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Abstract—Repetitive controllers represent an attractive solution
for systems having periodic reference or disturbance signals with
high harmonic content. In order to obtain some performance im-
provements for three-phase plants, as grid-connected converters,
complex repetitive controllers were proposed later in literature. In
this article, the advantages of complex repetitive control systems
over the real ones are analyzed. In addition, sufficient conditions
for the input–output stability of complex repetitive control systems
and modified complex repetitive control systems are obtained from
the small gain theorem. These stability conditions are then used to
derive the stability domains for complex repetitive control systems.
Further, a relative stability analysis based on the sensitivity function
is introduced. An experimental application based on an active
power filter is used to exemplify the effectiveness of the proposed
stability analysis.

Index Terms—Complex controller, harmonic compensation,
repetitive control, stability analysis.

I. INTRODUCTION

THE conventional repetitive controller (RC), as originally
proposed [1], is characterized for having a periodic signal

generator in its structure. Due to this aspect, and in view of
the internal model principle [2], conventional RCs enable the
elimination of the system steady-state error for periodic refer-
ence signals, even though these signals contain high harmonic
content. However, it makes it necessary to store all samples of
the error signals during the last fundamental period.

Several real RC-based solutions (i.e., controllers with real
input and real output) have been proposed in the past decades.
Many of these works approach control schemes with the ability
of regulating only a specific family of harmonic components,
such as the 4 k ± 1RC (all odd components) [3], [4], the 6 k ± 1
RC [5], and thenk ±mRC [6]. When compared to conventional
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RCs, their main advantage is the smaller number of samples to
be stored, which results in a faster response time.

For three-phase systems, RCs are commonly implemented
considering decoupled phases or stationary axes. To accomplish
this, one can use an RC for each phase quantity (a, b and c)
or transform the errors to Clarke’s stationary reference-frame
and use an RC for each α and β component. However, if the
error signal is represented as a space vector, i.e., as a complex
variable (�e = eα + jeβ), a complex RC becomes an attractive
solution [7]. The complex (or vector) approach emerged from
proportional-integral controllers in synchronous reference frame
(PI-SRF) [8], and some papers were devoted to the modeling
and analysis of three-phase systems represented as complex
dq-frame systems [9]–[11]. However, the implementation of
complex controllers for three-phase systems in stationary refer-
ence frame was introduced with the reduced order generalized
integrator (ROGI) [12], in 2012. Since then, several studies
have approached this methodology, some of the most recent
being [13], [14], and [15].

Complex RC structures were first used in a parallel scheme
to make the conventional RC achieve a faster transient re-
sponse [16]. Nonetheless, the output of this strategy, which is
the sum of all complex RC structures in parallel, results in a
real quantity. Then, this scheme can be applied to separately
regulate the α and β components. However, since its input
and output signals are real quantities, it does not behave as
a complex controller, i.e., it cannot be designed to control a
positive-sequence harmonic component without controlling its
respective negative-sequence.

In fact, the first RC-based control scheme proposed in the
literature that was actually used as complex controller is the
one in [7]. These complex RCs can be used to control the
harmonic components in the familiy (nk +m,k ∈ Z) of an error
space vector [7], [13], [15]. It is worth noting that, for complex
signals, the harmonic spectrum is evaluated so that positive and
negative frequencies represent positive- and negative- sequence
harmonic components, respectively [15]. Thus,nk +m > 0 and
nk +m < 0 represent positive- and negative-sequence compo-
nents, respectively. When compared to real RCs (conventional
RCs [1] or nk ±m RCs [4] –[6]), complex RCs provide a faster
transient performance and require less memory cells [15].

Although the evaluation of stability of real RCs has been
exhaustively approached in the literature [1], [17] –[21], this
issue is still an open field for complex RCs. Some researches
that propose complex RCs, such as [13] and [15], base their
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stability analysis on the stability domains proposed in [1], even
though its applicability is not mathematically proved for com-
plex RCs. Thus, in this article, the input–output stability and
relative stability of a complex RC system are mathematically
evaluated. Consequently, the present research seeks to come up
with stability conditions that can be used as design criteria for
these complex RC systems. Besides that, the proposed stability
analysis method allows to better evaluate the effect of the param-
eter a in the proposed complex RC, determining its impact on the
system stability domain. Additionally, it makes possible to tune
the parameters of the low-pass filter (LPF) that is commonly used
in RC-based solutions to improve their stability characteristics.
To the best of the authors’ knowledge, the article brings the
following original contributions:

1) presenting a complex RC based on the primitive repetitive
cell proposed in [22], which had been used only for
theoretical purpose;

2) presenting a scheme for implementing the complex RC
based on the primitive repetitive cell proposed in [22] in
real digital signal processors;

3) validating the analysis proposed in [1] for evaluating the
input–output stability of complex RCs;

4) establishing the design conditions for ensuring L2-
stability of complex RCs;

5) establishing the magnitude-frequency curve boundary of
the LPF used to enlarge the stability domain.

The rest of this article is organized as follows. In Section II,
the main differences between real and complex controllers are
presented so that the reader can understand the applicability of
complex solutions. In Section III, the generic complex RC, its
structural characteristics, and its implementation are presented.
In Section IV, its input–output stability is evaluated based on
the small gain theorem, so that sufficient stability conditions are
obtained. Also, a modified complex RC system is introduced to
relax the stability condition of the original complex RC system.
In Section V, the sensitivity function is used for evaluation of the
relative stability in complex RC system. Finally, experimental
results considering a three-phase shunt active power filter (APF)
are presented in Section VI.

The mathematical notation used in this article is formal-
ized as follows. A continuous-time function f(t) is called
bounded in energy, i.e., f(t) belongs to L2-space (f(t) ∈ L2),
if

∫∞
0 |f(t)|2dt < ∞. A discrete-time function f [i] is called

bounded in energy, i.e., f [i] belongs to �2-space (f [i] ∈ �2),
if

∑∞
i=0 |f [i]|2 < ∞. The set of all proper stable rational

transfer functions is denoted by RH∞. Considering Gc(s)
a single-input–single-output (SISO) continuous-time system,
the H∞-norm of Gc(s) ∈ RH∞ is defined as ‖Gc‖H∞ =
supω∈R|Gc(jω)|. Considering Gd(z) a SISO discrete-time sys-
tem, the H∞-norm of Gd(z) ∈ RH∞ is defined as ‖Gd‖H∞ =
supωN∈(−π,π)|Gd(e

jωN )|.

II. DIFFERENCES BETWEEN REAL AND COMPLEX

CONTROLLERS

Even though signals and systems in nature are real, some
advantages are obtained from the representation of certain

phenomena through complex notation. Two application exam-
ples of this approach in the field of electrical engineering are the
decoupling of instantaneous active and reactive power compo-
nents, obtained from the instantaneous power theory [23]; and
the use of vector control for electric motors [24].

Indeed, if a three-phase power converter is controlled using a
synchronous dq reference frame (SRF), then the fundamental-
frequency positive-sequence (FFPS) quantities become dc com-
ponents, making PI controllers separately applied to the d
and q axes able to eliminate the steady-state respective errors
(PI-SRF). As result, a multiple-input–multiple-output control
system is obtained, whose d and q axes are coupled due to the
αβ to dq transformation [9]–[11]. Evaluating this system as a
complex vector control system implies considering the d and q
(or α and β) signals as the real and imaginary parts of a complex
signal (space vector). The resulting complex control system
can be evaluated as a SISO system. However, both positive
and negative spectra of a complex system frequency response
must be evaluated as shown in [9], [10], and also discussed
later in this article. Furthermore, it can be shown that adding
a complex state feedback to the PI-SRF results in improved
system’s performance [11].

A vector control system can also be evaluated as a complex
system in the stationary αβ reference frame. This has been
done using the so-called reduced-order generalized integrator
(ROGI) [12], which is equivalent to a PI-SRF controller trans-
formed to the αβ reference frame. In fact, since

�Udq(s) = �Edq(s) · Ki

s
(1)

�edq = �eαβ · e−jω0t and �udq = �uαβ · e−jω0t, where ω0 is the
frequency of the reference signals to be controlled, equation
(1) can be rewritten as

�Uαβ(s+ jω0) = �Eαβ(s+ jω0) · Ki

s
. (2)

In this way, the ROGI is obtained by making the substitution
s → s− jω0

�Uαβ(s)

�Eαβ(s)
= �C

(+ω0)
ROGI(s) =

Ki

s− jω0
(3)

resulting in a controller that has a single complex pole (instead
of a pair of complex conjugate poles).

When evaluating the pole and zero diagram of real and com-
plex controllers, it is then observed that while the real controller
only allocates real or pairs of complex conjugate poles, the com-
plex controllers may have complex poles without their conjugate
ones. An example of this feature is displayed in Fig. 1, where
Fig. 1(a) shows the poles and zeros of a second-order generalized
integrator (SOGI) while Fig. 1(b) indicates poles and zeros of a
ROGI.

From the frequency response of these control structures,
considering both positive and negative spectra, it can be seen
that the complex solution presents asymmetry with respect to
the ordinate axis (Fig. 2).
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Fig. 1. Poles and zeros diagram for a SOGI and a ROGI. (a) SOGI controller.
(b) ROGI controller.

Fig. 2. Frequency response of the SOGI and ROGI controllers.

Fig. 3. Harmonic spectrum of the phase current of a three-phase rectifier.

At first, since the control system references are traditionally
real signals, it may seem difficult to notice advantageous ap-
plications for the use of complex controllers, but this changes
when considering the space vector notation. Indeed, given that
a space vector is a complex representation of (real) three-phase
signals, its spectral decomposition shows that it represents the
positive-sequence components in its positive spectrum, while
displaying the negative-sequence harmonic components in its
negative spectrum.

In order to understand this concept, a shunt APF used to
mitigate the harmonic contamination generated by a three-phase
diode rectifier is considered below. Each phase current spectrum
of the three-phase diode rectifier has harmonic components in
the family (6 k ± 1, k ∈ N). Since these signals are real, the
harmonic spectrum is symmetrical with respect to the ordinate
axis, as shown in Fig. 3. Thus, a real structure can be used to
control the APF output currents, which must present high gain
for the components of the family (6 k ± 1, k ∈ N).

On the other hand, when considering the harmonic spectrum
of the space vector obtained from these three-phase currents, it is

Fig. 4. Harmonic spectrum of the space vector of a three-phase rectifier input
current.

Fig. 5. Block diagrams of complex and real repetitive control structures. Only
the complex controller has a coupling between α and β axes. (a) Complex RC
proposed in [15]. (b) Real RC proposed in [1].

possible to distinguish positive-sequence harmonic components
from negative-sequence harmonic components, as mentioned
before. In fact, as shown in Fig. 4, the harmonic spectrum of the
space vector obtained from the same currents used for plotting
Fig. 3 is asymmetrical. It shows positive-sequence components
in the positive spectrum while negative-sequence components
are displayed in the negative spectrum. Thus, one can say that
this space vector has harmonic content in the family (6 k + 1,
k ∈ Z), i.e., {· · · ,−11,−5,+1,+7,+13, · · · }, where the sig-
nals “+” and “−” indicate whereas it is a positive- or negative-
sequence. As consequence, complex controllers are suitable to
control the error space vector of the three-phase control system.

In this scenario, the asymmetric frequency response of the
complex controllers is obtained through a coupling between α
and β axes, while in real solutions they are decoupled. This
feature is shown in Fig. 5 for complex and real repetitive con-
trol structures. Exploring the asymmetric frequency response
behavior of control schemes has been done since the proposal
of PI-SRF, as consequence of the coupling between the α and β
axes, performed by the Park transformation.
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Fig. 6. Complex RC based on the PRC proposed in [22].

III. FUNDAMENTALS OF COMPLEX RCs

According to the internal model principle [2], a real con-
troller asymptotically tracks a sinusoidal reference signal, with
frequency ω1, if the system’s open-loop transfer function
(OLTF) has poles allocated at s = ±jω1 and the closed-loop
system is stable. This concept can be extended to complex
control systems. In fact, a complex controller accurately tracks a
positive- (negative-) sequence space vector, with frequency ω1,
if the OLTF has a pole allocated at s = +jω1 (s = −jω1) and
the closed-loop system is stable.

Thus, since complex RCs are characterized by allocating poles
at s = j(nk +m) · ω1 (k ∈ Z, with constants m and n), they
are capable of tracking reference space vectors that contain
only harmonic components of the family (nk +m, k ∈ Z).
From [7], [13], and [15], its possible to notice that there are sev-
eral different structures for implementing this control strategy.
However, the primitive repetitive cell (PRC) presented in [22]
represents the most generic and simplest structure of complex
RC.

In [22], this PRC is only approached as an elementary cell
for forming more elaborate repetitive controllers. In fact, this
structure had only been used for theoretical purposes, aiming
to obtain real control schemes. Therefore, in the present article,
this PRC is used for the first time as a complex RC.

As shown in Fig. 6, the complex RC based in the PRC
proposed in [22] is formed by the following blocks.

1) A Generic Delay “e−Ls”: By using a periodic signal gen-
erator with generic delay L = T1/n, where T1 represents
the period of the fundamental component, the quantity of
memory cells demanded by the discrete-time complex RC
is 1/n of that required by the conventional RC. In addition,
it allows to control only the harmonic components in the
family (nk, k ∈ Z).

2) A Complex Gain “ejθ”: When implementing a complex
gain ejθ along with e−Ls, it shifts the frequency response
of the controller. So, for θ = 2πm/n, it allows to select a
harmonic m so that the complex RC applies high gain in
the harmonic components of the family (nk +m, k ∈ Z),
where m is restricted to 0 ≤ m ≤ (n− 1).

3) A Gain “a” in the Second Direct Path: By selecting a
constant value to the parameter a, the controller’s structure
changes, implying in a different zeros allocation. There-
fore, the stability of the closed-loop system where the
controller is inserted is affected, as will be mathematically
demonstrated in the next section.

Consequently, its transfer function is written as

�C
(nk+m)
RC (s) =

�V (s)

�E(s)
= a+

ejθe−Ls

1− ejθe−Ls
. (4)

It is important to notice that, by assuming n = 1 and θ = 0,
this complex RC is similar to the conventional RC. Also, for a
discrete-time analysis, the generic delay can be implemented as
z−N/n, where N represents the number of samples per period
of the fundamental component. Fig. 7 shows the block diagram
of a complex RC system, in which G(s) represents the system’s
plant and Krc is the controller’s gain.

Another relevant point that is worth mentioning is that the
controllers proposed in [7], [13], and [15] are particular cases
(having different dynamic and stability characteristics) of the
complex RC presented here. They can be represented by the
proposed complex RC when considering a = 0.5, a = 1+b

2 (b is
a parameter of the controller proposed in [13]) and a = 1, re-
spectively. Thus, the mathematical approach and the evaluation
of the controller’s passband described in the following pages can
also be extended to [7], [13], and [15].

A. Implementation of the Complex RC

In order to understand how to implement the complex RC
in digital signal processors, it is necessary obtain its difference
equation from its discrete-time equivalent. Thus, from (4)

�C
(nk+m)
RC (z) =

�V (z)

�E(z)
=

a+ (1− a)ejθz−N/n

1− ejθz−N/n
(5)

which can be implemented as

�v[i] = a�e[i] + (1− a)ejθ�e[i− id] + ejθ�v[i− id] (6)

for id = N/n.
Complex mathematical operations, such as ejθ, can be imple-

mented through a matrix system of second order. On the other
hand, the space vectors �v = vα + jvβ and �e = eα + jeβ can be
represented as 2× 1 matrices. Due to these characteristics, (6)
can be rewritten as[

vα[i]

vβ [i]

]
= a ·

[
eα[i]

eβ [i]

]
+ (1− a) ·B ·

[
eα[i− id]

eβ [i− id]

]

+B ·
[
vα[i− id]

vβ [i− id]

]
(7)

where

B =

[
b1 −b2
b2 b1

]
(8)

for b1 = cos(θ) and b2 = sin(θ). Fig. 8 shows the block diagram
of the controller implementation using a direct form II structure,
in which it is possible to observe that the complex RC has a
coupling between the α and β axes.

B. Advantages of Using Complex RCs

In order to understand the main advantages of using complex
RCs instead of real RCs, a shunt APF used to mitigate the har-
monic contamination generated by a three-phase diode rectifier
is again considered, as done in Section II.

By doing so, the three-phase control system can be evaluated
as two real control systems (with controllers implemented in α
andβ axes) or as three real control systems (where the controllers



NETO et al.: COMPLEX nk+m RC APPLIED TO SPACE VECTORS: ADVANTAGES AND STABILITY ANALYSIS 3577

Fig. 7. Block diagram of the proposed complex RC system.

Fig. 8. Implementation of a discrete-time complex RC.

should be used in a, b, and c axes). Since these controllers’ ref-
erences are real signals, their harmonic spectra are symmetrical
(Fig. 3), what makes controllers with high gain in the harmonic
components of the family (6 k ± 1, k ∈ N) the best choice. An
example of a suitable controller for the situation is the nk ±m
(real) RC proposed in [22], whose transfer function is

C
(nk±m)
RC (z) = Krc ·

2
[
1− z−

N
n · cos (2πm

n

)]
1− z−

N
n · 2 · cos (2πm

n

)
+ z−2N

n

. (9)

On the other hand, this same three-phase control system can
also be evaluated as a complex control system. By doing so, the
reference signal is represented as a space vector, which has high
harmonic content in the family (6 k + 1, k ∈ Z), as can be seen
in Fig. 4. As consequence, nk +m (complex) RCs, such as the
one evaluated in this section, are suitable to control the error
space vector of the three-phase control system.

It is important to note that nk +m RCs result in a sequence-
selective solution that controls only the required harmonic
components [7]. Besides that, while nk ±m RCs have several
advantages over the conventional RC, complex nk +m RC
systems can lead to faster dynamic response than the nk ±m
RC. In order to observe this feature, the real RC represented
by (9) can be decomposed into two complex RCs with a = 1
(proposed in this article)

C
(nk±m)
RC (z)

= Krc · 1

1− ej2π
m
n · z−N

n︸ ︷︷ ︸
�C

(nk+m)
RC (z) with a=1

+Krc · 1

1− e−j2πm
n · z−N

n︸ ︷︷ ︸
�C

(nk−m)
RC (z) with a=1

. (10)

Fig. 9. Magnitude plot of a 6k ± 1 RC and a 6 k + 1 RC, both with same
gains and LPFs. ➀: The RCs present similar magnitude around low frequency
components of the family (6k + 1, k ∈ Z). ➁: The complex RC has lower
magnitude for the high frequency spectrum.

Fig. 10. Magnitude plot of a 6 k ± 1 RC and a 6 k + 1 RC, both with
equivalent relative stability. ➂: The complex RC has higher magnitude around
low frequency components of the family (6 k + 1, k ∈ Z). ➃: The RCs present
similar magnitude for the high frequency spectrum.

When comparing the bode diagrams (positive spectrum) of
the complex RC [only the first right-hand term of (10)] with
that of the real RC (the sum of terms), considering same gain
and LPF (which is used to increase the relative stability as
will be shown in the following section), it is observed that
both schemes present similar magnitude response around low
frequency harmonic components that belong to family (6 k + 1,
k ∈ Z), as shown in Fig. 9. However, the complex RC has lower
magnitude for the high frequency spectrum. Then, if the same
gain is used for both schemes, the complex solution will lead to
better stability characteristics, without significant changes in the
system performance for low frequency harmonic components.

Therefore, if the repetitive gain of the complex RC is increased
until both controllers have similar characteristics of relative
stability (Fig. 10), the magnitude difference between the high
frequency spectrum of the controllers will be lower. Addition-
ally, the magnitude response around the frequency harmonic
components that belong to family (6 k + 1, k ∈ Z) will be
higher for the complex solution. As a consequence, the complex
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control system will have lower steady-state error, faster transient
response, and lower error for small variations in the fundamental
frequency. In other words, a complex RC system presents a less
restrictive compromise between stability and performance than
a real RC system, although, it cannot be used in single-phase
control systems.

The Bode diagrams shown in Figs. 9 and 10 are evaluated
from a qualitative perspective, i.e., they are used to show that,
since the complex RC has better stability properties, its gain
can be increased in order to improve the dynamic response. The
plots were obtained from a specific example, and the differences
between the gains of the complex and real RCs may vary de-
pending on the application, but the abovementioned qualitative
characteristics are always true.

Despite the many advantages presented above, this strategy
is indicated to three-phase systems with references whose set
of positive-sequence harmonic components to be controlled
is different from the set of negative-sequence ones. Then, if
the harmonic components of positive- and negative-sequence
to be controlled are the same, such as in the family (6 k ± 1,
k ∈ Z) (i.e., {· · · ,−7,−5,−1,+1,+5,+7 · · · }), two complex
controllers could be used in parallel to accomplish the necessary
control tasks, but it would become similar to one of the real RCs
previously proposed, such as in (9) and (10). Another limitation
to be pointed is that, since single-phase systems do not present
asymmetrical harmonic spectrum, the proposed controller’s ad-
vantages cannot be fully exploited this class of control systems.

In addition, it should be noted that frequency deviations have
a high influence in the performance of real and complex RCs.
In fact, this happens because, when varying the fundamental
frequency of the reference signals, both real and complex RCs
no longer will apply high gain in the harmonic components of
the reference signals, leading to a large steady-state error as the
frequency deviation increases.

IV. INPUT–OUTPUT STABILITY ANALYSIS OF

A COMPLEX RC SYSTEM

At this point the reader must have realized that complex
controllers can be represented as two coupled SISO controllers,
i.e., as a MIMO controller with two inputs and two outputs.
Therefore, since the small gain theorem [25] is valid for MIMO
systems, it can be used to evaluate the input–output stability of
complex control systems.

Thus, by using the small gain theorem to analyze the error
convergence for complex RC systems, it is possible to come up
with sufficient conditions under which a bounded input produces
a bounded output. The following subsections discuss about these
stability conditions.

A. Small Gain Theorem Applied to Complex RC Systems

When considering the complex RC system shown in Fig. 7, its
block diagram must be reorganized in order to evaluate its input–
output stability through the small gain theorem. Note that �R(s),
�Y (s), and �E(s) represent the Laplace transform of the reference
�r(t), output �y(t), and error �e(t) space vectors, respectively. In

Fig. 11. Block diagram of the complex RC system for the application of the
small gain theorem.

addition, the system’s plant G(s) is represented by a proper
transfer function and a is a constant gain.

From Fig. 7, the following equations are obtained

�E(s) = �R(s)− �Y (s) (11)

�Y (s) = G(s)�V (s) + Y (s) (12)

�V (s) = Krc · a · �E(s) + �W (s) (13)

�W (s) = ejθe−Ls[ �W (s) +Krc · �E(s)] +W (s) (14)

in whichY (s) andW (s) are the Laplace transforms of the initial
conditions of G(s) and e−Ls, respectively.

The equations (11)–(13) can still be rewritten as

�Y (s) = �R(s)− �E(s) (15)

�V (s) =
�Y (s)

G(s)
− Y (s)

G(s)
(16)

�W (s) = �V (s)−Krc · a · �E(s). (17)

Finally, by replacing (15)–(17) in (14), the following equation
is obtained

�E(s) = ejθe−Ls · 1 + [a− 1]Gm(s)

1 + a ·Gm(s)
· �E(s)

+
�De(s)

1 + a ·Gm(s)

(18)

where

�De(s) = (1− ejθe−Ls)[�R(s)− Y (s)]−W (s)G(s) (19)

Gm(s) = Krc ·G(s). (20)

From (18), it is observed that the complex RC system can be
represented by the block diagram shown in Fig. 11. The Lp-
stability of this system can be evaluated using the small gain
theorem [25].

Since the error space vector of the complex RC system must
be bounded in energy in order to obtain zero steady-state error,
it is convenient to evaluate the system’s input–output stability
through its L2-stability. Therefore, according to the small gain
theorem [25], if

i) [1 + a ·Gm(s)]−1 �De(s) belongs to L2-space;
ii) G1(s) = [1 + a ·Gm(s)]−1{1 + [a− 1]Gm(s)} and

G2(s) = −ejθe−Ls belong to RH∞;
iii) ‖G1‖H∞ · ‖G2‖H∞ < 1;
then, the system’s error is bounded in energy, i.e.,

�e(t) = L −1{ �E(s)} ∈ L2 (21)
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Fig. 12. Block diagram of the input signal of Fig. 11.

TABLE I
�rL(t) FOR �r(t) = ej2πt/T1 (∀t ≥ 0), CONSIDERING L = T1/2 AND θ = π.

RESULTS OBTAINED FROM SIMULATION

in which L −1{·} represents the inverse Laplace transform.
In view of the fact that the small gain theorem is also applica-

ble to discrete-time control systems [25], these three conditions
can also be obtained for discrete-time complex RCs. Therefore,
by considering the discretized plant G(z) and (20) rewritten as
Gm(z) = Krc ·G(z), they become

i) [1 + a ·Gm(z)]−1 �De(z) belongs to �2-space;
ii) G1(z) = [1 + a ·Gm(z)]−1{1 + [a− 1]Gm(z)} and

G2(z) = −ejθz−N/n belong to RH∞;
iii) ‖G1‖H∞ · ‖G2‖H∞ < 1.
The three sufficient conditions are detailed below. In order to

facilitate the reader’s understanding, all conclusions regarding
these conditions are presented in Section IV-A4.

1) Condition (i): When considering Fig. 11, the input signal
is defined by

�u(t) = L −1{[1 + a ·Gm(s)]−1

× [(1− ejθe−Ls) · (�R(s)− Y (s))−W (s)G(s)]}.
(22)

This space vector can be evaluated for two different hypotheses,
i.e., system with zero initial conditions and system with nonzero
initial conditions.

For zero initial conditions, (22) can be rewritten as

�u(t) = L −1{[1 + a ·Gm(s)]−1(1− ejθe−Ls)�R(s)} (23)

as shown in Fig. 12. So, given that �rL(t) = L −1{�RL(s)},
�RL(s)/�R(s) is equivalent to an operation of the generalized de-
layed signal cancelation (GDSC) method [26]. This means that
if �r(t) only has harmonic components of the family (nk +m,
k ∈ Z), the parameters θ and L (which must be calculated from
n and m) can be selected so that the harmonic components
of �r(t) are canceled after L seconds. In other words, �rL(t)
will be equal to zero for all t ≥ L (L ∈ R+), i.e., �rL(t) will
be bounded in energy. A simulation example of this effect is
shown in Table I. Finally, by evaluating the second block of
Fig. 12, if [1 + a ·Gm(s)]−1 ∈ RH∞, then �rL(t) ∈ L2 results
in �u(t) ∈ L2.

For nonzero initial conditions, Y (s) and W (s) must be con-
sidered. Since these signals represent the initial conditions of
the system and they are bounded in energy, by following the
same strategy presented for zero initial conditions, G(s)[1 + a ·
Gm(s)]−1 must be stable in order for �u(t) to be bounded in
energy.

Since G(s)[1 + a ·Gm(s)]−1 ∈ RH∞ implies [1 + a ·
Gm(s)]−1 ∈ RH∞, then �u(t) ∈ L2 if G(s)[1 + a ·
Gm(s)]−1 ∈ RH∞ and �r(t) has only harmonic components
canceled by (1− ejθe−Ls).

When considering the discrete-time complex RC (i.e., e−Ls

implemented as z−N/n), �RL(z)/�R(z) represents a discrete-time
operation of the GDSC method [26]. Thus, for discrete-time
complex RCs, G(z)[1 + a ·Gm(z)]−1 must be stable.

2) Condition (ii): Since G1(s) can be rewritten as

G1(s) = 1− Gm(s)

1 + a ·Gm(s)
. (24)

Then, if Gm(s)[1 + a ·Gm(s)]−1 ∈ RH∞, the condition
G1(s) ∈ RH∞ is satisfied. As forG2(s), the following equation
is obtained from Fig. 11

�x2(t) = L −1{ �X2(s)} = −ejθ�x1(t− L). (25)

Equation (25) indicates that G2(s) delays its input in L seconds,
applying a constant gain −ejθ. Since the system is stable and
has constant gain for any given frequency, then the condition
G2(s) ∈ RH∞ is always satisfied.

On the other hand, when considering the discrete-time com-
plex RC, (25) can be evaluated as �x2[i] = −ejθ�x1[i−N/n].
Due to this fact, it is possible to come up with the same conclu-
sions about condition (ii) for discrete-time complex RCs.

3) Condition (iii): By evaluating the H∞-norm of G2(s)

‖G2‖H∞ = ‖ − ejθe−Ls‖H∞ = | − ejθ| · ‖e−Ls‖H∞ . (26)

Thus, since | − ejθ| = 1 (for all θ) and

‖e−Ls‖H∞ = sup
ω∈R

|e−jωL| = 1 (27)

the H∞-norm of G2 is always equal to one. So, the condition
(iii) is satisfied if

‖G1‖H∞ =

∥∥∥∥1 + [a− 1]Gm(s)

1 + a ·Gm(s)

∥∥∥∥
H∞

< 1. (28)

As for discrete-time complex RCs, Equation (27) is re-
placed by ‖z−N/n‖H∞ = 1. Thus, condition (iii) still leads to
‖G1‖H∞ < 1 for discrete-time complex RC systems.

4) Summary of Conditions (i), (ii), and (iii): For continuous-
time systems, when the reference space-vector�r(t)has harmonic
components only in the family (nk +m, k ∈ Z) and the com-
plex RC parameters are calculated by

L =
T1

n
and θ = 2π

m

n
(29)

conditions (i), (ii), and (iii) become

→ Gm(s)[1 + a ·Gm(s)]−1 ∈ RH∞; and (30)

→
∥∥∥∥1 + [a− 1]Gm(s)

1 + a ·Gm(s)

∥∥∥∥
H∞

< 1. (31)
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On the order hand, for discrete-time complex RC systems, these
conditions become

→ Gm(z)[1 + a ·Gm(z)]−1 ∈ RH∞; and (32)

→
∥∥∥∥1 + [a− 1]Gm(z)

1 + a ·Gm(z)

∥∥∥∥
H∞

< 1. (33)

It is possible to note that, if condition (i) holds, then the input–
output stability condition for complex RCs becomes equivalent
to the one proposed in [1].

It should be noted that any frequency deviation around 1/T1

implies that condition (i) will not be satisfied. As a matter of
fact, if T1 is not the fundamental period of the reference space-
vector �r(t), �rL(t) will not be bounded in energy, which results
in �e(t) /∈ L2.

Since the input–output stability analysis of both continuous-
and discrete-time systems lead to equivalent conditions, the
mathematical approach in the following subsections will be
conducted using continuous-time notation.

B. Stability Domains for Complex RC Systems

Before presenting the stability domains for complex RC
systems, it is important to note that (30) must hold. From the
L2-stability condition shown in (31), it is possible to determine
the stability domain of a complex RC system. This domain
represents a region of the complex plane in which the Nyquist
diagram of the considered plant times the complex RC gain
(Gm(s) = Krc ·G(s)) must be contained in order to satisfy
(31). Therefore, this condition may be evaluated by

sup
ω∈R

∣∣∣∣1 + a ·Gm(jω)−Gm(jω)

1 + a ·Gm(jω)

∣∣∣∣ < 1. (34)

In order to simplify notation, consider X = Re[Gm(jω)] and
Y = Im[Gm(jω)]. Thus, (34) can be rewritten as (35), as shown
at the bottom of this page. Since this last inequality represents
the stability boundary condition, the stability domain is obtained
by considering the complete transfer function (36), as shown at
the bottom of this page, and not only its supremum, which can
be handled in order to obtain

(1− 2Re[a])X2 − 2X + (1− 2Re[a])Y 2 < 0. (37)

Since the imaginary part of a is canceled, a is commonly
used as a real constant, as proposed in [1] for conventional RCs.
The stability domain of the complex RC system depends on
the parameter a ∈ R, as exemplified in Fig. 13. However, it is
worth noting that the three main configurations of complex RC
are obtained for a = 0, a = 0.5, and a = 1. This relevance stems
from the fact that most real RCs proposed in the literature can
be decomposed into complex RCs with these parameters [22].

An example is given as follows to illustrate the input–output
stability analysis of the complex RC system through its stability
domain. For a = 0, the inequality (35) is calculated by

Re[Gm(jω)]2 − 2Re[Gm(jω)] + Im[Gm(jω)]2 < 0 (38)

which represents the region inside the circumference

(Re[Gm(jω)]− 1)2 + (Im[Gm(jω)])2 = 1 (39)

as shown in Fig. 13(a). On the other hand, for a = 0.5, the
stability condition is calculated by

Re[Gm(jω)] > 0 (40)

which represents the right half-plane, as shown in Fig. 13(d).
Thus, considering these two configurations of complex RCs
and the following parameters: reference space-vector �r(t) =
ej2πt/T1 (∀t ≥ 0), complex RCs with n = 2, m = 1 and Krc =
1, and plant G(s) = (4 s+ 1)/(s+ 2); the complex RC system
will beL2-stable for the configuration with a = 0.5 [Fig. 14(a)],
but not for a = 0 [Fig. 15(a)], since the Nyquist diagram of
Gm(s) is contained in the shaded region for a = 0.5. It should
be noted that the closed-loop system would also be stable for
those values of a illustrated in Fig. 13(e)–(h).

This example was simulated to allow the error convergence
analysis for an L2-stable system (Fig. 14) and an L2-unstable
system (Fig. 15). As can be seen in Fig. 14(a) and (b), when the
Nyquist diagram of Gm(s) is contained in the system’s stability
domain, both real and imaginary parts of its error space-vector
�e(t) converge to zero. On the other hand, if the Nyquist diagram
of Gm(s) is not contained in the system’s stability domain
[Fig. 15(a)], its error �e(t) diverges [Fig. 15(b)].

From (32) and (33), it is possible to obtain these same stability
domains for discrete-time complex RC systems, however, they
are in function of Gm(ejωN ) (for ωN ∈ (−π, π)). Besides that,
the origin of Nyquist complex-plane is not contemplated by
any of the stability domains. This happens because the pair
(Re[Gm(jω)] = 0, Im[Gm(jω)] = 0) does not satisfy (35), re-
gardless of the selected a. Thus, such as the conventional RC,
the complex RC can only be applied to control plants with zero
relative degree, i. e., plants with same number of poles and zeros.

C. Modified Complex Repetitive Controller

Most applications of control systems are characterized for
having plants with strictly proper transfer functions, i.e., plants
with nonzero relative degree. For these systems, the complex
RC evaluated in the previous subsections must have its stability
conditions relaxed so that its stability domain contemplates the
origin of the Nyquist complex-plane.

As done for conventional RCs, the stability conditions of a
complex RC can be relaxed by reducing the loop gain of its

sup
ω∈R

√
(1 +Re[a] ·X − Im[a] · Y −X)2 + (Re[a] · Y + Im[a] ·X − Y )2

(1 +Re[a] ·X − Im[a] · Y )2 + (Re[a] · Y + Im[a] ·X)2
< 1 (35)

(1 +Re[a] ·X − Im[a] · Y −X)2 + (Re[a] · Y + Im[a] ·X − Y )2

(1 +Re[a] ·X − Im[a] · Y )2 + (Re[a] · Y + Im[a] ·X)2
< 1 (36)
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Fig. 13. Stability domains (shaded area) for a complex RC system, which are obtained through the small gain theorem. (a) a = 0. (b) a = 0.2. (c) a = 0.4.
(d) a = 0.5. (e) a = 0.6. (f) a = 0.8. (g) a = 1. (h) a = 1.2.

Fig. 14. Error space vector of an L2-stable complex RC system. Results obtained from simulation. (a) Stability domain of the complex RC system, for a = 0.5,
and Nyquist diagram of Gm(s). (b) Error space vector of the complex RC system with a = 0.5, zero initial conditions, and Gm(s) = (4s+ 1)/(s+ 2).

Fig. 15. Error space-vector of an L2-unstable complex RC system. Results obtained from simulation. (a) Stability domain of the complex RC system, for a = 0,
and Nyquist diagram of Gm(s). (b) Error space vector of the complex RC system with a = 0, zero initial conditions, and Gm(s) = (4s+ 1)/(s+ 2).
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Fig. 16. Block diagram of a modified complex RC system (continuous time).

Fig. 17. Stability domains for a modified complex RC system, considering
Q1(s) = 0.5. (a) a = 0. (b) a = 1.

periodic signal generator. This can be done by adding either a
constant attenuation or a LPF along with the delay element e−Ls

of the complex RC, which is referred to as Q(s) (Fig. 16). Thus,
condition (30) is still required, while (31) can be rewritten as∥∥∥∥Q(s)

1 + [a− 1]Gm(s)

1 + a ·Gm(s)

∥∥∥∥
H∞

< 1. (41)

Before presenting the stability domains for modified complex
RC systems, it is important to note that (30) must hold. By using
the same strategy of the previous subsection, the stability domain
of a modified complex RC system with constant a ∈ R can be
calculated by

X2 · f1(a, |Q(jω)|) + Y 2 · f1(a, |Q(jω)|)
+X · f2(a, |Q(jω)|) < [

1− |Q(jω)|2] (42)

in which

f1(a, |Q(jω)|) = a2|Q(jω)|2 − 2a|Q(jω)|2

− a2 + |Q(jω)|2 (43)

f2(a, |Q(jω)|) = 2a|Q(jω)|2 − 2|Q(jω)|2 − 2a. (44)

The consequences of using a constant attenuation or an LPF
as Q(s) are briefly discussed as follows.

1) Q1(s) → Constant Attenuation: When replacing the de-
lay element e−Ls by Q1(s)e

−Ls (for constant Q1(s) < 1), the
lower Q1(s) the greater is the system’s stability domain. This
characteristic can be verified by comparing Fig. 13(a) and (g)
with Fig. 17(a) and (b). These last two figures show the stability
domains for modified complex RC systems (Q1(s) = 0.5) with

parameters a = 0 and a = 1. Both domains of Fig. 17 contem-
plate the origin of the complex-plane.

It should be noted that the initial condition (i) is no longer
satisfied, therefore, even if the system remains stable,�e(t) /∈ L2.
In fact, if (30) and (41) are satisfied for a constantQ1(s), the error
space-vector �e(t) does not diverge, but still does not converge
to zero. This problem can be solved by using Q(s) as an LPF
instead of a constant attenuation.

2) Q2(s) → Low-Pass Filter: An LPF can be used to in-
crease the stability domain while keeping the error space-vector
bounded in energy. For this, the stability condition shown in (41)
must be satisfied for all ω, independently of the LPF character-
istics. This fact can be easily understood by considering an LPF
with unitary gain in its passband, constant attenuation gain in
its stopband, and cutoff frequency ωc = 2πfc [Fig. 18(a)], as
exemplified in the following.

For all frequencies in which the LPF has a nonunitary gain,
the modified complex RC system leads to a nonzero steady-state
error, as also observed when Q1(s) was considered. Then,
ideally, the LPF should have an unity-gain passband as large as
possible. By doing so, all periodic references whose harmonic
components are below the cutoff frequency of the LPF lead
to �e(t) ∈ L2. For instance, considering a hypothetical modified
complex RC system with a = 0 and

Gm(s) =
550 s2 + 3.459 · 107 s+ 2.171 · 109

s3 + 2628 s2 + 5.911 · 107 s+ 3.635 · 1010 (45)

the maximum acceptable cutoff frequency of the LPF Q2(s)
is around 1 kHz, as shown in Fig. 18. This occurs because
the Nyquist diagram of Gm(jω) is contained in the stability
domain with |Q2(s)| = 1, for all frequencies contemplated by
the LPF’s passband, i.e., for |ω| < ωc [Fig. 18(a) and (b)]. On the
other hand, the maximum acceptable magnitude for the LPF’s
stopband is bounded, since the gain must be reduced enough for
the stability domain to contain the Nyquist diagram of Gm(jω)
for |ω| ≥ ωc, as can be seen in Fig. 18(a) and (c).

Besides attenuating high frequency components so that the
stability domain is enlarged, LPFs provoke different phase angle
displacements on the reference space-vector harmonic compo-
nents. Because of this behavior, it also modifies the frequencies
in which the complex RC allocates its poles. A finite impulse
response (FIR) filter represents a viable solution to this prob-
lem [27], [28]. This happens due to its linear phase displace-
ment characteristic, which can be adequately compensated by
adjusting the delay element of the complex RC [15].
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Fig. 18. Stability domains of the modified complex RC system, for a = 0, and Nyquist diagram of the Gm(s) presented in (45). (a) Magnitude-frequency
response of LPF Q2(jω) with fc = 1 kHz. (b) Stability domain and Nyquist diagram of Gm(s) for |ω| < 2π103 rad/s. (c) Stability domain and Nyquist diagram
of Gm(s) for |ω| ≥ 2π103 rad/s.

Fig. 19. Error space vector of a modified complex RC system with a = 0, zero initial conditions, and Gm(s) presented in (45). Results obtained from simulation.
(a) With Q(jω) = 1, for all ω ∈ R. (b) With Q(jω) = 0.38, for all ω ∈ R. (c) For Q(z) being an LPF, with fc = 1 kHz.

An example is given as follows in order to illustrate the �e(t)
convergence. Considering (45) and a discrete-time complex RC
with a = 0, the following results are obtained.

1) For Q(jω) = 1 (∀ω ∈ R), the error space-vector �e(t) di-
verges [Fig. 19(a)].

2) For Q(jω) = 0.38 (∀ω ∈ R), the system is not unstable
and �e(t) does not converge to zero [Fig. 19(b)].

3) For Q(z) being the FIR LPF described in (46), the system
converges to zero [Fig. 19(a)}, resulting in �e(t) ∈ L2

Q(z) = 0.02226 + 0.09105z−1 + 0.2335z−2

+ 0.3064z−3 + 0.2335z−4 + 0.09105z−5

+ 0.02226z−6. (46)

D. Evaluation of the Passband of Complex RC Through the
Stability Domain

The L2-stability (and �2-stability) analysis presented in this
section can be used to evaluate the passband of the modified
complex RC. Therefore, it allows the designer to estimate up
to which harmonic component of the family (nk +m, k ∈ Z)

the modified complex RC will be able to control. The reader
should be aware that the passband of the modified complex RC
is evaluated from the cutoff frequency of the LPF used to enlarge
the stability domain, so that, it should not be confused with the
bandwidth of the closed-loop system.

In order to exemplify this feature, one must initially consider a
hypothetical modified complex RC system (discrete-time) with
a = 0, Krc = 1 and

G(z) =
0.1741 z3 + 0.1201 z2 − 0.171 z − 0.117

z3 − 1.663 z2 + 1.474 z − 0.7091
. (47)

By doing so, the system’s stability domain must contain the
Nyquist diagram ofGm(z) = Krc ·G(z) for the entire passband
of a LPF Q2(z), which is used to enlarge the stability domain,
otherwise the system will be �2-unstable. Therefore, when con-
sidering this modified complex RC system, the cutoff frequency
ofQ2(z) (f3db) is limited to 950 Hz, as can be seen in Fig. 20(a).
In fact, if this condition holds the system will be stable and its
error space vector converges to zero (Fig. 21a). However, if the
repetitive gain is increased to Krc = 1.65, which can be done
to increase the bandwidth of the closed-loop system (decreasing
its settling time), it is observed that a range of frequencies below
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Fig. 20. Stability domain of a modified complex RC system for |Q2(je
ωN )| = 1 and Nyquist diagram of Gm(z) = Krc ·G(z), G(z) presented in (47). Plots

are used for evaluation of the impact of Krc and a on the �2-stability of an example system. (a) Plots for Krc = 1.0 and a= 0. (b) Plots for Krc = 1.65 and a=
0. (c) Plots for Krc = 1.65 and a = 0.2.

Fig. 21. Error space vector of the modified complex RC systems presented in Fig. 20, for zero initial conditions and FIR LPF Q2(z) with cutoff frequency
f3db = 950 Hz. Results obtained from simulation. (a) Results for the system with the stability characteristics shown in Fig. 20(a). (b) Results for the system with
the stability characteristics shown in Fig. 20(b). (c) Results for the system with the stability characteristics shown in Fig. 20(c).

f3db are no longer contained in the stability domain [Fig. 20(b)].
As a consequence, the modified complex RC system becomes
unstable [Fig. 21(b)].

In this scenario, two solutions arise as follows.
1) The cutoff frequency f3db can be reduced, making the sys-

tem �2-stable at the cost of reducing the higher harmonic
component of the family (nk +m, k ∈ Z) that will be
controlled.

2) The parameter a can be increased until the system’s stabil-
ity domain contemplates the entire passband of the original
Q2(z) [Fig. 20(c)].

For both solutions, the settlement time (5%) is reduced since
Krc is increased. This characteristic can be observed when
comparing Fig. 21(a) and (c).

Another point to be noted is that, when using an LPF Q2(z),
the passband of the modified complex RC depends on the LPF’s
cutoff frequency f3db. This happens because for frequencies
greater than f3dB the magnitude of Q2(z) is significantly re-
duced, leading to a considerable steady-state error (as in the
example shown in Fig. 19(b) for Q(jω) = 0.38). Thus, once

the parameters a and Krc are selected, the cutoff frequency
f3dB must be increased to the boundary allowed by the system’s
stability domain in order to optimize the system performance
(Fig. 22).

From the discussion presented in this subsection, one can se-
lect the parameters of the modified complex RC (discrete-time)
by following the steps.

1) Plot the Nyquist diagram of Gm(z).
2) The parameter a is selected so that the low frequency

components of the Nyquist diagram are contained in the
stability domain (for |Q2(e

jωN )| = 1).
3) The repetitive gain Krc is selected by tuning the higher

frequency that will naturally be contained in the stability
domain (for |Q2(e

jωN )| = 1). This frequency is used as
the cutoff frequency f3dB of the Q2(z).

4) The designer must progressively decrease |Q2(e
jωN )|

while evaluates the frequency range of the Nyquist di-
agram of Gm(z) that is contemplated by the obtained
stability domain. By doing so, it is possible to determine
the magnitude boundary of Q2(z) for the entire frequency
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Fig. 22. Stability domain of a modified complex RC system with a = 0.5
(for |Q2(je

jωN )| = 1) and Nyquist diagram of Gm(z) = Krc ·G(z), G(z)
presented in (47). Plots are used for explain the impact of f3dB on the passband
of the modified complex RC. (a) Plots for non-optimized f3dB . (b) Plots for
optimized f3dB .

spectrum (as done in Fig. 18). From this analysis, it is
possible to define the order of the LPF Q2(z), which is
here referred as M .

5) With M and f3dB , the FIR filter Q2(z) is designed.
Finally, the control system designer will have operational

values for the parameters a, Krc, and Q2(z). Nevertheless, the
relative stability should be evaluated in order to fine-tune these
parameters.

V. RELATIVE STABILITY ANALYSIS THROUGH

SENSITIVITY FUNCTION

In practical situations, even though the designer needs to
evaluate the absolute stability of a feedback control system, it
is also convenient to analyze its stability degree. In this sense,
indicators of relative stability as GM and PM are commonly
used for this evaluation.

Back to RC systems, there are some advantages in evaluating
the relative stability of a real RC through its sensitivity function,
which can also be used in tuning methodologies [29]. For
complex RC systems, the sensitivity function still an attractive
tool to analyze the relative stability.

For a unitary feedback control system with OLTF T (s) =
C(s)G(s), the sensitivity function can be calculated by [30]

Sg(s) =
E(s)

R(s)
=

1

1 + C(s)G(s)
. (48)

Then, let |Sg(s)| be the magnitude of (48) and 1/η its
maximum value, also named sensitivity peak, the inverse of
the sensitivity peak (η) can be used as an indicator of relative
stability [31]. In fact, since the function

Dg(s) = |1 + C(s)G(s)| = |1 + T (s)| (49)

represents the distance between the OLTF, T (s), and the critical
point (−1, 0) for all frequencies of the Nyquist diagram, the
indicator η represents the minimum value of Dg(s).

Fig. 23. Nyquist diagram of a minimum phase complex control system.
The normalized frequency ωN is bounded to [−π, π] because of the Nyquist
frequency.

However, for complex control systems, positive and negative
frequencies represent positive- and negative- sequence harmonic
components, respectively. Then, both positive and negative fre-
quencies must be considered for the relative stability analysis, in
accordance with that presented in [10] and [11]. Fig. 23 shows
the indicator η on a Nyquist plot for a complex control system.
Thus, it is important to note that all design methods proposed
in [29] to real RCs can also be applied to complex RCs.

VI. EXPERIMENTAL RESULTS

In order to obtain experimental results that prove the stability
evaluation presented in this article, the output filter of a three-
phase shunt APF is used as the plant, as shown in Fig. 24. Thus,
the transfer function of the plant in s-domain is

G(s) =
�if
�d
=

Vdc

Lfs+Rf
(50)

where �d is the space vector obtained from the duty cycles.
As can be seen in Fig. 24, the complex RC is part of the

evaluated control system. All digital-time blocks (which are in
the blue area of Fig. 24) are implemented in a dSPACE platform,
model DS1005 featuring a processor running at 1 GHz. The main
characteristics and parameters of the blocks implemented in the
dSPACE are briefly described below.

1) The reference generator, which is based in the instanta-
neous reactive power theory [23], is responsible for pro-
ducing the APF current references. The block diagram of
the implemented reference generator is presented in [32].
This scheme aims to achieve balanced sinusoidal grid
currents that are in phase with the voltages at the point of
common coupling. Then, it makes possible to compensate
the following disturbances: Harmonic distortion, load un-
balance, and fundamental-frequency reactive power [32].

2) The feedforward action v1(abc)
Vdc

is applied to improve the
transient response of the control system. Besides that, it
also improves the complex RC ability of rejecting the
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Fig. 24. Complete diagram of the system used for evaluating the proposed complex RC system.

TABLE II
PARAMETERS OF THE EXPERIMENTAL SETUP AND COMPLEX CONTROLLER

*Sampling and switching frequency: fs/fg = N must be integer and fs must be multiple of 32 because of the PLL used for reference generation [33].

impact of voltage disturbances at the point of common
coupling (v1(abc)).

3) The experimental setup parameters are presented in Ta-
ble II. Since a three-phase rectifier is used as load, the
harmonic components of the load current space vector are
in the family (6 k + 1, k ∈ Z) (as indicated in Fig. 4).
Thus, the parameters used for implementing the complex
RC are θ = 2πm/n = π/3 and the delay z−N/n = z−48

(m = 1 and n = 6).
4) The block Hl(z) is a lead compensator used to attenuate

the computational delay effect [15].
The dynamic performance of conventional and complex RC

structures were compared in [15], being out of the purpose of
this article.

For design purpose, the plant is discretized using a ZOH
(Gzoh(z)) and it is increased by a unit time computational delay,
modeled as z−1 [34]. Since the complex RC error is given in
terms of current and its control law in given in terms of duty
cycle, its gain was initially used as 0.01. Then, by evaluating the
Nyquist diagram ofGm(z) = 0.01 · z−1 ·Gzoh(z), it is possible
to note that a modified complex RC is needed in order to Gm(z)
be contained in the stability domain, and also, that by using
a > 0.5 most of Gm(z)’s Nyquist diagram remains inside of
the stability domain for |Q2(e

jωN )| = 1. This last point can be
seen in Fig. 25, where it is considered the stability domain of
complex RC system with a = 1.

Thus, the guidelines presented in Section IV-D were used
together with design method proposed in [29] for tunning the
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Fig. 25. Stability domain of the complex RC system with a = 1 and Nyquist
diagram of Gm(z).

Fig. 26. Nyquist plot of the designed OLTF. Modified complex RC and Hl(z)
in a single direct path.

modified complex RC and lead compensator Hl(z) in a single
direct path, leading to a sensitivity index η = 0.32 (Fig. 26). In
order to enlarge the stability domain, a symmetrical FIR filter
of order M = 6 and fc = 1.8 kHz was used as LPF

Q2(z) = 0.0127 + 0.07715z−1 + 0.2415z−2 + 0.3372z−3

+ 0.2415z−4 + 0.07715z−5 + 0.0127z−6.
(51)

The parameters of the discrete-time complex controller are
shown in Table II. Since the control action is directly used as
duty cycles of the APF, a small gain Krc was expected.

The new Gm(z) is then defined as Gmf (z) = 0.06 ·Hl(z) ·
z−1 ·Gzoh(z). Considering the Nyquist diagram of this transfer
function, it is possible to evaluate the magnitude boundary for
the LPF Q2(z), as done for the example illustrated in Fig. 18.
In this sense, Fig. 27 proves that the used Q2(z) satisfies the
stability criterion for the designed modified complex RC. As can
be seen in Fig. 28, the controller’s gain, the lead compensator
and the computational delay are all cascaded with the complex
RC, becoming part of Gmf (z). Thus, the stability domain is not
altered by them and the theoretical developments in Section IV
are still valid.

Fig. 29 shows the phase-a grid, load, and APF output currents
before and after enabling the APF operation. From the analysis

Fig. 27. Magnitude boundary for Q2(z) and magnitude of the Q2(z) used to
obtain experimental results.

TABLE III
PERFORMANCE COMPARISON BETWEEN THE COMPLEX RC PRESENTED IN THIS

ARTICLE AND THE REAL RC PROPOSED IN [22]

of the results, the APF imposed currents caused a reduction
in the vector total harmonic distortion (VTHD) of the grid
currents [33] from 26.37% to about 1.66%. The VTHD was used
here aiming to compute the total harmonic distortion considering
both positive and negative frequency spectra. These VTHDs
were obtained using the dSPACE platform.

In order to verify the impact of a on the system stability, this
parameter is reduced from a = 1 to a = 0.4 while maintaining
the same phase lead of the previous control system. By doing
so, the stability domain of the complex RC system is changed as
shown in Fig. 30. Since the Nyquist diagram at low frequency
(around ω = 0) will not be contained inside the stability do-
main for any FIR filter Q2(z) with unit gain in its passband,
the complex RC system becomes unstable (as exemplified in
Section IV-D). Fig. 31 shows the phase-a grid, load, and APF
output currents before and after enabling the APF operation for
a = 0.4, with the same Hl(z), Q2(z), and Krc used to obtain
Fig. 29.

Fig. 32 shows the reference, compensated, and error currents
(for the α axis) during the transient illustrated in Fig. 29. Fig. 33
shows the harmonic spectra of the grid currents during the APF
steady-state operation for a complex RC system with a = 1
(whose result was presented in Fig. 29). As can be seen in
this result, the magnitude of the harmonic components of the
grid currents are within the limits defined by the IEEE Standard
519-2014 [35].
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Fig. 28. Simplified block diagram of the modified complex RC system (discrete-time) used for obtaining experimental results.

Fig. 29. Phase-a grid, load, and APF output currents before and after enabling
the APF operation. Results obtained from experiment for a = 1, which indicate
system stability.

Fig. 30. Stability domain of the complex RC system with a = 0.4 and
Nyquist diagram of Gmf (z).

The operation of the modified complex RC presented in this
article was experimentally validated for a load step change
(Fig. 34). For this purpose, the resistive load at the dc-side
of the three-phase rectifier was varied from Rload = 48.4 Ω to
Rload = 32.27 Ω.

Fig. 31. Phase-a grid, load and APF output currents before and after enabling
the APF operation. Results obtained from experiment for a = 0.4, which
indicate system instability.

Fig. 32. Reference, compensated and error currents for the α axis. Results
obtained from experiment for a = 1, using the dSPACE platform.



NETO et al.: COMPLEX nk+m RC APPLIED TO SPACE VECTORS: ADVANTAGES AND STABILITY ANALYSIS 3589

Fig. 33. Harmonic spectra and THD of the grid currents during the APF steady-state operation and harmonic limits according to IEEE Std 519-2014 [35].

Fig. 34. Phase-a grid, APF output, and load currents for a load step change.

A. Experimental Comparison Between Real and Complex RCs

In order to experimentally verify the advantages of using com-
plex RCs instead of real RCs, the (real) nk ±m RC proposed
in [22] was used to control the prototype described above. This
real controller was chosen because it can be decomposed into
two complex RCs with a = 1 in parallel (one nk), as indicated
in (10); therefore, a fair comparison is obtained when using the
same Hl(z) and Q2(z) for both solutions.

Table III shows the settling time (performance indicator of
transient operation) and the VTHD of the grid currents space
vector (performance indicator of steady-state operation) for the
evaluated real and complex RC systems. It should be noted that,
when presenting the same sensitivity index and critical 0-dB
gain crossing frequency, the complex solution leads to better
transient and steady-state characteristics. In fact, as presented in
Section III-B, this behavior was already expected since, in order
to obtain similar stability characteristics, the complex RC leads
to a higher repetitive gain Krc.

As commented in [15], the above validated characteristics
can also be explained by the fact that the complex RC has a less

restrictive compromise between performance and stability than
the real RC. In order to verify it, the authors considered the same
repetitive gainKrc for both controllers for a second comparison.
Then, for Krc = 0.060, the real RC leads to an unstable control
system, as indicated in Table III.

VII. CONCLUSION

This article presents an input–output stability analysis, based
on the small gain theorem, for complex RC systems. From this
approach, it is possible to come up with stability conditions
to complex RC systems and modified complex RC systems.
Boundary stability conditions are introduced in order to design
the LPF of modified complex RC systems so that stability can be
ensured without significantly affecting the control performance.
This analysis can be extended to conventional RCs. Also, the use
of sensitivity function as indicator of relative stability is extended
to complex RCs. Experimental results were used to confirm the
validity of the proposed stability analysis. �2-unstable systems
were evaluated through simulations during theoretical analysis.
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