability subregion AR1. (b) Stability subregion AR2. (c) Stability subregion AR3.

RGi = diag(A1, A2, . . .AN , Ri), where i = 1, 2, and 3. To sum
up, the stability of the stand-alone supply system consisting of
multiply batteries is guaranteed if at least one of these three
generalized incidence matrices is Hurwitz.

In order to calculate the droop coefficients stability
region considering multiply batteries, the generalized
incidence matrix should be built in polar coordinates.
Given one vector (mP1, nQ1,mP2, nQ2, . . .,mPk, nQk) ∈
R2 k, k ≥ 1, there exists one real number r and 2k − 1
scalars δi ∈ [0, π), i = 1, 2, . . ., 2 k such that (mP1, nQ1,

mP2, nQ2, . . .,mPk, nQk)
T = rf(δ). Therein, δ

Δ
= (δ2, δ3,

. . ., δ2 k)
T ∈ [0, π)2 k−1, and f(δ)

Δ
= (cos δ2, sin δ2 cos δ3,

. . ., sin δ2 sin δ3. . . sin δ2 k) ∈ [−1, 1]2 k [29]. Meanwhile, the
δi is selected as an universal set (δi = [00, 10, . . ., 1800)).
Once δ is determined, the multivariable parameter-dependent
nonlinear time-invariant matrix is switched to the single-variable
parameter-dependent nonlinear time-invariant matrix. Likewise,
the generalized incidence matrix is also a transfer function
matrix, which is transformed into the Euclidean space
matrix under a series of discrete frequencies. Thereinto,
the frequencies set is always selected as an universal set (ftab =
[f1, f2, . . ., fi, . . ., fn]Hz = [1, 2, . . ., 20 000]Hz). In conclu-
sion, the adaptive step search strategy based on the generalized
incidence matrix will be designed to obtain the droop coefficients
stability region. In order to enhance the adaptability of the
algorithm, the least mean square is applied to regard as growth
factor, which is expressed as follows:

r (m+ 1) = r(m) + sign(Lmin)×Δr(0)× |Lmin|λ(m)

(13)

λ(m) = α×
(
1 + e−β|s(m)|2

)
(14)

s(m) = γs (m− 1) + (1− γ)Lmin (15)

where sign(x) represents sign function.Lmin represents the min-
imum eigenvalue real part of the generalized incidence matrices.
|Lmin|λ(m) and λ(m) represent variable step coefficient and step
growth factor, respectively. Both α and β represent adjustment
factors. γ represents forgetting factor. Thus, the detailed calcu-
lation steps are follows.

Step 1: Initialize global variable, i.e., r(0) = 0, m = 0, and
Δr(0) = 0.

Step 2: Initialize partial variable, i.e., Lmax1 = ∅, Lmax2 = ∅,
Lmax3 = ∅, and i = 1.

Step 3: Calculate the return-ratio matrix (R(s)) of the stand-
alone supply system, where s = −j2πfi. Under this frequency,

Fig. 7. Relationship between Lmin and mP .

the three generalized incidence matrices (R1, R2, and R3) are
calculated, respectively.

Step 4: Calculate the maximum real part values among
the λR1, λR2, and λR3, i.e., L1 = max(real(eig(R1))), L2 =
max(real(eig(R2))), and L3 = max(real(eig(R3))).

Step 5: Expand matrices, i.e., Lmax1 = [Lmax1, L1], Lmax2 =
[Lmax2, L2], and Lmax3 = [Lmax3, L3]. If i < 20 000, i = i+ 1,
then go to Step 3. Else, go to Step 6.

Step 6: Select the maximum values among the Lmax1, Lmax2,
and Lmax3, i.e., Lmax−1 = max(Lmax1), Lmax−2 = max(Lmax2),
and Lmax−3 = max(Lmax3). Define that Lmin is the mini-
mum value among Lmax−1, Lmax−2, and Lmax−3, i.e., Lmin =
min(Lmax−2, Lmax−1, Lmax−3).

Step 7: Determine if Lmin is zero for r(m). If yes, keep a
record of such open interval in (0, r(m)), and go to Step 8.
If no, r(m+ 1) = r(m) + sign(Lmin)×Δr(0)× |Lmin|λ(m),
then go to Step 2.

Step 8: Calculate the union of all the open intervals recorded
in Step 7, and the recorded result is the stability region while δ
sets one certain value. If the vector δ has applied all the values in
[0, 2π)2 k−1, the final stability region of the stand-alone supply
system is obtained. If no, go to Step 1.

The stability region identification problem is transformed into
Hurwitz identification problem through the proposed stability
criterion and relative mapping. In order to obtain the droop
coefficient stability region, the adaptive step search strategy is
proposed in this article. As shown in [30], with the increase of
droop coefficient, the stability margin of the system will be de-
creased. Thus, the relationship betweenLmin andmP is shown in
Fig. 7 where red line represents the movement locus based on the
proposed adaptive step search strategy. There is no doubt that the
proposed adaptive step search strategy is based on the bisection
method. Therein, the bisection method is an initial independent
convergence algorithm. Thus, the stability/convergence of the
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Fig. 8. Switching process from stability region identification to Hurwitz identification.

adaptive step search strategy can be ensured, and similar concept
has been applied to the adaptive perturbation observation method
to achieve maximum power tracking in the wind/solar system.

According to the foresaid discussion, the stand-alone sup-
ply system is stable if both subsystem stability and interac-
tive stability can be satisfied at the same time [26]. From the
viewpoint of subsystem stability, it can be identified through
state-space function [10]. The ith battery is stable if and only
if the state function Ai is Hurwitz. Meanwhile, interactive
stability can be satisfied if and only if the return-ratio matrix
R satisfies NC, which is based on the impedance approach
[26]. In order to eliminate complex Nyquist drawn process
and provide relative preprocessing, the novel stability forbidden
region criterion has been proposed, which is further switched
into stability operation region criterion. Moreover, the stability
region is divided into three stability subregion. The stability
subregion is first switched as Hurwitz matrix space through
the rotation mapping and translation mapping. As a result,
the stability region criterion regarding interactive stability is
transformed into the Hurwitz identification problem through
mirror, rotation and translation mapping, which is found in
Section III. Eventually, the subsystem and interactive stability
can be combined, i.e., RGi = diag(A1, A2, . . .AN , Ri), where
i = 1, 2, and 3. The stand-alone supply system is stable if one of
the generalized incidence matricesRGi is Hurwitz. The foresaid
illustrations are shown in Fig. 8.

V. SIMULATION RESULTS

In order to verify the performance of the proposed droop
coefficients stability region analysis approach based on the
generalized incidence matrix, the two series simulation testing
systems shown in Fig. 1, are provided as follows: conservatism
verification and effectiveness verification. The detailed param-
eters are listed in Table I. In this section, these regulated power
electronics converters loads and P&Q controlled inverters are
stable when connected to an ideal voltage source [26], [27].
Meanwhile, the structure of the stand-alone supply system is
changed accordingly to assume the presence of the numbers of
these batteries, DGs and CPLs. In order to reduce the conser-
vatism of the proposed stability forbidden/operation region cri-
terion, the phase margin and gain margins are set that θPM = 50,
εGM1 = 0.95, and εGM2 = 0.99.

Remark 2: According to the literature [31], if the system is
stable but very close to critical stable, even the little change of
parameters will make the system unstable. To this end, stability

TABLE I
SIMULATION AND EXPERIMENTAL TESTING SYSTEM PARAMETERS

margin is an indispensable consideration factor for one stable
system to enhance the system’s relative stability. Traditionally,
the conservative stability criterion is to obtain the analytical
condition, such as phase margin, gain margin, and σ margin [2].
In order to ensure the system stability under parameters pertur-
bation, it is advisable that θPM = 600, εGM1 = 0, and εGM2 = 0.5
[21]. There is no doubt that the proposed stability criterion will
have high conservatism. There is a tradeoff between stability
margin and conservatism. Therein, the aim of this article is to
obtain SoC-based droop coefficients stability region, which is
advisable for power designers to obtain more accurate region.
Therefore, the relative margin should be chosen as minimum
values. Of course, if scholars want to obtain one parameter
stability region with robustness, θPM, εGM1, and εGM2 can be
chosen as θPM = 600, εGM1 = 0, and εGM2 = 0.5.

A. Conservatism Verification

In this section, the comparison among the stability forbidden
region criteria, norm-based impedance criteria, and the proposed
stability forbidden/operation region criteria is provided to ver-
ify that the proposed criterion is less conservative. First and
foremost, the number of both the droop controlled inverter and
the CPL is one, and the number of the P&Q controlled inverter
in the stand-alone supply system is zero. The active/reactive
power droop coefficients are chosen as follows:mP = 2× 10−4

and nQ = 3.4× 10−3. And the capacity of the CPL is 18 kW.
According to the literature [2], the droop controlled inverter is
stable when unloading, i.e., when the load is an open circuit.
Based on this, the reason that the stand-alone supply system is
unstable, is interactive instability between the source subsystem
and load subsystem. According to the parameters in Table I, the
return-ratio matrix of the stand-alone supply system is shown as
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Fig. 9. Infinity-norm impedance criterion.

Fig. 10. Generalized Nyquist curve at the initial moment.

follows:

R =

[−0.8134 + j0.0394 −0.0207− j0.0113
0.3552 + j0.1220 −0.0501 + j0.0044

]
. (16)

Therefore, the two eigenvalues of the return-ratio matrix are
−0.8060 + j0.0485 and −0.0575− j0.0047, respectively. For
the first three forbidden stability region criteria, the eigenvalue
with smaller negative real part is regarded as point A in Fig. 4(a)
and (c), in which the point A is located in the forbidden region.
According to three forbidden region criteria, it is possible that the
stand-alone supply system is unstable. Furthermore, the infinity-
norm impedance criterion has lower conservatism among three
norm-based impedance criteria, and the infinity-norm value of
the return-ratio matrix is larger than unit if system frequency
belongs to the interval [126 Hz, 212 Hz], which is shown in
Fig. 9. Thus, it is possible that the stand-alone supply system
is unstable. However, the eigenvalue with smaller negative real
part is regarded as point A in Fig. 4(d)–(e), in which the point
A is outside the forbidden region based on N-FRB criterion
and the proposed criterion. According to N-FRB criterion or the
proposed stability forbidden criterion, the stand-alone supply
system must be stable. Moreover, the first generalized incidence
matrix, which is proposed in this article, is also Hurwitz in the
interval [0 Hz, 20 000 Hz]. As a result, the stand-alone supply
system must be stable. It is convenient to compare the con-
servatism results among the proposed criterion, the forbidden
region criteria and norm-based impedance criteria through the
time-domain voltage waveform and GNC. As shown in Fig. 10,

Fig. 11. Initial three-phase voltage waveform of the ac bus in Section V-A.

Fig. 12. Generalized Nyquist curve under changed load.

the Nyquist contour of the return-ratio matrix (R = ZsdqYldq)
does not encircle the (−1, j0) point, and the stand-alone supply
system must be stable. Meanwhile, as shown in Fig. 11, the
voltage of the ac bus in the stand-alone supply system is stable.
Based on the foresaid simulation results, the proposed stabil-
ity forbidden/operation region criterion has lower conservatism
than the existing partial stability forbidden region criteria and
norm-based impedance criteria. Meanwhile, the proposed stabil-
ity forbidden/operation region criterion has similar conservatism
with N-FRB criterion.

Furthermore, in order to illustrate the impact of load change,
the number of CPLs is changed as two, and the total power of
CPL is 36 kW. Thus, the return-ratio matrix of the standalone
supply system is shown as follows:

R = 2×
[−0.8134 + j0.0394 −0.0207− j0.0113
0.3552 + j0.1220 −0.0501 + j0.0044

]
. (17)

Under this case, none of these generalized incidence matrices
is the Hurwitz matrix. As a result, it is possible that this system
is unstable. As shown in Fig. 12, the Nyquist contour of the
return-ratio matrix (R = ZsdqYldq) encircles the (−1, j0) point,
and the stand-alone supply system must be unstable. Meanwhile,
as shown in Fig. 13, the voltage of the ac bus in the stand-alone
supply system is unstable. Therefore, with the increasing of CPL,
the system stability margin is decreased, and this phenomenon
has also been reported in previous research works [20].

B. Effectiveness Verification

In order to better verify the effectiveness of the proposed
stability region identification approach, the simulation results in
this section are divided into two aspects, i.e., source subsystem
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Fig. 13. Three-phase voltage waveform of the ac bus under changed load in
Section V-A.

Fig. 14. Three-phase voltage simulation waveform under mP1 = 2× 10−4

and nQ1 = 3.4× 10−3.

Fig. 15. Droop coefficients stability region.

change (battery capacity change, SoC exponent change, and
SoC change) and load subsystem change (rated DG capacity
change and CPL change). Therein, the number of both the P&Q
controlled inverters and the droop controlled inverters is two, and
the number of the CPLs in the stand-alone supply system is three.
Meanwhile, the rated capacities of the first CPL, the second
CPL, and the third CPL are 18, 9, and 9 kW, respectively. And
the rated capacity of each DG is 10 kW. The other parameters
are found in Table I. Under this case, the stand-alone supply
system is stable, and three-phase voltage waveform is shown in
Fig. 14. Assuming that the active/reactive droop coefficients of
the second battery are unchanged, the stability region regarding
active/reactive droop coefficients of the first battery is obtained
to verify the performance of the proposed adaptive step search
strategy. According to the proposed adaptive step search strategy,
the stability boundary radius under different δ is provided in
Table II. Therein, the mP = R cos(δπ/180)/1000 and nQ =
R sin(δπ/180)/1000. Thus, the stability region, which is shown
in Fig. 15, can be obtained through MATLAB.

TABLE II
DROOP COEFFICIENTS STABILITY REGION BASED ON THE PROPOSED ADAPTIVE

STEP SEARCH STRATEGY

Fig. 16. Three-phase voltage simulation waveform under mP1 = 5× 10−4

and nQ1 = 3.4× 10−3.

First, the proposed stability region identification approach is
verified under source subsystem change. The battery character-
istics, such as SoC value, SoC exponent, and battery capacity,
have been embedded into the equivalent droop coefficient. Un-
der discharging mode, the equivalent droop coefficient mp =
m0/SoCn, and under charging mode, the equivalent droop coef-
ficient mp = m0SoCn. Therein, m0 is inversely proportional to
the battery capacity. At the initial moment, the droop coefficients
of the first battery are mP1 = 5× 10−4 and nQ1 = 3.4× 10−3.
Under this case, the droop coefficients point is located in the
green area of Fig. 15, which illustrates that the stand-alone
supply system must be stable. The three-phase voltage is stable,
which is shown in Fig. 16. Therein, the simulation result is in
accordance with the conclusion of the proposed adaptive step
search strategy. Since the aim of this article is to ensure that
overcharge and overdischarge of battery will not happen, the
following three cases should be considered to verify the effec-
tiveness of the proposed stability region identification approach.

1) The SoC value of battery is decreased under discharging
mode or increased under charging mode.

2) The SoC exponent of battery is decreased under discharg-
ing mode or increased under charging mode.

3) The battery capacity is decreased, which represents m0 is
increased.

In order to verify the performance of the proposed stability
region identification approach, one of the three cases is chosen,
which are shown as follows.
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Fig. 17. Three-phase voltage simulation waveform under mP1 = 2× 10−3

and nQ1 = 3.4× 10−2.

Fig. 18. Variation curve regarding droop coefficient in simulation.

1) The SoC value of the first battery is reduced to a quarter
under discharging mode or enlarged by four times under
charging mode.

2) Both SoC value and SoC exponent of the first battery are
cut to half under discharging mode or enlarged by two
times under charging mode.

3) The first battery capacity is reduced to a quarter under both
discharging mode and charging mode.

Based on this, the equivalent droop coefficients of the first
battery are changed asmP1 = 2× 10−3 andnQ1 = 3.4× 10−2.
As a result, the droop coefficients point is outside stability
region, and it is possible that the stand-alone supply system
is unstable. As shown in Fig. 17, the instability phenomenon
has occurred in the stand-alone supply system. Furthermore,
the reactive droop coefficient is chosen as nQ1 = 3.4× 10−3.
Meanwhile, the active droop coefficient mP1 is variable, and its
change is based on Fig. 18. Before T1, droop coefficients point
is located into stability region, which is shown in Fig. 15, and
the stand-alone supply system must be stable. Furthermore, after
T1, droop coefficients point is outside stability region. Under this
case, it is possible that the stand-alone supply system is unstable.
As shown in Fig. 19, three-phase voltage simulation waveform
is in accordance with the proposed stability region identification
strategy. As a result, the effectiveness of the proposed adaptive
step search strategy based on generalized incidence matrix is
ensured through simulation results.

Second, the proposed stability region identification approach
is verified under load subsystem change. Since the discussion of
the load changed case has been provided in Section V-A, the dif-
ferent ratings of DG are discussed in this section. The total rating
of DG is changed from 20 to 30 kW. Under this case, the droop

Fig. 19. Three-phase voltage simulation waveform under variable droop co-
efficients.

Fig. 20. Droop coefficients stability region under load subsystem change.

Fig. 21. Three-phase voltage simulation waveform under mP1 = 8× 10−4

and nQ1 = 3.4× 10−3.

coefficients stability region based on the proposed adaptive step
search strategy is shown in Fig. 20 where the stability region is
green area. There is no doubt that the droop coefficients stability
region is reduced through improving penetration of renewable
energy. This phenomenon has also been found in the previous
research works [32]. First of all, the droop coefficients of the
first battery aremP1 = 8× 10−4 andnQ1 = 3.4× 10−3. Under
this case, the droop coefficients point is located in green area
of Fig. 20, which illustrates that the stand-alone supply system
must be stable. As shown in Fig. 21, the three-phase voltage is
stable. Furthermore, the droop coefficients of the first battery are
changed as mP1 = 1.2× 10−3 and nQ1 = 3.4× 10−3. Under
this case, the droop coefficients point is outside stability region.
As a result, it is possible that the stand-alone supply system is
unstable. As shown in Fig. 22, the instability phenomenon has
occurred in the stand-alone supply system. Thus, the perfor-
mance of the proposed approach can be verified.
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Fig. 22. Three-phase voltage simulation waveform under mP1 = 1.2×
10−3 and nQ1 = 3.4× 10−3.

Fig. 23. CHIL experiment topology.

VI. EXPERIMENTAL RESULTS

In order to verify the performance of the proposed adaptive
step search strategy, the controller hardware-in-the-loop (CHIL)
experiments are executed in the OPAL-RT real-time simulation
system with the system parameters shown in Table I. The CHIL
experiment facility is cited in our previous literature [33]. The
detailed sections are shown as follows: To validate the proposed
stability region approach for stand-alone supply systems with
CPLs, an in-house controller HIL experimental platform is
built as in Fig. 23, and its control frequency is 105 Hz. Each
battery model is controlled through Digital Signal Processor
(DSP) controllers (TMS320F28335). Therein, the inputs of
DSPs are three-phase voltage and current measurements, which
are converted from digital signals to the analog signals by the
D2A terminals of OPAL-RT system. Meanwhile, the outputs of
the DSP controllers are pulsewidth modulation (PWM) signals,
which are sent to the PWM channels of the OPAL-RT system
and then drive the power switches in the battery inverter models.
Finally, the switching models of the other components and their
associated controllers are embedded into OPAL-RT OP5600
simulator to represent the load subsystem. Therein, the rated
capacities of the first CPL, the second CPL, and the third CPL
are 18, 9, and 9 kW, respectively. And the rated capacity of each
DG is 10 kW.

The droop coefficients of these two batteries and other pa-
rameters are the same as that in Section V-B. Assume that
the active/reactive droop coefficients of the second battery are
also unchanged. As a result, the droop coefficients stability
region is also shown in Fig. 15 where the stability region is
green area. First and foremost, the droop coefficients of the
first battery aremP1 = 2× 10−4 andnQ1 = 3.4× 10−3. Under

Fig. 24. Three-phase voltage experimental waveform under mP1 = 2×
10−4 and nQ1 = 3.4× 10−3.

Fig. 25. Three-phase voltage experimental waveform under mP1 = 2×
10−3 and nQ1 = 3.4× 10−2.

this case, the droop coefficients point is located in the green
area of Fig. 15, which illustrates that the stand-alone supply
system will be stable. As shown in Fig. 24, the three-phase
experimental voltage is stable. Therein, the experimental result
is in accordance with the conclusion of the proposed adap-
tive step search strategy. Furthermore, the droop coefficients
of the first battery are changed from mP1 = 2× 10−4 and
nQ1 = 3.4× 10−3 tomP1 = 2× 10−3 and nQ1 = 3.4× 10−2,
which is caused through the foresaid reason in the Section V-B.
Under this case, the droop coefficients point is outside stability
region. Thus, it is possible that the stand-alone supply system is
unstable. As shown in Fig. 25, the stand-alone supply system is
unstable. Moreover, the reactive droop coefficient is also chosen
as nQ1 = 3.4× 10−3. Meanwhile, the active droop coefficient
mP1 is variable, and its change is based on Fig. 26. Before T1,
droop coefficients point is located into stability region, which
is shown in Fig. 15, and the stand-alone supply system must be
stable. Furthermore, after T1, droop coefficients point is outside
stability region. Under this case, it is possible that the stand-alone
supply system is unstable. As shown in Fig. 27, three-phase
voltage experiment waveform is in accordance with the pro-
posed stability region identification strategy. To sum up, the
effectiveness of the proposed adaptive step search strategy based
on generalized incidence matrix is verified through experimental
results.
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Fig. 26. Variation curve regarding droop coefficient in experiment.

Fig. 27. Three-phase voltage experiment waveform under variable droop
coefficients.

Fig. 28. Three-phase voltage experimental waveform under mP1 = 8×
10−4 and nQ1 = 3.4× 10−3.

Furthermore, The total rating of DG is changed from 20 to
30 kW. Under this case, the droop coefficients stability region
based on the proposed adaptive step search strategy is also shown
in Fig. 20 where the stability region is green area. First, the
droop coefficients of the first battery are mP1 = 8× 10−4 and
nQ1 = 3.4× 10−3. Based on this, the droop coefficients point
is located in green area of Fig. 20, which illustrates that the
stand-alone supply system must be stable. As shown in Fig. 28,
the three-phase voltage is stable. Furthermore, the droop coef-
ficients of the first battery are changed as mP1 = 1.2× 10−3

and nQ1 = 3.4× 10−3. Under this case, the droop coefficients
point is outside stability region. As a result, it is possible that the
stand-alone supply system is unstable. As shown in Fig. 29, the

Fig. 29. Three-phase voltage experimental waveform under mP1 = 1.2×
10−3 and nQ1 = 3.4× 10−3.

instability phenomenon has occurred in the stand-alone supply
system. Thus, the performance of the proposed approach can be
verified through the foresaid experiment results.

VII. CONCLUSION

In order to eliminate the intercommunication modes, the
droop controlled batteries have been widely applied in the stand-
alone supply system, which results in small-signal instability
problem. Although the impedance approach has been studied
to assess the system stability, it cannot provide the stability
region of droop coefficients varying with the battery SoC and
charge/discharge mode. Consequently, this article has proposed
a droop coefficients stability region analysis approach based on
the generalized incidence matrix. Compared with the existing
literatures, four advantages have been found in this article as
follows.

1) The novel stability forbidden/operation region criterion
has been proposed, resulting in lower conservatism than
the partial stability forbidden region criteria and the norm-
based impedance criteria. Meanwhile, the proposed crite-
rion has similar conservatism with N-FRB criterion;

2) The interactive stability subregion has been first switched
as Hurwitz matrix identification problem through the ro-
tation mapping and translation mapping, which simplifies
the calculation process.

3) Combining state matrix and equivalent return-ratio matrix,
the generalized incidence matrix has been first constituted
to simultaneously identify the subsystem stability and
interactive stability.

4) Based on the generalized incidence matrix, this article
has proposed an adaptive step search strategy to obtain
the droop coefficients stability region, which provides
the guidance for the energy management of batteries and
stabilization method research works.

Finally, the simulation and CHIL experimental results have
been provided to verify the conservatism and effectiveness.
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