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Abstract—To deal with the uncertain relationship between
random variables and harmonic spectrum in existing random
pulsewidth modulation (PWM), this article links the uniformly
distributed random carrier sequence probabilistic parameters with
harmonic distributed in the frequency domain, offers an approach
to selecting a random carrier sequence. Based on random slope
PWM, the formula for 3-dB bandwidth of harmonic power spec-
trum is deduced. Then, some useful conclusions are also drawn
under random carrier sequence obeying uniform distribution. The
3-dB bandwidth formula leads to a method of selecting the main
probability statistical parameters. The method has laid a theoret-
ical foundation for the design and selection of random variables
in random PWM, provided a scientific reference for the study of
random PWM technology, which is used to reduce electromagnetic
interference and mechanical vibration.

Index Terms—3-dB bandwidth of harmonic power spectrum,
probability statistical parameters, random carrier sequence, ran-
dom slope pulsewidth modulation (PWM), uniform distribution.

I. INTRODUCTION

THE pulsewidth modulation (PWM) with fixed switching
frequency has wide application in power electronic tech-

nology. However, its output harmonic peaks appearing at switch-
ing frequency and its multiple frequencies will cause damage,
which worthy of attention [1].

For the power system, harmonic peaks are the main cause
of electromagnetic interference (EMI). In terms of load, the
harmonic peaks not only cause mechanical vibration, which can
shorten the service life of equipment but also produce a certain
amount of acoustic vibration, or noise contamination [2], [3].

To suppress EMI and vibration, filters, and dampers are usu-
ally used. However, they have some disadvantages. For example,
the cost of the active filter is high and its harmonic detection and
compensation are complex. And the passive filters are slow in
dynamic response and poor in filtering effect during the fast-
changing process. Besides, added devices take up a lot of space
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and increase the overall weight of the equipment. Therefore,
these methods are not ideal solutions.

In 1990s, Trzynadlowski [5] proposed a random PWM based
on the control of the ON-OFF of switching devices to change
the duty ratio. He and his team members thought that if carrier
sequence was random enough, its random degree would be
very high and the harmonic peaks would be scattered to other
frequency points. In ideal conditions, the harmonic spectrum
could come close to white noise.

In random PWM, it is essential to use a random function.
Because of the nonexistence of its Fourier transform, the ran-
dom function is difficult to use directly for frequency- domain
analysis. As there is research overlapping among random PWM,
such as random signal analysis, vibration noise treatment, and
more difficulties appear in the article, which makes it hard
to deeply understand the mechanism of harmonic dispersion.
Later, Trzynadlowski and his team proposed the random PWM
of “harmonic-frequency-spectrum null point”. Compared with
fixed carrier PWM (FCPWM), the technology could decrease
EMI by more than 10 dB under the same experimental conditions
[6], [7]. The contribution made in this study has brought about
a new research topic. However, the modeling and theoretical
analyses of random PWM are not much different from the
previous study.

The study’s authors made a comparative analysis of the rela-
tionship between random carrier frequency (RCS) distribution
and output voltage harmonic frequency domain distribution. The
conclusion is that the former has little effect on the later [8].
Researchers also studied the upper and lower limits of RCS
by experiments and found the law of output voltage harmonic
spectrum when modulation wave is four or five times as large [9].
In the application of a uniform random number, some researchers
introduced the Markov chain based on FCPWM. It enables
random PWM periodic values to be more evenly distributed
around expected values, thereby making the spectrum of output
current more uniform [11], [12]. It is not clear whether RCS can
realize the best uniform distribution or not. Some optimization
algorithm does not show the principles of random PWM [13],
[14]. This problem needs to be further studied yet.

In present researches, the increase of harmonic dispersion in
the frequency domain mostly depends on improving random
PWM by changing random strategy and increasing random
degree of random variables. But there has not been yet an estab-
lished standard to judge how the stochastic degree is depending
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Fig. 1. Single-phase H-Bridge circuit topology.

on diverse random strategies [15]–[18]. Random PWM spectrum
analysis is another problem. As for FCPWM, [19] provides a
3-level, double-edge, sinusoidally modulated PWM wave using
natural sampling. Song and Sarwate [20] gave expressions for
the spectra of uniform-sampling PWM and natural sampling
PWM signals. Based on the relationship between current THD
and switching period rms in random PWM, the advice about
current ripple reduction has been presented [21]–[26]. There is
no doubt that a proper variable frequency PWM can attenuate
the switching-related energy in certain frequency spectrum parts
achieving acoustic noise and EMI reduction [27]–[31].

To solve the abovementioned problems, this article presents a
random PWM technology. Detailed exploration such as random
PWM harmonic distribution and carrier selection have also
been done. Combined with engineering applications, studies
will lay the solid foundation for selecting random functions and
designing random variables in random PWM and can provide a
theoretical basis for applying random PWM technology.

II. RANDOM SLOPE PWM BASED ON

UNIFORM DISTRIBUTION

To analyze the relationship between the statistical parameters
of RCS and harmonics distribution in the frequency domain,
this section gives an introduction about the random slope PWM
(RSPWM) model and then makes a detailed description of har-
monic for the analysis of harmonic distribution in the frequency
domain.

A. Model of Random Slope PWM

The single-phase H-bridge circuit topology is shown in Fig. 1.
U, Uc,, and Us denote the input voltage of the dc terminal,
the fixed-frequency carrier sequence, and the modulation wave,
respectively. When the switches G1 and G4 are turned ON, the
output voltage UAB is +U. When G2 and G3 are turned ON, the
output voltage UAB is –U.

In Figs. 2 and 3, Uc is a carrier sequence, Us is a modulation
wave, ωo is modulation wave angular frequency, Tc is fixed
carrier period, and Ti is the ith carrier period (corresponding
to the carrier frequency fi). When every random carrier period
is the same, Fig. 2 shows FCPWM. When it is not the same,
what is shown in Fig. 3 is referred to as RSPWM.

Fig. 2. Fixed carrier PWM.

Fig. 3. Random slope PWM.

The number of random carriers is n, RCS can be expressed
as {T1, T2, . . . , Tn}. To keep total switching losses in RSPWM
the same as that in FCPWM, the pulse number n, and average
frequency fav of RSPWM keep the same as that in FCWM
during a repeating random period T.

When symmetrical regular sampling is used, the output volt-
age of FCPWM is expressed [32]–[35]

U(t)

U/2
= r sin ωot+

∞∑
n=1

(
4

nπ

)
sin

[
nπr sin (ωot)

2
+

nπ

2

]

× cos(nωct)

= r sin ωot−
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(
4

nπ

)
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2
+
(n− 1)π

2

]

× cos(nωct) (1)

where ωo is the modulation wave angular frequency, ωc is the
angular frequency of the carrier. The precondition of (1) is
ωc >> ωo. Because the average frequency of the carrier is
much larger than modulating wave frequency in RSPWM, the
average symmetric regular sampling can also be used to analyze
the harmonics spectrum of RSPWM.

However, it is hard to give an accurate expression of the output
voltage in random PWM. With the view of the factorization,
there is a phase difference between the fixed carrier PWM and
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Fig. 4. Phase difference between FCPWM and RSPWM.

random carrier PWM for each n. Let c be the item including ωo.
When n = 1, the component contains carrier frequency, in (1)
can be written as follows:

U(t)

U/2
= − 4

π
cos

(πc
2

)
cos(ωct)

= − 4

π
cos

(πc
2

)
cos(2πfct) (2)

where fc is the frequency of the carrier. Similarly, the component
indicates the random carrier sequence in the random PWM is

Uh(t)

U/2
= − 4

π
cos

πc

2
cos[2πfavt+ θd1(t)] (3)

where fav is the average frequency of the random carrier se-
quence. θd1(t) represents the phase difference between FCPWM
and RSPWM whenn = 1. Uh(t) is the component of harmonics
in RSPWM. θd(t) is the total phase difference between FCPWM
and RSPWM, which is a function of time.

The statistical parameters of the random carrier sequence are
the key to the settlement of the self-correlation function and
power spectrum of the output voltage. From (3), it is known
that the direct use of random carrier sequence to calculate
the self-correlation function of Uh1(t) is difficult. To establish
the connection between random carrier sequence and phase
difference, the random carrier sequence needs to be placed as
{T1, T2, . . . , Tn}, and each carrier corresponds to a single pe-
riod. Taken n = 1 for example. The deduction of self-correlation
and power spectrum functions has been shown as follows.

The phase difference between FCPWM and RSPWM can be
described in Fig. 4.

In Fig. 4, the green line is angle variation of FCPWM, the
carrier frequency value of which is the same as fav. And the blue
line stands for angle variation of RSPWM. The zone between
the green line and the blue line is angle difference θd. Because of
the randomness of θd, statistical parameters of phase difference
are difficult to describe quantitatively. But statistical parameters
of the phase difference can be set in advance. Based on the
relationship between carrier and phase, the statistical parameters

of the phase difference can be calculated. The detailed deduction
is as follows.

The average value of RCS is expressed as

T =
1

n
(T1 + T2 + · · ·+ Tn). (4)

The item in {T ′
1, T

′
2, T

′
3, . . . , T

′
n} is defined as

T
′
i =

(
T1 + · · ·+ Ti − i× T

)
. (5)

The basic relationship between each phase difference and
carrier difference is

θdi = 2πfavT
′
i . (6)

The variance of θdi sequence θ2o is determined as
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(7)
Because the carries in RCS are unrelated, θ2o can be expressed

in
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∑�n+1/2�
i=1 (i− i2
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(8)

where T 2
o is the variance of RCS {T1, T2, . . . , Tn}. T 2

o can be
calculated by RCS. And T 2

o is a fixed value.
The self-correlation function of θdi at l intervals can be ob-

tained from its expectation and the second-order center distance
is

Rl(θdl) = 1− E[(θdi − θdi+l)
2]− E2[(θdi − θdi+l)]

2θ2o
(9)

where the expectation of θdi is approximate to zero, and the
second-order center distance of θdi is

E[(θdi − θdi+l)
2] = E{[(T1 + T2 + · · ·+ Ti − iT )

− (T1 + T2 + · · ·+ Ti+l) + (l + i)T ]2} × 4π2f2
av

= E[(Ti+1 + Ti+2 + · · ·+ Ti+l)− lT )2]× 4π2f2
av

= (l − l2
/
n)T 2

o × 4π2f2
av. (10)

According to (8), (9), and (10), the self-correlation function
of θdi at any interval l is expressed as

R(l) = 1− 3l(n− l)

n2
. (11)
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When there are n periods in a repeated random carrier cycle
T, the expression is

n =
T

Tav
= Tfav. (12)

Similarly, the self-correlation function ρ(ε) of the randomly
changing phase θr at an interval ε is expressed as

ρ(ε) = 1− 3 |ε|
T

+
3ε2

T 2
. (13)

The variance of θdi can be obtained from (8) and (12). It is
expressed as

θ2o =
2π2f3

avT

3
T 2
o . (14)

Thus, the relationship between RCS and θdi has been estab-
lished. According to the self-correlation and power spectrum
functions of output voltage, it is possible to make a harmonic
analysis in the frequency domain.

The power spectrum of the output voltage is the Fourier trans-
form of its self-correlation function. And the self-correlation
function of output voltage harmonic at an interval ε can be
calculated by

R(ε) = E{|U1max| cos[2πfavt+ θd(t)]

× |U1max| cos[2πfav(t+ ε) + θd(t+ ε)]}

=
|U1max|2

2
cos(2πfavε)E{cos[θd(t+ ε)− θd(t)]}.

(15)

To make the items in the parentheses more concise, the
expression can be replaced by

θb(t) = θd(t+ ε)− θd(t). (16)

It can be deduced from the central limit theorem that θdi
follows the normal distribution and so does θb. The probability
density function is as follows:

p(θb) =
1√

2πθo
√

1− ρ(ε)
e

−θ2
b

2θ2o[1−ρ(ε)] . (17)

The substitution of (17) into (15) leads to the expression of
the self-correlation function of Uh(t) at an interval ε is

R(ε) =
1

2
|U1max|2cos(2πfavε)

∫ +∞

−∞
p(θb)cos(θb)dθb

=
1

2
|U1max|2 cos(2πfavε)e−θ2

o[1−ρ(ε)]

=
1

2
|U1max|2cos(2πfavε)e−θ2

o(
3|ε|
T − 3|ε|2

T2 ). (18)

The power spectrum of Uh(t) is the Fourier transform of (18).
Compared with ε, the variance of θdi is large. In addition, the

value of ε is relatively small, and |ε|2 is a high-order infinitesimal.

Therefore, the index item can be approximated to e−θ2
o

3|ε|
T .

The Fourier transform of cos(2πfavε) in (15) is as follows:

F [cos(2πfavε)] = π[δ(2πf − 2πfavε) + δ(2πf + 2πfavε)]
(19)

where δ(f) is the unit pulse function, i.e., cos(2πfavε) serves the
function of shifting the rest of (18) to other frequency points in
the frequency domain.

The Fourier transform of e−θ2
o

3|ε|
T in (18) is

F [e−θ2
o

3|ε|
T ] =

6Tθ2o
9θ4o + T 2ω2

. (20)

As a result, the expression of the power spectrum correspond-
ing to (18) can be written as

P (f) =
3πT |U1max|2θ2o

9θ4o + 4π2T 2(f ± fav)
2

=
πT |U1max|2

3θ2o

1

1 + 4π2T 2

9θ4
o

(f ± fav)
2 . (21)

Being negative, frequency is not of engineering significance,
so there is only a need for paying attention to the frequency,
which is positive in (21). The power spectrum is rewritten as

P (f) =
3πT |U1max|2θ2o

9θ4o + 4π2T 2(f − fav)
2

=
πT |U1max|2

3θ2o

1

1 + 4π2T 2

9θ4
o

(f − fav)
2 . (22)

In RSPWM, harmonics are centro-symmetrically distributed
at the carrier frequency and its multiples. As for half of the 3-dB
bandwidth of the harmonic power spectrum is

b′3 = f − fav. (23)

Then,

πT |U1max|2
6θ2o

=
πT |U1max|2

3θ2o

1

1 + 4π2T 2

9θ4
o

(f − fav)
2 . (24)

The 3-dB bandwidth of the harmonic power spectrum is
represented as b31, whose equation is

b31 = 2b3′

=
3

πT
θ2o. (25)

The abovementioned 3-dB bandwidth derivation is concerned
with n = 1. Other bandwidths of harmonic power spectra can
be calculated similarly as abovementioned. For example, when
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Fig. 5. 3-dB bandwidth of the harmonics’ power spectrum.

n = 2, the random phase difference, calculated by (6) is twice
that when n = 1, and the other variable values are the same.
Thus, the variance of θdi is four times that when n = 1. That
means 3-dB bandwidth is four times that when n = 1. All the
bandwidths can be calculated in a similar way.

According to (25), 3-dB bandwidth of harmonics power spec-
trum can be shown as Fig. 5. The harmonic power spectrum has
a much wider bandwidth in the high-frequency band and its
spectral lines will spread to the lower frequency band, in which
the spectral lines are uplifted.

In the research on RSPWM, it is very important to select the
probability statistical parameters of RCS. In [3], a qualitative
analysis of the influence of RCS on the harmonic frequency do-
main distribution was made. From the perspective of frequency
spectrum shift, the characters of RSPWM were also considered.
It indicates that the maximum random carrier frequency is twice
the value of switching frequency. The harmonic power spectrum
is shown in Fig. 3, in which the random carrier frequency ranges
from 0 to 2fc when RCS is subject to the uniform distribution.

B. Random Slope PWM Based on Uniform Distribution

In this section, the power spectrum of RSPWM with the
RCS in uniform distribution will be theoretically derived and
calculated, which provides a theoretical basis for selecting the
statistical parameters of RCS.

According to the characteristics of probability statistical pa-
rameters for different types of random distribution, the average
value and variance of RCS can be determined when its frequency
change range is fixed.

Considering that RCS is subject to uniform distribution and
the carrier frequency ranges from fmin to fmax, the mean carrier
frequency of RCS based on uniform distribution is expressed as

fav =
fmax + fmin

2
. (26)

The variance of RCS is

fo
2 =

(fmax − fmin)
2

12
. (27)

When Ti = 1/fi, the probability density function of the ran-
dom carrier period is expressed as

p(Ti) =
1

fmax − fmin

∣∣∣∣ 1

Ti
2

∣∣∣∣ . (28)

From (28), the expectation value of RCS can be obtained, as
shown in

E(Ti) =

∫ 1
fmin

1
fmax

Ti

fmax − fmin

∣∣∣∣ 1

Ti
2

∣∣∣∣dTi

=
ln fmax − ln fmin

fmax − fmin
. (29)

And the variance of RCS can be derived from the following
formula:

To
2 =

∫ 1
fmin

1
fmax

Ti
2p(Ti)dTi − [E(Ti)]

2

=

∫ 1
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1
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(
Ti

2

fmax − fmin
f2
i

)
dTi−

(
ln fmax − ln fmin

fmax − fmin

)2

=
1

fmaxfmin
−
(
ln fmax − ln fmin

fmax − fmin

)2

. (30)

According to (14), the variance of θdi is expressed as

θ2o =
2π2f3

avT

3

[
1

fmaxfmin
−
(
ln fmax − ln fmin

fmax − fmin

)2
]
.

(31)
When n = 1, the 3-dB bandwidth can be expressed as

b31 = 2πf3
av

[
1

fmaxfmin
−
(
lnfmax − lnfmin

fmax − fmin

)2
]
. (32)

From (32), it is known that 3-dB bandwidth is not linear with
the random carrier frequency range, but is directly proportional
to the variance θ2o shown in (25). Meanwhile, θ2o is determined
when the random carrier frequency range is fixed under the
condition of uniform distribution.

Obviously, the abovementioned theoretical deduction leads
to the establishment of the relationship between probability
statistical parameters of RCS and harmonics distribution in the
frequency domain.

III. SIMULATION AND EXPERIMENT

In simulation and experiment, the average frequency of the
random carrier sequence is 5 kHz. According to the basic law
of uniform distribution, the frequency range of RCS should be
set in the range from 0 to 10 000 Hz. N is defined as the ratio
of 3-dB bandwidth and twice the average carrier frequency.
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TABLE I
PARAMETERS CORRESPONDING TO THE RANDOM CARRIER SEQUENCES

N is divided into ten segments and nine spacing points are taken
to form nine random carrier sequences.

The main parameters of the random carrier sequences are
listed in Table I. The parameters in Table I are calculated by the
derivation.

In the same simulation and experiment conditions, the mod-
ulation depth is set as 0.8, the fundamental frequency as 50 Hz,
and the repeated random period as 0.512 s (512 random carrier
waves included). To make a comparison between FCPWM and
RSPWM, a fixed carrier sequence whose frequency is 5 kHz is
selected for FCPWM. The random sequences S2, S4, S6, and S8
are chosen for RSPWM in simulation and experiment. A purely
resistive load has been used for simulation and experiment.

The power spectra of output voltage obtained in simulation
are shown in Fig. 6(a)–(e).

As shown in Fig. 6, the peaks of harmonics power spectra are
no longer concentrated at the carrier frequency and its multiple
frequencies after the random RCS is used. RSPWM can make
the output voltage smoother in the whole frequency domain than
FCPWM. Besides, harmonic peaks of power spectra become less
and less as the T 2

o increases.
The power spectra in Fig. 6(c) are scattered more, compared

with those peaks in Fig. 6(a) and (b) at 5 kHz, that is to say, the
value of T 2

o is large enough to scatter the peaks. But it can also
be found that the power spectrum curve begins to rise when the
frequency is lower than 5 kHz.

At the same time, a test platform mainly consisting of a 35-kW
inverter, and a recorder is used for experiment and analysis. The
inverter and other equipment are shown in Fig. 7(a). The block
diagram in Fig. 7(b) shows the structure of the test platform. Set
all the variables in the platform to be the same as those in the
simulation. The modulation wave is stored in the DSP. The fixed
carrier sequence and random carrier sequences are all generated
by the computer and then stored in the ROM of the FPGA. And
the switching driving signal is produced in the FPGA as well.

As shown in Fig. 8, the power spectra in the experiment are
similar to that in the simulation. The peaks in FCPWM are no
longer accumulated at 5 kHz and its multiples when RSPWM
is used. At the same time, T 2

o plays an important role in the
harmonic’s distribution. The FFT corresponding to Fig. 8 is
shown in Fig. 9, which gives more detailed information about
harmonics distribution in the frequency domain.

Fig. 6. Power spectra of output voltage in simulation. (a) T 2
o = 0 (FCPWM).

(b) T 2
o = 2.55× 10–9. (c) T 2

o = 5.09× 10–9. (d) T 2
o = 7.64× 10–9.

(e) T 2
o = 1.02 × 10–8.
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Fig. 7. 35 kW inverter for the experiment.

Fig. 9 shows the specific distribution of harmonic peaks and
presents the following points.

1) Obvious harmonic peaks remain at 5 kHz and 10 kHz
when the value of T 2

o is 3.40×10–9. That is because the
variance of RCS is too small to disperse the harmonics.

2) With the increase of T 2
o , 3-dB bandwidth of the power

spectrum becomes wider and wider, which leads to a
more uniform distribution of harmonics in the frequency
domain. In Fig. 9(b)–(e), there are not obvious harmonic
peaks anymore.

3) From Fig. 9(e), it is seen that much more spectral lines are
concentrated between 0 and 5 kHz due to the excessive
variance of RCS, the blended lapping of multiple harmonic
corresponding to 3-dB bandwidth in the whole frequency
domain and the spreading of spectral lines in the high-
frequency band to the low-frequency band.

It is worthy to note that the THD in Fig. 9(a)–(e) are almost
the same. This is because RSPWM can disperse the harmonic
but not eliminate it. And the variance of RCS that is too low or
too high is not beneficial to the dispersion of harmonics. This is
because harmonics are centro-symmetrically distributed at the
carrier and its multiple frequencies. And the spectral lines in
the high-frequency band are easily spread to the low-frequency
band to uplift the lines in the low-frequency band. On the other
hand, the harmonic peaks around 5 kHz are much higher than
those in the high-frequency band. Even though the variance of
RCS is increased, the spectra lines around 5 kHz are the densest.
Therefore, the suggestion is that the ratio of 3-dB bandwidth to
the twofold average carrier frequency be taken from 0.4 to 0.6.

Fig. 8. Power spectra of output voltage in experiment. (a) T 2
o = 0 (FCPWM).

(b) T 2
o = 2.55× 10–9. (c) T 2

o = 5.09× 10–9. (d) T 2
o = 7.64× 10–9.

(e) T 2
o = 1.02× 10–8.
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Fig. 9. Fast Fourier transform of output voltage. (a) T 2
o = 0 (FCPWM). (b) T 2

o = 2.55× 10–9. (c) T 2
o = 5.09× 10–9. (d) T 2

o = 7.64× 10–9. (e) T 2
o =

1.02× 10–8.

IV. CONCLUSION

Based on RSPWM, this article has proposed a method of
analyzing harmonic distribution in the frequency domain from
the perspective of the power spectrum. Specifically, it includes
choosing RCS subject to the uniform distribution, deducing the
3-dB bandwidth of the voltage harmonic power spectrum in
RSPWM, and discovering the key variables affecting harmonic
distribution. Simulations and experiments have been conducted
in different conditions. According to the theoretical analysis of

the RSPWM, an approach has been offered, which is used to
select the main probability statistic parameters of RCS under the
uniform distribution. Studies show that the proposed method is
feasible and effective.
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