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Abstract—This article presents a robust multi-objective design
and optimization approach with parametric and model-form un-
certainty quantification (MDO with P&MF-UQ). The first part
of the article focuses on incorporating parametric uncertainty
quantification (P-UQ) into the MDO framework, where a sensitivity
index is defined as a quantitative measure of system design ro-
bustness with regards to manufacturing variability in the design of
systems with multiple performance functions. To demonstrate the
benefits of incorporating P-UQ analysis into the design optimiza-
tion framework, this article presents the design and optimization of
a robust high-efficiency high-power-density 1.25 kW Vienna-type
rectifier. The optimum design solution is realized by exploring
the Pareto Front of the enhanced performance space where the
parametric sensitivity of each design point is considered to discern
between cases and help identify the most parametrically-robust of
the Pareto-optimal design solutions. It is shown that the design
sensitivity is reduced by 39% when the optimum design is selected
using MDO with P-UQ rather than the conventional MDO.

Index Terms—Model-form uncertainty, multi-objective design
optimization, parametric uncertainty (PU), robustness, sensitivity,
tolerances, Vienna-type rectifier.

I. INTRODUCTION

MULTI-OBJECTIVE design and optimization (MDO) ap-
proach in the field of power electronics was first devel-

oped within the framework of a road-mapping initiative that
European Center for Power Electronics started in 2003 [2];
since then, this approach has been applied for the realization
of ultracompact ultraefficient power converters [3]–[8].

Despite the inevitable tolerance associated with different sys-
tem parameters, as well as variations in the operating conditions,
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uncertainties have not yet been considered in the presented
computations within the MDO of power converters. As a re-
sult, their effect on the performance space and the resultant
Pareto Front has been neglected. Whereas, the impact of these
uncertainties on the predicted system performance measures,
could potentially change the performance space and the resultant
Pareto Front. In few cases, the effects of the component tolerance
on system performance are investigated after selecting the final
design; e.g., the particular combination of component values that
lead to the worst-case condition is determined to ensure feasi-
bility of the selected design in the presence of manufacturing
variability [3].

Also, in the previous works discussing MDO, it is assumed
that the mathematical models available for design optimization
adequately model the system performance and make tradeoffs
in interest for the problem. However, this assumption is, in
principle, not valid because no model is perfect. Modeling
inaccuracy introduces an additional source of variability in the
design of power converters and systems [9]. Therefore, depend-
ing on the accuracy of the model for the selected design, actual
performance of the converter could vary from the predicted
performance ascertained using MDO approach.

In this article, a new method for MDO of power converters is
proposed that accounts for the variations in system parameters
and modeling errors when predicting the performance space and
the resultant Pareto Front. This is achieved by incorporating
parametric and model-form uncertainty quantification (P&MF
UQ) into the MDO framework [10]. As a result, this approach
includes robustness considerations with regards to manufactur-
ing variability as well as modeling inaccuracies in the design of
power converters with multiple performance functions. The first
part of the article is dedicated to incorporating P-UQ into the
MDO framework and it is organized as follows.

Section II provides a brief mathematical background of the
MDO, in which the design process in general and the subsequent
evaluation of the systems are first illustrated and shown in
abstract form as the mathematical mapping of a design space
into a system performance space. Following, the multi-objective
optimization of this mapping is discussed. In Section III, the
general system design flow is modified to incorporate P-UQ
analysis into the design optimization framework. Section IV
develops a new performance vector indicating design robustness.
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Furthermore, In Section V, the feasibility robustness is
discussed, and the constraint functions are modified accordingly.
Finally, Section VI demonstrates the benefits of incorporating
P-UQ analysis into the MDO from a more practical standpoint;
a thorough mathematical modeling and design optimization
of a Vienna-type rectifier and its components, concerning
efficiency and power density within given size limitations and
operational requirements, are provided. MDO with built-in
P-UQ is then used to design a robust free-convection cooled
1.25 kW Vienna-type rectifier. The final optimum design is
realized by exploring the system Pareto Front of the enhanced
performance space, where the parametric sensitivity of each
design point is used to discern between cases and help identify
the most parametrically-robust of the Pareto-optimal solutions.
Finally, Section VII concludes the article.

II. MATHEMATICAL FORMULATION OF MULTI-OBJECTIVE

DESIGN OPTIMIZATION

Circuit topology, modulation scheme, control parameters,
magnetic core type, and core size are a few examples of the
many design variables present in the design of power electronic
systems and converters. Design variables are a group of sys-
tem parameters in the design of power converters which are
determined by designers. These variables are selected based on
the available library and within given lower and upper bounds
(for continuous variables) or from a limited number of options
(for discrete variables). Each design variable is then assigned a
coordinate axis forming an n-dimensional design space where n
is the number of design variables.

Generally, in the design of power converters and systems, for
each point in the design space, the behavioral model is run based
on the given system specifications. All required information
for the design of components, i.e., voltage and current wave-
forms, are extracted from simulation results, and appropriate
passive and active devices, magnetic components, wires, etc.,
are selected accordingly. Besides design variables, the rest of
the system parameters need to be determined such that side
conditions defined by system specifications or minimum perfor-
mance requirements are fulfilled. These parameters are called
nondesign system parameters; they are not directly controlled
by the designer and are a function of system specifications and
design parameters. These parameters are realized through the
system design flow for each design iteration to ensure system
functionality and operational requirements.

According to the specified design criteria, required compo-
nent models are also developed to predict the intended system
behavior and selected performance measures. Performance mea-
sures (e.g., efficiency, size, cost, weight, etc.) are the indices that
need to be maximized or minimized (depending on the MDO
formulation) through a design process. These objectives are a
function of design variables as well as nondesign system pa-
rameters. Each performance index is then assigned a coordinate
axis forming an k-dimensional performance space where k is the
number of performance indices.

By calculating all desired performance indices for a point in
the design space through the general system design flow, the

Fig. 1. Representation of the multi-objective design and optimization: map-
ping a multidimensional design space into a multidimensional performance
space to determine the Pareto Front.

Fig. 2. Power electronics system design flow.

corresponding design can be represented with a point in the k-
dimensional performance space. This procedure is iterated until
all combinations of design variables (all the points in the design
space) are swept with corresponding side conditions to ensure
feasibility of the designs in the performance space.

Hence, overall, the n-dimensional design space is mapped
into the k-dimensional performance space (see Fig. 1). A general
system design flow in the design of power converters is shown
in Fig. 2, which includes a behavioral model of the power con-
verter, component library, and component models. A switching
model, for instance, is a behavioral model, as all information for
selecting each component can be extracted from its simulation
results. Loss and size models, on the other hand, are examples of
component models, which are developed to predict the intended
performance measures.

A typical mathematical formulation for mapping the design
space into a performance space in the multi-objective design can
be given as follows:

x → J(x,p) (1)

where x is the vector of design variables (x = [x1,
x2, . . . , xn])), ), p is the vector of nondesign system parameters
(p = [p1, p2, . . . , pm])), J is the vector of primary performance
indices (J = [J1, J2, . . . , Jk])), and n, m, and k are the number
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of design variables, nondesign system parameters, and perfor-
mance indices, respectively.

Within the scope of design optimization, the final step is to
find the optimum design solution that maximizes the perfor-
mance vector (J(x, p)) while satisfying constraints. A typical
mathematical formulation of the MDO can be written as follows:

max J(x,p) (2)

such that (s.t.) g(x,p) ≤ 0, and

h(x,p) = 0 (3)

xLB ≤ x ≤ xUB (4)

where xLB and xUB are the vector of lower and upper bounds
for the vector of design variables, respectively. Functions g(.)
and h(.) are side conditions describing the inner converter func-
tion, the system requirements or specifications, and minimum
required values of other performance indices to ensure feasibility
of the designs.

The optimum design solution is finally realized by exploring
the Pareto Front that is the boundary of the feasible performance
space. Many approaches have been studied to construct the
Pareto Front [11]. Due to the limited number of objectives in this
article, the weighted sum approach is used [12]. The weighted
sum method assigns weights for each objective (performance
function) based on the relative preferences among objectives
and combines the multiple objectives into a single objective.
The Pareto Front is then achieved by trying different weights
for the individual objectives and performing the optimization
multiple times. In other words, Pareto Front is realized using the
following algorithm:

k∑
i=1

wiJi(x,p) → Max;
k∑

i=1

wi = 1 (5)

where wi is the weighting factor for the ith performance in-
dex. The maximum performance vector for all possible value
combinations of weighting factors would be the resultant Pareto
Front (shown in Fig. 1). Therefore, the MDO results in a set of
Pareto-optimal solutions in the performance space. Considering
a 2-D performance space, for any point on the Pareto Front,
an increase in one performance index is only possible with a
decrease in the other performance index. The final design point
is ultimately selected from Pareto-optimal design solutions and
is based on the compromise between individual optimization
goals.

III. MODIFIED SYSTEM DESIGN FLOW

As described in the previous section, design optimization of
a converter is generally done using the nominal values of all
component parameters. However, in practice, there is a toler-
ance associated with different parameters of each component;
these variations, also known as parametric uncertainty (PU), are
mainly due to manufacturing variability. One of the approaches
for solving MDO in the presence of PU is the probabilistic

approach, where P-UQ is incorporated into the optimization
formulation.

The uncertainty due to physical variability in the system
properties and surrounding is often irreducible and is commonly
represented by probability distributions. If an uncertain design
variable or nondesign system parameter can be described using
a combination of data points or an interval, then the principle of
likelihood can be used to construct a probability distribution
(fX(x)). Assume the type of distribution (normal, lognormal,
uniform, etc.) of x is known and let L denote the distribution
parameters. Then, the probability density function (PDF) of x is
denoted by fX(x|L). Note that this density function is conditional
on the choice of parameters, and hence these parameters (L) need
to be estimated using the available evidence.

To account for PU, the system design flow must be modified
accordingly, as the input parameters are no longer considered
deterministic. As a result, optimization under PU requires an
extra loop of computation, i.e., P-UQ, in each system design
iteration where nondeterministic simulation is employed to
propagate the uncertainties throughout the model to estimate the
variability in the model outputs, such as performance indices
and constraint functions. Therefore, at each design iteration,
the output distributions and probabilities of satisfying constraint
thresholds need to be evaluated given the design variable values.

As seen in Fig. 2, there are two types of models in the
general system design process: behavioral model and component
models. The governing differential equations of power electron-
ics behavioral models rarely yield exact solutions for practical
problems. Approximate numerical solutions must be used for
this type of models. Component models, on the other hand, are
usually analytical models and have a closed form solution. To
reduce the computational effort for MDO with P-UQ, in the
case of component models, for which the explicit solution to
the model is available, the worst-case analysis is conducted to
estimate the variability in the model output [13]. In the case
of behavioral models, however, MC sampling must be used to
propagate uncertainties throughout the model and estimate the
variability in the model output [14]. Therefore, to incorporate
P-UQ analysis, quasi-random MC simulation and worst-case
analysis are incorporated into behavioral models and compo-
nent models, respectively. Fig. 3 illustrates the flow diagram
summarizing the system design process with built-in P-UQ.

IV. NEW PERFORMANCE VECTOR

In the modified system design flow, multiple simulations must
be conducted for each point in the design space. As a result, in
each design iteration, instead of a single value for each per-
formance measure, multiple values are generated to reflect the
effect of manufacturing variability on the predicted performance
indices. A PDF of uncertain performance measures can then
be denoted by fJ(j|L), which is conditioned on the choice of
parameters; these parameters (mean, standard deviation, etc.)
need to be estimated using the resultant data points from the
nondeterministic simulation. Accordingly, for the design of a
power converter to be optimized under PU, two goals must
be formulated mathematically: first is maximizing the mean of
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Fig. 3. Power electronics system design flow with built-in parametric uncer-
tainty quantification (P-UQ).

the performance functions and the second is minimizing the
variation of the performance functions, which is usually modeled
by its variance or standard deviation. In other words, each
performance function is now represented as two corresponding
objectives in the MDO with P-UQ formulation.

These two objectives should be achieved simultaneously to
ensure performance robustness and optimality. This will increase
the set of objectives from k objectives to 2k as

maxμJ(x,xd,p,pd)

minσ2
J(x,xd,p,pd) (6)

xdLB ≤ xd ≤ xdUB

pdLB ≤ pd ≤ pdUB

xLB + 3σ2
x ≤ μx ≤ xUB − 3σ2

x

pLB + 3σ2
p ≤ μp ≤ pUB − 3σ2

p. (7)

In (6) and (7), μJ and σ2
J are the mean and variance vectors of

performance functions, rspectively, xdUB, xdLB, xUB, and xLB
are the vectors of upper and lower bounds on the deterministic
and nondeterministic design parameters, respectively; pdUB,
pdLB, pUB, and pLB are the vectors of upper and lower bounds
on the deterministic and nondeterministic nondesign system
parameters, respectively; and μx, σ2

x, μp, and σ2
pare the mean

and variance vectors of uncertain design and nondesign system
parameters, respectively.

Since each performance function is represented as two objec-
tives, the MDO formulation can quickly become intractable even
with a small number of objectives. In addition, a large number of
objective functions in such problems cause an inability to graph-
ically visualize the Pareto set to understand tradeoffs introduced
by design robustness considerations. Thus, the main drawback

of such methods is that they become burdensome to solve as the
number of performance functions increases [15]–[18]. A new
approach has been proposed in [19] that tackles both robustness
and optimality using the joint PDF of all the performance func-
tions. The MDO problem is hence reduced to a 2-D optimization
problem regardless of the number of objectives. However, this
approach cannot be readily visualized and interpreted; such
a representation lacks any information regarding the tradeoffs
between different performance measures, whereas this informa-
tion is typically expected to aid in decision-making for MDO
problems.

In the formulation proposed in this article, the sensitivity
index is first defined for the performance function to provide a
measure of robustness for each primary performance index in the
presence of PU. The aggregated function of individual sensitivity
indices, herein after referred to as total sensitivity, is then used
as an additional performance measure in the MDO formulation.
This new performance measure represents the total sensitivity of
the design with regards to PU. Such a representation takes into
account the manufacturing variability in the decision-making
by minimizing a scalar quantity irrespective of the number of
performance functions.

In this article, the following formula is used to calculate the
sensitivity index for each performance measure

Si =
3σji(x,xd,p,pd))

μji(x,xd,p,pd))
(8)

where σji and μji are the standard deviation and mean value of
the ith performance index, respectively, and Si is the resultant
sensitivity index of the ith performance measure. As shown
in (8), to calculate sensitivity indices, the tolerance of each
performance index is normalized with respect to its mean value
to avoid scaling issues when aggregating the sensitivity indices;
this can occur when the variances of the performance functions
are of largely disparate magnitudes.

The individual sensitivity indices are finally aggregated us-
ing weight-based methods by expressing preferences between
objectives using weights; this results in a total sensitivity in-
dex for each design point. The weightings of the individual
performance indices determine the compromise between the
individual optimization goals. The total sensitivity index (ST) is
hence calculated based on the compromise between individual
performance measures according to the optimization goals as

ST =

k∑
i=1

wiSi;

k∑
i=1

wi = 1. (9)

The new performance vector is finally expressed as

max μJ(x,xd,p,pd)

minST . (10)

In the proposed MDO formulation, the final performance
space will have an additional performance index, which is the
total sensitivity. As shown in Fig. 4, in the new performance
space, the tradeoffs can be easily visualized using the aggregated
sensitivity index of the performance functions. As the total
sensitivity of a design approaches zero, the design would be
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Fig. 4. Representation of the multi-objective design and optimization with
uncertainty quantification (MDO with UQ): mapping a multidimensional design
space into an enhanced multidimensional performance space with sensitivity
index to determine the Pareto Front.

more robust in the presence of manufacturing variability. An
alternative design with a lower sensitivity index should hence
be selected as the final optimum design. Consequently, total
sensitivity can potentially be used as a measure of system design
robustness to evaluate performance trends in the field of power
electronics.

V. MDO WITH BUILT-IN P-UQ

The previous section described how MDO with design robust-
ness considerations could be accomplished by adding a P-UQ
loop in the system design flow and modifying the performance
vector accordingly. In this article, however, besides performance
robustness, feasibility robustness is also considered; this is con-
cerned with ensuring that the constraints are adequately fulfilled
under uncertainty. Similar to performance objectives, as a result
of incorporating UQ analysis, the constraint functions in the new
MDO formulation are also modified to account for the effects
of PU as

s.t. Prob(g(x,xd,p,pd) ≤ 0) ≥ Ptarget, and

Prob(h(x,xd,p,pd) = 0) ≥ Ptarget (11)

where Ptarget is determined based on the intended level of
confidence. For instance, if Ptarget = 100% is selected then
the constraints should be satisfied under the entire range of the
resultant distribution, setting a more stringent requirement for
the optimization.

Even though the operating conditions are subject to vari-
ability such as load and source variation, and changes in the
temperature, ST has been calculated for the nominal operating
conditions. However, to ensure feasibility of the design under
uncertainty in practice and for a design point to be included in the
final performance space, the design should satisfy the constraints
under the worst-case condition. MDO constraints are therefore
modified as

s.t. Prob(g(swc,x,xd,p,pd) ≤ 0) ≥ Ptarget, and

Prob(h(swc,x,xd,p,pd) = 0) ≥ Ptarget (12)

where swc is the vector of variables defining the worst case
operating conditions.

VI. CASE STUDY: DESIGN OPTIMIZATION OF A

VIENNA-TYPE RECTIFIER

In the development of power electronics systems for More
Electric Aircraft (MEA) [20], [21], the power density and effi-
ciency have been a primary concern [22], [6]. The Pareto Front
concept has thus been carried out in the MDO of these power
converters to realize the performance limit based on the available
degrees of freedom and to ultimately determine the optimum
design [2]. The main contribution of this section is to present the
benefits of incorporating UQ analysis into the MDO from a more
practical standpoint. For illustrative purposes, the Vienna-type
rectifier, a popular topology for implementing ac–dc mains in-
terface in MEA, is used as a case study to compare the theoretical
analysis with a comprehensive experimental validation. First
part of this article is focused on benefits of P-UQ, the MF-UQ
will be discussed in the second part of this article.

A. System Specifications and Requirements

The power electronics supply of high-power systems from the
three-phase ac mains in MEA applications is usually carried out
in two stages: The mains ac voltage is first converted into a dc
voltage, which is then adapted to the load voltage by a dc–dc
converter with galvanic isolation [21], [23]. This article focuses
on design optimization of the ac–dc converter in the first stage.

In modern aircraft power systems, three-phase active
pulsewidth modulation (PWM) rectifiers are well suited for
implementing ac–dc power converters, as they feature superior
performance in comparison with other topology candidates in
terms of efficiency, input-current quality, and weight [7]. In this
article, a Vienna-type rectifier is selected as the targeted topology
for implementing the active front end (AFE) rectifier due to its
high efficiency as compared with other topology candidates; this
will be further discussed later in this section.

The primary objective of this article is to optimize the design
of a local converter card with regards to design robustness,
efficiency, and power density, while addressing combined power
quality, EMI, and thermal requirements. An aircraft variable fre-
quency ac power bus feeds the converter and output power should
provide 345 V dc voltage. The converter will be designed for
the maximum tenable power rating within the given constraints
of volume (8.3× 7.26× 1 in3) and total loss (30 W) under
specified operating conditions. To avoid any active cooling in the
converter, an efficiency of greater than 98% is required. Given
the minimum required efficiency to achieve free-convection-
cooled design and the required margin for allocated loss in
the worst-case condition, the maximum attainable power rating
of the converter is set to approximately 1.25 kW. The system
specifications and operating conditions of the converter are
summarized in Table I.

In summary, according to MDO objectives, the primary per-
formance indices in this article are loss and size of the converter.
The final converter should also comply with the DO-160 stan-
dard for EMI and power quality. These specifications set the
limitations in the converter design optimization, as described in
the next section.
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TABLE I
SUMMARY OF SYSTEM SPECIFICATIONS

Fig. 5. Circuit schematic of the Vienna-type rectifier.

B. Converter Design Considerations

Design of a converter is comprised of several steps, including
topology selection, input/output filter design, modulation imple-
mentation, implementation of passive components, selection of
semiconductor devices, and design of the control system; each
of these steps is discussed in the following sections, in which
key design variables are identified and described.

1) Topology Selection: Although conventional two-level
boost rectifiers have become dominant in the industry, if higher
efficiency is required, three-level converters present a better
solution. The most renowned three-level implementation of a
three-phase active PWM rectifier is the Vienna-type rectifier.
The main advantage of this topology is its high reliability due to
the impossibility of shoot-through failure modes. Although the
forward-voltage drops of the diodes in this rectifier result in high
conduction losses, the development of SiC Schottky diodes with
high blocking voltage and, ideally, no reverse-recovery current
has eliminated this source of loss and has further improved the
efficiency of this converter [24].

The circuit schematic of the selected topology is shown in
Fig. 5, in which a Vienna-type rectifier converts three-phase
variable-frequency ac input voltage into regulated dc voltage
while providing the PFC function. Among various phase-leg
configurations, the one used in this article features the high-
est efficiency [24]. For active switches, Vienna-type rectifiers
require four-quadrant switches to block voltage and conduct
current in both directions. Two MOSFETs are hence connected
in a common source configuration in this topology. There is also
an input EMI filter added to the three-phase converter to make
the converter comply with EMI and power-quality standards;
this will be further discussed later in this article.

2) Modulation Scheme: Although it is shown that discontin-
uous pulsewidth modulation (DPWM) to be the best modula-
tion scheme in achieving the highest efficiency [25], it lacks
the flexibility of choosing a redundant vector, which will re-
sult in poorer harmonic performance compared to continuous

pulsewidth modulation (CPWM). This situation is even more
significant at lower modulation-index values, and results in a
dominant third harmonic in the neutral-point current. This cur-
rent flows into the parallel connection of the output capacitors,
and the implementation of neutral-point voltage control may
introduce further switching transitions. Therefore, to maintain
the same level of third-harmonic voltage ripple as in CPWM, an
increase of output capacitance value is required; this, in effect,
results in a reduction in power density. Although requirements
such as the hold-up time may dominate over the mentioned
increase in the dc capacitor, given the design requirements in
this article, CPWM is selected as the modulation scheme to
achieve a higher power density design.

In CPWM, the ripple of the phase current in the mains is
influenced by the distribution of redundant switching states. In
the development of space-vector PWM, the zero space vector
positions are left undefined and there is an opportunity to explore
possible harmonic benefits by manipulating the placement of
zero pulses [26]. In this article, center-aligned SVM is used;
the active space-vector is centered in each half-carrier period
and the remaining zero space-vector time is split equally, such
that the redundant vector occurs at the first and last positions of
the switching sequence. This will essentially improve the input-
current quality to better comply with power quality standards.

3) Switching Frequency: A relatively high switching fre-
quency is required to obtain a low design volume of mag-
netic components to further increase the power density in the
design of power electronic systems. However, high switching
frequency results in an increase in frequency-dependent losses
(e.g., switching loss, skin and proximity effect loss, etc.), and
hence a relatively lower efficiency design will be achieved. As
a result, if the switching frequency is increased above a certain
limit, the volume of the cooling system finally dominates, and
the output-power density will be reduced. Thus, to maintain an
efficiency of higher than 98% to avoid any active cooling, and
according to preliminary calculations, the maximum switching
frequency in this design is limited to 92 kHz.

Minimum switching frequency, on the other hand, is deter-
mined according to the DO-160 power quality standard. This
power quality standard has limitations up to 40th-order harmon-
ics; given the frequency range for the mains (360∼ 800 Hz), this
would limit the minimum switching frequency to values higher
than 32 kHz.

4) Boost Inductance: The boost inductance will affect low-
frequency current harmonics, which are critical to meeting
the power quality standard. For the selected boost-inductance
value, therefore, the power quality must be checked to ensure
compliance with the standard. The boost-inductance value must
also increase with the reciprocal of the switching frequency to
retain a relatively low switching frequency ripple in the input
current. Given the maximum and minimum allowable switching
frequencies in this design, the final range for boost-inductance
value in this design is 210 ∼ 450 μH.

5) DM EMI Filter: A CLCL structure has been selected as
the differential mode (DM) EMI filter configuration per phase
[7]. In this configuration, a damping resistor is also added in
series with the DM capacitor to damp unwanted current noise
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Fig. 6. Converter differential mode model.

in the power-quality standard band (up to 32 kHz) that is caused
by filter resonance.

The DM filter capacitance value is selected based on the
reactive power constraint and rectifier functionality described
in the following. For a Vienna-type rectifier, the angle between
phase-leg current and voltage should be low enough to ensure
correct modulation; this requirement places limitations on the
total allowed filter capacitance. The angle limit (θlim) is given
by (13)

θlim =

∣∣∣∣arcsin
(

1√
3M

− π

6

)∣∣∣∣ = 0.124 rad (13)

where M is the modulation index and is defined as 2Vac,pk/Vo.
Assuming unity power factor is achieved at the input terminals,
this limits the angle between the filter’s reactive power and the
converter’s active power, as follows:

arcsin

(
Qf

Po

)
< θlim (14)

arcsin

( |Qf |
Po

)

≈ arcsin

(∣∣2πfinLfI
2
in,rms − 2πfinCfV

2
in,rms

∣∣
Iin,rmsVin,rms

)
(15)

where Lf is the total inductance and Cf is the total capacitance
per phase. Based on (15), the total allowed filter capacitance
is related to the input frequency, active power, and total filter
inductance. However, the second term in (15) is dominant in
determining the phase angle between the filter’s reactive power
and the converter’s active power. Therefore, changes in the total
inductance value will not significantly affect this angle. In this
design, the minimum required capacitance is estimated such that
the correct modulation is guaranteed under half load with 800 Hz
input frequency. The minimum required CDM is estimated to be
0.22μF and the 0.22μF EPCOS MKT film capacitor is selected.

The minimum required DM filter inductance is then calculated
based on EMI constraints as follows. For a given operating con-
dition, the output-voltage spectrum of each phase leg (referred to
as va′ , vb′ and vc′ ) can be calculated using the Matlab Simulink
simulation model or analytical models, i.e., by applying double
Fourier transformation to the modulator reference and carrier.
A limited range of possible damping resistor values is defined
accordingly to ensure that the design complies with the power
quality standard. With the voltage spectrum calculated, and the
filter capacitance and damping resistance selected, DM induc-
tance can be derived based on the EMI standards using the DM
model (shown in Fig. 6), in which DM source voltage magnitude

is calculated as

VDM,source = va′ − va′ + vb′ + vc′

3
. (16)

6) DC Output Capacitance: The dc bus capacitance value
(Co in Fig. 5) is determined by the output power. This capacitor
is also selected such that the voltage rise on the dc bus capacitors
at sudden load will not exceed the voltage limit of either the
capacitor or the semiconductor devices. Also, for overall power
density, the design volume of the output capacitor is considered.

Furthermore, as discussed earlier, the neutral voltage rip-
ple is influenced by input frequency and the modulation in-
dex. Depending on the selected modulation scheme, third-order
harmonics can be found on neutral-point voltage, which will
result in (6k+1)th-order harmonics in input current, where
k ∈ {1, 2, . . .}. As such, for a Vienna-type rectifier, which is
a three-level converter, the low-frequency ripple on the two
dc bus capacitors, which is known as the neutral-point ripple,
may influence the input-power quality. As a result, the dc bus
capacitance should be large enough to ensure compliance with
the power quality standard. In this design, 15 μF EPCOS MKP
film capacitors are selected.

7) Magnetic Cores: A core material and core geometry must
be selected for magnetic components, i.e., the DM and boost
inductors. In this article, for boost and DM filtering inductor
implementation, Ferroxcube 3C95 ferrite cores (effective vol-
ume: 5470∼52600 mm3), and Magnetics Inc. MPP iron-powder
cores (effective volume: 960 ∼ 10600 mm3) are considered. It
should be noted that the other aspects of the inductor design,
such as realization of air gap length, number of turns, winding
arrangements, winding cross-section or copper foil, etc., are
specified later as nondesign system parameters through the
system design flow.

8) Semiconductor Devices: The total loss in a Vienna-type
rectifier is dominated by the conduction and switching losses
of the power semiconductors. Hence, at a given switching
frequency, a possibility of maximizing the efficiency appears
through the optimum choice of power semiconductor devices.

MOSFETs with lower ON-resistance have higher junction ca-
pacitance, which result in higher switching losses. The ON-
resistance of the MOSFETs is therefore a critical parameter in
determining loss and is used as a design variable to select device
candidates. In this article, 250 V Si MOSFETs with 20 and 60 mΩ
ON-resistance from Infineon are selected (IPB200N25N G3 and
IPB600N25N G3).

The loss generated by diodes is not limited to conduction loss,
as they will also generate switching losses due to charging and
discharging of their junction capacitors. To achieve maximum
efficiency, diodes should be carefully selected with consid-
eration given to their influence on both conduction loss and
switching loss. Diodes with larger current capability have higher
junction capacitance values that generate more loss. Therefore,
current capability is used as a design variable to select diode
candidates. In this article, 650 V SiC Schottky diodes with 16
and 20 A current rating from CREE are selected (IDH20G65C5
and IDH16G65C5).
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C) Multi-objective Design Optimization

1) Design Variables: In this section, a sweeping pro-
gram is executed to find all possible value combinations of
system-design variables to determine the final design space. It is
worth noting that although certain design variables, such as AFE
topology, EMI filter structure, modulation scheme, and control
parameters, have been predetermined based on previous studies,
any of these variables could have been realized through an MDO
process with the penalty of higher computational cost.

The design procedure described in this article is based on the
systematic approach for designing the ac–dc converter presented
in a previous work [6]. This procedure starts with the defini-
tion of converter specifications and standards. Following, the
switching-frequency and boost-inductance values are selected
from the available range, after which the voltage spectrum can
be derived from switching-model simulation results using the
center-aligned SVM modulation scheme. Damping resistance is
then selected from the available options. The minimum required
DM inductance of the converter is then calculated as described
earlier in this article.

At the end of each iteration, power quality requirements
are checked for up to the 40th harmonic of the input current
as well as EMI requirements for 150 kHz up to 10 MHz. If
both standards are met, then the values of the design variables
are stored. In the preliminary design process, only the system
design parameters are swept. Semiconductors, core size, and
core type are component-level design variables, which are added
to the final design vector. This would result in a 9-D design
space comprised of the following design variables: MOSFET

on resistance, diode current rating, switching frequency, DM
inductor-core type, DM inductor-core size, boost inductance
value, boost inductor-core type, boost inductor-core size, and
damping resistance value. It is worth noting that the rest of
nondesign system parameters, such as the number of turns and
air gap length for DM and boost inductors, are calculated sepa-
rately for each design point to complete the design process of the
converter.

2) Performance Indices: According to the primary goal of
the optimization process, loss and size of the power converter
need to be calculated at each design point. The required models
for calculating loss and size have thus been implemented in
the system-design flow as described in the following. It should
be noted that the circuit operation information required by loss
and size calculation models (e.g., current through devices, flux
density change in inductor cores, etc.) is captured by the switch-
ing model of a Vienna-type rectifier, which is implemented in
MATLAB Simulink.

The losses in a Vienna-type rectifier result mainly from its
semiconductor devices and inductors. In this work, correspond-
ing models for the conduction and switching losses of semi-
conductor devices, as well as the magnetic core and winding
losses of inductors, have been developed and implemented in the
system design flow as discussed in [27]–[29]. Notably auxiliary
circuits, including DSPs, provide a fixed amount of loss that is
not dependent on the operating point of output power, and thus
these circuits are not included in the loss model for MDO.

Many of the parameters used in loss models are temperature
dependent. On the other hand, thermal considerations are one
of the constraints in the MDO of the Vienna-type rectifier.
As a result, estimating the temperature rise of a component is
required and thermal models have been implemented, mainly
for those components that contribute significantly to the total
loss of the converter (e.g., diode, MOSFET, and boost inductor).
Consequently, an accurate estimate of model input parameters
is provided while ensuring that the temperature of a component
is not exceeding its maximum limit.

According to size constraints defined earlier in this section, the
height of all components is limited to 1 in. Also, it is assumed that
no inductors, capacitors, or semiconductor devices are placed
over other devices. The total space occupied by each device is
hence calculated by the multiplication of its footprint area and
the height limit. Thus, in this optimization, the footprint area
is taken as the performance index representing the size of the
converter.

The dimension for each component is extracted from the
available library, and the footprint area is calculated accordingly.
The footprint area of the final converter is the sum of the
calculated footprint areas for all components. Whereas in the
final prototype, there will be free spaces between components
due to the minimum required clearance distance, smooth air
flow, and nonoptimum placements of the components. As a
result, the size of the realized hardware is expected to be greater
than the estimated value based on the component size models.
This increase in the final converter size is assumed to grow
linearly as the footprint area increases; and hence footprint area
is considered as a fair index for comparing size of the designs.

3) Conventional MDO: In this section, the design of a
Vienna-type rectifier is represented as a mathematical mapping
of the design space derived earlier in this article into the perfor-
mance space using the developed models.

To this end, through the conventional system-design flow for
each point in the multidimensional design space, the switching
model of the Vienna-type rectifier is run using the parameter
values corresponding to the selected design point. The required
information for selecting system components, such as oper-
ation parameters (e.g., rms/average current flowing through
components), and component values (e.g., boost inductance,
DM inductance, and damping resistance), with constraints of
system operational requirements (temperature, EMI standard,
and power quality standard) is extracted from simulation results
of the behavioral model. All active and passive components are
then designed and optimized based on the values given by the
selected point in the design space, behavioral simulation results,
and commercially available components. Loss and size models
are then used to calculate values of performance indices of each
design.

At the end of the optimization procedure, total loss and size are
calculated at each design point, mapping the multi-dimensional
design space into the 2-D performance space. Fig. 7 shows the
resultant feasible performance space derived from the MDO of
the 1.25 kW Vienna-type rectifier using the information from
the database, switching model of the converter, and component
models.
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Fig. 7. Performance space of the Vienna-type rectifier indicating loss-size
Pareto Front at 1.25 kW rated power; Pareto-optimal design solutions are
indicated by red stars.

The main benefit of projecting many converter designs into
the multidimensional performance space is that it makes an eas-
ier comparison of the trade-off between multiple performance
indices and allows for clear decision making. As shown in Fig. 7,
the Pareto Front of the Vienna-type rectifier is then determined
(indicated by the red stars). For the design points on the Pareto
Front, a decrease in the loss is only possible with an increase
in the size, and no design exists that would offer the same size
with a lower loss.

The final design point is ultimately selected based on the
compromise between individual optimization goals; the selected
Pareto-optimal design point based on the conventional MDO
(MDO without UQ) features 21.58 in2 total footprint area and
14.02 W loss. It should be noted that there are tens of other
Pareto-optimal design points available with predicted perfor-
mances quite similar to the selected design. In the next section,
an enhanced performance space with the sensitivity index is
used to discern between cases and to help identify the design
that is the most parametrically robust among the Pareto-optimal
solutions. Further, the feasibility of the design at the worst-case
condition is checked as an additional MDO constraint.

4) MDO With P-UQ: The switching model of the Vienna-
type rectifier, as a behavioral model, is used to predict the
behavior of a power converter to extract the required information
for design and optimization of all active and passive compo-
nents. Loss and size models, on the other hand, as component
models are used to predict performance measures. Therefore,
to incorporate P-UQ analysis, a quasi-random MC simulation
and WC analysis are incorporated into the switching model of
the Vienna-type rectifier and loss/size models of components,
respectively.

Through the system design flow with P-UQ (see Fig. 3), for
each point in the multidimensional design space, the switching
model of the Vienna-type rectifier is run using the parameter
values corresponding to the selected design point. Similar to
the conventional approach, key design variables of the Vienna-
type rectifier are identified and swept. With design variables
selected, values of passive components are calculated based on
simulation and analytical models to address EMI and power
quality requirements.

Also, in the modified system design flow, in addition to the
nominal value for a nondeterministic parameter, its associated

Fig. 8. CDF of the fitted distribution for: (a) loss and (b) size (footprint area)
of a design based on MC and WC analyses.

tolerance is also required. To predict primary performance mea-
sures in the system design flow with P-UQ, multiple simulations
must be conducted for each point in the design space. According
to the number of uncertain parameters in the conducted MC
simulation and the target confidence interval, in this article, the
minimum required resolution for the MC output is set to 500 data
points that are then used in worst-case analysis to estimate mean,
upper, and lower boundaries for each performance measure.

The estimated upper, lower, and mean distributions are then
used to estimate the required parameters (L) for defining a PDF
(fJ(j|L)) for each performance measure. Based on the esti-
mated parameters in this article, the resultant estimated loss and
size values corresponding to each design point have lognormal
and normal distributions (see Fig. 8) with an associated PDF
derived as (16) and (17), respectively

J1 ∼ Lognormal

⎛
⎝e

(
μJ1

+
σ2
J1
2

)
, e(2μJ1

+σ2
J1
)
(
eσ

2
J1 − 1

)⎞⎠
(17)

J2 ∼ Normal
(
μJ2

, σ2
J2

)
(18)

where J1 and J2 are loss and footprint area, respectively. The sen-
sitivity index for each performance measure is then calculated
based on the derived distribution of each performance index
using (8). The total sensitivity index is ultimately calculated
using (9), where w1 = 0.9 and w2 = 0.1 are weighting factors
for loss and size, respectively. The total sensitivity index is hence
calculated based on the compromise between the sensitivity of
loss and size with regards to manufacturing variability and it is
utilized to help identify the most robust Pareto-optimal design
solution. The total sensitivity in this approach is an aggregated
measure of robustness for performance indices. Therefore, min-
imizing the total sensitivity results in minimization of loss and
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Fig. 9. Enhanced performance space of the Vienna-type rectifier indicating
loss-size-sensitivity Pareto Front under 1.25 kW rated power. Pareto-optimal
design solutions are indicated by red stars.

size variations individually, while favoring loss due its higher
weighting factor.

Although, the total sensitivity of a design is calculated un-
der nominal operating conditions (25 °C ambient temperature,
115 V ac voltage, and 100 Ω resistive load), to ensure the
feasibility of the designs realized in the performance space the
constraints must be fulfilled under the worst-case condition;
that is 70 °C ambient temperature, 100 V ac voltage, and 95 Ω
resistive load.

In the end, a high-density performance space is mapped
from the design space to a 3-D performance space. Fig. 9
illustrates the enhanced performance space resulting from MDO
with P-UQ, with the total sensitivity as the third performance
index. The parametric sensitivity of each design point provides
a comprehensive design criterion to enable the selection of the
most robust Pareto-optimal solution. Therefore, an alternative
design with lower total sensitivity index should be selected as
the final optimum design. Additionally, as a result of modifying
the constraints and adding a third performance measure in MDO
with P-UQ, there is 32% reduction in the number of feasible
design points and 2200% increase in the number of Pareto-
optimal solutions in the performance space shown in Fig. 9 as
compared to the 2-D performance space shown in Fig. 7. The
total sensitivity index of the design points shown in Fig. 9 ranges
from 17.3% to 74%; this range is limited to 17.3%–50% for the
Pareto-optimal solutions.

The total sensitivity of the preselected optimum design based
on the conventional MDO approach is 49.7%, i.e., the estimated
loss using the exact parameters of 95% of the hardware units
built based on this design ranges from 8.97 W to 22.90 W.

As a result of including P-UQ in the MDO, alternative designs
with quite similar primary performance measures but relatively
lower sensitivity compared to the preselected optimum design
are realized in the performance space. Finally, the most ro-
bust Pareto-optimal design with 30.6% parametric sensitivity,
21.58 in2 total footprint area, and 14.10 W loss is selected.
According to the estimated loss and sensitivity index, 95% of the
converters built based on this design would have a loss within
11.29 and 20.00 W.

As seen, the converters built based on the selected robust
Pareto-optimal design are expected to have the least variability in

their performance measures (e.g., less variability in the measured
loss and size) and the best overall performance compared with
the ones built based on the rest of the Pareto-optimal design
solutions. It should be noted that this conclusion cannot be fully
trusted, as its validity relies on the accuracy of modeling and
simulation results, which have not yet been considered. This
realization will be addressed in the second part of this article
where MFU is included in the MDO framework to validate the
models used in the MDO framework [30].

VII. CONCLUSION

In this article, a new design optimization approach was pro-
posed to quantify and formulate design robustness with regards
to manufacturing variability in the design problems with multi-
ple performance functions. In this approach, the total sensitivity
was introduced as a new performance measure. This scalar value
represents robustness of the primary performance objectives.
To this end, a modified system design flow was illustrated to
integrate P-UQ analysis into the MDO. Regardless of the number
of performance objectives considered, the proposed formulation
results in an additional performance index, while ensuring that
design robustness considerations are addressed jointly for all
objectives, and that constraints are adequately fulfilled under
uncertainty.

MDO with P-UQ was then applied to the design optimiza-
tion of a 1.25 kW Vienna-type rectifier, with regards to its
primary performance measures, i.e., loss and size, and the total
sensitivity, while considering specific design constraints and
operation requirements. The final optimum design was realized
by exploring the system loss-size-sensitivity Pareto Front of the
enhanced performance space where the parametric sensitivity of
each design point was used to discern between cases and to help
identify the most parametrically robust of the Pareto-optimal
solutions. It was shown that the design sensitivity is reduced
by 39% when the optimum design is selected using MDO with
P-UQ rather than the conventional MDO.
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