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Abstract—In this article, we present a bridgeless hybrid-mode
Zeta inverter for distributed energy systems. We integrate the sec-
ondary diode of the conventional unfolding-type Zeta inverter into
one of diagonal pairs of the secondary-side switches in a bridgeless
Zeta inverter. This structure decreases the number of active power
components and provides naturally well distributed loss at the body
diodes of the secondary-side switches over one cycle of grid voltage,
and as a result, increases both output power transfer and reliability.
To attain medium-high power capacity with appropriate size of
magnetic components, the bridgeless Zeta inverter operates in both
discontinuous conduction mode (DCM) and continuous conduction
mode (CCM). However, control of the proposed inverter is difficult
because of the distinct system dynamics caused by the operations in
DCM and CCM. To deal with this control problem, we first identify
the mode boundaries and, corresponding to each mode, develop a
dynamic model to design a controller. Then, we propose to use a
feedback controller plus a feedforward controller supplemented
with a repetitive controller that uses a phase-lead compensator.
Experimental results using a 300-W prototype demonstrate the
feasibility and effectiveness of the proposed modeling and control
approach.

Index Terms—Bridgeless inverter, continuous conduction mode
(CCM), discontinuous conduction mode (DCM), phase-lead
compensator, repetitive control, Zeta topology.

I. INTRODUCTION

INCREASING preference toward more efficient distributed
energy systems is stimulating the demand for module-

integrated converters (MICs). Each MIC is mounted on a single
energy module, captures electric power from it, and delivers
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the power to the utility grid. MICs enable individual operation
of each energy module, such as photovoltaic/thermoelectric
module; this arrangement reduces power losses caused by the
mismatch between the modules. Recently, the Internet of Things
[1] have been embedded in MICs to facilitate collection of
remote diagnostics for each module. These MICs must meet
grid code requirements and at the same time should achieve low
installation cost per watt, compact size, and high power conver-
sion efficiency [2]–[6]. To meet these requirements, appropriate
topology must be selected.

Among the various single-stage dc–ac circuit topologies,
unfolding-type inverters are considered attractive for MICs. In
these topologies, the dc–dc converter converts the dc voltage to
the rectified ac voltage and the unfolding bridge unfolds the rec-
tified ac voltage to the ac voltage. This arrangement eliminates
the inverter stage and reduces the dc-link capacitance, compared
to the conventional two-stage inverters. Thus, the unfolding-
type inverters feature high power density, long lifetime, and
simplified control. Usually, unfolding-type inverters have been
developed in flyback topology. Unfolding-type flyback inverters
have the advantages of small number of components, low cost,
and high conversion efficiency [7]–[9]. However, a main concern
with this topology is a limited output power. A voltage spike at
the primary-side switch results in difficulty in increasing the out-
put power. To reduce this spike, an active-clamp circuit [10]–[12]
has been added to the conventional flyback inverters. Recently,
a flyback inverter that operates in continuous conduction mode
(CCM) [13]–[15] has also been proposed. Despite these efforts,
the operating power range of unfolding-type flyback inverters is
limited to 200 W due to the high peak current flowing through
the active and passive devices.

Unfolding-type Zeta inverters have been presented [16] as
a method to further increase the power level. They inherit the
characteristics of Zeta topology, have buck–boost capability,
so they function under a wide input/output voltage range. An
important feature of the Zeta inverters is that the inherent out-
put inductor generates continuous output current, and thereby
further reduces the ripple of the current that flows through the
secondary-side diode compared to the inverter that uses flyback
topology. However, these unfolding-type Zeta inverters must use
an unfolding bridge at the grid side. This bridge incurs a local-
ized heat management problem, followed by high conduction
losses. The high junction temperature degrades the electrical
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characteristics of active power components and increases the
metal migration, which causes accelerated aging and increased
failure rate [17]. Another challenge of this topology is that the
diode on the secondary side of the transformer conducts over
one cycle of grid voltage, and this trait complicates the task of
heat management. To alleviate this problem, differential-mode
Zeta inverters have been presented for single-phase and three-
phase utility grids [18]–[20]. These inverters are made based
on multiple modules, which are connected in parallel at the dc
side and connected in series at the ac side. Compared to the
conventional unfolding-type Zeta inverters, these differential-
mode Zeta inverters increase the efficiency of the circuit by
eliminating the unfolding bridge and its conduction loss in
the ac line current path. However, the differential-mode Zeta
inverter circuit is not fully utilized over the entire ac-line cycle:
one part of it is utilized over the positive half-cycle and the
other part is utilized over the negative half-cycle. The use of
these two independent circuits leads to the need for a large
number of power components. To address these drawbacks,
the single-stage structure has been investigated for the Zeta
converter [21]. This structure consists of single switch at the
primary side, one center-tapped transformer, and single inductor
ended structure with two half-bridge circuits. This configuration
can further decrease the number of required power components.
However, only one of the body diodes in the secondary-side
switches conducts depending on the polarity of the grid voltage
over one cycle of the grid voltage, so heat management is still
a problem. In addition, the center-tapped transformer may in-
crease the development cost; the inequality of the two secondary
windings in the center-tapped transformer would cause a leakage
inductance imbalance, which could cause imbalanced resonant
current flow through the capacitor at every half switching cycle.
Furthermore, the control accuracy of the bridgeless Zeta inverter
has been tested under the grid-forming mode. When the inverter
operates in grid-connected mode, the transfer function of the
bridgeless Zeta inverter has right-half-plane (RHP) zeros, and
also suffers from grid voltage disturbance when connected to the
utility grid. The conventional proportional-integral (PI) control
scheme coupled with feedforward controller cannot accomplish
satisfactory tracking accuracy, so the topology has poor power
quality and high total harmonic distortion (THD) at the output
current.

This article proposes a hybrid-mode bridgeless Zeta inverter
and presents its dynamic modeling and control. This inverter
does not have a secondary-side diode; instead, one of diagonal
pairs of the secondary-side switches operates depending on the
polarity of the grid voltage over one cycle of the grid voltage.
Because of this aspect, the loss accumulated at the original
secondary-side diode is distributed to all body diodes of the
secondary-side switches. By means of balanced loss distribution,
the proposed inverter achieves easy heat management, increased
output power transfer capability, and increased reliability. To
achieve medium-high power capacity with appropriate size of
magnetic components, the proposed inverter operates in discon-
tinuous conduction mode (DCM) during the low instantaneous
power region, and in CCM during the high instantaneous power
region. However, control of the proposed inverter is difficult

because DCM and CCM have distinct system dynamics. To solve
this problem, we first identify the mode boundaries, then develop
dynamic models that correspond to DCM and CCM. We apply
a repetitive controller (RC) to achieve zero steady-state tracking
error under the grid voltage disturbance. Different phase-lead
compensators in the RC compensate for different phase lags
incurred by distinct system dynamics. Based on the dynamic
models, we determine the nominal duty ratios and control pa-
rameters for feedback controllers, RCs, and phase-lead compen-
sators. Experimental tests using a 300-W prototype demonstrate
the validity of this design.

The remainder of this article is arranged as follows. Section II
presents the dynamic modeling of hybrid-mode Zeta inverter,
then Section III gives its steady-state analysis. Section IV
proposes a control scheme for the hybrid-mode Zeta inverter.
Section V presents experimental results and discussion. Finally,
Section VI concludes this article.

II. PROBLEM FORMULATION

The unfolding-type Zeta inverter [16] [see Fig. 1(a)] requires
the secondary-side diode, which accumulates a large loss during
the grid period. The single-stage Zeta inverter [21] [see Fig. 1(b)]
has no secondary diode, so the accumulated loss at the original
secondary-side diode is distributed among the body diodes of
the two switches; halving the accumulated loss can simplify
the design of the heat sink, but the center-tapped transformer
increases the development cost of the inverter. In the proposed
bridgeless Zeta inverter [see Fig. 1(c)], the accumulated loss is
separated into four switches at the secondary side. A quarter of
the heat can simplify the design of the heat sink further or even
remove the heat sink. Moreover, the proposed inverter does not
require a center-tapped transformer, which results in reduction
of the development cost of the circuit.

The bridgeless Zeta-based inverter [see Fig. 1(c)] consists
of inductors L1, input capacitor Cin, primary-side switch S1,
secondary-side switches S2 − S5, filter capacitor Co, filter in-
ductor Lf , transformer T with turns ratio n = Ns/Np, and
its magnetizing inductance Lm. The primary switch S1 op-
erates with high frequency, and the secondary switches S2–
S5 commute at a grid frequency fg . The body-diode of S4

or S5 works as the secondary-side diode of the conventional
Zeta converter. An LCL-type filter suppresses the harmonic
components in the grid current as a low-pass filter (LPF), and
thereby yields low continuous current ripple at the output side.
The primary switch operates with a variable duty cycle to
generate sinusoidal ac output, whereas the secondary switches
S2–S5 commute at fg depending on the grid voltage polarity:
S3 and S4 are turned ON during the positive half-cycle of the
grid voltage, and OFF during the negative half-cycle, whereas
S2 and S5 are turned ON during the negative half-cycle and
OFF during the negative half-cycle. As a result, the proposed
inverter transforms dc input power to ac output power in a
single step without any additional transformer winding. The
proposed inverter works as an isolated Zeta converter, so it can
achieve step-up and step-down by the operation of only five
switches.
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Fig. 1. Circuit diagrams of the Zeta topology based inverters. Wdiode,loss =∫ Tg

0
Pdiode,loss(t)dt is the energy loss occurred during a grid period Tg ;

Pdiode,loss(t) is the conduction loss occurred at the secondary diode during a
switching period. (a) Unfolding-type Zeta inverter [16]. (b) Single-stage Zeta
inverter [21]. (c) Proposed bridgeless Zeta-based inverter.

A. Operation Principle

The operation principles are based on the assumption that
the leakage inductance of the transformer T is neglected; the
ith switch (i = 1, ...5) consists of an ideal switch Si and a
body diode DSi; the capacitance of the input capacitor Cin is
sufficiently large, so input voltage Vin is constant. The proposed
inverter has two modes, CCM and DCM depending on the
operating point and inductances (Lm and L1). This section will
analyze steady-state operation principles in CCM and DCM
within one switching cycle Ts.

During the positive half-cycle of the grid voltage, the circuit
experiences three phases per switching period (see Fig. 2), which
are as follows.

1) Phase I (S1, S3, and S4 ON; DS2 and DS5 OFF): The
current flowing through DS2 and DS5 is blocked during this

Fig. 2. Operating phases of the proposed bridgeless Zeta-based inverter. (a)
Phase I. (b) Phase II. (c) Phase III.

interval. The current flowing through Lm increases and the
energy is transferred to C1. Meanwhile, the energy stored in
C1 is transferred to the grid.

2) Phase II (S3, S4, DS2, and DS5 ON; S1 OFF): DS2 and
DS5 conduct during this interval. The current flowing through
Lm decreases and the stored energy in Lm is transferred to C1.
Meanwhile, the energy stored in C1 is transferred to the grid.
When the circuit operates in CCM, its operation returns to phase
I. In contrast, when the circuit operates in DCM, the currents
flowing though Lm and L1 continue to decrease and the current
flowing through L1 becomes negative.

3) Phase III (S3 and S4 ON; S1, DS2, and DS5 OFF): After the
current flowing through DS2 and DS5 reaches zero, it becomes
zero, then the dc offset current IX flows through the circuit in
DCM.

During the negative half-cycle of the grid voltage, the circuit
experiences the same phases per switching period. The differ-
ence lies in that diagonal switch pairs at the secondary side
operate in reverse, i.e., S2 and S5 are turned ON; S3 and S4 are
turned OFF. The theoretical waveforms of the proposed inverter
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Fig. 3. Theoretical waveforms of voltages and currents when vg > 0. ΔiLm

and iL1 are the ripples of the magnetizing current and the current flowing through
L1, respectively. (a) In CCM. (b) In DCM.

in a switching cycle during the positive half-cycle of the grid
voltage are shown in Fig. 3.

B. Dynamic Modeling

The operation principle of the proposed bridgeless Zeta in-
verter is essentially the same during both positive and nega-
tive half-cycles of the grid voltage, so this section analyzes
only the dynamic model of this inverter during the positive
half-cycle.

The proposed inverter undergoes phases I, II, and III dur-
ing DCM, but only phases I and II during CCM. Based on
state-space equations of three phases, the state-space aver-
aging method yields the average model (1) and (2) where
x(t) = [iLm

(t), vC1
(t), iL1

(t), vC2
(t), io(t)]

T is the state vec-
tor; y(t) = io(t) is the output; duty ratio d1(t) is the ratio of the
ON-time of S1; duty ratio d2(t) is the ratio of the ON-time of
the body diodes in S2 and S5, and d2(t) = 1− d1(t) in CCM
and d2(t) in DCM (see Section III-A); M1(t) =

1−d1(t)−d2(t)
L1m

;

M2(t) =
d1(t)+d2(t)

L1
; L1m = L1 + n2Lm; and rL1

, rLf
, and

rC2
are the parasitic resistances of L1, Lf , and C2, respectively.

Linearizing the average model in (1) and (2), as shown at the
bottom of the next page, yields the small-signal models for DCM
and CCM.

DCM

˙̂x(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

∂F1

∂x̂1

∂F1

∂x̂2

∂F1

∂x̂3

∂F1

∂x̂4
−nM̄1rC2

1−D1

nC1
0 −D1

C1
0 0

∂F3

∂x̂1

∂F3

∂x̂2

∂F3

∂x̂3

∂F3

∂x̂4
rC2

(
M̄1 + M̄2

)
0 0 1

C2
0 − 1

C2

0 0
rC2

Lf

1
Lf

− rLf
+rC2

Lf

⎤
⎥⎥⎥⎥⎥⎥⎦
x̂(t)

+

⎡
⎢⎢⎢⎢⎢⎢⎣

∂F1

∂d̂1

− ILm

nC1
− IL1

C1
∂F3

∂d̂1

0

0

⎤
⎥⎥⎥⎥⎥⎥⎦
d̂1(t) (3)

ŷ(t) =
[
0 0 0 0 1

]
x̂(t) (4)

CCM

˙̂x(t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 − 1−D1

nLm
0 0 0

1−D1

nC1
0 −D1

C1
0 0

0 D1

L1
− rL1

+rC2

L1
− 1

L1

rC2

L1

0 0 1
C2

0 − 1
C2

0 0
rC2

Lf

1
Lf

− rLf
+rC2

Lf

⎤
⎥⎥⎥⎥⎥⎥⎦

· x̂(t) +

⎡
⎢⎢⎢⎢⎢⎢⎣

Vin
Lm

+
VC1

nLm

− ILm

nC1
− IL1

C1
VC1

L1
+ nVin

L1

0

0

⎤
⎥⎥⎥⎥⎥⎥⎦
d̂1(t) (5)

ŷ(t) =
[
0 0 0 0 1

]
x̂(t) (6)

where x̂(t) = [̂iLm
(t), v̂C1

(t), îL1
(t), v̂C2

(t), îo(t)]
T , ŷ(t) =

îo(t), and d̂(t) are, respectively, the incremental variations
of x(t) = [iLm

(t), vC1
(t), iL1

(t), vC2
(t), io(t)]

T , y(t) = io(t),
and d1(t); ILm

, VC1
, IL1

, VC2
, Io, D1, and D2 are, respectively,

the values at the operating point of iLm
(t), vC1

(t), iL1
(t),

VC2
(t), io(t), d1(t), and d2(t); M̄1 = 1−D1−D2

L1m
; M̄2 = D1+D2

L1
;

Fi,
∂Fi

∂x̂j
, and ∂Fi

∂d̂1
for i = 1, 3 and j = 1, ..., 4 (see Appendix A).
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From these small-signal models for DCM and CCM, the
transfer functions from the control input to the output can be
derived as follows:

DCM

Gid_DCM(s) =
îo(s)

d̂1(s)
=

a1s
3 + a2s

2 + a3s+ a4
b1s5 + b2s4 + b3s3+b4s2 + b5s+ b6

(7)

CCM

Gid_CCM(s) =
îo(s)

d̂1(s)
=

c1s
3 + c2s

2 + c3s+ c4
e1s5 + e2s4 + e3s3+e4s2 + e5s+ e6

(8)

with derived parameters ai and ci for i = 1, ..., 4 and bj and
ej for j = 1, ..., 6 (see Appendix B). Analysis of the afore-
mentioned small-signal models reveals that Gid_DCM(z) has five
left-half-plane (LHP) poles, one RHP zero, and two LHP zeros,
whereasGid_CCM(z)has five LHP poles, two RHP zeros, and one
LHP zero. To develop the controller in the discrete-time domain,
the bilinear transformation method with the sampling period Ts

converts the continuous-time transfer functions (7) and (8) to
the discrete-time transfer functions Gid_DCM(z), Gid_CCM(z).

III. STEADY-STATE ANALYSIS

A. DC-Offset Current Calculation

When the bridgeless Zeta inverter operates in DCM, dc-offset
currents flow through Lm and L1. These currents differentiate
the Zeta inverter that operates in DCM from other DCM in-
verters, such as flyback and nonisolated buck–boost inverters.
Considering that inductor currents exhibit triangular waveforms
[see Fig. 3(b)], the average currents flowing Lm and L1 can be
described as

ILm
=

1

Ts

∫ Ts

0

iLm
(t)dt = IX +

vind1 (d1 + d2)Ts

2Lm
(9)

IL1
=

1

Ts

∫ Ts

0

iL1
(t)dt

= −IX
n

+
(nvin + vC1

− |vC2
|) d1 (d1 + d2)Ts

2L1
(10)

where IX is a dc-offset current, the value of which depends on
duty ratio d2.

Eliminating IX in (9) and (10) yields

d2 =
2 (ILm

+ nIL1
)

d1Ts

(
vin
Lm

+ n
L1

(nvin + vC1
− |vC2

|)
) − d1. (11)

By substituting (11) into (10) [or (9)], the dc-offset current IX
can be obtained as

IX =
(ILm

+ nIL1
) (nvin + vC1

− vC2
)

vinL1

nLm
+ nvin + vC1

− vC2

− nIL1
. (12)

The steady-state voltages vC1
and |vC2

| are computed as |vg|
by the inductor volt-second balance law. Then, simplifying (12)
yields

IX =
n2LmILm

− nL1IL1

L1 + n2Lm
. (13)

B. Nominal Duty Ratio Derivation

Assuming that the inverter circuit is lossless and it operates
in quasi-steady-state during the switching period, the power
balance equations in both CCM and DCM regions are

VinIin = Vg,rmsĪo,rms = Po (14)

VinIpri = Vg Īo = 2Vg,rmsĪo,rmssin
2 (ωgt) (15)

whereVin, Iin, Ipri,Vg, and Īo are, respectively, the average values
of the input voltage, the input current, the primary-side current of
the transformer, and the output current over a switching cycle;
Vg,rms and Īo,rms are, respectively, the rms values of the grid
voltage and the output current; Po is the output power; and ωg

is the grid angular frequency.
When S1 is turned ON, ipri increases and its energy is stored

in the magnetizing inductance Lm while transferred into the
secondary-side of the transformer. Ipri can be represented as

Ipri =
1

Ts

∫ d1Ts

0

(iLm
+ nisec) dt =

Vind1
2Ts

2Leq
(16)

where Leq = LmL1/(n
2Lm + L1).

ẋ(t) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 −
(

d2(t)
nLm

+ nM1(t)
)

n (rL1
+ rC2

)M1(t) nM1(t) −nM1(t)rC2

1−d1(t)
nC1

0 −d1(t)
C1

0 0

0 M1(t) +
d1(t)
L1

− (rL1
+ rC2

) (M1(t) +M2(t)) − (M1(t) +M2(t)) rC2
(M1(t) +M2(t))

0 0 1
C2

0 − 1
C2

0 0
rC2

Lf

1
Lf

− rLf
+rC2

Lf

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

· x(t) +

⎡
⎢⎢⎢⎢⎢⎢⎣

d1(t)
Lm

0

0 0
nd1(t)
L1

0

0 0

0 − 1
Lf

⎤
⎥⎥⎥⎥⎥⎥⎦
·
[
vin(t)

vg(t)

]
(1)

y(t) =
[
0 0 0 0 1

]
x(t) (2)
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Fig. 4. Waveforms of the proposed bridgeless Zeta inverter operating in DCM
and CCM during a grid period.

Substituting (16) into (15), we have the nominal duty ratio
during DCM

DDCM(t) =
2

Vin

√
LeqPo

Ts
| sin(ωgt)|. (17)

When the bridgeless Zeta inverter operates in CCM, the nom-
inal duty-ratio can be derived using the voltage-second balance
law. By neglecting the parasitic resistance values RL1

,RLf
, and

RC3
and by using the voltage-second balance for inductors Lm,

L1, and Lf over a switching period Ts, we can easily derive the
nominal duty ratio during CCM

DCCM(t) =
|Vg|

nVin + |Vg| . (18)

C. Boundary of Operation Modes

The proposed bridgeless Zeta inverter operates in DCM at low
instantaneous power level, then starts to operate in CCM as the
instantaneous power level increases (see Fig. 4). The operating
mode of the proposed inverter can be categorized into DCM and
CCM by comparing the average inductor current and the halves
of inductor current ripple (see Fig. 3). To simplify the problem of
solving the inequality, the dc-offset current IX is eliminated by
comparing ĪLm

+ n|ĪL1
| and 1

2 (�iLm
+ n�iL1

). Here, ĪLm

is the average current flowing through Lm over a switching
cycle and ĪL1

is the average current flowing through L1 over
a switching cycle. If ĪLm

+ n|ĪL1
| ≤ 1

2 (�iLm
+ n�iL1

), the
bridgeless Zeta inverter operates in DCM; otherwise it operates
in CCM.

By applying the current-second balance law to the capacitor
C1 in CCM, the relationship between average currents ĪLm

and
ĪL1

can be expressed as

ĪLm

nDCCM(t)
=

|ĪL1
|

1−DCCM(t)
. (19)

From (9) and (10)

�iLm
+ n�iL1

=
VinTs

Leq
DCCM(t). (20)

If the currents flowing through Lm and L1 satisfy

ĪLm
+ n|ĪL1

| ≥ 1

2
(�iLm

+ n�iL1
). (21)

Then, it operates in CCM; otherwise, it operates in DCM.
Substituting (19) and (20) into (21) yields

n|ĪL1
|

1−DCCM(t)
≥ VinTs

2Leq
DCCM(t). (22)

Substituting (18) into the left-hand side of (22) and rearranging
it yields √

2Leq|Vg||ĪL1
|

V 2
inTs

≥ DCCM(t). (23)

By the current-second balance law to C2, ĪL1
= Īo. Then, using

|Vg||Īo| = 2Po sin
2(ωgt), (23) becomes

2

Vin

√
LeqPo

Ts
| sin(ωgt)| = DDCM(t) ≥ DCCM(t). (24)

Then, ifDDCM(t) ≥ DCCM(t), the bridgeless Zeta inverter oper-
ates in CCM; otherwise it operates in DCM. In addition, the crit-
ical duty ratio Dcrit can be obtained when DDCM(t) = DCCM(t).
Substituting the derived nominal duty ratio values (17) and (18)
into DDCM(t) = DCCM(t) and rearranging it yield

Dcrit = 1− n

Vg,rms

√
2LeqPo

Ts
. (25)

D. Optimal Boundary for Minimal Loss

A bridgeless Ćuk inverter in [22] mainly uses an input
inductor, an output inductor, and buffer capacitors at pri-
mary/secondary sides in its power transfer. The transformer
is assumed to be ideal and so its design is straightforward.
However, the proposed bridgeless Zeta inverter uses the magne-
tizing inductance, the output inductor, and the buffer capacitor
at secondary side in the power transfer. Thus, the transformer
design becomes complicated. In this section, we provide the
parameter selection of the transformer in detail.

Transformer turns ratio n and inductances Lm and L1 mainly
affect the switching and conduction losses in switches S1 − S5,
and the core and copper losses in transformer T and inductor L1

in the bridgeless Zeta inverter. These losses take a large portion
of the overall power conversion losses, so parameters n, Lm,
and L1 should be carefully selected. The losses during the grid
period can be represented as

P̄loss(Np, Ns, Lm, L1)

=
1

Tg

∫ Tg

0

[PS(io(t), vg(t), n, Lm, L1)+PL(io(t), vg(t), n, L1)

+PT (io(t), vg(t), Np, Ns, Lm, L1)] dt (26)
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TABLE I
VOLTAGE AND CURRENT STRESSES ON ACTIVE SWITCHING DEVICES

where the loss caused by switches is PS =
∑5

i=1(P
(i)
S_cond +

P
(i)
S_sw); P

(i)
S_cond and P

(i)
S_sw are, respectively, the conduction and

switching losses ofSi for i = 1, ..., 5; the loss caused by inductor
L1 is PL = PL_core + PL_copper where PL_core and PL_copper are,
respectively, the core and copper losses of L1; the loss caused
by transformer T isPT = PT _core + PT _copper wherePT _core and
PT _copper are, respectively, the core and copper losses ofT . These
losses can be calculated from the on-state currents and off-state
voltages (see Table I) and parameters of the components (see
Table II); the calculation method has been addressed in detail
[23], [24] and so is omitted for brevity.

However, P̄loss in (26) is a function of four parametersNp,Ns,
Lm, and L1. Optimization of the four parameters that minimize
the power loss is a complex computational task. Thus, we first
set two parameters: magnetizing inductance Lm = 60.2 μH and
primary turns of transformer Np = 14. Then, P̄loss becomes
a function of only two parameters: n and L1 (see Fig. 5).
When 3.4 < n < 3.7 and L1 > 2 mH, P̄loss remains very small.
Increase in inductance L1 also increases the size of the inductor,
so we set n and L1 to be n = 3.64 and L1 = 2.04 mH in the
prototype implementation.

From (25), the critical duty ratio depends on the value of
Leq = LmL1/(n

2Lm + L1) (see Fig. 6). With the obtained
optimal values of Lm, L1, and n, the resulting critical duty ratio
can be calculated as Dcrit = 0.29, which balances the operating
regions between DCM and CCM; the DCM region is 20.9% of
a grid period and CCM region is 79.1%.

IV. CONTROL DESIGN

The control system of the bridgeless hybrid-mode Zeta in-
verter aims at making its output current track the reference

Fig. 5. Losses in (26) during a grid period with respect to turns ratio n and
inductance L1.

current, which is synchronized with the grid voltage. To stabilize
the hybrid-mode Zeta inverter, a conventional PI controller can
be applied for each mode. The transfer functions of PI controllers
in DCM and CCM are represented as

CPI_ρ(z) = kp_ρ + ki_ρ
Ts

2

1 + z−1

1− z−1
, for ρ = DCM or CCM

(27)

where kp_ρ and ki_ρ are, respectively, the proportional and
integral controller gains for ρ = DCM or CCM.



7240 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 36, NO. 6, JUNE 2021

TABLE II
PARAMETERS AND COMPONENTS OF THE BRIDGELESS ZETA-BASED INVERTER

However, the conventional PI controller cannot meet the
desired control precision due to the different system dynam-
ics in the hybrid-mode Zeta inverter and the grid disturbance.
Especially, the system dynamics of the bridgeless Zeta inverter
that operates in CCM has RHP zeros, which generate phase-lags
and limit the increase of the PI controller gains. In addition, this
circuit undergoes the severe grid disturbance when connected to
the utility grid. To solve these problems, we propose to use an RC
with a phase-lead compensator for each mode. To alleviate the
control burden from the feedback controller, nominal duty ratios
are also derived for a feedforward control input. This section will

Fig. 6. Operating regions and critical duty ratios with different values of Leq .

first introduce nominal duty ratio values as a feedforward input
and develop an RC that has a multiple phase-lead compensator.

A. Feedforward Controller

The nominal duty ratio Dn for the hybrid-mode Zeta inverter
is

Dn(t) =

{
DDCM(t), if DDCM(t) < DCCM(t)

DCCM(t), if DDCM(t) ≥ DCCM(t).
(28)

These nominal duty ratios in DCM and CCM were obtained as
in Section III-B. Although the nominal duty ratio Dn does not
directly generate the desired output current, the use ofDn assists
the proposed inverter to produce the desired output current while
lowering the burden of the feedback controller.

B. RC With Multiple Phase-Lead Compensator

The RC is an effective approach to track a periodic reference
signal and to reject the disturbance at specified frequencies [25]–
[28]. However, if the hybrid-mode Zeta inverter adopts the RC
by itself, the different phase lag incurred by the different system
dynamics in DCM and CCM may severely deteriorate the control
accuracy of the RC. Thus, the proposed RC adopts a multiple
phase-lead compensator to compensate for the incurred phase
lag of the hybrid-mode Zeta inverter.

The proposed RC for the hybrid-mode Zeta inverter is de-
scribed as

CRC_ρ(z) = kr_ρ
z−NQρ(z)

1− z−NQρ(z)
Gpl_ρ(z) (29)

where kr_ρ and Qρ(z) are, respectively, the RC gain and the
LPF for ρ = DCM or CCM; N = fs/fg where fs = 1/Ts and
fg are, respectively, the switching and reference frequencies;
and Gpl_ρ(z) is the phase-lead compensator to compensate for
the phase lag of the closed-loop systems for ρ = DCM or CCM.
Because of disturbances and parameter uncertainties, the inverse
of the plant to implement the phase-lead compensator is often
unrealizable, so a linear phase-lead compensator [27]–[29] is
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Fig. 7. Block diagram of control system for the hybrid-mode Zeta inverter.
y(z) and yd(z) are, respectively, the output and the reference output trajectory.

chosen as follows:

Gpl_ρ(z) = zmρ (30)

where mρ is the integer phase-lead step for ρ = DCM or CCM.
The whole control system (see Fig. 7) comprises a PI con-

troller term that drives the closed-loop system to stay within
a uniform bound, a hybrid-mode nominal duty ratio term that
eases the feedback control burden, and an RC that has a multiple
phase-lead compensator term that substantially increases the
tracking accuracy.

To analyze the stability of the proposed control system (see
Fig. 7), the small-signal models (see Section II) are represented
as Gid_ρ(z) for ρ = DCM or CCM. By obtaining the sensitivity
function of the closed-loop system and by applying the small-
gain theorem to its modified function, the stability analysis of the
modified control system gives the sufficient stability conditions
[27]–[29], which are as follows.

1) The closed-loop system Gcl_ρ(z) is stable.
2) |Qρ(z)| ≤ 1, for all z = ejωTs , where 0 < ω < π

Ts
, and

its cutoff frequency is ωc_ρ.
3) |1− kr_ρz

mρGpi_ρ(z)Gp_ρ(z)(1−Gcl_ρ(z))| < 1, for
all z = ejωTs , where 0 < ω < ωc_ρ.

Here,Gcl_ρ(z) is the closed-loop transfer function without the
RC

Gcl_ρ(z) =
GPI_ρ(z)Gid_ρ(z)

1 +GPI_ρ(z)Gid_ρ(z)
. (31)

C. Control Parameter Selection

Based on the system models in (7) and (8), the discrete-time
transfer functions at the instantaneous peak power operating
points in DCM and CCM are

Gid_ρ(z)

=

{
4.56z4+5.08z3−5.47z2−4.45z−0.01
z5+0.06z4−1.69z3+0.13z2+0.96z with ρ = DCM
3.73z4−0.67z3−7.79z2+3.74z+4.31

z5−0.84z4−1.59z3+1.69z2+0.68z−0.94 with ρ = CCM.

(32)

Based on the aforementioned transfer functions and system
parameters (see Table II), this section will introduce a design
process of the control parameters to meet the stability conditions
(see Section IV-B).

1) Stability Condition (a): To satisfy stability condition (a),
we should select the control parameters in GPI_ρ(z) such that
Gcl_ρ(z) does not have any poles outside the unit circle in the
z-plane. Then, the PI controllers Gpi_ρ(z) with ρ = DCM or
CCM are designed with control parameters kp_ρ = 0.01 and
ki_ρ = 0.1.

2) Stability Condition (b): The LPF Qρ(z) is needed to im-
prove the system robustness. To satisfy stability condition (b),
Qρ(z) is selected as a q-order LPF with zero-phase shift

Qρ(z) = Σp
i=0αiz

i +Σp
i=1αiz

−i (33)

where α0 + 2Σp
i=1αi = 1 with αi > 0 and p is the number of

samples used for filtering. Its cutoff frequency ωc_ρ should be
set high enough that harmonic components in a wide range of
frequencies can be compensated, so ωc_ρ will be set after the
design of the phase-lead compensator in the RC.

For reduction of the computational burden, a first-order LPF is
usually recommended in the RC design [11], [13], [14]. But, the
first-order filter has limitation to lowering its cutoff frequency. To
more decrease the cutoff frequency ofQρ(z), a k-step first-order
LPF is applied to guarantee the condition (b)

Q(k)
ρ (z) = α0z

0 +
1

2

(
α1z

k + α1z
−k
)

(34)

where α0 + 2α1 = 1 with αi > 0 and k is the sampling interval
used for filtering. Then, by making its magnitude become−3 dB,
its cutoff frequency can be obtained

|Q(k)
ρ (ejmωc_ρ)| = |α0 + α1

(
ejkωc_ρTs + e−jkωc_ρTs

) |
= |α0 + 2α1 cos(mωc_ρTs)| = −3 dB (35)

where 0 < ωc_ρ < π/Ts and α0 + 2α1 = 1. Then

ωc_ρ =
1

kTs
cos−1

(
1√
2
− α0

1− α0

)
(36)

where α0 ≥ 0.5. The aforementioned equation indicates that
sampling interval k can also adjust the cutoff frequency ωc_ρ

other than Ts and α0.
3) Stability Condition (c): Based on the frequency-domain

design tool [27]–[29], the closed-loop transfer functionGcl_ρ(z)
and the phase-lead compensator zm_ρ can be, respectively, rear-
ranged into

Gcl_ρ(e
jω) = Ncl_ρ(e

jω)ejθcl_ρ(e
jω) (37)

and

θmρ
(ejω) = ∠zmρ . (38)

Then, simplifying inequality in stability condition (c) yields

|1− kr_ρNcl_ρ(e
jω)ej(θcl_ρ(e

jω)+θmρ (e
jω))| < 1 (39)

where 0 < ω < ωc_ρ.
Substituting ejθ = cos (θ) + j sin(θ) and kr_ρ > 0 into (39)

yields the sufficient conditions [27]–[29]

0 < kr_ρ < kr_ρ_max �
2cos(θcl_ρ(e

jω) + θmρ
(ejω))

Ncl_ρ(ejω)
(40)
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Fig. 8. Phase plots of Gcl_ρz
mρ with (a) ρ = DCM and (b) ρ = CCM.

and

|θcl_ρ(ejω) + θmρ
(ejω)| < π/2 (41)

where 0 < ω < ωc_ρ.
A phase-lead step mρ should be selected appropriately such

that the angle in (41) is ≤ π/2 at frequency ≤ ωc_ρ, so a
phase-lead step mρ is chosen to maximize the frequency range
to meet the inequality in (41), and the cutoff frequency ωc_ρ

is determined to be less than the crossover frequency at which
|θcl_ρ(e

jω) + θmρ
(ejω)| = π/2.

The phase plots of Gcl_ρ(z)z
mρ (see Fig. 8) indicate that

the closed-loop systems without phase-lead compensation do
not guarantee condition (41) in a wide frequency range. The
phase-lead compensation step values ofmDCM = 1,..., 7 achieve
the maximized stable frequency range with ρ = DCM, whereas
the phase-lead compensation step values of mCCM = 5,...,10
does with ρ = CCM. Considering unknown uncertainties and
stability conditions in all DCM and CCM regions, the phase-
lead compensation step values are set to be mDCM = 2 and

Fig. 9. Prototype of the proposed Zeta inverter.

mCCM = 6, respectively. Furthermore, if the cutoff frequency
ωc_ρ of the LPF is set asωc_ρ = 20 000 rad/s, both of these com-
pensators completely satisfy the condition (41). From (40), the
ranges of RC gains that correspond tomDCM = 2 andmCCM = 6
are obtained as 0 < krDCM < 1.93 and 0 < krCCM < 2.14. The
resulting RCs are

Grc_ρ(z) =

⎧⎪⎪⎨
⎪⎪⎩

1

4
· z−NQDCM(z)

1− z−NQDCM(z)
z2 with ρ = DCM

1

4
· z−NQCCM(z)

1− z−NQCCM(z)
z6 with ρ = CCM

(42)

where Qρ(z) is chosen as a three-step first-order LPF: Q(3)
ρ (z)

is 0.225z3 + 0.55 + 0.225z−3 with ρ = DCM or CCM.

V. EXPERIMENTAL RESULTS AND DISCUSSION

A prototype of the bridgeless Zeta inverter is implemented to
verify the theoretical analysis and evaluate its performance (see
Fig. 9). Its input voltage range, grid voltage, and rated output
power are set to be vin = 40 − 50 V, vg = 220 Vrms, and Po =
300 W. Table II summarizes the specifications of the other major
parameters and components in detail. A TMS320F28069 digital
signal processor was used to implement the controller for the
proposed inverter.

When only PI control scheme coupled with feedforward con-
troller was used, the output current cannot track the reference
output current accurately [see Fig. 10(a)]. When the RC without
a phase lead compensator was used, the output current was
distorted in both DCM and CCM due to the incorrect learning
of the control input [see Fig. 10(b)]. When the RC with two-step
phase lead was applied, the output current started to be distorted
in CCM [see Fig. 10(c)]. However, when the proposed RC with
two-step phase lead in DCM region and six-step phase lead in
CCM region was used, the output current was almost sinusoidal
and achieved desired power level at 300 W [see Fig. 10(d)].
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Fig. 10. Experimental waveforms of the grid voltage and output
current at vin = 45 V and Po = 300 W. (a) No RC. (b) RC without
phase-lead compensator. (c) RC with phase-lead step mDCM = 2
and mCCM = 2. (d) RC with phase-lead step mDCM = 2 and
mCCM = 6.

Fig. 11. Experimental waveforms of the grid voltage and output current at
vin = 45 V when the output power is varied with the proposed controller. (a)
150 to 300 W. (b) 300 to 150 W.

To validate the dynamic performance of the proposed Zeta
inverter, the output power was varied from 150 to 300 W and vice
versa. When the output power was changed, the output current
well tracked the reference output current in a few iterations (see
Fig. 11).

In Fig. 12(a), the voltage and current waveforms of S1 were
well matched with theoretical waveforms of S1. Primary-side
switch suffered from the voltage spike but it did not exceed
the voltage rating of the primary-side switch. In Fig. 12(b), we
have measured the voltage and current waveforms of S4 and S5

because the switch pairs (S3, S4) and (S2, S5) were turned ON

and OFF simultaneously. The switch S5 also suffered from the
voltage spike but it did not exceed the voltage rating of S5.

Fig. 13 shows the THD values of the output current for
different load conditions. THD was measured less than 1.7%
at the full load condition.

The power conversion efficiency was measured by Yokogawa
WT1800E digital power analyzer. The maximum power conver-
sion efficiency was 94.7% and the California Energy Commis-
sion weighted efficiency is 94.4%when vin = 50 V (see Fig. 14).
Fig. 15 shows the power loss distribution in the proposed Zeta
inverter at full load. From Fig. 15, the primary-side switch
takes 36.23% and the transformer takes 30.90% in total power
loss.
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Fig. 12. Experimental waveforms of the drain-source voltage and drain current
at vin = 45 V and the instantaneous peak power. (a) In S1. (b) In S5 and S4.

Fig. 13. THD of the output current at vin = 45 V.

As in Table III, an unfolding-type flyback inverter in [13]
features simple structure, low component number, and high
efficiency. However, the primary-side switch and secondary-side
diode suffer from high current ripple, which limits its power
capacity. Compared to the unfolding-type flyback inverter, an
unfolding-type Ćuk inverter in [27] has the advantages of low
ripples of the current at the input and output, and medium
power capacity. However, it requires a large number of passive
power components, which increases the complexity of the power
circuit design. The unfolding-type Zeta inverter in [16] features
the inherent output inductor that generates the output current
with low ripple; this inductor further reduces the ripple of the

Fig. 14. Measured power conversion efficiency according to the output power
and input voltage.

Fig. 15. Power loss distribution at vin = 45 V and full load.

current that flows through the secondary-side diode compared
to the unfolding-type flyback inverter. The inverter in [16] also
uses smaller number of power components than those used in
the unfolding-type Ćuk inverter. However, these unfolding-type
inverters must use the unfolding bridge at the grid side. This
bridge incurs a localized heat management problem. Also, the
diode on the secondary side of the transformer conducts over one
cycle of grid voltage, and this trait complicates the task of heat
management. The structure of single-stage Zeta inverter in [21]
can alleviate the localized heat management problem, but only
one of the body diodes in the secondary-side switches conducts
depending on the polarity of the grid voltage over one cycle of
the grid voltage, so heat management is still a problem. On the
other hand, in the proposed bridgeless Zeta inverter, the loss
accumulated at the original secondary-side diode is distributed
to all body diodes of the secondary-side switches. By means of
balanced loss distribution, the proposed inverter achieves easy
heat management and increased reliability. Moreover, it does
not require the additional diode on the secondary side of the
transformer or center-tapped transformer; this aspect simplifies
the circuit structure and reduces the development cost of the
circuit. The efficiency of the proposed bridgeless Zeta inverter
is lower than or equal to that of the unfolding-type inverters,
because the body diode of the secondary-side switch has a larger
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TABLE III
COMPARISON OF UNFOLDING-TYPE FLYBACK/ĆUK INVERTERS AND ZETA TOPOLOGY BASED INVERTERS IN TERMS OF HARDWARE

IMPLEMENTATION AND PERFORMANCE

#, S, D, L, C, and T stand for number, switch, diode, inductor, capacitor, and transformer, respectively.
1)Benchmark value—Switch voltage and current stresses, vg = 1.0 p.u., io = 1.0 p.u. at the instantaneous peak power with full load Po = 300 W; component
parameters in other topologies were designed based on their own references.

voltage drop compared to that of the diode itself. This can
be reduced if the proposed inverter adopts the secondary-side
switches having a lower voltage drop at their body diodes. Also,
the efficiency of proposed inverter is higher than the single-stage
Zeta inverter in [21], because its transformer turns ratio used in
[21] was set to be high.

VI. CONCLUSION

This article introduces a bridgeless Zeta inverter and presents
its dynamic models and control methods. By means of bridgeless
structure and balanced loss distribution characteristic, the pro-
posed inverter features reduced number of power components,
compact size, and high reliability. Moreover, we have designed
the proposed inverter to operate in DCM and CCM. We first
identified the mode boundaries and investigated the dynamic

characteristic of the proposed inverter for each mode. We derived
the transfer function corresponding to each operation mode and
used it to design the nominal duty ratio as well as the feedback
controller. To compensate for different periodic disturbances
and phase lags incurred by the different system dynamics in
DCM and CCM, we implemented different RCs with different
phase-lead compensation algorithms in the proposed control
scheme. We also provided detailed and practical design guide-
lines to design a stable hybrid-mode Zeta inverter. To confirm
the validity of the proposed inverter, we have built a 300-W
prototype inverter and used it for experimental tests.

APPENDIX A

The average model (1) can be described by the non-
linear differential equation ẋ(t) = F(x(t), d1(t)), where
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F = [F1, F2, F3, F4]
T is a nonlinear functions and x =

[x1, x2, x3, x4]
T is the state vector. Linearizing (1) yields the

small-signal model in (3). The parameters used in (3) are pro-
vided as (43)–(52), as shown at the bottom of this page, where

∂M1

∂x̂1
= − 2Leq

D1TsVinL1m
(53)

∂M1

∂x̂2
=

2n (ILm
+ nIL1

)LmLeq

D1TsV 2
inL

2
1m

(54)

∂M1

∂x̂3
= − 2nLeq

D1TsVinL1m
(55)

∂M1

∂x̂4
= −2n (ILm

+ nIL1
)LmLeq

D1TsV 2
inL

2
1m

(56)

∂M1

∂d̂1
=

2 (ILm
+ nIL1

)Leq

D2
1TsVinL1m

. (57)

APPENDIX B

The system parameters as defined in (7) and (8) are given as
(58)–(77), as shown at the bottom of this page and the next page.

∂F1

∂x̂1
=

∂M1

∂x̂1

(
VC1

nL1mLm
− nVC1

+ n (rL1
+ rC2

) IL1
+ nVC2

− nrC2
Io

)
(43)

∂F1

∂x̂2
= − D2

nLm
− nM̄1 +

∂M1

∂x̂2

(
L1VC1

nLeq
− nVC1

+ n (rL1
+ rC2

) IL1
+ nVC2

− nrC2
Io

)
(44)

∂F1

∂x̂3
= nM̄1 (rL1

+ rC2
) +

∂M1

∂x̂3

(
VC1

nL1mLm
− nVC1

+ n (rL1
+ rC2

) IL1
+ nVC2

− nrC2
Io

)
(45)

∂F1

∂x̂4
= nM̄1 +

∂M1

∂x̂4

(
L1VC1

nLeq
− nVC1

+ n (rL1
+ rC2

) IL1
+ nVC2

− nrC2
Io

)
(46)

∂F1

∂d̂1
=

VC1

nLm
+

Vin

Lm
+

∂M1

∂d1

(
L1mVC1

nLm
− nVC1

+ n (rL1
+ rC2

) IL1
+ nVC2

− nrC2
Io

)
(47)

∂F3

∂x̂1
=

∂M1

∂x̂1

(
VC1

+
n2Lm

L1
((rL1

+ rC2
) IL1

+ VC2
− rC2

Io)

)
(48)

∂F3

∂x̂2
= M̄1 +

D1

L1
+

∂M1

∂x̂2

(
VC1

+ n2L2
mL1L1m ((rL1

+ rC2
) IL1

+ VC2
− rC2

Io)
)

(49)

∂F3

∂x̂3
= − (rL1

+ rC2
)
(
M̄1 + M̄2

)
+

∂M1

∂x̂3

(
VC1

+
n2Lm

L1
((rL1

+ rC2
) IL1

+ VC2
− rC2

Io)

)
(50)

∂F3

∂x̂4
= − (M̄1 + M̄2

)
+

∂M1

∂x̂4

(
VC1

+ n2L2
mL1L1m ((rL1

+ rC2
) IL1

+ VC2
− rC2

Io)
)

(51)

∂F3

∂d̂1
=

VC1

L1
+

nVin

L1
+

∂M1

∂d̂1

(
VC1

+
n2Lm

L1
((rL1

+ rC2
) IL1

+ VC2
− rC2

Io)

)
(52)

a1 = C1C2rC2

∂F3

∂d̂1
(58)

a2 = nC1
∂F3

∂d̂1
− C2rC2

(
(ILm

+ nIL1
)
∂F3

∂x̂2
+ nC1

(
∂F3

∂d̂1

∂F1

∂x̂1
− ∂F1

∂d̂1

∂F3

∂x̂1

))
(59)
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(
∂F3
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(
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(
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+ rLf
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(
∂F1
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+

∂F3
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b3 = nC1 − C2Lf
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− nC1Lf
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)
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(
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∂x̂1
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)
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(
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(
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∂x̂4

)
− nC2D1

(
rC2

+ rLf
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