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Nonlinear Gain Position Control Using Only Position
Feedback for Permanent Magnet Stepper Motors

Wonhee Kim ", Member, IEEE, Youngwoo Lee

Abstract—This article proposes a robust nonlinear position con-
trol for permanent magnet stepper motors. We develop a new
single-input single-output model that consists of position, velocity,
and acceleration using a commutation scheme to lump a system
function and an external disturbance into a disturbance. An aug-
mented observer is designed to estimate the position, velocity, accel-
eration, and disturbance. Because the disturbance refers to external
disturbance, acceleration dynamics, and parameter uncertainties,
it is difficult to accurately estimate disturbance without the high
observer gain. It may result in the degradation of the position
tracking performance. The nonlinear controller is then developed
using backstepping to suppress the position tracking error using
the input-to-state stability property. The key innovation of the
proposed method is the design of the nonlinear gain to suppress
the position tracking error according to the disturbance estimation
error. Thus, the use of the high observer gain to accurately estimate
the disturbance can be avoided. The proposed control algorithm
was experimentally verified using the PM stepper motor control
system and can be easily implemented in real-time using position
measurements only.

Index Terms—Backstepping, nonlinear gain, permanent magnet
stepper motor, position tracking.

NOMENCLATURE
0 Rotor (angular) position [rad].
w Rotor (angular) velocity [rad/s].
1, and 7y Currents of phases A and B [A].
v, and vp Voltages of phases A and B [V].
B Viscous friction coefficient [N - m-s/rad].
J Inertia of the motor [Kg - m?].
K,, Motor torque constant [N - m/A].
R Resistance of phase winding [£2].
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L Inductance of phase winding [H].
T Load torque perturbation [N - m].
N, Number of rotor teeth.

k1, ko, k3, k3,, Control gains.

kgh, v, and %]

l1,1l2,13,and l; Observer gains.

I. INTRODUCTION

ERMANENT magnet (PM) stepper motors have been
P widely used for positioning applications due to power den-
sity, high efficiency, their durability, high torque to inertia ratio,
and the absence of rotor winding [1]. In industrial applications,
microstepping is widely used with a closed-loop in current-
loops, thus, proportional-integral (PI) controllers are embedded
in the motor drives for current regulations [2]. However, as
the microstepping-based control method with current controller
considered only electrical dynamics in the PM stepper motors, a
position tracking error during the nonzero velocity period cannot
be avoided [3].

With the increase in power and decrease in cost of embedded
processors in recent years, drives and control systems for PM
stepper motor have become increasingly sophisticated. Thus, for
positioning applications, PM stepper motor can be substituted
for expensive servo motors such as PM synchronous motors
as a cheaper replacement in closed-loop operation. Various
controllers have been proposed for the improvement of the
position/velocity control performance in PM stepper motors [3]—
[11]. A nonlinear controller using a field weakening control
(FWC) was presented for the improvement of position con-
trol [4]. A simple and effective position and velocity controller
was proposed for FWC of the PMSMs [5]. In [6], a sensorless
controller was proposed for the velocity control of the PMSMs.
In [7], torque modulation based microstepping was developed
to realize field oriented control (FOC) and FWC without direct-
quadrature (DQ) transformation, and an integrator reset control
was designed in [8] to improve the transient response with
position control of the PM stepper motor. An enhanced nonlinear
damping controller was proposed to reduce the position tracking
error [9]. Furthermore, a nonlinear Hs control with varying
linear parameters was developed to optimize the control perfor-
mance [10]. In [11], an effective closed-loop control that consists
of motor parameter identification, closed-loop current control,
closed-loop position control, and damping control was proposed.
A model predictive controller was designed for external periodic
disturbances attenuation in the PMSM [12]. An internal model
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principle-based controller was proposed to reduce sideband
harmonics for the PMSM with low switching frequency inverters
in [13].

However, although these methods improved the posi-
tion/velocity performance, the effects of parameter uncertainties
and the unknown load torque were not considered in con-
troller design. To solve these problems, various approaches
have been researched such as neural network based adaptive
controller [11], robust and/or adaptation methods [14]-[16], ro-
bust adaptive nonlinear dynamic controller [17], and high-order
sliding-mode controller [18]. A disturbance observer based con-
trol method was proposed for the FWC of the PMSMs [19].
Nevertheless, the above-mentioned methods also have limita-
tions in that they require information about full state feedback,
variation ranges and/or nominal values of the parameters to
estimate parameters.

From this perspective, augmented observers (AOB) is a very
effective method to estimate disturbances including external
disturbances and/or system uncertainties [20]-[22]. However,
although AOB-based control methods make nonlinear systems
robust to external disturbances and system uncertainties, in
reality, it is difficult to precisely estimate disturbances if they
include system uncertainties or if they vary rapidly. Therefore,
the estimation error of the disturbance may become large and
degrade the position tracking performance. To reduce the estima-
tion error of the disturbance, the bandwidth of the observer needs
to be increased; however, high gain for the wider bandwidth of
the AOB may amplify measurement noise. Furthermore, there
is an assumption with these methods that either the system
uncertainties or the full state are bounded.

In addition, the PM stepper motor is a fourth order two-
input single-output (TISO) nonlinear system due to its dynamic
characteristics. The model of the PM stepper motor consists
of mechanical (position and velocity) dynamics and electrical
(current) dynamics. Previous methods are designed based on the
cascade control concept for both current and position tracking,
where currents track the desired currents that generate the torque
required by the electrical controller and the position tracker
tracks the position required by the mechanical controller. There-
fore, the structures of the previous methods (the controllers,
observers, and adaptation methods) are necessarily complex.

In this article, we propose a robust nonlinear position control
for PM stepper motors. This innovative approach to position
control is not based on the cascade control concept. We develop
new single-input single-output (SISO) model that consists of
position, velocity, and acceleration using a commutation scheme
to lump a system function and an external disturbance into a dis-
turbance. An AOB is designed to estimate the position, velocity,
acceleration, and disturbance. However, as disturbance refers
to external disturbance, acceleration dynamics, and parameter
uncertainties, making an accurate estimation of it is extremely
difficult without high observer gain for the wider bandwidth.
The poor disturbance estimation performance may result in the
degradation of the position tracking performance. The nonlinear
controller is then developed using backstepping to suppress the
position tracking error using the input-to-state stability (ISS)
property. The key innovation of the proposed method is the
design of the nonlinear gain to suppress the position tracking
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error according to the disturbance estimation error. Thus the use
of the high observer gain to accurately estimate the disturbance
can be avoided. Results confirm that it is not necessary to account
for very small estimation errors to realize precise output tracking
when using the input-to-state stability (ISS) property without
the assumption that the full state is bounded. The stability of
the closed loop including the PM stepper motor, controller, and
observer is then mathematically demonstrated. The proposed
method is robust to the external disturbance and parameter
uncertainties. This approach simplifies the design process so
that the control algorithm is suitable for real time control. The
performance of the proposed method is validated via simulations
and experiments.

II. PM STEPPER MOTOR MODEL AND
PROBLEM FORMULATION
A. Mathematical Model of PM Stepper Motor

The dynamics of the PM stepper motor can be represented as
follows [7]

f=w

W= %[—Kmia sin(N,-0) + Kip cos(N,-0) — Bw — 7]

lg = %[va — Ri, + Kwsin(N,.0)]

iy = %[vb — Rip — Kppw cos(N,.0)] (1)

where v, and vy, and ¢,, and 7; are the voltages [V] and currents
[A] of phases A and B, respectively. 6 is the rotor (angular)
position [rad], w is the rotor (angular) velocity [rad/s], B is the
viscous friction coefficient [N - m-s/rad], J is the inertia of the
motor [Kg - m?], K,, is the motor torque constant [N - m/A],
R is the resistance of phase winding [2], L is the inductance of
phase winding [H], and N, is the number of rotor teeth. The load
torque perturbation is denoted by 7;. The derivative of the load
torque 7; with respect to time exists and is bounded, i.e., 7} = 0,
is bounded, but unknown. Only position feedback is available
and only the nominal value of % is known among PM stepper
motor parameters. The model of the PM stepper motor (1) is 4"
order two-input single-output (TISO) system with the phases A
and B voltage inputs and the position output.

B. Model Representation and Problem Formulation
The commutation scheme is defined as
Vg = — usin(N,.0)
vp = ucos(N,.0) 2)

where u is the control input for the new PM stepper motor model
and has not yet been defined. The acceleration « and direct
current ¢4 are defined as

a=w
1
= j[*KmZ.a sin(N,.0) + K,ip cos(N,.0) — Bw — 7]
iq = iq co8(N.0) + ip sin(N,.0). 3)
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We define the input gain, g, as
p— Km

9=7L

where gg is the nominal value of g and Ag represents the

uncertainties in g. From (1), (2), and (3), the new SISO model
of the PM stepper motor is obtained as

=go+ Ag 4)

21 = Lzl K, Z2 J172 I3 T T
1"1:;1'2
i’2:x3
1
33‘3 = (go + Ag)u — ﬁ(BR—‘r K,Qn + NerLid).%‘Q
_JR—&-BL:E _E 1, 5)
JL gLt "

where 1 = 0, x5 = w, 3 = a, and 21 = i4.

Remark 1: Generally z; = 74 is controlled to a given refer-
ence, typically zero, in a permanent magnet synchronous motors
(PMSMs) since the power consumption is a main issue. On the
other hand, the control of 74 to be zero is not necessary since the
PM stepper motors’ power is small compared to the PMSMs [1].
In microstepping control widely used in the PM stepper motor, i4
is always positive [7]. In z; dynamics of model (5), if the second
term JI\QT;] [%xg + x5 + 7] is bounded so that z; is input-to-state
stable, then z; can be regarded as stable internal dynamics, and
the SISO model of the PM stepper motor is thus a minimum
phase nonlinear system. Consequently, only controls of x1, x2,
and x5 are needed for position control. In (5), z1, z2, and z3 are
controlled by the proposed control method.

In (5), the disturbance d = x4 is defined as

1
x4 = Agu — ﬁ(BR + Kﬁl + N, K, Lig)xs

_JR¥BL R 1. ©
gL Tt g™
For the position control, PM stepper motor model (1) becomes

a third order SISO system as

. 1 N, J B

zZ1 = _Zzl + K—mxg {ng +x3 + Tl:|

T1 = To

To = I3

Ty =gou+ T4 (7

where x = [z1, T2, 3]7 is the state vector. The aim is to make
the position x; track the desired position x;, using only posi-
tion feedback and gy information. The desired position z1, is
continuously differentiable up to the thirds order.

III. NONLINEAR GAIN BACKSTEPPING CONTROLLER

In this section, the design of the position tracking controller
is discussed using a backstepping procedure. The tracking error
e=[e; ey e3]T isdefined as

€1 = T1 — X1,
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€2 = Ty — T2,
€3 = T3 — T3, (3)

where z;,, i € [2, 3] has not yet been defined. From (7) and (8),
the tracking error dynamics are written as

él =€2+$2d — T,
ég :€3+£L'3d —igd
égzgou-f—d—igd. (9)
We define the desired state variable z;,, i € [2, 3] as

To, = —kiey + 21,

€T3, = —k262+i72d (10)

where k;, i € [1,2] is a positive constant and a control gain.
From (9) and (10), the dynamics of e;, i € [1, 2] become

e1 = —kiei +ez

€y = —koes + e3. (11)

The control law w« is designed as
1

u = % (—k363+9b3d—ci)

1 /-
—; (kga\/é%-i-yl-‘rk?,b d2+V2) es (12)
0

b

where k3, k3, ks,, 1, and v, are positive constant and control
gains, €1 = 21 — x1, is the estimated position tracking error,
and % and d are the estimated values of 7 and d, respectively.
The boundedness of 1 and d is guaranteed by the AOB that will
be designed in Section I'V.

Remark 2: In (12), the term u,, is used for stabilization, and
up 1s a nonlinear gain term used to suppress the output tracking
error when the disturbance estimation error increases. Since
d = f(x) + Ag(z)u + deyt, it may be difficult to estimate its
exact value. Thus the disturbance estimation error may increase
the position tracking error. The nonlinear gain is used to suppress
the position tracking error when the position tracking error is
increased due to the disturbance estimation error. As the dis-
turbance estimation error increases, both the estimated position
tracking error, é1, and the estimated disturbance, aZ, may also
increase. When é; and d are large, the nonlinear gain term can
enhance the damping effect. Note that the maximum value of
the nonlinear gain can be chosen arbitrarily as ks, and k3, .

Using (12), we obtain the dynamics of e3 as follows:

¢ = —hses — ka (é1,d) es +d —d (13)
where kd(él,d) = ks, /€3 +v1 + ks, d? + vy, Now we
study the stability of the dynamics of e;, ¢ € [1,2] which can
be written as follows:

éi = —k:iei + €it1- (14)
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At the next step, we assume that e is ultimately bounded at the
next step. We then obtain the dynamics of e? as

d [é?
a (21) = — ]4/‘1'6? + €i€i41

k; k; 2
_5612—5‘62| (|€i|—ki€i+1|> . (15)
The following resultis thus derived from (15), using Lemma 6.20
and Theorem C.2 in [25]:

IN

k; 2
les(t)] < exp (—2t) QO]+ = s el (6)

1 0<7r<t

Equation (16) shows that the relationship between e; and e;;
has an ISS property. d is bounded by the AOB that will be
designed in Section IV. The dynamics of €3 are

2 A A
d (63> = —kse? — kq (él,d> 2 + (d — d)es

dt \ 2
ks ks s 5
< —2ej - (2 + kg (el,d)> lesl(les] — o)
A7)
_ |d—d|
where o = W Then,
ks 2
les(t)] < exp | ——t | |es(0)| + — sup o(7). (18)
2 k3 o<r<t

Equation (18) shows that the relationship between e3 and o has
an ISS property. From (16) and (18), the ISS property of the
overall tracking error system is

0] < e (-2 O]+ 2 s o)

1 0<7<t

ea(0)] < exp (~20) lexO)] + 2= sup ear)

2 0<7<t

les(®)] < exp (’;t) es(O) + = sup o). (19)

ks o<r<t
The overall tracking error system (19) is the serial interconnected
system of the ISS system. We can thus conclude that the overall
tracking error system (19) has an ISS property.

Remark 3: The upper bound of |eq| is determined by the
constant control gainski, ko, k3 and o. As the values of é; and
d of kq(éq, cZ) in the denominator of o increases, o decreases:
the nonlinear gain, kq(é1, (f), in (12) grows so that the effects of
|d — d| on |ey| can be sufficiently suppressed.

From (19), we obtain the following result:

le()l < V2agexp (=52) (O] + B sup o(r) 20)
0<r<t

where a1 =1, a; =a? |+ (a1 +1)Bi-1 +1,i € [2,n],
Br=72, Bi=(aia+DBia+1)E, i €23, w1 =k,
and k; = min( %, “51), i € [2,3]. Equation (20) guarantees
the ISS of ||e||. However, as the procedure for deriving (20)
is lengthy and complicated, it is not included in this article.
We now consider the stability of the proposed controller.

Suppose that the system state variables are constrained in a
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domain €2,. To guarantee that x € {2,, we need to guarantee
that we can make x € D, C €, where D, is a compact set by
the proposed controller. The desired output state vector x4 is
defined as

T
Td = |:1'1d i’ld .’.L.‘1d (21)
We design x1, such that x4 € Qg C 2, where (), is a compact
set. We define the compact set {2, as

Qe = {e||le]| < b} C R? (22)

where b, is a relatively small positive constant. If we choose
sufficiently large control gains, an appropriate set of initial
conditions to ensure e € ., given by, e(0) € Q., C . can
be found. 2. is defined as

Quy = {e<o>|ﬁa3||e<o>|| + s sup o(r) < be}- (23)
<7<t

As long as e is relatively small, x can track x4 with acceptable
accuracy such that z does not escape from the domain of interest
Q... Consequently, since e € (2, and x4 € €1y, it is guaranteed,
from (8) and (10), that x € D, C Q.

Remark 4: To realize a small position tracking error, a very
small value of b, is not necessary; it is enough that b, is chosen
to be relatively smaller than ||z4||. From (19), we know that
the position tracking error, e1, can be sufficiently suppressed,
even when b, is not very small. Thus, a high control gain is not
necessary for very small values of b.. We also know from (19)
that very small values of |d — (f| are not required for precise
position tracking. O

These results are summarized in the following Theorem.

Theorem 1: Consider the SISO PM stepper model (7) with
the assumption that €; and d are bounded. Suppose that e(0) €
Qe, C Q. If the controller defined as

iy, = —ki1€i1 + @1, 1 € [2,3]

B (—kgeg Vg, — d) ~ 1y, (él,ci) es (24

go gJo
is implemented in the SISO PM stepper model (7), then the
tracking error has the following properties.
1) A compact set D, exists such that x € D, C €2,.
2) ISS properties (19) and (20) are guaranteed.

IV. AUGMENTED OBSERVER

The AOB is designed to estimate the full state and disturbance.
We define the augmented state variable and its derivative as

$4:d

T4 = 0. (25)
The estimated state, &, and the augmented estimated state, &,
are defined as

~ T A ~

F=[T1 @9 @3], Bq=[B1 Do I3 £4)T. (26)



8510

The AOB is designed as
L

i’l = To + 2(331 — i‘l)
s b N
To = T3 + ?(xl — 1’1)

. l .
x3:x4+gou+€%(az1—x1)

: ly

Ty = g((ﬂl — {lATl) (27)

where € is a small positive constant and [;, ¢ € [1,4] is the
observer gain. Note that € is used to make the closed-loop
system be in the form of the singular perturbed system [24].
The observer gain should be chosen such that the roots of the

following are in the left-half plane
st4lis* +1s®+13s+ 1, =0. (28)

The estimation error  and the augmented estimation error, T,
are defined as

(29)

From (7), (25), (27), and (29), the augmented estimation error
dynamics can be obtained as

~ e ox x T -~ . AT
T=1[T1 Zo Z3] ,Tq=1[T1 T2 T3z I4]

B -

Ty =2 — —T1
g

I

To = T3 — 7561
g

pa ~ l3 ~

T3 = Tyg — 73171
g

pa l4 ~

Fa=6— 2. (30)

g

The scaled estimation error, 7 = [1 72 73 74), is defined as

T T z3

771:5,772:?,773:?7774:954 (31
Thus, the scaled estimation error dynamics are
en=Am+eB,5 (32)
where
-l 1 0 0 0
-l 0 1 0 0
Ay=| 7 , B, =
-3 0 0 1 0
-y 0 0 O 1

To choose an appropriate observer gain, the performance of the

AOB in the frequency domain is studied. From (30), we obtain

the transfer function H (s) = ggzg from d to d as follows

ets(s® + 1182+ 1y s +13)
st s3+las?+ s+ 1y

where D(s) and D(s) are Laplace transforms of d(t) and d(t),
respectively. As the transfer function H (s) is in the form of a
high pass filter, the cutoff frequency of H(s) should be higher
than the frequency of the main component in the disturbance.
In (33), we see that the accuracy of state estimation depends on

H(s):= (33)
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the bandwidth, of the AOB. However, in actual applications, the
measurement noise may cause difficulties when using a wider
bandwidth of AOB. Let us denote the measured output x;  as

T, =T1+m (34)

m

where m is the measurement noise. With~a noisy measurement,
the transfer function H,,(s) from m to d is obtained by
D(s)
H,(s):= =
M(s)

(Iys* + 1352)
st 41183+ 1982 +lgs+ 1y

(35)

where M (s) is a Laplace transform of m(t). From (35), the
wider bandwidth of AOB may result in the amplification of the
measurement noise.

Remark 5: From (33) and (35), the bandwidth of AOB should
be chosen with consideration of a tradeoff between both estima-
tion performance and amplification of the measurement noise.
Fortunately, very small values of the estimation error, Z, are
not required for precise position tracking (as in Remark 4).
Consequently, the need to increase the bandwidth of the AOB
with the aim of reducing the disturbance estimation error can be
avoided by nonlinear gain.

V. CLOSED-LOOP STABILITY ANALYSIS
As only output feedback is used, the estimated tracking error
é=[é1 éy eés) isdefined as
él:i1—,’Eldégzﬁjg—.’fﬁgdégzi‘g—i‘gd (36)

where Z;,, i € [2,3] has not yet been defined. & in (24) is
substituted for x, giving the following equation:

To, = —kie1 + a1,
T3, = —k2é2—|—.§32d
. 1 R 2 . 1 A5
U= — (—kges +a3, — 954) — —kq (61,d> ez (37)
9o 9o

Note that the actual control input is not (24) but (37). To prove
closed-loop stability, the control input is defined as @. Equation
(37) is implemented instead of (24) in (9). Thus, the tracking
error dynamics are as follows:

é=Ace+ B (38)
where
—kq 1 0 0
Ae == 0 —kg 1 ,Be = O
0 0 —ks3 1

€ = goli— ) — ka (é1,d) e3 +d — d.
The closed-loop system is formulated using (32) and (38) as
é=Ace+ Bt
en = Ayn+eB,0. (39)

Equation (39) is in the form of a singular perturbation system.
The dynamics of e are slow, and the dynamics of 7 are fast.
A short transient period exists, during which the fast states,
n, decay to the O(e) level, while the slow states, e, remain
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within €2.. First, we consider the behavior of the slow system.
Using a similar process to that described in Section III, an
appropriate estimate for the slow system can be found, such
that (0) € Qe C e, where Q¢ is yet to be defined. Since
A, is a Hurwitz matrix, a positive constant, bg, exists, such
that || B.&|| < be, as long as e € Q.. The Lyapunov candidate

function, V_, is defined as
V. =e'Pe (40)

where P, >~ 0is the solution of A, P, + P.AT = —Q, such that
Qe > 0. The derivative of V. with respect to time is given by

Vo= —eT'Qee+2¢TP.B.E
< —e"Qee + 2b¢|| Pel|le]|
< =29V, + 20/ Ve (41)
where 7, = %, Le = %, and Amin(Pe) and

Amax (Pe) are the respective minimum and maximum eigenval-
ues of P,. From (41), we obtain

VVell) < exp(—et) Ve (0) + %(1 — exp(—et)). (42)
Since V )\min(Pe)”e” S \/ve S V )\-max(Pe)HeHa

AtmaX(Pe)
le®l =\ 5 o

He
[ o —
Ve )\-min (Pe)

If the initial conditions are selected such that for some positive
constant, be,, ||€(0)|| < b, < be, atime Ty exists such that over
the time interval, [0, T3), e € Q. regardless of €.

Assumption 1: The rate of change of the disturbance d,;
exists and is bounded, i.q., dem is bounded but unknown. O

From Assumption 1, d = § is bounded over the time interval
[0, T5). Thus a positive constant d,,,,x exists such that |d\ =
|0] < Omax. We define the Lyapunov candidate function V,, as

Vo =n"Pyn (44)

exp(—et)||e(0)]

(1 —exp(—ct)).  (43)

where P, > 0 is the solution of A, P, + P,]Af =—Q, for
Q. = 0. We obtain V,, as

. 1
V"7 = — E'I]TQU’I’} + 277TP,,7B775

1
< - EWTQY]” + 25rrlaXHPY]BTI”H77H

27 vy 0
< E”L,, pig\/ Vi = ;Ln ;Ln tn/ Vi
(45)

h — min(@y) =
WHETE M = Do (Pa) 1 = 7 /(P
Py = (%)2 (45) becomes

20 max || Py By,
M. Ifv, > 62p,, where

y v
Vs =2V (46)

Equation (31) indicates that V,,(0) = n(0)P,1(0) is bounded
by bs%?’ for some positive b,,. As long as V,, > szpn over the
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time interval [0, T%), the following relations hold
Y b gl
V, < exp (f?"t) V(0) < 2 exp (—?”t) L@
Thus, the time 7' (¢) when V;, = €?p,, can be obtained as
7= £ (bmS) , (48)
Tn Pn€

From (48), we see that the time when V,, = g2 pr, depends on e.
T; (&) tends to zero, as € tends to co, T7(e) goes to zero. Thus,
e* exists, such that for e € (0, €*], Ty € (0, 22). V;,(t) < p,e?
for all values in the interval, ¢ € [T, T3], where e escapes from
the set €2, for the first time in 75. An explanation for why 75
can be extended to oo is provided later in this section.

We studied the behavior of the slow system, e, over the time
interval [T7, Ts). Over this time interval, as V,,(t) < p,e?, n is
of the order O(g). Because the control input, u, which uses the
estimation states, &, is applied to the third subsystem of the slow
system e, the behavior of the third subsystem can be studied
using the cascade characteristics defined in the backstepping
design procedure. In w (24) and @ (37), the different desired
states, x;, and &;, i € [2, 3], are used, respectively. In contrast,
x1, is used in both u (24) and @ (37). Thus, there exists kz >
0 [26] such that

|’a(§j’x1d)_u($7x1d)‘ SkiHi‘_l‘H (49)
Since 7 is of O(g), we have
la(z, 21,) — u(z,21,)| < kee (50)

where k. > 0. Since @ (37) is substituted for u (24) the dynamics
of e3, (13) becomes

é3 = —kses — kq (él, ci) es+d—d+ go(ﬁ(ic,xf) — u(x,az‘f))
(51

Equation (17) also changes into

d 6% kg 2 k‘3 R «
~ (B ) < = ) o] —
= (2) < —ed+ (5 +ka (e1,d) ) lesl(les] = o)

(52)
_|d=d|+go(a(&,2) —u(z,xd))
where 0. = 0.5k3+kd1(é1,c2) 22 From (50)
d— CZ N A d
e — | ‘ + go(u(xDxl) u(x7$1)) S o + k;egé' (53)

0.5k + kg (él,d)

for some k., > 0. The behavior of e for ¢ € [0, T7) is character-
ized in (43). The following considers the behavior of e when the
starting time is 77, i.e., t € [Ty, T3). Equation (18) is rewritten
as

a8l < oxp (=201 ) ea(71)

2
+ — sup o(7) + ke,e.
ks m <r<t

(54)

For any € € (0, €*] (54) shows the input-to-state practical sta-
bility (ISpS), which is an extension of the concept of the ISS
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property of es dynamics [27]. Finally
k
et < Vasexp (-5t - 7)) ()|

+ B3 sup o(1)+ kee (55)

Ty <7<t
for some k. > 0. Similar to )., defined in (23), an appropriate
set of initial conditions e(0) € Q. C 2. can be found accord-
ing to (43) and (55) as

Qeoe = {e(0)][[e(0) | < be, < be,
V2as|le(Th)| + Bs sup o(7) + kee < be}. (56)
T <7<t

In (56), ||e(T1)]| can be obtained as follows:

)"max (Pe)
)‘-min (Pe)

He
A —
Ve )‘-min (Pe)

Thus, using (56) and (57), we can make e € {2, provided a suf-
ficiently small interval, e € (0, €], exist. Consequently, we can
consider that the escape time 75 becomes co. The performance
of the proposed method (27) and (37) is summarized in the
following Theorem.

Theorem 2: Consider the SISO PM stepper motor model (7).
Under Assumption 1, we suppose that e(0) € Q.. C Q.. If the
proposed method (27) and (37) is implemented in the SISO PM
stepper motor model (7), then there exists €* such that for all
€ € (0,e"], the ISpS properties of the tracking error system are
guaranteed by

e1(t)] < exp (—’“;t) @)+ 2 sup eafr)

1 0<7r<t

le(TVll < exp(—7eT1)|e(0)|

(1 — exp(—v.T1)). 57)

lea(t)] < exp (—‘”‘;t) ea(0)] + 2 sup ea(r)

kQ 0<r<t
ks
les(t)] < exp —E(t—ﬂ) les(T1)]

2
+ — sup o(7)+ ke,e

58
k3 7<r<t ©8)
and
k.
et < Vasexp (-2t~ 7)) ()]
+ B3 sup o(7)+ kee. (59)

T <1<t

Remark 6: Note that T (e) — 0 as e — 0. Therefore, as long
as € is close to zero, the properties of the tracking error with the
output feedback can be recovered. In addition, the properties of
the tracking error with output feedback, (58) and (59), are closer
to those of full-state feedback, (19) and (20).

Remark 7: From (58), it is evident that the tracking error
system in (38) is also the serial interconnected system of the
ISS system. Thus, the output tracking error, e; can be sufficient,
even suppressed though the estimation error is not very small.
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T
0, =x Nonlinear gain 0=x
4 Lq : u PM stepper 1
— backstepping motorp(li) >
controller (10),(12)
X, X
12" a v

Augmented observer
27

Fig. 1. Block diagram of the proposed method.

This means that a very small estimation error, Z, is not required
to realize precise output tracking. O
The block diagram of the proposed method is shown is Fig. 1.
The augmented observer (27) estimates z, using the feedback
of x1. Then, the nonlinear gain backstepping controller (10) and
(12) generates the control input u using z, and x1. Now, we
provide the gain tuning guideline for the controller (10), (12)
and observer (27). The gains for the controller (10), (12), and
observer (27) can be tuned as follows:
1) Step I - Observer Gain: To decide observer gains of the
AOB, it is important to determine the cutoff frequency of
the transfer function H (s) = 38 . The observer gains /1,
lo, I3, and [4 are determined such that the cutoff frequency

of the transfer function H(s) = ggi; is higher than the
expected frequency of the disturbance.

2) Step 2 - Controller Gain for u,: The proposed controller
consists of the stabilization part u, and the nonlinear gain
part uy. For the stabilization, the k1 and k5 for u, are tuned
without the use of wuy, first. The control gain & for the
position tracking error e; is determined to be relatively
larger than ko and ks because the control objective is
the position tracking as follows: k1 > 10ks and ko >
ks Vki,ko, ks > 0.

3) Step 3 - Controller Gain for uy: The nonlinear gain part
up, 1s used to suppress the position tracking error when the
position tracking and the disturbance increases. v1, k34,
Vo, and ks; are determined to be relatively much smaller
than k5 and k3 to avoid the input saturation as follows: (1)
ks > 100ks, and k3 > 100ks3;, and (2) 11 > 10ks, and v
> 10ksyp.

VI. SIMULATIONS AND EXPERIMENTS

The performance of the proposed method was evaluated via
simulations and experiments. The parameters of the PM stepper
motor are L = 0.0144 H, R=4.5Q, J =3 x 107 Kg -m?,
K, =0.88N-m/A, N, =50,and B =1 x 10~* N - m-s/rad.
To validate the robustness performance of the proposed method,
only position feedback and nominal value of I§Ln among all
parameters of the PM stepper motor were used. The used control
and observer gains are as follows: k; = 3000, ky = 100, k3 =
100, k3, = 0.01,11 = 1,k3, = 0.01,v5 = 1,1; = 2.011 x 10%,
ly = 1.516 x 10%, I3 = 5.080 x 10%, and I, = 6.3838 x 10'°.
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Load torque [Nm]

Time [second]
Fig. 2. Load torque, 7.
A. Simulation Results

In simulations, to evaluate the performance of the proposed
method, the proposed method was compared to the backstepping
controller [25] as follows:

= —kié + a1,

.= —kabo + 2o,

8
w
\

a=1 (—k3é3 ¥ G, — 554) (60)

90
where kl = 3000, ]ﬂg = 100, kg = 400, kga = 0, vy = 1, kgb =
0, 5 = 1. In the backstepping controller (60), the AOB (27)
with the same observer gain was used. The desired position,
04 = (14 e 2°)7sin(0.257t) was used. The load torque, 7;,
was used as shown in Fig. 2.

The estimation performance for the proposed method is
shown in Fig. 3. The peaking of velocity at the desired position
resulted in the appearance of peaking phenomena for the es-
timated acceleration and disturbance. In addition, acceleration
was estimated well, during peaking at the initial time. However,
the estimated disturbance did not make a perfect track of the
actual disturbance, because the peaking speed exceeded the
bandwidth of the observer. It is inferred that these peaking
phenomena were caused by the initial desired velocity and
not by the observer gain. The position tracking errors for both
methods are shown in Fig. 4. The peaking phenomena observed
with state estimation, caused the position tracking error peaking
phenomenon at the initial position in the backstepping controller
However, the nonlinear gain suppressed the position tracking er-
ror peaking phenomenon in the proposed method. Furthermore,
the magnitude of the position tracking error was reduced by
applying nonlinear gain in the steady-state response.

B. Experimental Results

Experiments were performed by utilizing a PM stepper motor
driver set to validate the performance of the proposed method.
Fig. 5 shows the hardware configuration of the motor driver set.
Experiments were performed using ControlDesk software, two
RapidPro, and a SCALEXIO real-time system. We generated a
real-time control code in Matlab/Simulink to apply ControlD-
esk. SCALEXIO supported a maximum sample rate of 40 kHz.
Each RapidPro unit consisted of three half-bridge power stage
modules. The two switches of each half bridge were driven by
complementary signals with dead time to prevent feed-through
faults. The PM stepper motor (57HS41-1004, NEMA & Co) was
directly connected to an encoder (2500 pulses per revolution).
A shaft brake manufactured by Mobac Co. (FAT 20 RR), was
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Fig. 3. Estimation performance for the proposed method in simulations.
(a) Position, 6. (b) Velocity, w. (c) Acceleration, . (d) Disturbance, d.

Case 1 (w/o. ND)[]
4 — — —Case 2 (w. ND)

Position tracking error [rad]

Time [second]

Fig.4. Position tracking errors, 84 — 0 of the backstepping controller and the
proposed method in simulations.

used to generate the load torque. A personal computer was used
to implement the control program in C language, compile the
program, and upload executable output code to the SCALEXIO
real-time system. The switching frequency was set to be 20 kHz
to evaluate the performance of the proposed method for low
frequency inverters.

In experiments, to evaluate the performance of the proposed
method, the proposed method was compared to the backstepping
controller (60) and the proportional-integral (PI) controller as
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Data monitoring
(ControlDesk)

Inverter
(RapidPro)

Motor & shaft brake
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computer

Digital signal processor
(SCALEXIO)

Analog-digital
interface system

Fig. 5. Hardware configuration for the experiments.
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Fig. 6.  Slow desired position 85 = 3sin(0.25 x 27t) and the load torque in

experiments. (a) Desired position. (b) Load torque, 7;.

follows:

t
Td=kp(9d—9)—|-k‘]/ (g — 0)dT + kp(0a — 0)
0

+ Bwg + Jwy
fay = — Iz—dsin(NTQ)
iy, = I;_d cos(N,.0)

t
Vg = kpi(iad — ia) +k11/ (iad 7’L‘a)d7' —+ kDi(iad — ia)
0

t
vy = k'pi(ibd — ib) + ki[i/ (ibd —ip)dT + kDi(ibd —ip)
0
(61)

where kp = 4000, k; = 10, kp = 130, kp; = 1000, kr; = 20,
and kp; = 200. Two desired positions were used as follows:
The slow desired position 6; = (1 + e 2%)7rsin(0.257t) and
the fast desired position 85 = (1 + e~2%) 7 sin(2nt).

The slow desired position 65 = (1 + e 2")7sin(0.257¢)
and the load torque were used as shown in Fig. 6. The
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Fig.7. Position tracking errors of three methods with the slow desired position
04 = 3sin(0.25 x 27t) in experiments. (a) PI controller. (b) Backstepping.
(c) Proposed method.
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Fig. 8.  Fast desired position §; = 3sin(27t) and the load torque in experi-
ments. (a) Desired position. (b) Load torque, 7;.

position tracking errors of three methods with the slow desired
position are shown in Fig. 7. When the velocity changed, the
load torque changed according to the velocity. Furthermore,
Coulomb friction existed. Thus, it was difficult to accurately
estimate disturbance without the high observer gain unlike the
simulations Consequently, the position tracking errors increased
during velocity change although the estimated disturbances
were compensated for. The backstepping controller (60) and the
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Fig. 9. Position tracking errors of three methods with the fast desired po-
sition 83 = 3sin(27t) in experiments. (a) PID controller. (b) Backstepping.
(c) Proposed method.
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Fig. 10. Position tracking errors and estimated disturbances of the proposed
method for Cases 1 and 2. (a) Position tracking error for Case 1. (b) Position
tracking error for Case 2. (c) Estimated disturbance for Case 1. (d) Estimated
disturbance for Case 2.
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PI controller (61) had a relatively large position tracking error.
On the other hand, in the proposed method, the position tracking
error was suppressed by the increased nonlinear gain according
to the increased the position tracking error and the increased
estimated disturbance. Thus, the position tracking error of the
proposed method was the smallest among the three methods.

The fast desired position 6 = (1 + e~ %) sin(27t) and the
load torque were used as shown in Fig. 8. The position tracking
errors of three methods with the fast desired position are shown
in Fig. 9. Like the experimental result with the slow desired
position, the proposed method had the smallest position tracking
error among three methods. To evaluate the robustness perfor-
mance of the proposed method, the experiments were conducted
with the uncertainty for go. Two cases were tested as follows:
(1) Case 1: the proposed method without the uncertainty for
go; and (2) Case 2: the proposed method with the uncertainty
(50 %) for go. The fast desired position #; = 3sin(27t) was
used. Fig. 10 shows the position tracking errors and the estimated
disturbances inputs of the proposed method for Cases 1 and 2.
The amplitude of the position tracking error for Case 1 was
similar to that of the position tracking error for Case 2 because
the proposed method has the robustness against the uncertainty
for gy. In Case 2, the uncertainty (50 %) for gq exists, thus this un-
certainty was included in the disturbance z4. Consequently, the
estimated disturbance 4 also included the uncertainty (50 %)
for go so the amplitude of 4 for Case 2 was larger than that for
Case 1.

VII. CONCLUSION

In this article, nonlinear gain backstepping control with AOB
was developed to enable position control of PM stepper motors.
The SISO model comprising position, velocity, and acceleration
was developed using a commutation scheme to enable position
control of the PM stepper motor. External disturbances, acceler-
ation dynamics, and parameter uncertainties were all considered
as disturbances. The AOB was designed to estimate the full state
and disturbance, and a nonlinear controller was then developed
to suppress the increase in position tracking errors while en-
abling an increase in the estimation error of the disturbance.
The performance of the proposed method was subsequently
validated via simulations and experiments, in which the position
tracking error in the transient response was reduced by nonlinear
gain.
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