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Nonlinear and Transient Stability Analysis of
Phase-Locked Loops in Grid-Connected Converters
Jiantao Zhao, Meng Huang , Member, IEEE, Han Yan , Chi K. Tse , and Xiaoming Zha , Member, IEEE

Abstract—The undesired nonlinear operation of phase-locked
loops (PLL) is one of the main causes of transient instability in
grid-connected converters. However, the stable operating region of
PLL, knowing which is helpful for protection purposes, is hard to
find due to the nonlinear characteristic of the transient process.
In this article, the nonlinear characteristic of the PLL control loop
relevant to the grid-connected converter operation is identified. The
averaging method is applied to derive a time-domain expression
for the PLL operation under disturbance. Based on the analytical
expression, the transient response and related stability criterion are
established, and the PLL design is improved while targeted to focus
on various ac grid faults or disturbances. The results, applicable to
transient stability enhancement, are verified by circuit simulations
and experiments.

Index Terms—Grid-connected converter, nonlinear analysis,
phase-locked loop (PLL), transient stability.

I. INTRODUCTION

A S A consequence of rapid development of renewable
power generation and high voltage dc transmission sys-

tems, more power electronics converters are deployed to serve
as active interface with the ac power grid. However, unlike
traditional synchronous machines with inherent high inertia,
power electronics converters exhibit fast and complex transient
processes under disturbances or fault conditions.

Inevitable system disturbances can be caused by the transmis-
sion line faults, large renewable source/power load swings, or
frequency fluctuations, as reported in the US and in China [1].
In order to guarantee transient stability of the power electronics
based power systems, high-capacity grid-connected converters
should maintain synchronization with the power grid.

One of the key components in a grid-connected converter that
is responsible for maintaining synchronization with the power
system is the phase-locked loop (PLL) [2], [3]. With appropriate
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feedback control, the PLL maintains its stable operation and
generates accurate frequency and phase references for the con-
verter. However, under nonideal grid conditions, the behavior of
the inherently nonlinear PLL becomes rather complex, posing
possible stability issue to the converter that employs it [4].

The PLL is usually modeled together with the grid-connected
converter. For instance, Wang et al. [5] established a unified
impedance model and claimed that a high PLL bandwidth can
be harmful to system stability in the face of system harmonic
disturbances. Wen et al. [6] reported that a grid-tied inverter
may be destabilized by the negative incremental resistor in-
troduced by the PLL. This result was also extended to the
multigrid converter system [7]. Much study has focused on
stability assessment in terms of the passivity properties of the
VSC input admittance [8], [9]. The state-space model is applied
to the controller design of the grid-connected converter under
weak grid conditions [10]–[12]. Studies were also conducted to
analyze the effects of PLL using the transfer function approach.
Excessive phase-loop bandwidth has been found to have an
adverse effect on system stability [13]–[15]. Furthermore, a wide
bandwidth or high proportional gain of the PLL has been shown
to have a negative impact on the stability of the system [16].
However, setting a narrow PLL bandwidth to ensure stability
of the converter may give unacceptable performance. Although
a slow PLL and a fast voltage control loop may stabilize the
converter in weak grid conditions, improper parameter settings
may cause instability [10].

Most of the above studies use a simplified linear PLL model
which cannot predict the complete instability characteristics
of the system. Moreover, the nonlinear characteristic of PLL
is quite critical, particularly in the transient process since the
disturbances will cause significant shift on the system state. The
mechanism of nonlinear oscillation in PLL has been analyzed,
with due consideration of the nonlinearity of the phase detector
in the analysis [17]. Also, the instability mechanism in the
absence of a stable equilibrium point (SEP) has been analyzed
using a quasi-static model in the frequency domain [18]. Han
et al. [19] showed a transient process in which the PLL is directly
destabilized by large disturbances of the grid side. The authors
explained the instability based on the equal-area criterion (EAC)
and derived the critical cleaning time for the converter. A similar
phenomenon was also observed in the transient response of the
wind turbine system subject to an ac grid fault [20]. Further-
more, Geng et al. [21] approximated the PLL as a synchronous
generator, and analyzed the instability process of PLL using a
method similar to that used in analyzing synchronous generator
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systems. On this basis, the EAC is used to explain the transient
instability mechanism of the grid-connected converter with PLL.
However, such applications of EAC cannot fully represent the
control features of the PLL [22], [23]. Specifically, Wu et al. [23]
proposed to use the phase portrait to predict the transient process
and stability limit of the PLL, while He et al. [24] explained the
instability process of the PLL and the resynchronization tran-
sient process by establishing a reduced order nonlinear model.
The influence of the PLL’s control parameters on the transient
process has been analyzed qualitatively. Moreover, Bravo et al.
[25] proposed to represent the nonlinear differential equation
of the PLL as a dissipative Hamiltonian system and provided a
better understanding of the PLL.

Although a great deal of effort has been devoted to study the
nonlinearity of PLL, a nonlinear analytical model and stability
criterion are still missing, which makes practical protection and
antidisturbance design hard to realize.

To fill this research gap, this article is devoted to analyzing
the nonlinear mechanism of PLL in grid-connected converters
and deriving the analytical stability boundary. Therefore, the key
contributions of this article are as follows.

1) The transient stability criteria of PLL are developed
analytically. Using the averaging method, the transient
solution of the PLL’s nonlinear differential equation is
obtained. The transient response of the PLL under distur-
bance including phase and magnitude jump, impedance,
and current variations can be obtained in the time domain
through this analytical solution.

2) The influences of various system parameters are studied.
The grid impedance and initial phase angle have strong
nonlinear effects on the PLL operation. Under weak grid
conditions, the stability boundaries are developed consid-
ering these nonlinear effects.

3) A stability enhancement method is developed by limiting
the phase output of the PLL. A saturation function is
applied to the control loop of the PLL according to the
analytical results. Although the transient adjustment time
would be longer for the PLL, the transient stability can be
guaranteed by this simple addition.

The rest of this article is organized as follows. In Section II,
the nonlinear features of PLL in grid-connected converters are
analyzed under various working conditions. In Section III, the
analytical solution of the nonlinear dynamic equations of PLL
is obtained by applying the averaging method. Based on the
analytical solution, the transient stability criterion of PLL is
derived. Section IV verifies the operating boundary with circuit
simulations and experiments. Section V gives the conclusion.

II. OPERATION OF PLL

Fig. 1 shows the grid-connected converter system. Under a
weak grid condition, the grid side impedance cannot be ignored,
as indicated by Zs. Here, I1, I1ref, and θ1 represent the ac line
current, the current reference, and the output phase angle of
the PLL, respectively. Current control is applied in the inverter.
The basic control diagram of the widely used synchronous
reference frame PLL is shown in Fig. 2. The dq transformation

Fig. 1. Grid-connected inverter system schematic.

Fig. 2. SRF-PLL control block diagram.

TABLE I
SYSTEM PARAMETERS

allows the PLL to compare the ac voltage phase angle with
the PLL output phase angle, and zero static control is achieved
through a PI controller. The set of system and control parameters
are listed in Table I. The grid voltage levels used in all subsequent
scenarios in this article are the same as in Table I. Two simulation
sets (set 1 and set 2) are used to represent different characteristics
of the system. Detailed circuit simulation of a grid-connected
converter system (inverter mode) is performed using MATLAB
Simulink.

A. Unstable Transient Process

There are two kinds of unstable transient processes. As shown
in set 1 simulation result given in Fig. 3, under large current
disturbances (ac line current being stepped up to 160 A), the
oscillation amplitude of the PLL crosses the unstable equilib-
rium point 1 (UEP1), causing the PLL to lose synchronization,
as shown by red curve δ22. This situation is similar to the
conventional “first-swing angle instability” in the synchronous
generator based power system, and can cause fatal failure in the
grid-connected converter system.

However, in set 2 simulation, the blue curve δ21 shown
in Fig. 3 indicates that under a negative damping condition,
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Fig. 3. Two unstable transient processes of PLL.

corresponding to the control parameters Kp and Ki of set 2,
a disturbance (ac line current being stepped up to 140 A) can
cause the oscillation of the PLL to gradually diverge and lose
synchronization after reaching UEP2. This corresponds to a
“multiswing angle instability” in the system.

In order to describe the phenomena, we assume that the system
operates at an SEP before the disturbance occurs, and assumes
a new operating point after the disturbance occurs, and use the
damping ratio of linear systems to describe the characteristic of
the PLL. Different damping ratios are calculated for the two sets
of simulation given in Table I.

In this article, changes in the point of common coupling (PCC)
voltage are caused by changes in the grid-side impedance or
changes in the line current. If an open circuit fault occurs in one
of the double-circuit transmission lines, the grid-side impedance
will increase, which will cause the PCC voltage to change and
finally result in a phase angle shift. A three-phase short circuit
or switching of large-capacity equipment could have the same
effect.

B. Nonlinear Characteristic

Since the dq transformation is adopted to reveal phase detec-
tion, it can describe the nonlinear mechanism in the PLL. In the
design of PLL and the analysis of small-signal stability of the
converter, the sine function derived from the phase detector is
normally equivalent to “1” in conventional linearization. Such
equivalence is not applicable in weak grid conditions. Consider-
ing the nonlinearity of the phase detector, the PLL system under
weak current network is linearized at each equilibrium point as
a second-order system [27], which has a varying damping ratio
given by

ξ =
KpksinVg −KiI1(Zsϕ

′ cosϕ+ Z ′
s sinϕ)

2
√

1−KpI1(Zsϕ′ cosϕ+ Z ′
s sinϕ)

√
KiksinVg

(1)

Fig. 4. Damping ratio of PLL system versus SCR, showing a rapid drop when
SCR < 1.5. Kp = 0.36, Ki = 10, Vg(pk) = 155 V.

TABLE II
DAMPING RATIO UNDER DIFFERENT VALUES OF SCR

where ksin is the cosine value corresponding to the equilibrium
point of the PLL and ϕ is the impedance angle.

The above damping ratio varies with the working conditions.
As shown in Fig. 3, for simulation set 2, the occurrence of
disturbance causes the PLL to move from the SEP “a” to a new
SEP2 “b.” However, the negative damping ratio (–0.01) makes
the PLL oscillating and diverging. Moreover, when it reaches
UEP2 “c,” the system loses stability. In set 1 simulation, the
disturbance causes the PLL to move from SEP “a” to SEP1
“d.” Although the PLL will perform a damped (converging)
oscillation at “d,” it may also reach UEP2 “e,” and then loses
stability directly.

The short-circuit ratio (SCR) of the grid-connected system is
affected by the converter capacity connected to the power grid,
which can be expressed as

SCR = Vg / InZs (2)

where Vg is the phase voltage and In is the rated line current.
The variation of damping with SCR is shown in Fig. 4.

Here is a specific example. The PLL control parameters Kp

and Ki are 0.36 and 10, respectively. The grid impedance is
0.62 mH. Other circuit parameters are as given in Table I (before
disturbance). The value of SCR is equal to 8. The system is
a strong grid. The damping ratio of the PLL system can be
calculated as 0.707 based on (1), as shown in Fig. 4. When the
SCR drops to 1.5 and below, the system damping drops sharply.
This is extremely detrimental to the stability of the PLL. The
damping ratio values under decreasing SCR are listed in Table II.

Thus, when addressing the stability issue of the grid-
connected systems under a disturbed transient process, more
information is still needed, mainly in following two aspects:

1) Analytical solution of the transient process of the system after
application of a particular disturbance.

2) Transient stability criterion with respect to different distur-
bance levels and system parameters.

Although the information is contained in the above set of
nonlinear equations, a time-domain analytical solution is still
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desirable for understanding the transient stability problem of
the grid-connected system containing a PLL.

III. TRANSIENT STABILITY ANALYSIS

In order to obtain the transition solution given a certain initial
condition, we consider the basic expression of the PLL phase
angle under weak grid conditions.

A. Dynamic Characteristic Equation

From Fig. 2, the output of the PLL through the PI controller
can be expressed as (3)

θ1 =

∫ (
ωn +KpVPq +Ki

∫
VPq

)

=

∫
ωn +

∫ (
KpVPq +Ki

∫
VPq

)

= θgn +

∫ (
KpVPq +Ki

∫
VPq

)
. (3)

The difference between the grid phase angle and the output
phase angle of the PLL is given by

δ = θgn − θpll. (4)

The q-axis voltage at the PCC, denoted as VPq, can be ex-
pressed as

VPq = Vg sin(θg − θpll) + I1Zs sin(θs) (5)

where θs is the impedance angle. Then, using (3) to (5), the
dynamic characteristic equation of the PLL can be written as

δ =

∫ (
Kp +Ki

∫ )
(I1Zs sin(θs)− Vg sin(δ)). (6)

Considering that the grid-side impedance is composed of
resistance Rg and inductance Lg, (6) can be written as

δ =

∫ (
Kp +Ki

∫ )

×
⎛
⎝I1

√
(ωLg)

2 +R2
g

ωL√
(ωL)2g +R2

g

− Vg sin(δ)

⎞
⎠

=

∫ (
Kp +Ki

∫ )
(I1ωLg − Vg sin(δ)) (7)

which is valid only in the steady state. However, during the
transient process, the frequency of the line current would not
change immediately along with the PLL due to the control delay.
Therefore, the influence of grid resistance cannot be completely
eliminated, though it would not have significant impact in most
practical scenarios. Meanwhile, the resistance component will
increase the system damping. Thus, we only focus on the case
of pure reactance as the worst case here.

The grid impedance can be found as

Zs = ωLg = (ωn + δ′)Lg. (8)

From (7) to (8), we get the nonlinear part f(δ, δ’) of the state
equation of the PLL as follows [23]:

δ′′ = f(δ, δ′) =
Ki

1−KpI1Lg

×
(
I1ωnLg + I1δ

′Lg − Vg sin δ − KpVg cos δ

Ki
δ′
)
.

(9)

It should be noted that (9) is valid only when the grid-
connected inverter still generates active power after disturbance.
In this case, the UEP and transient response of the PLL mainly
depend on the grid inductance. The impact of grid resistance
is relatively small. When the inverter generates reactive power
to provide voltage support for the grid, the UEP and transient
response at this time are mainly affected by the grid resistance
[28]. The grid inductance will no longer limit the injected current
amplitude of the inverter.

For brevity, we define the following parameters:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a1 = (1−KpI1Lg)/Ki

a2 = I1ωnLg

a3 = I1Lg

a4 = KpVg/Ki.

(10)

Thus, the dynamic characteristic equation of the PLL can be
simplified as

δ′′ = f (δ, δ′) = (a2 + a3δ
′ − Vg sin δ − a4δ

′ cos δ)/a1.
(11)

B. Analytical Solution With Active Power Output

In order to study the transient process of the PLL, an analytical
solution in the time domain is required to predict the operating
trajectory and stability boundary. It is noted that an independent
variable is implicit in the first-order differential equation. Ap-
proximate solutions such as harmonic balance and equivalent
linearization are not applicable to solve this equation due to
the composite trigonometric functions. Here, we use the Taylor
series to deal with the trigonometric functions in the differential
equation. Taylor expansion allows the equation to be solved
while retaining the original nonlinearity.

The averaging method from nonlinear oscillation theory is
adopted in the PLL analysis [26]. This method uses a first-order
approximation for a quasi-linear autonomous system in the form
of

ẍ+ ω2
0x = εf (x, ẋ) . (12)

The original general solution can be expressed as

x = a cosϕ+ εx1(a, θ) + ε2x2(a, θ) + · · ·+ εnxn(a, θ).
(13)

Here, x1(a, θ) to xn(a, θ) are not functions of time t, but are
functions of a and θ. Moreover, a and θ are functions of time t.
The averaging method is a first-order approximation of the real
solution. The second and higher order terms of ε are ignored in
getting the solution.

The purpose of the averaging method is to transform the
equations of motion with displacements as unknown quantities
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into standard equations with amplitudes and phases as unknown
quantities. Since both amplitude and phase are periodic func-
tions that slowly change with time, they can be replaced by the
average value of the period. This method is therefore called the
averaging method. Mathematically, the averaging method is an
approximate solution evolved from the variation of parameters
in differential equation theory [27]. The basic idea is to use the
integral constant of the derived solution as a new independent
variable to find the approximate solution of the basic equation.

It is assumed that the perturbed PLL has a new SEP δ1, and
the trigonometric function in (9) is expanded as a second-order
Taylor series at δ1. Then, δ1 can be calculated with circuit
parameters after the disturbance is applied, i.e.,

δ1 = arcsin(I1ωnLg sin(ϕz)/Vg) (14)

where I1, Lg, Vg, and ϕz are, respectively, the current, grid
impedance, grid voltage, and impedance angle after application
of disturbance. To simplify the expression, we define⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

s0 = sin δ1 − δ1 cos δ1 − δ21 sin δ1
2

s1 = cos δ1 + δ1 sin δ1
s2 = − sin δ1

2

c0 = cos δ1 + δ1 sin δ1 − δ21 cos δ1
2

c1 = − sin δ1 + δ1 cos δ1
c2 = − cos δ1

2 .

(15)

Using the coefficients of δ as shown in (15), (9) can be
expressed as

δ′′ + ω0
2δ = εf(δ, δ′) = −(dδ2 + (a+ bδ + cδ2)δ′ + f)

(16)
where the coefficients are⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ω0 =
√

Vgs1/a1
a = (a4c0 − a3)/a1

b = a4c1/a1
c = a4c2/a1
d = Vgs2/a1
f = (Vgs0 − a2)/a1.

(17)

Now the dynamic characteristics of the PLL, as described by
(16), have the same form as (12). If ε is equal to 0, the solution of
this equation will be a simple harmonic oscillation which can be
expressed by a trigonometric function with constant amplitude
and phase angle θ. As ε is not zero, both A1 and θ are time-
varying. Meanwhile, the disturbance will cause the position of
the PLL SEP to drift. There will be a constant term A0 in the
solution. As shown in Fig. 3, after the current steps up from I1
to I2, the SEP moves from point a to d. Thus, we assume that
(9) has a solution of the following form:{

δ = A0 +A1 cos(ω0t+ φ) = A0 +A1 cosφ

δ′ = −A1ω sinφ
(18)

where A0 is equal to δ1 as given in (14). Substituting (16) into
(18), we get

f(A0 +A1 cosφ,−A1ω0 sinφ) = −
[
dA2

0 +
1

2
dA2

1

+ f + 2dA0A1 cosφ+

(
− aω0A1 − bω0A0A1

− cω0A
2
0A1 − 1

4
cω0A

3
1

)
sinφ+

1

2
dA2

1 cos 2φ

−
(
1

2
bω0A

2
1 + cω0A0A

2
1

)
sin 2φ− 1

4
cω0A

3
1 sin 3φ

]
.

(19)

Then, the derivatives of A1 and θ can be solved as

A′
1 = − 1

ω02π

∫ 2π

0

f(A0 +A1 cosφ,−A1ω0 sinφ) sinφdφ

(20)

θ′ = − 1

A1ω02π

∫ 2π

0

f(A0 +A1 cosφ,−A1ω0 sinφ)cosφdφ.

(21)

Integrating both sides of (20) and (21) gives

A2
1 =

4mA2
10e

−mt

cA10 + 4m− cA2
10e−mt

(22)

θ =
dA0

ω0
t+ θ0 (23)

where A10 is the initial value of A1 and θ0 is the initial value of
θ. The expression of m is

m = cA2
0 + a+ bA0. (24)

The initial value of the solution (18) is{
δ(0) = δ0

δ′(0) = 0
(25)

where δ0 is the SEP before disturbance, and can be calculated
through (14) with parameters before disturbance. Substituting
(25) into (18) yields {

A10 = δ0 −A0

θ0 = 0.
(26)

Substituting (26) into (22), the analytical expression of A1 is

A1 = −
√√√√ 4m(δ0 −A0)

2

c(δ0−A0)
2+4m

e−mt − c(δ0 −A0)
2
. (27)

From (18), (23), and (27), the analytical expression of PLL
dynamic characteristic differential equation can be derived as

δ = −
√

4m(δ0 −A0)
2e−mt

c(δ0 −A0)
2 + 4m− c(δ0 −A0)

2e−mt

× cos

(
ω0t+

dA0

ω0
t

)
+A0. (28)

Based on the time-domain solution above, the transient pro-
cess can thus be predicted accordingly for any given ac line
current level, grid impedance, and control parameters. Then, the
current limit design and protection can be easily performed for
grid-connected converters.

C. Stability Boundary

At the critical damping point, the PLL output will exhibit
oscillation. This kind of low-frequency oscillation may occur in
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Fig. 5. Stability boundary surface in Kp-Ki-I space. Choosing values in the damped oscillation (convergence) domain can ensure system stability. If the disturbance
causes a parameter to cross this boundary, the PLL will lose synchronization. Three operating points are marked in the figure on the right. Damping ratio: ξA =
0.014, ξb = 0.006, ξc = –0.002, ξD = 0.021, and ξE = 0.012.

weak grid conditions. Therefore, a specific stability boundary
is necessary to provide a reference for parameter design. When
the PLL output oscillates with a constant amplitude, m is equal
to zero, i.e.,

cA2
0 + a+ bA0 = 0. (29)

After substituting parameters and simplifying, the analytical
expression of the stability boundary is

I1KiLg −KpVg

√
1− (I1Zs sinφ/Vg)

2 = 0. (30)

When m = 0, the output of the PLL will maintain a sustained
oscillation. The amplitude of the oscillation AMP can be ex-
pressed as

AMP = lim
m→0
t→0

√
(δ0 −A0)

2e−mt

c(δ0 −A0)
2(1− e−mt)/4m+ 1

= lim
m→0
t→0

√
(δ0 −A0)

2e−mt

c(δ0 −A0)
2t+ 1

= δ0 −A0. (31)

Based on the limitation given in (31), when the control pa-
rameters of the PLL are given, the circuit parameter values,
including the injection current, the grid side impedance, and
the grid side voltage, will vary within certain ranges. In this
article, considering the variation of inverter output power and
the possible ac faults, two sets of stability boundaries are given.

Fig. 5 shows the 3-D stability boundary in terms of the inverter
injection current and the PLL control parameters under constant
grid voltage and impedance values. They are the initial values in
Table I. From the trend shown in the 3-D surface, it can be found
that as the proportional gain of the PLL increases, the allowable
injection current also increases. Moreover, the integral gain has
an opposite effect on the stability.

When the system parameters are within the region below the
stability boundary surface, that is, in the damped oscillation
domain, the PLL can remain synchronization. If the line current
value is raised beyond the stability boundary surface, the PLL
output will oscillate and eventually lose synchronization.

Fig. 6 shows the 3-D stability boundary in terms of the grid
side impedance and the PLL control parameters under constant
grid voltage and injection current. The injection current is main-
tained at 130 A. At the stability boundary, the maximum grid
side impedance value increases as the PLL’s proportional gain
increases, and decreases as the integral gain increases.

D. Analytical Solution With Reactive Power Output

Since (9) is not applicable to the grid-connected inverter
when it generates reactive power, it is necessary to rederive
the dynamic differential equation of the PLL. If the converter
is designed to generate reactive current to provide voltage sup-
port during the voltage sag, the original dynamic characteristic
equation should be modified as

δ =

∫ (
Kp +Ki

∫ )
(I1Zs sin(θs − π/2)− Vg sin(δ)).

(32)
The grid impedance Zs consists of resistance Rg and in-

ductance Lg. Similar to the derivation process in (7), based
on the relationship between the grid impedance value and the
impedance angle, (6) can be rewritten as

δ =

∫ (
Kp +Ki

∫ )
(−I1Rg − Vg sin(δ)). (33)

By differentiating both sides of (33), the dynamic equation
of the PLL when the converter outputs reactive power can be
obtained as

δ′′ = f (δ, δ′) = −KiIRg −KiVg sin δ −KpVgδ
′ cos δ.

(34)
Then, the analytical solution can be derived through the same

process using the averaging method. To simplify the equation,
we define ⎧⎨

⎩
n1 = −KpVg

n2 = −KiIRg

n3 = −KiVg.
(35)
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Fig. 6. Stability boundary surface in Kp-Ki-L space. Region below the boundary surface is the damped oscillation (convergence) domain, and the region above
the boundary surface is the divergence domain. Three operating points are marked in the figure on the left. Damping ratio: ξF = 0.020, ξG = 0.007, ξH = –0.008,
ξi = 0.022, and ξJ = 0.005.

Thus, (34) can be written as

δ′′ = f (δ, δ′) = n1 cos δ + n2 + n3 sin δ. (36)

The trigonometric functions are expanded into Taylor series
near the new SEP δ1. The coefficients in the Taylor series are the
same as in (15). The calculation method of the SEP of the PLL
when the inverter generates reactive power is different from that
when the output power is active. At this time, the new SEP δ1
of the PLL should be

δ1 = arcsin(−I1Rg/Vg). (37)

Then, substituting (15) into (36) yields

δ′′ + ω0
2δ = εf(δ, δ′) = ((a+ bδ + cδ2)δ′ + dδ2 + f) (38)

where ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ω0 =
√−n3s1

a = n1c0
b = n1c1
c = n1c2
d = n3s2
f = n2 + n3s0.

(39)

It is assumed that the solution takes the same form as (18).
Using the same procedure, the amplitude and phase expressions
of the solution are found as

A2
1 =

4mA2
10e

mt

cA10 + 4m− cA2
10e

mt
(40)

θ =
dA0

ω0
t+ θ0. (41)

The initial values of amplitude and phase are the same as when
the inverter generates active power. By substituting (25), (40),
and (41) into (18), a time-domain analytical solution of the PLL
transient response when the inverter generates reactive power
can be obtained as

δ =

√
4m(δ0 −A0)

2emt

c(δ0 −A0)
2 + 4m− c(δ0 −A0)

2emt

× cos

(
ω0t+

dA0

ω0
t

)
+A0. (42)

Similar to the active power output case, the value of m de-
termines the variation trend of the PLL output oscillation. The
expression of m is

m = cA2
0 + a+ bA0 = −KpVg

√(−I21R
2
g + V 2

g

)
/V 2

g . (43)

Thus, it can be seen from (43) that as long as the proportional
gain of the PLL is positive, the value of m will be negative. Thus,
consistent with the result reported in [29], when the gain of the
PLL controller is positive, the complex poles of the system will
have negative real parts.

However, as stated above, the control delay will prevent
the grid inductance from being completely eliminated during
the transient process. Therefore, in order to avoid divergent
oscillation, a larger proportional gain and a lower integral gain
should be used.

IV. VERIFICATION

In order to verify the analytical solution obtained by the
averaging method, several time-domain simulations are imple-
mented in MATLAB Simulink with various levels of distur-
bance. The PLL control parameters in simulation A and B are
Kp = 0.05 and Ki = 10. The initial grid voltage, line current,
and grid impedance are 155 V, 130 A, and 3 mH, respectively.

A. Response of PLL With Four Types of Disturbances

The transient processes of PLL under four different types
of disturbances are analyzed, including voltage and current
magnitude jumps, phase angle jumps, and impedance variations,
as shown in Fig. 7. In all simulations, the ac line current under
the steady-state condition of the inverter is 130 A. In these sim-
ulations, the grid-connected converter generates active power
during the transient process.

1) Line current magnitude jump: Fig. 7(a) shows the PLL
response caused by the current jump. When the current
jumps from 130 to 136.25 A, the oscillation gradually
subsides as it has not yet crossed the stability boundary
described in (26), as shown in the blue curve in Fig. 7(a).
When the current jumps from 130 to 142.5 A, m < 0,
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Fig. 7. Response of the PLL in four types of disturbance. At initial state
I1=130 A, Zs=3 mH, and Vg=155 V. (a) Response of the PLL to current jump.
(b) Response of the PLL to impedance jump. (c) Response of the PLL to voltage
drop. (d) Response of the PLL to grid phase jump.

which means that the current value crosses the stability
boundary. The output oscillation of the PLL diverges, as
shown by the red curve. If the disturbance amplitude is
further increased to 25 A, the phase angle deviation of
the output of the PLL will exceed the UEP and results in
instability. After crossing the UEP, even if the disturbance
is cleared, the PLL can no longer recover stability, as
shown by the yellow curve.

2) Impedance variation: Fig. 7(b) shows the response of
the PLL caused by impedance change. The movement
of SEP caused by impedance change is the same as the
current jump. Similarly, the blue curve indicates that the
impedance value has not yet crossed the stability bound-
ary when the impedance jumps by 0.15 mH. The output
oscillation of the PLL gradually subsides. The red curve
indicates that when the disturbance amplitude is 0.3 mH,
the impedance value exceeds the stable boundary and the
oscillation diverges. The yellow curve indicates that the
PLL loses stability under large disturbance.

3) Grid voltage drop: Fig. 7(c) shows the transient response
process caused by the voltage drop. When the voltage
drops by 6.25 V, the PLL can still return to a stable state.

When the magnitude of the voltage dip increases to 12.5 V,
the output oscillation of the PLL will diverge. When the
voltage sag reaches 25 V, the output of the PLL directly
exceeds the UEP.

4) Grid phase jump: Fig. 7(d) shows the PLL response caused
by the grid phase angle jump. The variation of the phase
angle does not cause the damping of the PLL to change.
Therefore, as long as the PLL oscillation caused by the
phase angle jump does not cross the UEP in the first
cycle, the PLL can resume stability and reach a new
operating point, as shown in the blue and red curves in
Fig. 7(d). If the amplitude of the disturbance is further
increased, the output of the PLL will exceed the UEP
and lose synchronization, as shown by the yellow curve
in Fig. 7(d).

5) From the above analysis, we see that the instability of the
PLL can be examined under two cases. The first one is an
oscillation with diverging amplitude caused by a certain
parameter crossing the stability boundary, as shown by the
red curve in Figs. 7(a)–(c). The other is caused by large
disturbances, as shown by blue curve in Fig. 7.

For the type of instability where the system parameters cross
the stability boundary, the control parameters can be opti-
mized according to the stability boundaries to enhance transient
stability.

B. Parameter Design Improvement

In Fig. 5, the stability boundary points corresponding to the
current system simulation parameters are marked as red squares
in the 3-D space. The Kp-I curve corresponding to this integral
gain is marked in blue in the 3-D space. The operating points
A, B, C, D, and E are marked in the enlarged view of the plane
area near the oscillation boundary.

Fig. 8(a) shows the response of the PLL when the inverter’s
line current increases from IA to IB. The system damping ratio
is reduced from 0.014 to 0.006, corresponding to points A and B
in Fig. 5. The calculation yields m> 0, indicating that the output
oscillation of the PLL should subside. It can be seen that both
the output frequency and amplitude from the analytical solutions
coincide with the simulation results. The convergence trend of
the oscillation is also predicted by the calculation.

Fig. 8(b) shows the response of the PLL when the inverter’s
line current increases from IB to IC. The system damping ratio
is reduced from 0.006 to –0.002, corresponding to points B and
C in Fig. 5. The calculation yields m < 0, indicating that the
output oscillation will diverge. The simulation result accurately
verifies the analysis.

In order to avoid such divergent oscillation, the control pa-
rameters of the PLL can be designed according to the maximum
disturbance amplitude and the stability boundary to ensure that
the output oscillation of the PLL will not diverge after the
disturbance.

Fig. 8(c) shows that the inverter’s line current rising from ID
to IE. The disturbance amplitude and operating point change are
the same as those in Fig. 9(b). But the proportional gain of the
PLL is increased to 0.06, corresponding to points D and E in
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Fig. 8. Response of the PLL to output current. (a) A to B: Oscillation is damped
as the operating point is within the boundary. (b) B to C: Oscillation diverges
as the operating point crosses the stability boundary. (c) D to E: Oscillation
converges as a more reasonable (larger) proportional gain Kp is set.

Fig. 9. Response of the PLL to grid impedance change. (a) F to G: Oscillation
converges as the operating point is still below the boundary. (b) G to H:
Oscillation diverges as the operating point crosses the stability boundary. (c)
I to J: Oscillation converges as a more reasonable (larger) proportional gain Kp

is set.

Fig. 5. After setting a larger proportional gain, the PLL can be
stabilized after application of the disturbance.

The grid impedance may change due to the faults on the ac
line. Three operating points are also marked in Fig. 6. As the
operating point moves from F to G, the system remains stable,
as shown in Fig. 9(a). However, when it moves from G to H, a

TABLE III
SIMULATION PARAMETERS UNDER LVRT

Fig. 10. PLL response when the converter in LVRT from 2 s.

diverging oscillation can be observed, as shown in Fig. 9(b). The
converging/diverging trend of the oscillation is well predicted.
In Fig. 9(c), the proportional gain is further increased. The
operating point moves from I to J. Under the same disturbance
as in Fig. 9(b), the output oscillation of the PLL can be damped.

In the above two cases, we only need to know whether
or not the system converges to a new stable state. Therefore,
the stability boundary can be easily established as the set of
parameters for which a sustained oscillation occurs, as shown in
Figs. 5 and 6.

C. Response of PLL During LVRT

The simulation results of the PLL response of the converter
during the low voltage ride-through are shown in Fig. 9. The
system parameters are shown in Table III. The grid impedance
consists of resistance and inductance.

The grid voltage drops from 2 s to 0.2 p.u in the simulation.
The inverter generates 1 p.u. of reactive current. If the inverter
keeps generating active current, the value of m will be negative,
giving a diverging oscillation of the PLL. This phenomenon
does not occur because the inverter generates reactive power
after disturbance.

Fig. 10 compares the simulation result and analytical solution
when the injected current is 10 A (1 p.u.). It can be seen that
the analytical solution agrees with the simulation result after the
voltage drops at 2 s. The grid inductance has little impact during
the transient process, and the differential equation (34) and its
analytical solution (42) are still valid.

D. Accuracy of Averaging Method Under Large Disturbance

When the amplitude and period of the output of the PLL
change by a large amount, the analytical solution and simulation
result deviate significantly.

First of all, it should be pointed out that in such large dis-
turbance cases, the analytical solution will deviate from the
simulation. However, the displacement mainly depends on the
amplitude of the disturbance (indicated by R in Figs. 11 and
12) and the position of the new SEP after the disturbance. The
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Fig. 11. Discrepancy between analytical solution and simulation result in-
creases with the increase of the disturbance amplitude and the decrease of the
distance between the SEP and the UEP. In simulation set 3 (third panel from top),
when the injected current is increased from 90 to 140 A, significant amplitude
and phase errors can be observed.

Fig. 12. Phase angle of PLL upon reducing the disturbance amplitude
showing reduced error.

TABLE IV
SIMULATION PARAMETERS

large disturbance amplitude produces output oscillation with
rapid amplitude change. The amplitude of the disturbance can
be expressed by the “distance” on the voltage-phase diagram
between the original SEP and the new SEP of PLL.

Second, the new SEP after the disturbance determines the
extent of nonlinearity of the PLL system. Short “distance”
(indicated by D in Figs. 11 and 12) between the SEP and the
UEP will give stronger nonlinearity of the system. These are
the main reasons for the discrepancy between calculated and
simulated results, and the trends of the difference are shown in
Fig. 11. The system parameters used for this simulation are listed
in Table IV.

As can be seen from Fig. 11, the error increases with the
increase of disturbance amplitude. When the new steady-state
operating point approaches the instability point (panels 3 and
4 in Fig. 11), the simulated oscillation waveform is no longer
close to a sinusoidal waveform. The simulation waveform has
severe distortion.

Fig. 12 is the comparison result of reducing the amplitude of
the disturbance. It can be seen that after reducing the amplitude
of the disturbance, the error in the analytical solution and the
simulation results on the amplitude is significantly reduced, but
there is still a certain phase error.

In addition, not all large perturbations would cause significant
errors in the analytical solution. If the new SEP after the distur-
bance is kept away from the UEP, the simulation result and the
analytical solution would still be consistent.

E. Experimental Verification

In Fig. 7, it is shown that under large disturbance, the phase
angle deviation of the PLL δ will exceed the UEP. As a result, the
PLL loses synchronization. This instability is irreversible. Due
to the inherent nonlinearity of the PLL, the optimization method
based on a linear model cannot ensure the transient stability of
the PLL.

To ensure the stability of PLL in the transient process, a non-
linear method must be adopted. A common strategy in existing
improvement measures is to detect the fault status and determine
the required measures by calculation. This may require fast
response speed and detection accuracy of the controller.

Protection can be adopted based on the principle of PLL
instability and can be preconfigured according to the current
working state of the PLL. Previous studies have shown that PLL
loses synchronization when the phase angle deviation δ of the
PLL exceeds the UEP. If the SEP of the PLL still exists after
any disturbance occurs, there is a corresponding UEP. In order
to avoid instability, we try to limit the amplitude of the output
phase angle of the PLL. Using an output phase angle limiter, the
PLL can gradually recover to a new stable state after the transient
process if the SEP exists after the disturbance and the system
parameters do not exceed the stability boundary. If the system
parameters exceed the stability boundary after the disturbance
or there is no SEP of the PLL during the transient process, the
PLL will not enter an irreversible instability state as long as the
output phase angle is limited. After the fault is cleared, the PLL
can still return to the original stable state.

The transient behavior is verified in a practical weak grid-tied
inverter of 2 kW, with the control implemented by the ARM-
FPGA digital control platform, as shown in Fig. 13. The circuit
and control parameters are listed in Table V.

In this case, the weak grid-connected inverter system would
be unstable with the badly tuned PLL due to its poor damping
effect. However, with proper controller protection limits, the
inverter could be stable even under a large line current step-up.
The transient response waveform is shown in Fig. 14.

When there is a line current step-up from 4 to 19 A (peak
value), the inverter gets unstable. Large amount of harmonics
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Fig. 13. 2-kW three-phase grid-connected converter prototype.

TABLE V
EXPERIMENTAL PARAMETERS

Fig. 14. Measured transient process of the inverter with proper PLL output
limit. Blue waveform: PCC voltage Vg [25 V/div], cyan waveform: line current
I1 [20 A/div].

emerges at the PCC voltage. A significant phase error can be ob-
served in the controller after this current disturbance. However,
benefiting from the proper PLL output limits, the instability has
been suppressed and the inverter enters a new stable operation
point with higher line current and lower PCC voltage, as shown
in Fig. 14. Therefore, the transient stability of the inverter can
be enhanced by the PLL operation.

V. CONCLUSION

In this article, the nonlinear behavior of PLL in grid-connected
converters is identified under various types of disturbance. Using
the Taylor series to expand the trigonometric functions in the
nonlinear dynamic equations, a simplified dynamic equation can
be found based on the averaging method adopted from nonlinear
oscillation theory. The different dynamic equations of PLLs
corresponding to the grid-connected inverter generating active

power and reactive power are derived. The stability boundary
is found based on the analytical solution that covers various
types of disturbance. An improved choice of control parameter,
as guided by the stability boundary, can effectively enhance
the tracking performance of the PLL in weak grid conditions.
The transient solution is verified by circuit simulation of a
grid-connected converter. It is shown that the system will lose
stability after the disturbance due to the variation in damping,
disturbance magnitude, and duration. In the control design, a
stability enhancement method is developed by limiting the phase
output of the PLL.
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