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Abstract—The dc-side admittance of a modular multilevel con-
verter can be used in assessing the stability of the dc system by
means of impedance-based stability criteria. An accurate mathe-
matical representation of the small-signal admittance can be given
using harmonic linearization. To this end, the effect of the inter-
nal dynamics of the converter, e.g., the circulating current, the
converter control scheme, and the controller parameters on the
admittance of the converter should be analyzed. In this article, a
linear analytical model for the dc-side admittance of the converter
is derived based on a combination of harmonic linearization and
frequency-domain representation, which incorporates different
control schemes. Moreover, an admittance model is given for the
closed-loop voltage control mode of the converter, where the ideal
insertion indices are applied. To this end, the impact of an arm-
balancing controller and its parameters on the dc-side admittance
of the converter is investigated. Finally, experiments are carried
out on a down-scaled prototype to validate the accuracy of the
analytical model.

Index Terms—Admittance modeling, converter control,
frequency-domain analysis, harmonic linearization, modular
multilevel converter (MMC), stability.

I. INTRODUCTION

MODULAR multilevel converters (MMCs) [1], [2] have
become the prevalent technology in high-power applica-

tions by virtue of their modularity, scalability, low distortions,
and high efficiency. Applications of MMCs include (but are not
limited to) voltage-source converter (VSC)-based HVdc trans-
mission [3], electric railway traction systems [4], and medium-
voltage motor drives [5]. The complex internal dynamics of the
MMC topology, e.g., the submodule capacitor voltage fluctua-
tions and the circulating currents, have motivated research on
the admittance modeling and the small-signal stability analysis
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of these converters in an effort to address the arising instability
and harmonic resonance problems in the field [6]–[8].

Many point-to-point VSC-HVdc links are already in operation
facilitating, e.g., the integration of offshore wind-farm power
generation to the ac grid [9]. The expansion of existing HVdc
systems into multiterminal grids would increase the reliabil-
ity and offer redundancy to the overall system. Nonetheless,
resonances could occur within the dc system leading to har-
monic instability [7], [10]. The dc network-related stability of
a multiterminal VSC-HVdc system can be studied using the
passivity-based stability assessment [11], net-damping crite-
rion [12], or the impedance-based stability criterion [13]. For the
latter, the impedance (or the admittance) of the converter seen
from the dc-side should be derived. Modeling this admittance is
not straightforward since the dynamic behavior of the MMC
is highly nonlinear. Notwithstanding, harmonic linearization
techniques can prove useful in developing a small-signal ad-
mittance model for a multiharmonic response system, such as
an MMC [14].

Research on the ac-side admittance modeling of the MMCs
is abundant [15]–[20]. Some attempts have also been made to
model the dc-side admittance of an MMC. A method based on
nodal voltage analysis is proposed in [21] to calculate the dc-side
loop impedance for a line-commutated converter-based hybrid
HVdc transmission system. In [22], the dc-side impedance has
been derived using the harmonic state-space method, which
requires significant matrix manipulation. Nonetheless, the study
only considers the internal dynamics of the MMC and does not
incorporate control schemes into the derived model. Stamatiou
et al. [23] have proposed an analytical approach to calculate
the dc-side admittance while taking into account several control
loops, e.g., the ac-side current control, circulating current con-
trol, and the dc-bus voltage control. Alternative methods based
on harmonic linearization [17], [18], [24] are also apt since
they not only derive the final impedance of the converter, but
also provide valuable information on the relationship between
the perturbation frequency components of the converter and the
control variables. Later, Sakinci and Beerten [25] have devel-
oped a linearized dynamic phasor model to calculate the input
admittance of the MMC. The study includes a general MMC
control scheme including the circulating current control. How-
ever, the admittance shaping effect of each of the control loops
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is not analyzed separately. In addition, the linearization of the
model requires the equilibrium point to be obtained beforehand
by solving a nonlinear system of equations, or using simulations.
Most recently, Ji et al. [26] have calculated the ac- and dc-side
admittances of the onshore and the offshore stations for an
MMC-based wind-farm-integrated system considering the rele-
vant control schemes. Ji et al. [27] also have developed a small-
signal dc impedance model of an MMC using the harmonic
transfer function method and assessed the harmonic stability of
a two-terminal MMC-HVdc system. In addition, active damping
and utilization of a high-pass filter in the dc voltage control loop
have been suggested in the study as measures of improving the
harmonic stability of the system. Xu et al. [28] have proposed a
dc-side impedance model based on harmonic state-space, which
considers grid impedance coupling and an outer dc-voltage con-
trol loop. In [29], in addition to the dc-side impedance modeling
and stability analysis of a multiterminal HVdc system, a thor-
ough investigation has been made into optimizing the controller
parameters and adding a virtual damping controller, with a focus
on improving the system stability margin. In all of the above
literature on dc-side impedance modeling, a direct (open-loop)
voltage control approach for the computation of the insertion
indices is adopted, which provides an asymptotically stable sys-
tem [30]. With a closed-loop voltage control, the ideal insertion
indices can be selected provided that an arm-balancing energy
or voltage controller is present to stabilize the system. The
included arm-balancing controller adds extra nonlinearities to
the system, which need to be taken into account in the admittance
model.

In [19], a method combining harmonic linearization and
frequency-domain representation has been developed, which
analyzes the main perturbation frequency components of the
converter variables individually and derives the ac-side admit-
tance model for the MMC accordingly, all while keeping the
mathematical complexity of the model at bay. The method
illustrates the impact of a generated perturbation component on
the converter variables and the effect of the converter parameters
on the ac-side admittance of an MMC. Later in [20], Bessegato
et al. have augmented the study to include different current
control schemes in the model while assessing the effect of
each control loop on the admittance. Finally, an experimental
case study is considered in which the developed admittance
model is utilized to assess the stability of the grid-connected
system.

Given the above, this article aims to analytically derive the
dc-side admittance of an MMC using the method proposed
in [19] while incorporating various control schemes into the
study, and considering not only the open-loop, but also the
closed-loop scheme of the computation of the insertion indices.
To this end, the effect of an added arm-balancing controller and
its parameters on the admittance in the closed-loop insertion
index calculation is investigated. A sufficiently accurate, yet
simple dc-side admittance model based on harmonic lineariza-
tion is derived for both cases, which takes into account only five
perturbation frequency components and uses an approximated
steady-state solution. To assess the validity of the study and

Fig. 1. MMC topology. A full-bridge submodule configuration is shown as an
example.

determine the accuracy of the developed model, the results are
validated using experiments on a down-scaled MMC prototype,
and a time-domain simulation model of the same system in
MATLAB/Simulink.

The article is organized as follows. Section II describes the
time-averaged dynamic model of the MMC and the considered
control schemes. Section III explains the theory behind the
derivation of the dc-side admittance and discusses the effect
of the dynamics of the converter and the control schemes on in-
dividual frequency components of the converter and the control
variables. Section IV presents and discusses the results of the
study. Finally, Section V concludes this article.

II. SYSTEM MODEL

The MMC used for ac/dc conversion consists of three phases
with each phase divided into an upper and a lower arm, see Fig. 1.
Each arm comprises N submodules, an arm inductance L, and a
resistance R, which models the losses in the arm. The submod-
ules are usually in half-bridge or full-bridge configurations, but
various other topologies also exist [31].
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A time-averaged dynamic model for the MMC introduced
in [32] is adopted in this article, which assumes balanced sub-
module capacitances within the arm and neglects the switching
operations.

A. Dynamics of the Converter

For the MMC shown in Fig. 1, the dynamics of the arm-current
can be described as

L
diu
dt

+Riu = vdu − vu − e (1a)

L
dil
dt

+Ril = vdl − vl + e (1b)

where iu (il) is the upper (lower) arm current, vdu (vdl) is the
upper (lower) dc-side voltage, vu (vl) is the upper (lower) arm
voltage, and e is the voltage of the point of common coupling
(PCC) defined as

e = e1 cos [θ(t)] with θ(t) = ω1t = 2πf1t (2)

with f1 as the fundamental frequency.
The dynamics of the arm voltages in the time-averaged model

can be described as

vu,l = nu,lv
Σ
Cu,l (3)

where nu,l are the (upper and lower arm) insertion indices and
vΣCu,l are the (upper and lower arm) sum capacitor voltages.

Assuming balanced capacitor voltages, the expression de-
scribing the dynamics of the sum capacitor voltages can be
obtained using the relationship between the instantaneous power
and the stored energy in the arm [32] as

vΣCu,l =
1

C

∫
nu,liu,l dt+ vΣC0 (4)

where C is the arm capacitance and vΣC0 is the initial sum
capacitor voltage. The insertion indices nu,l are the outputs of
the control system computed by closed-loop feedback control.

Assuming a resistive load Rdc on the dc-side, the dc-side
voltage can be defined as

vd = −Rdc(iua + iub + iuc). (5)

This assumption is based on considerations for the experi-
mental setup and does not impair the validity of the study since
the admittance of the converter is not affected by the choice of
load.

A phase-locked loop (PLL) is used to estimate the angle of the
PCC voltage θ. The angle estimate θ̂ is then used in transforming
the phase quantities into the dq-frame and in computing the
current references.

The following section describes the control schemes consid-
ered in this article.

B. Control of the Converter

The ac-side current is and the circulating current ic can
be defined based on the following transformation of the arm
currents [32], [33]:

is = iu − il (6a)

Fig. 2. Block diagram of an MMC control scheme with closed-loop voltage
control. dq-frame ac-side current control, circulating current control, and arm-
balancing control are applied.

ic =
iu + il

2
. (6b)

Using (6) and assuming vdu = vdl = vd/2, (1) can be rewrit-
ten as

L

2

dis
dt

+
R

2
is = vs − e with vs =

−vu + vl
2

(7a)

L
dic
dt

+Ric =
vd
2

− vc with vc =
vu + vl

2
(7b)

where vs (vc) is the voltage driving is (ic). This transformation
allows controlling is and ic independently using two current
controllers; one for the ac-side current and the other for the
circulating current (see Fig. 2).

The insertion indices are then computed using the voltage
references v�s and v�c generated by the current controllers. The
ideal insertion indices can be computed based on (3) and (7) as

nu(t− Td) =
v�c − v�s
vΣCu

nl(t− Td) =
v�c + v�s
vΣCl

(8)

where Td is the control system delay time, which consists of
delays in sampling, digital processing, and communication. This
provides a closed-loop scheme of the insertion index computa-
tion. With the closed-loop approach, the sum capacitor voltages
are marginally stable and an arm-balancing controller needs to
be implemented to achieve asymptotic stability [34].

Assuming that the arm capacitance C is sufficiently large, the
sum capacitor voltage variations ΔvΣCu,l can be regarded as neg-
ligible compared to the dc-bus voltage, i.e., ΔvΣCu,l � vd [32].
Hence, an alternative would be to replace the sum capacitor
voltages in (8) with the dc-bus voltage reference v�d , i.e.,

nu(t− Td) =
v�c − v�s

v�d
nl(t− Td) =

v�c + v�s
v�d

. (9)

The aforementioned open-loop scheme provides inherently
asymptotic system stability, meaning that an arm-balancing
controller is not required. The disadvantage of the approach is the
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appearance of harmonic distortions in the arm currents, which
can be suppressed using resonant current controllers [35].

To assess how control impacts the dc-side admittance of the
MMC, the following control schemes are considered in this work
and described in the sequel. The aforementioned schemes are
adopted from [20] and explained in more detail in [30].

1) DQ-Frame AC-Side Current Control: The ac-side current
in the synchronous dq-frame is controlled via proportional–
integral (PI) controllers along with feedforward terms of the
PCC voltage in the dq-frame and relevant current decoupling
terms. Accordingly, the voltage references v�sd and v�sq are given
by

v�sd = Gc,dq(s)(i
�
sd − isd) +Hlpf(s)ed − ω1

L

2
isq (10a)

v�sq = Gc,dq(s)(i
�
sq − isq) +Hlpf(s)eq + ω1

L

2
isd (10b)

where Gc,dq(s) is a PI controller of the form

Gc,dq(s) = αs
L

2

(
1 +

2α1

s

)
(11)

with αs setting the closed-loop system bandwidth, α1 the inte-
gral controller gain, and s as the Laplace variable. Hlpf(s) is a
low-pass filter with bandwidth αf

Hlpf(s) =
αf

s+ αf
. (12)

The references for the d- and q-components of the ac-side
current can be derived from the power references as

i�sd =
2P �

3e�1
i�sq = −2Q�

3e�1
. (13)

Thereafter, v�sd and v�sq are transformed into the stationary
reference frame and used in computation of the insertion indices
according to (9).

2) Circulating Current Control: The circulating current con-
troller is of the form

v�c =
v�d
2

−Gcc(s)(i
�
c − ic) (14)

whereGcc(s), the proportional resonant (PR) controller, is given
by

Gcc(s) = αcL

(
1 +

2α2s

s2 + (2ω1)2

)
(15)

with αc setting the closed-loop system bandwidth and α2 the
resonant controller gain. Neglecting the losses in the arms, the
circulating current reference i�c is computed using the active
power reference as

i�c =
P �

3v�d
. (16)

3) DC-Bus-Voltage Control: The active power reference can
be manipulated to regulate the dc-bus voltage. To this end,
we introduce the effective dc-bus energy Wd = 6 Cv2d as the
controlled variable. Accordingly, the active power reference is
defined as

P � = Fdc(s)(W
�
d −Wd) (17)

where Fdc(s) is a PI controller of the form

Fdc(s) = −αd

(
1 +

αid

s

)
(18)

withαd setting the closed-loop system bandwidth andαid as the
integral gain of the controller. Thereafter, the d-component of
the ac-side current reference is computed by (13) and fed into
the current controller.

4) Arm-Balancing Control: The average and the imbalance
sum capacitor voltages defined as

vΣC =
vΣCu + vΣCl

2
vΔC = vΣCu − vΣCl (19)

are controlled to v�d and 0, respectively. Hence, the reference
voltage driving the circulating current is modified to

v�c =
v�d
2

−Gcc(s)(i
�
c − ic)−KΣ(v

�
d − vΣC) +KΔv

Δ
C

(
−v�s
e�1

)
(20)

where KΣ and KΔ are proportional gains of the controller and
−v�s/e

�
1 generates a fundamental frequency component in phase

with nu.

III. DC-SIDE ADMITTANCE MODEL

To calculate the dc-side admittance of the converter, a small-
signal perturbation is superimposed on the dc-side voltage, i.e.,

vdc(t) = vd(t) + vp cos(ωpt) s.t. Vdc(fp) � Vdc(0) (21)

where Vdc(0) and Vdc(fp) denote the dc component and the
perturbation frequency component of the Fourier expansion of
vdc, respectively, and vd(t) is defined in (5).

The dc-side admittance of the converter can then be calculated
as

Ydc(fp) =
Idc(fp)

Vdc(fp)
(22)

i.e., the ratio between the current response to the applied voltage
perturbation [36].

The small-signal perturbation superimposed on the dc-side
voltage will generate harmonic responses in converter variables,
i.e., arm currents, arm voltages, sum capacitor voltages, and
by implication, the insertion indices. These harmonic responses
appear at a combination of the steady-state and the perturba-
tion frequencies, i.e., nfp +mf1, n ∈ N, m ∈ Z. In theory,
an infinite number of harmonic components are produced in
the converter and the control variables via the injection of a
single perturbation component due to the multiharmonic na-
ture of the system. For best accuracy, all of these components
need to be considered, however, this is not practical. To keep
the complexity at bay, two steady-state values, i.e., 0 and f1,
and five perturbation values, i.e., f = (fp, fp ± f1, fp ± 2f1)
are considered in this article. These frequencies are combined
through addition and subtraction, as seen in Table I, to constitute
the frequency components in which the harmonic response of the
converter variables are assessed. The expansion to include more
components is straightforward and an error analysis between
the derived analytical models and a time-domain simulation
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TABLE I
CONSIDERED FREQUENCY COMPONENTS (HIGHLIGHTED): PERTURBATION

(DISTURBANCE) FREQUENCIES (FIRST COLUMN) ARE COMBINED WITH THE

STEADY-STATE COMPONENTS (FIRST ROW) THROUGH ADDITION

AND SUBTRACTION

model of the same system is provided in Section IV. The har-
monic linearization technique is used to calculate the harmonic
responses using a linear system of equations in an attempt to
eventually compute Idc(fp) and derive the dc-side admittance
of the converter.

A. Frequency Domain Analysis of Converter Variables

The perturbation components of the MMC variables, i.e., iu,
vu, vΣCu and nu, are obtained in linear form at frequencies high-
lighted in Table I. The expressions at fp are presented in this sec-
tion, whereas the expressions at f = (0, f1, fp ± f1, fp ± 2f1)
are given in the Appendix. Due to inherent symmetries of the
MMC topology, the analysis of one of the arms, in this case the
upper arm of phase a, suffices.

1) Upper Arm Current: The perturbation component of the
upper arm current at fp can be obtained from the frequency-
domain representation of the dynamics of the arm current given
in (1) as

Iu(fp) =
vp/4

jωpL+R+ 3
2Rdc

− Vu(fp)

jωpL+R+ 3
2Rdc

. (23)

Note that (23) contains the term 3/2Rdc, since the zero-
sequence components of the arm currents flow into the load.

2) Upper Arm Voltage: The multiplication of the terms in (3)
in the time-domain gives rise to combination of the frequency
components of nu and vΣCu through addition and subtraction
in the frequency-domain. For instance, fp is obtained from
fp + 0, (fp − f1) + f1 and (fp + f1)− f1. The overline bar
denotes the complex conjugate of the Fourier coefficient. Thus,
Hermitian symmetry holds X(−f) = X(f). Consequently, (3)
can be expressed at fp as

Vu(fp) = V Σ
Cu(fp)Nu(0) +Nu(fp)V

Σ
Cu(0)

+ V Σ
Cu(fp − f1)Nu(f1) +Nu(fp − f1)V

Σ
Cu(f1)

+ V Σ
Cu(fp + f1)Nu(f1) +Nu(fp + f1)V Σ

Cu(f1).
(24)

The steady-state components of nu and vΣCu are computed
beforehand (see Appendix), thus rendering (24), and (59)–(62)
linear.

3) Upper Arm Sum Capacitor Voltage: The same reasoning
as for (24) applies here, where the multiplication of nu and iu
in (4) leads to combinations of the frequency spectra of these

variables through addition and subtraction, i.e.,

V Σ
Cu(fp) =

1

jωpC
[Iu(fp)Nu(0) +Nu(fp)Iu(0)

+ Iu(fp − f1)Nu(f1) +Nu(fp − f1)Iu(f1)

+ Iu(fp + f1)Nu(f1) +Nu(fp + f1)Iu(f1)
]
.

(25)

4) Upper Arm Insertion Index: The frequency domain anal-
ysis of the open-loop scheme of computing insertion indices
according to (9) results in

Nu(f) =
V �
c (f)− V �

s (f)

v�d
e−j2πfTd (26)

for f = (fp, fp ± f1, fp ± 2f1). Note that the controller system
delay time Td appears as an exponential term in the frequency-
domain.

For the closed-loop scheme of insertion index computa-
tion, (26) is modified to

Nu(f) =
V �
c (f)− V �

s (f)

V Σ
Cu(f)

e−j2πfTd (27)

which introduces nonlinearities to the calculations as V Σ
Cu is a

function of Nu and Iu through (25) and (55)–(58), and not a
constant. Hence, to analytically calculate the admittance with
this control approach, (27) must be linearized.

B. Frequency Domain Analysis of the Control Variables

The perturbation components of the control variables, i.e., V �
s

and V �
c are derived in linear form.

1) DQ-Frame AC-Side Current Control: The abc/dq trans-
formation projects the frequency components in the phases at
fp ± f1 to fp. This implies that the only perturbation frequency
component in the dq-frame is at fp. Therefore, the d- and the
q-components of the output voltage are obtained as

V �
sd(fp) = −Gc,dq(jωp)Isd(fp)− ω1 L

2
Isq(fp) (28a)

V �
sq(fp) = −Gc,dq(jωp)Isq(fp) +

ω1 L

2
Isd(fp). (28b)

The respective components of the output current can be obtained
by the dq transformation

isd = isαa+ isβb isq = −isαb+ isβa (29)

where a = cos [θ̂(t)] and b = sin [θ̂(t)]. The perturbation fre-
quency components of isα and isβ are at fp ± f1. This implies
that the perturbation frequency component of is in the dq-frame
is at fp. To this end, the aforementioned variables are defined as

Isd(fp) = Isα(fp − f1)A(f1) + Isβ(fp − f1)B(f1)

+ Isα(fp + f1)A(f1) + Isβ(fp + f1)B(f1)
(30a)

Isq(fp) = − Isα(fp − f1)B(f1) + Isβ(fp − f1)A(f1)

− Isα(fp + f1)B(f1) + Isβ(fp + f1)A(f1)
(30b)
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where A(f1) = 1/2 and B(f1) = 1/2j.
With Isα(f) = Is(f) for f = fp ± f1, Isβ(fp − f1) =

jIs(fp − f1) and Isβ(fp + f1) = −jIs(fp + f1), (30) can be
simplified to

Isd(fp) = Is(fp − f1) + Is(fp + f1) (31a)

Isq(fp) = jIs(fp − f1)− jIs(fp + f1). (31b)

Similarly, the voltage references in the dq-frame are trans-
formed to the αβ-frame

v�sα = v�sda− v�sqb v�sβ = v�sdb+ v�sqa (32)

and used to derive the frequency components of v�s as

V �
s (fp − f1) =

1

2
V �
sd(fp)−

j

2
V �
sq(fp) (33a)

V �
s (fp + f1) =

1

2
V �
sd(fp) +

j

2
V �
sq(fp). (33b)

2) Circulating Current Control: Components at fp and fp ±
2f1 appear in the circulating current. Thus, (14) can be repre-
sented in the frequency domain at the aforementioned frequen-
cies as

V �
c (fp) = Gcc[j(ωp)]Ic(fp) (34a)

V �
c (fp ± 2f1) = Gcc[j(ωp ± 2ω1)]Ic(fp ± 2f1) (34b)

where Ic(f) = Iu(f) for f = (fp, fp ± 2f1).
3) DC-Bus-Voltage Control: Thed-component of the ac-side

current reference is manipulated through changes in the active
power reference. Therefore, I�sd includes a perturbation com-
ponent at fp. The perturbation frequency component of V �

sd is
defined accordingly as

V �
sd(fp) = Gc,dq(jωp) (I

�
sd(fp)− Isd(fp))− ω1 L

2
Isq(fp)

(35)

where I�sd(fp) is calculated by linearizing (17) as

P � = 6CFdc(s)× 2v�d(v
�
d − vd) (36)

and then substituting (36) in (13) and expressing it in frequency
domain at fp as

I�sd(fp) =
2P �

3e�1
= −8C

v�d
e�1

Fdc(s)Vdc(fp) (37)

where Vdc(fp) = −3RdcIu(fp) + vp/2.
4) Arm-Balancing Control: The controller modifies the volt-

age reference v�c . Components at f = (fp, fp ± f1, fp ± 2f1)
appear in V �

c due to the symmetry of the MMC topology.
Evaluating (20) at fp, e.g., results in

V �
c (fp) = Gcc(jωp)Ic(fp) +KΣv

Σ
Cu(fp)

− KΔ

e�1

(
vΔC (fp − f1)V

�
s (f1) + vΔC (fp + f1)V �

s (f1)
)

(38)

where V �
s (f1) ≈ e�1/2. Knowing V Σ

Cu(fp ± f1) = −V Σ
Cl(fp ±

f1), and considering (19), (38) can be approximated as

V �
c (fp) = Gcc(jωp)Ic(fp) +KΣv

Σ
Cu(fp)

−KΔ

(
vΣCu(fp − f1) + vΣCu(fp + f1)

)
. (39)

The remaining perturbation frequency components of v�c , i.e.,
V �
c (fp ± f1) and V �

c (fp ± 2f1) can be calculated in a similar
fashion.

C. Closed-Loop Computation of the Insertion Indices

The closed-loop scheme produces vc and vs that replicate their
references, i.e.,

vc = v�ce
−sTd vs = v�se

−sTd . (40)

It has been shown in [20] that the utilization of the closed-loop
computation of the insertion indices decouples the ac- and the
dc-sides of the converter. This implies that no perturbation
frequency components exist in V �

s , i.e., V �
s (f) = 0 for f =

(fp, fp ± f1, fp ± 2f1). Nevertheless, owing to the necessity of
an arm-balancing controller to ensure the system stability in
this scheme, v�c is now a function of the sum capacitor voltages
through (20). Therefore, the circulating current controller and
the arm-balancing controller both influence the dc-side admit-
tance of the converter. In addition, the division by vΣCu,l in (8)
results in the appearance of nonlinear terms in nu. To resolve
the latter, the division in (8) is linearized as

1

vΣCu

=
2

vΣC0

− vΣCu

(vΣC0)
2
. (41)

Subsequently, the nonlinear terms produced through multipli-
cation of vΣCu terms in (8) with v�c are linearized to include the
dynamics resulting from the employed arm-balancing controller.
A minimum number of frequency components of the converter
variables are chosen as seen in Table I to ensure the simplicity
of the model.

As an example, the perturbation frequency component of nu

at fp can be calculated as

Nu(fp) = e−jωpTd

[
Gcc(jωp)

vΣC0

Iu(fp)

+

(
KΣ

vΣC0

− V �
u (0)

(vΣC0)
2

)
V Σ
Cu(fp)

−
(
KΔ

vΣC0

− V �
u (f1)

(vΣC0)
2

)
V Σ
Cu(fp − f1)

−
(
KΔ

vΣC0

− V �
u (f1)

(vΣC0)
2

)
V Σ
Cu(fp + f1)

]
. (42)

The remaining perturbation frequency components of nu are
given in the Appendix.

D. Derivation of the Admittance

A linear system of equations

Apxp = Bp (43)
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is built based on expressions describing the perturbation fre-
quency components of the converter and the control variables
introduced in Sections III-A and III-B, where the system vari-
ables are chosen as

xp = [Iu(fp), Iu(fp − f1), Iu(fp + f1), Iu(fp − 2f1)

Iu(fp + 2f1), Vu(fp), Vu(fp − f1), Vu(fp + f1)

Vu(fp − 2f1), Vu(fp + 2f1), V
Σ
Cu(fp), V

Σ
Cu(fp − f1)

V Σ
Cu(fp + f1), V

Σ
Cu(fp − 2f1), V

Σ
Cu(fp + 2f1)

Nu(fp), Nu(fp − f1), Nu(fp + f1), Nu(fp − 2f1)

Nu(fp + 2f1), Isd(fp), Isq(fp), V
�
sd(fp), V

�
sq(fp)

]T
(44)

with Ap and Bp containing the coefficient and constant terms in
the aforementioned equations, respectively. Solving the linear
system (43) yields xp = A−1

p Bp. Since the MMC topology
is symmetrical, it can be assumed that Idc(fp) = 3Ic(fp) =
3Iu(fp). Thus, the dc-side admittance of the converter can be
determined by

Ydc(fp) =
3Iu(fp)

Vdc(fp)
=

3Iu(fp)

−3RdcIu(fp) +
vp

2

. (45)

1) Simplified Transfer Function: A simplified expression for
the dc-side admittance can be given by neglecting the dynamics
of the arm-balancing and the ac-side current controllers and
substituting (14) in (7b) while assuming v�c = vce

sTd . This
results in

Ỹdc =
3Ic(jωp)

Vdc(jωp)
=

3

2(jLωp +R+Gcc(jωp)e−jωpTd)
. (46)

The previous expression is not valid for the entire frequency
range, nevertheless, it provides an approximated admittance
solution beyond the bandwidth of the ac-side current controller.
It can be concluded from (46), that the control system time delay
affects the admittance only when ωpTd grows very large. Gcc(s)
is a PR controller with proportional gain αcL in frequencies
beyond its resonance frequencies (in this case 100 Hz). For
αc < ωd = π/(10Td) < ωp, the term jLωp is the most dom-
inant in the denominator of (46). Thus, it can be concluded
that for these frequencies, the admittance seen from the dc-side
can be approximated by the parallel connection of the arm RL
branches.

IV. RESULTS AND DISCUSSION

The analytical model developed in Section III is validated
through experiments on a down-scaled MMC prototype to
demonstrate the effect of different control schemes on the dc-
side admittance of the converter. The results are also verified
against a time-domain MATLAB/Simulink model of the same
system.

The MMC prototype seen in Fig. 3 has five submodules per
arm (30 in total) and is rated for 10 kW [37]. The control
system of the converter is implemented on a Xilinx Zynq-7000
system-on-chip, which integrates a programmable logic with a

Fig. 3. Experimental setup.

Fig. 4. Layout of the experimental setup.

processing system. With phase-shifted carrier pulsewidth mod-
ulation (PSC-PWM), individual capacitor voltage balancing and
symmetrical operation between the arms are ensured, provided
that the carrier frequency is a noninteger multiple of the funda-
mental frequency [38].

The configuration of the experimental setup to measure the
dc-side admittance of the MMC is shown in Fig. 4. A single-
phase full-bridge programmable inverter that generates a small-
signal perturbation is connected in series with the resistive load.
Fig. 5 shows the waveforms of the converter variables when
a perturbation frequency of 10 Hz is applied. The amplitude
of the perturbation is increased to 4 V so that the effect on
the converter variables is more pronounced. The base voltage
is chosen as equal to the PCC voltage amplitude and the base
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Fig. 5. Waveforms of the converter variables during an experiment with fp = 10 Hz; three-phase ac-side current (top-left); dc-side current and three-phase
circulating currents (bottom-left); three-phase upper and lower arm currents (middle); three-phase upper and lower arm sum capacitor voltages (right). Three-phase
waveforms are shown with blue (phase a), red (phase b), and green (phase c).

TABLE II
PARAMETERS OF THE EXPERIMENTAL SETUP

TABLE III
CONTROLLER PARAMETERS

current is computed according to Sb = 1.5 VbIb where Sb is the
apparent power reference.

A. Effects of Control on the Admittance

The parameters of the system and the settings of the con-
trollers are summarized in Tables II and III. For these settings,
Bode diagrams of the MMC dc-side admittance using the open-
loop scheme of insertion index computation are shown in Fig. 6.
The admittance is affected mainly by the choice of the control
scheme and the settings of the controllers, e.g., αs, αc, and α1.
The effect of each element of the controllers is observed as they

Fig. 6. Bode diagram of the MMC dc-side admittance for different control
schemes: dq-frame ac-side current proportional controller (purple); addition
of circulating current proportional controller (yellow); addition of circulating
current resonant controller (brown); addition of ac-side current integral con-
troller (red). The analytical models are indicated by the solid lines and the
measurements with dots.

are added sequentially, starting with only the proportional part
of the ac-side current control (purple) until the dq-frame ac-side
current PI controller along with circulating current PR control
(red) are implemented. The following observations are made
based on the results.

1) In all cases, the analytical model (solid lines) matches the
measurements (dots), thus confirming the validity of the
analytical model derived in Section III,

2) At high frequencies beyond the bandwidth of the con-
trollers, the arm inductances have integral action, whereas
the controllers have only proportional action. Therefore,
the admittance shape at these frequencies is dominated by
the arm inductance.

3) The addition of circulating current control (yellow and
brown) lowers the admittance peaks around the funda-
mental and double fundamental frequencies.
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Fig. 7. Bode diagram of the MMC dc-side admittance for different control
schemes: dq-frame ac-side current control and circulating current control (red);
addition of dc-bus voltage control with different proportional gains (light gray
to dark gray). The unit for the gains is rad/s. The analytical models are shown by
solid lines and the results obtained through time-domain simulations are shown
by dotted lines.

4) The resonant part of the circulating current controller is
designed such that it suppresses the 100 Hz component in
the circulating current. Thus, the dc-side admittance of the
MMC contains a resonant valley and phase rotation from
−90◦ to 90◦ at 100 Hz.

5) The addition of the integral part of the ac-side current
controller (red) significantly reduces the admittance mag-
nitude and increases the phase angle in low (below 20 Hz)
frequencies. The addition of the integral term provides
better harmonic damping, hence further reducing the am-
plitude of the components appearing in the perturbation
frequencies and consequently lowers the admittance in the
low-frequency band.

6) The proportional term of the circulating current controller
has a more distinct effect on the admittance shape in below
fundamental frequencies and the addition of the resonant
term of the circulating current controller does not impact
the admittance at these frequencies.

Finally, the dc-bus voltage is controlled through regulating
the effective dc-bus energy, as explained in Section II-B. Fig. 7
shows the effect of the dc-bus voltage controller and its pro-
portional gain on the dc-side admittance of the converter. As
seen in the figure, the dc-bus voltage controller strongly affects
the admittance magnitude and phase at low frequencies, with a
greater proportional gain corresponding to a greater admittance
magnitude at dc, which implies that the system stability has
decreased. A low-frequency perturbation applied to the dc-side
induces a low frequency power (or energy), which needs to
be buffered in the ac network or the converter arms. In the
presence of a dc-bus voltage controller, a greater portion of
this energy is buffered in the ac network rather than the arms.
The energy controlled in the arms, thus lowers the amplitude
of the perturbation frequency component of the dc-side voltage
and increases the dc-side admittance. It has been shown in [27]
that the inclusion of a high-pass filter within the dc-bus voltage
controller can help mitigate this adverse effect.

Fig. 8. Bode diagram of the MMC dc-side admittance for different control
system time delay values; Td = 65.5 µs (solid) and Td = 200 µs (dashed).
The ac-side current and circulating current are controlled. Only the analytical
model is shown. A close-up between 1 and 5 kHz is provided within the phase
angle plot.

The stability margin of the grid-connected converter is im-
proved with lower admittance magnitude and limited phase
rotation [20]. Thus, the following conclusions can be drawn from
the observations made earlier.

1) The ac-side current integral control is beneficial in which
it lowers the admittance magnitude while increasing the
phase angle in frequencies below the fundamental.

2) The circulating current controller has great impact on the
converter admittance seen from the dc-side, similar to its
effect on the ac-side impedance of the MMC [39].

3) The outer control loops, e.g., a dc-bus voltage controller,
have considerable effect on the admittance magnitude in
low frequencies and the system stability.

B. Effect of Control System Time Delay

The effect of the control system time delay Td on the dc-side
admittance is discussed in this section. To this end, the presented
analytical model is utilized in deriving the admittance of the
converter. Fig. 8 shows the Bode plots of the dc-side admittance
of the MMC with dq-frame ac-side and circulating current
control for different values of Td. As seen in the figure, the
control system time delay has negligible effect on the magnitude
of the admittance, but affects the phase in the high-frequency
region. For instance, with a 200 μs time delay, the phase drops
below−90◦ at approximately 2000 Hz, implying nonpassivity of
Ydc(s), which may indicate closed-loop system instability [11],
[40].

C. Effect of the Closed-Loop Scheme

Bode diagrams of the dc-side admittance of the MMC with
both types of insertion index computation, i.e., open-loop and
closed-loop schemes, are shown in Fig. 9. The analytical model
derived for the closed-loop scheme (blue line) matches the
experimental results (blue dots), confirming the validity of the
model in spite of the approximations made when linearizing the
equations describing the system. Significant differences can be
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Fig. 9. Bode diagram of the MMC dc-side admittance for different types of
insertion index computation: Open-loop scheme (red) and closed-loop scheme
(blue), and simplified model based on (46) (green). The converter is operated
with dq-frame ac-side current control and circulating current control. In the
closed-loop scheme, an arm-balancing controller is also implemented. The
analytical models are indicated by the solid lines and the measurements with
dots.

Fig. 10. Admittance error analysis between the analytical models (only five
perturbation components and two steady-state components) of the open-loop
(red) and the closed-loop (blue) schemes and the detailed simulation models
in MATLAB/Simulink (all frequency components). The error is negligible for
frequencies beyond that shown in the plot.

observed in the dc-side admittance of the converter when using
the open-loop or the closed-loop scheme. An additional phase
rotation is introduced in the admittance Bode plot in the closed-
loop scheme due to the presence of the arm-balancing controller.
In the considered operating point with the controller settings
introduced in Table III, the admittance magnitude is lower with
the closed-loop scheme than that of the open-loop scheme in
nearly the whole frequency range within the bandwidth of the
controllers.

The error between the presented analytical models, which
take into account a finite number of perturbation and steady-
state frequency components, and time-domain simulations in
MATLAB/Simulink, which consider all harmonics is given in
Fig. 10, to provide an overview of the model accuracy. With
the open-loop scheme of insertion index calculation, the error is
quite low. Due to linearizations and simplifications made in (39)
and (41), the error of the analytical model of the closed-loop

Fig. 11. Bode diagram of the MMC dc-side admittance for different values
of arm-balancing controller average gain KΣ. The converter is operated with
dq-frame ac-side current control and circulating current control with closed-loop
insertion index computation. The analytical models are shown by solid lines and
the measurements by dots.

Fig. 12. Bode diagram of the MMC dc-side admittance for different values of
arm-balancing controller imbalance gain KΔ. The converter is operated with
dq-frame ac-side current control and circulating current control with closed-loop
insertion index computation. The analytical models are shown by solid lines and
the measurements by dots.

scheme has grown larger compared to that of the open-loop
scheme, especially around the resonant peak introduced by the
arm-balancing controller. Nevertheless, the closed-loop model
calculates the admittance with relatively low error in most fre-
quencies, as verified by the experimental results seen in Fig. 9.

D. Impact of the Arm-Balancing Controller Parameters

For the closed-loop computation of the insertion indices, the
admittance shaping effect of variations in average and imbal-
ance gains of the arm-balancing controller is investigated. To
this end, the aforementioned proportional gains are varied by
±25% and the dc-side admittance is computed by the analytical
model and measured with the experimental setup. The results
demonstrate good matching between the analytical model and
the measurements, further proving the validity of the model.

The effect of the variations in KΣ is shown in Fig. 11. It can
be observed that an increase in the average gain of the arm-
balancing controller reduces the admittance magnitude at the
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resonance frequency around 60 Hz and augments the phase rota-
tion. In addition, the said resonance frequency slightly decreases
with an increase inKΣ. Differences in the admittance magnitude
and phase between the dc and the fundamental frequency can
also be observed when KΣ is varied. Similarly, variations in the
imbalance gain KΔ affect the impedance shape around 60 Hz,
as seen in Fig. 12. However, this time, the resonance frequency
slightly increases when KΔ becomes greater.

V. CONCLUSION

In this article, an analytical frequency-domain model is de-
rived based on a combination of harmonic linearization and
frequency-domain representation, which calculates the admit-
tance of an MMC seen from its dc-side. Different control
schemes are incorporated into the model and the admittance-
shaping effect of each control scheme and their control elements
is assessed using Bode plots of the admittance. An analytical
dc-side admittance model is developed for closed-loop voltage
control of the converter, where the measured sum-capacitor
voltages are used in the computation of the insertion indices.
The validity of the developed models is verified using exper-
iments on a down-scaled prototype as well as a time-domain
simulation model of the same system. It is shown that the results
from the analytical model match closely those obtained from
the experiment in spite of the complexities introduced to the
admittance expression by the inclusion of control schemes and
the nonlinearities. The results indicate the strong admittance
shaping impact of the inner and outer control loops with the
open-loop voltage control, as well as the arm-balancing control
loop with the closed-loop voltage control. The developed model
can be used in the future studies to assess the stability of the dc
grid in point-to-point or multiterminal configurations, e.g., by
means of impedance-based stability criteria.

APPENDIX

A. Steady-State Components of the Converter Variables

For the linear system considered in (43), the approximated
steady-state values of the converter variables are given. These
values appear as coefficients in Ap and Bp.

1) Upper Arm Current: Assuming that the ac-side current
and the circulating current track their references accurately, we
obtain

Iu(0) = i�c Iu(f1) =
Is(f1)

2
Is(f1) =

i�sd + ji�sq
2

.

(47)
2) Upper Arm Sum Capacitor Voltage: The dc component of

the sum capacitor voltage is approximately equal to the dc-bus
voltage reference in steady state. The fundamental frequency
component of V Σ

Cu is obtained evaluating (4) at the said fre-
quency

V Σ
Cu(0) = v�d V Σ

Cu(f1) =
Iu(f1)Nu(0) +Nu(f1)Iu(0)

jω1 C
.

(48)
3) Upper Arm Voltage Reference: With the closed-loop

scheme, the ac- and the dc-sides of the converter are decoupled.

This allows approximating the upper arm voltage reference as
follows:

V �
u (0) = e�1 V �

u (f1) = −E(f1) = e�1/2. (49)

4) Upper Arm Insertion Index: Assuming that the voltage
references v�s and v�c are generated in an open-loop fashion, i.e.,
v�s = e�1 cos [θ̂] and v�c = v�d , and neglecting control system time
delay, we obtain

Nu(0) =
1

2
Nu(f1) = − e�1

2v�d
. (50)

B. Perturbation Components of the Converter Variables

The expressions describing the components of the upper arm
current, upper arm voltage, and upper arm sum capacitor voltage
at fp ± f1 and fp ± 2f1 are given.

1) Upper Arm Current: Obtained similar to (23). Notice
the absence of the zero-sequence component of iu in the equa-
tions

Iu(fp − f1) = − Vu(fp − f1)

j(ωp − ω1)L+R
(51)

Iu(fp + f1) = − Vu(fp + f1)

j(ωp + ω1)L+R
(52)

Iu(fp − 2f1) = − Vu(fp − 2f1)

j(ωp − 2ω1)L+R
(53)

Iu(fp + 2f1) = − Vu(fp + 2f1)

j(ωp + 2ω1)L+R
. (54)

2) Upper Arm Sum Capacitor Voltage: Obtained similar
to (25)

V Σ
Cu(fp − f1) =

1

j(ωp − ω1)C
[Iu(fp − f1)Nu(0)

+Nu(fp − f1)Iu(0) + Iu(fp − 2f1)Nu(f1)

+Nu(fp − 2f1)Iu(f1) + Iu(fp)Nu(f1)

+ Nu(fp)Iu(f1)
]

(55)

V Σ
Cu(fp + f1) =

1

j(ωp + ω1)C
[Iu(fp + f1)Nu(0)

+Nu(fp + f1)Iu(0) + Iu(fp)Nu(f1)

+Nu(fp)Iu(f1) + Iu(fp + 2f1)Nu(f1)

+ Nu(fp + 2f1)Iu(f1)
]

(56)

V Σ
Cu(fp − 2f1) =

1

j(ωp − 2ω1)C
[Iu(fp − 2f1)Nu(0)

+Nu(fp − 2f1)Iu(0)

+ Iu(fp − f1)Nu(f1)

+ Nu(fp − f1)Iu(f1)
]

(57)
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V Σ
Cu(fp + 2f1) =

1

j(ωp + 2ω1)C
[Iu(fp + 2f1)Nu(0)

+Nu(fp + 2f1)Iu(0)

+ Iu(fp + f1)Nu(f1)

+ Nu(fp + f1)Iu(f1)] . (58)

3) Upper Arm Voltage: Obtained similar to (24)

Vu(fp − f1) = V Σ
Cu(fp − f1)Nu(0) +Nu(fp − f1)V

Σ
Cu(0)

+ V Σ
Cu(fp − 2f1)Nu(f1)

+Nu(fp − 2f1)V
Σ
Cu(f1)

+ V Σ
Cu(fp)Nu(f1) +Nu(fp)V Σ

Cu(f1) (59)

Vu(fp + f1) = V Σ
Cu(fp + f1)Nu(0) +Nu(fp + f1)V

Σ
Cu(0)

+ V Σ
Cu(fp)Nu(f1) +Nu(fp)V

Σ
Cu(f1)

+ V Σ
Cu(fp + 2f1)Nu(f1)

+Nu(fp + 2f1)V Σ
Cu(f1) (60)

Vu(fp − 2f1) = V Σ
Cu(fp − 2f1)Nu(0)

+Nu(fp − 2f1)V
Σ
Cu(0)

+ V Σ
Cu(fp − f1)Nu(f1)

+Nu(fp − f1)V Σ
Cu(f1) (61)

Vu(fp + 2f1) = V Σ
Cu(fp + 2f1)Nu(0)

+Nu(fp + 2f1)V
Σ
Cu(0)

+ V Σ
Cu(fp + f1)Nu(f1)

+Nu(fp + f1)V
Σ
Cu(f1). (62)

4) Upper Arm Insertion Index: Obtained similar to (42),
the perturbation frequency components of nu at fp ± f1 and
fp ± 2f1 including the effect of the arm-balancing controller,
are calculated as

Nu(fp − 2f1)

e−j(ωp−2ω1)Td
=

[
Gcc[j(ωp − 2ω1)]

vΣC0

Iu(fp − 2f1)

+

(
KΣ

vΣC0

− V �
u (0)

(vΣC0)
2

)
V Σ
Cu(fp − 2f1)

−
(
KΔ

vΣC0

− V �
u (f1)

(vΣC0)
2

)
V Σ
Cu(fp − f1)

]
(63)

Nu(fp − f1) = −e−j(ωp−ω1)Td

[
V Σ
Cu(fp − f1)V

�
u (0)

(vΣC0)
2

+
V Σ
Cu(fp − 2f1)V

�
u (f1)

(vΣC0)
2

+
V Σ
Cu(fp)V

�
u (f1)

(vΣC0)
2

]
(64)

Nu(fp + f1) = −e−j(ωp+ω1)Td

[
V Σ
Cu(fp + f1)V

�
u (0)

(vΣC0)
2

+
V Σ
Cu(fp + 2f1)V �

u (f1)

(vΣC0)
2

+
V Σ
Cu(fp)V

�
u (f1)

(vΣC0)
2

]
(65)

Nu(fp + 2f1)

e−j(ωp+2ω1)Td
=

[
Gcc[j(ωp + 2ω1)]

vΣC0

Iu(fp + 2f1)

+

(
KΣ

vΣC0

− V �
u (0)

(vΣC0)
2

)
V Σ
Cu(fp + 2f1)

−
(
KΔ

vΣC0

− V �
u (f1)

(vΣC0)
2

)
V Σ
Cu(fp − f1)

]
. (66)
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