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Systematic Design and Optimization Method of
Multimode Hybrid Electric Vehicles Based on
Equivalent Tree Graph

Tao Deng ', Peng Tang

Abstract—Multimode hybrid electric vehicles (HEVs) have been
widely applied due to its high efficiency and excellent overall per-
formance. However, the introduction of multimode HEVs makes
it difficult to choose reasonable design factors (architectures, com-
ponent parameters, and control strategies) and determine correct
mode shift rules, which undoubtedly enhances design complexity.
To improve the design efficiency and reduce screen difficulty of
optimal multimode configurations, a systematic design method is
proposed to generate, screen, and optimize multimode HEVs with
a single planetary gear. Based on equivalent tree graph method,
the novel architectures are first generated. Then, considering mode
shift rules and component parameters, requirements of speed and
torque in corresponding main mode and minimum shift rule graph
of working modes are taken as constraints to complete configura-
tion screening. Finally, the equivalent consumption minimization
strategy considering the proposed mode shift rules is put forward to
evaluate and optimize energy management. The numerical results
show that fuel economy of optimized configurations is improved
by at least 22.1%, which proves the effectiveness of proposed sys-
tematic design method. Furthermore, it reveals that the multimode
configuration can achieve better fuel economy when adopting the
appropriate mode shift rule and designing the right arrangement
and number of clutches and brakes.

Index Terms—Equivalent consumption minimum strategy
(ECMYS), equivalent tree graph, hybrid electric vehicles (HEVs),
mode shift rule, multimode.

1. INTRODUCTION

YBRID electric vehicles (HEVs) have outstanding energy
Hconservation potential and powerful operation control
ability, which is one of the schemes that can effectively al-
leviate energy shortage and environmental pollution [1]-[3].
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The energy conservation potential of HEV mainly depends
on the component parameters, mechanical connection between
components, and instantaneous power distribution rule between
power sources, that is, configuration and energy management
[4], [5]. Configuration is the basis of energy management, which
determines algorithm selection, optimization potential, opera-
tion mode, and power allocation strategy of HEV, and directly
affects automobile dynamic performance and fuel economy
(FE) [5], [6].

According to the configuration type, the HEVs are gener-
ally classified into four categories: series, parallel, power-split,
and multimode. At present, the power-split HEVs occupy the
mainstream market, which can also be subdivided into single
planetary gear (PG), double-PG, and multi-PG power-split con-
figurations. The engine and motors of power-split configurations
are coupled by the PG to achieve continuously variable trans-
mission, such as Toyota hybrid system I (THS-I) [7], [8], THS
IT [8], [9], and extended configurations [10], [11].

Due to the few operation modes for the power-split HEVs, it
is difficult to balance the FE of urban and high-speed working
condition. Thus, the multimode HEVs were proposed to solve
this dilemma via adding clutches and brakes on the power-split
HEVs [12], [13]. For example, the multimode transmission for
an HEV with two-PG, two clutches, and two brakes can achieve
16 modes [14]. And its fuel efficiency is better than THS-II
system. However, due to lack of systematic design methods, it
is difficult to generate a large number of novel multimode HEVs.

Thus, it is significant to propose a systematic design and
optimization method to further explore mechanism potential
and generation efficiency for multimode HEVs. At present, the
most popular design methods mainly include lever method [15],
[16], graph theory [17], dynamic matrix (D-matrix) [18], and so
on. On the basis of lever method, the authors in [19] and [20]
proposed a four-node compound lever method and a compound
allocation configuration method of power-split system with lever
reverse resolution, respectively, which improved computational
efficiency and application range. However, lever method cannot
be applied to analyze and screen a large number of configu-
rations because its kinematics equations need to be extracted
manually. Graph theory can simplify the complex study object
into points and lines and express the connection relation of each
component through the adjacency matrix. Pei ef al. [21] utilized
hierarchical topological graph to analyze and redesign THS-I
system and proposed more feasible configurations. But they
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ignored the influence of clutch and brake on configuration de-
sign. Nevertheless, graph theory also needs to manually extract
dynamic equation; so its computational complexity is still high.
Liu and Peng [18] first proposed D-matrix method to generate
single-mode HEV. Zhang et al. [12], [22]-[24] further optimized
this method and realized the automatic generation of multimode
configuration from a single-PG to three-PG when considering
the increase and decrease of clutches. However, this optimized
D-matrix method ignored configuration generation when power
source was connected internally. For example, engine and motor
were mutually connected and connected together on the same
node of PG.

The core of the above three methods is to simplify the configu-
ration and extract its main characteristics or dynamic equations.
In addition, many scholars explored the optimal configurations
through efficiency analysis of current HEVs or relevant perfor-
mance evaluation. For example, Zhou et al. [25] proposed the
optimal selection method by optimizing and comprehensively
evaluating the design scheme of HEV powertrain. Hu et al. [6]
provided a new configuration design method though efficiency
optimization of the whole powertrain.

Although the design method of multimode HEVs has made
great progress, it still depends on engineering experience of
designers or functional expansion on the basis of existing
configurations and fails to propose systematic design method.
Moreover, when the mode shift rules and design factors (ar-
chitectures, component parameters, and control strategies) are
not reasonable, the phenomenon of power flow backflow and
disorder will occur, which will lead to low energy utilization
rate. Therefore, it is necessary to explore the influence of mode
shift rules and design factors on the original innovative design of
HEVs. The design method solely based on existing experience is
bound to bring limitations on configuration systematic design. In
this study, a systematical design method is proposed to generate,
screen, and optimize the multimode HEVs with a single PG,
which fully considers the architectures, component parameters,
and mode shift rules. Furthermore, equivalent consumption
minimum strategy (ECMS) combined with optimal mode shift
rule is put forward to verify the effectiveness of proposed
method.

There are three main novelties in our research. One is that the
adopted configuration generated method based on equivalent
tree graph is original and totally different with the existing
method. Another is that the minimum shift rule graph of working
modes utilized to screen the HEVs is more effective when
considering the orderly energy flow conversion. And the third
one is that the control strategy ECMS considering the optimal
mode shift rule can enhance the energy utilization rate for HEV's
significantly.

The rest of this article is organized as follows. The equiv-
alent tree graph method is proposed in Section II. Section III
presents the generation process of single-mode and multimode
HEVs. The multimode HEVs are analyzed and screened through
dynamic constraints and minimum shift rule graph of working
modes in Section IV. ECMS considering mode shift rules is
presented in Section V. And, the proposed multimode HEVs
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TABLE I
EQUIVALENT TREE GRAPH MODEL SYMBOLOGY

Symbol Representation of Corresponding
components tree element
Connection between PG Trunk
Connectlor_l between planetary Branch
- gears and input/output source
Brake
? Leaf
A Clutch
o Input or output power source
P Putp Node

Planetary gears
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Fig. 1. Powertrain architectures and corresponding equivalent tree graphs.
are further optimized in Section VI. Finally, the conclusion is
presented in Section VII.

II. EQUIVALENT TREE GRAPH METHOD

When a graph model of HEV is used to describe configu-
ration topology relationships, it is necessary to carry building
information, logical information, hierarchical information, and
isomorphism information [21]. Because there is obvious logical
and hierarchical relation in the tree, an equivalent tree graph
method is proposed to better describe the hybrid powertrain.
In equivalent tree graphs, the elements of HEV powertrain are
shown by nodes, such as engine (E), motor (MG1), generator
(MG2), output shaft to vehicle wheel (V), sun gears (S), ring
gear (R), and carrier (C). And, the relationships between those
elements are expressed by lines, as shown in Table I.

According to Table I, the powertrains of Toyota Prius [7], [8],
the Chevy Volt [26], and those proposed by Ehsani et al. [27]
are modeled as equivalent tree graphs, as shown in Fig. 1.

The PG, power source, and their interconnection with other
nodes and brakes or clutches can be represented by the trunk,
branch, and leaf of the tree in Fig. 1. Thus, the new trees
can be generated via random combinations of different trunks,
branches, and leafs. However, it is not easy to effectively
generate the reasonable trees due to its high randomness and
calculation burden. To improve the efficiency and quality of
generation, the combination process is limited to a random
combination of branch and several specific branches with leafs.
Through current configurations, a tree library including almost
all kinds of branches and trunk is produced, as shown in Fig. 2.
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Fig. 2. Tree library with trunk and different branches.

Fig. 3. Two-layer connection diagram of a single-mode HEV.

ITII. GENERATION PROCESS OF TREES
A. The Generation Process of Trees Without Leafs

By analyzing the above tree library, there are two connection
relations, namely the internal connection of power sources and
the connection between each power source and PG. To better
describe these two connection relations, a two-layer connection
diagram of a single-mode HEV is adopted as shown in Fig. 3.

In Fig. 3, layer 1 indicates the connection between power
sources (MG1, MG2, and V) and PG, while layer 2 displays the
connection between MG1 and E. And the connection of these
two layers can be expressed with matrix G1 and G2. Among the
matrixes, £, MG1, MG2, V, R, C, and S are coded to be “1,” “2,”

., 7 respectively. And, the matrix G3 of the corresponding
tree can be generated by means of G1 and G2. To simplify the
generation process of G3, its first column is always set to be [5, 6,
7]. Thus, G3 can be expressed by G2. That means the generation
process of trees without leafs is to obtain the matrix G2 through
random combination of any two power source vectors.

Assuming the number N of tree is 4, the specific generation
can be expressed, as illustrated in Fig. 4.

In order to realize the unique expression of power source
vector, weight S is formulated as follows:

S(.’l?) = h1w2 + how + hs
hi = min(a, b, c), hs = max(a,b, c) (1
ha=a+b+c—hy —hg
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Fig. 4. Generation process of trees without leafs when N is 4.

TABLE I
MAIN CONSTRAINTS

Constraints Rules

E cannot be directly connected to V, and MGl

int 1 .
Constraint cannot be directly connected to MG2.

MGT1 or MG2 cannot be simultaneously connected

Constraint 2 to another MG2 or MG1, V, and one node of PG.

The power source cannot be simultaneously

Constraint 3 connected to all three nodes of PG.

E/V cannot be directly connected to other two

Constraint 4 .
power sources and one PG node simultaneously.

where w is the number of power source, a, b, and ¢ denote
the codes of three corresponding components, respectively, /i,
and h3 are the minimum and maximum values of a, b, and c,
respectively, and h is the value between /; and hs. In step
5, if two elements of a row vector are exactly the same, the
corresponding parts of second column elements are represented
by 0. And, constraints 1-4 in the above steps are shown in
Table II. Through generating and screening trees in Fig. 4, 48
configurations with four power sources and a single PG are
obtained.

B. The Generation Process of Trees With Leafs

Multimode HEV requires brakes and clutches to control the
switching of different working modes. Thus, novel trees can be
created by adding leafs in the above trees. Through analyzing
features of the obtained 48 kinds of trees, they can be divided into
next four tree topologies. Meanwhile, one of the four topologies
is selected as study object, and the generation process of trees
with leafs is shown in Fig. 5.

In Fig. 5, brake and clutch are coded to be “8” and “9,”
respectively. In step 3, vector [5, 8] means that brake is fixed
on node R. And, vector [1, 2] means that clutch is fixed between
E and MG1. Step 4 is used to synthesize vector matrices with
different numbers of clutches and brakes. And the number can be
expressed with k. According to number of brakes and clutches on
branches in Fig. 2, the maximum value of k is determined. Thus,
123 matrixes are finally obtained, which describe the connection
relation among nodes, brakes, and clutches. In step 6, the matrix
of brakes and clutches is combined with tree matrix. And the
new matrix can be obtained and backtracked to corresponding
tree graph. For example, the new tree can be obtained with Mg
and L,*, as shown in Fig. 6.
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Fig. 7. Four novel trees.

And four types of corresponding trees with the maximum
number of leafs according to the above generation process are
illustrated in Fig. 7. Note that R, C, and S are expressed by any
one of X, Y, and Z, respectively. And all of X, Y, and Z are not
equal. In summary, 2304 configurations of multimode HEVs
with a single PG can be obtained totally.

IV. TREES SCREENING
A. Establishment of Mode Shift Rule

The tree in Fig. 7(I) is selected as an example to analyze its
rationality. In view of different states of clutch and brake, 12
working modes are obtained. The corresponding power flows
are displayed, as shown in Fig. 8. It should be noted that the
symbol “A” or “@” denotes locked phase of clutch of brake,
and symbol “=” indicates power flow.

As the type and number of working modes increase, the
optimal FE can be achieved. However, the formulation of mode
shift rules will become more complex. Thus, the mode shift
rules should be considered when generating the trees. Due to
the limited response time of clutch and brake, no more than
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Fig. 8. Power flow diagram of 12 modes.
TABLE III
MODE SHIFT RULES DEFINITION
Rules Definition
It contains at least 8 major modes
’ Each mode can be directly switched to regenerative
braking mode
3 Pure electric mode can be switched to any other modes
EVT/power-split/parallel/ engine alone /series mode can
4 be directly switched to any other modes except parking
charging mode
EVT Power split
Regenerative Pure
braking electric
Engine
Stationary alone
charging
Series Parallel
Fig. 9. Minimum shift rule graph of working modes.

two components can operate at the same time during different
working mode switching [14]. To formulate appropriate mode
shift rules, the above 12 working modes are analyzed. In order
to enhance the utilization of working modes and eliminate the
backflow and disorder of power flow, the mode shift rules are
defined through the existing energy management strategies and
common working modes of related configurations, as demon-
strated in Table III.

Meanwhile, in order to facilitate analysis and further screen-
ing, a minimum shift rule graph of working modes is formulated
based on the mode shift rules in Table III, as shown in Fig. 9.

B. Trees Screening Considering Mode Shift Rule

For multimode HEYV, the type and number of working modes
are determined after completing design work. Since HEV can
achieve better performance with reasonable mode shift rule, the
minimum shift rule graph of working modes is taken to judge
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Fig. 10.  Effective tree discrimination process.

whether the tree is reasonable so as to complete further screen-
ing. The selected tree in Fig. 7(I) has seven leafs. According
to the tree library in Fig. 2, the minimum value of leafs in this
tree is zero. Thus, other trees can be obtained by removing the
leaf one by one and screened by minimum shift rule graph. The
effective tree discrimination process with different numbers of
leafs is shown in Fig. 10.

The blue dotted line means the two modes cannot be switched.
But, the black solid line means the two modes can be switched.
After discriminating 16 trees included in the selected tree, it is
found that only tree “al” meets the requirements. So the other
trees can be screened out. Then 12 new trees can be obtained after
the location of PG, MG1, and MG?2 is determined, as illustrated
in Fig. 11.

C. Trees Screening Considering Valid Working Modes

The proposed multimode HEV should at least have engine
alone driving, parallel driving, power-split mode, and so on.
So the rotational speed and torque relationship under these
modes can be first analyzed to determine whether it meets the
requirements. In this article, all the models of main components
are selected from Advisor 2002, and the system parameters are
shown in Table IV.

According to the efficiency maps and the speed and torque
range of engine, MG1, and MG?2, the application rationality of
several modes are discussed. For power-split mode, the driving
motor is coaxially connected to the engine. And motor and
engine together provide the required torque. Then, the combined
output torque is converted into the driving torque in front of
the final gear and compared with the maximum required torque
in front of the final gear, as shown in Fig. 12(a). Similarly,
the comparison between the main driving torque of the other
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TABLE IV
VEHICLE PARAMETERS

System Parameters Values
Vehicle Gross mass 1360 kg
Windward area 1.746 m?
Aerodynamic drag factor 0.3
Wheel radius 0.287 m
Rolling resistance coefficient 0.009
Final drive Gear Ratio 3.93
PG Ring/Sun Gear ration 2.6
Battery Capacity 30 Ah

remaining five modes and the required torque in front of the final
gear can be analyzed one by one, as shown in Fig. 12(b)—(f).

Fig. 12(e) and (f) shows that configurations (1), (3), (6), (7),
and (9) do not meet torque requirement in parallel driving mode.
While configurations (7), (9), (10), (11), and (12) do not meet
torque requirement in series driving mode. Since the torque
of engine and MGI are the same in series driving mode, it is
impossible to force both engine and MG1 to run within high effi-
ciency operating range. However, MG2 can replace MG1 to meet
the charging demand in series driving mode because its high-
efficiency generation interval coincides with the high-efficiency
operation interval of engine. Therefore, configurations (1)—(6)
can be excluded. Meanwhile, the remaining configuration (8)
can be verified according to both speed and torque relationship.
And it still meets the requirements of both speed and torque.
Thus, tree (8) in Fig. 11 is adopted as our study object.

V. DETERMINATION AND ANALYSIS OF CONTROL STRATEGY

A. Determination of ECMS Considering Mode Shift Rule

Derived from Pontryagin’s minimum principle [28], [29],
ECMS is adopted as the control strategy in this article. As an
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Fig. 12.  Comparisons between different main drive torques and required torques under several modes.

instantaneous optimization strategy, the objective function of
ECMS is expressed as follows:

Meqy (We (t), Tmai(t), 8(t), 1) = me(we(t), Tvmai(t), 1)
Prat(we(t), Tmai(t), )

+ s(t) (2)
Qrav
Te_min S Te § Te_max
We_min S We S We_max
TnGi_min < Tvci < TMGi_max
. WMGi_min < WMGi < WMGi
Sub]ect to i_min i i_max (3)

SOChmin < SOC < SOChax
Tvat_min < Tvat < Ibat_max
Poat_min < Phat < Phat_max
Mode € {1,2,3,...,12}.
For the above constraint conditions, the optimal engine torque
(T7),MG1, and MG2 torque (13;;) can be computed according

to the corresponding mode. Taking torque relationship in parallel
driving mode as example, the equation is established as follows:

T = argmin[meqy (s(t), u(t),t)]

i = arg min[meqy (s(t), u(t), )]

“

where meq, is the total equivalent fuel consumption rate, u(t)
is the current vehicle speed, s(r) is the current equivalence
factor, Te_max> TnMG1_max> and Tnigo_max are the maximum
output torque of engine, MG1 and MG2, respectively, We_max,
WMG1_max> and wWnG2_max are the maximum speed of en-
gine, MGI1 and MG2, respectively, To_min, IMG1_min, and
T\MG2_min are the minimum output torque of engine, MG1
and MG2, respectively, We_min, WMG1_min» aMd WM G2_min are
the maximum speed of engine, MG1 and MG2, respectively,
Phat_max and Phat_min are the maximum and minimum battery

power, respectively, SOC,,,,x and SOC,,,;,, are the maximum and
minimum battery SOC, respectively, and Iat_max and Iphat_min
are the maximum and minimum battery current, respectively.

The control variables change with the working modes. There-
fore, it is significant to formulate ECMS with appropriate mode
shift rule. According to the minimum shift rule graph of working
mode determined in Fig. 10, eight major working modes are
required. Among them, there are three pure electric modes and
three regenerative braking modes, which form 49 mode shift
rules. In fact, not all the mode shift rules are reasonable. As
we know, the conventional automatic transmission commonly
adopts two clutches to shift but never uses more than two clutches
due to complexity. So the state of more than two mode switching
elements cannot be changed at the same time during working
mode switching. Obviously, the mode shift rules that do not meet
the above constrain condition should be deleted. The generation
screening process of 49 mode shift rules is illustrated in Fig. 13.

The black solid line indicates that the two working modes
can be directly switched. And, the blue dotted line shows that
the two connected working modes cannot be switched. While
the green dotted line means that the working mode with at least
one end cannot be switched in any mode. Based on these rules,
the effectiveness of each mode shift rule in Fig. 13 is carefully
analyzed. And, only Fig. 13(17) is proved to be valid. So, it can
be adopted as the mode shift rule for HEV control strategy.

B. Feasibility Analysis of FE and Mode Shift Rule

After screening mode shift rule, the Federal Test Procedure
(FTP75) and New European Driving Cycle (NEDC) are adopted
to evaluate FE. For the tree (8) in Fig. 11(h), the fuel con-
sumption, battery state of charge (SOC), and operating points of
engine, EM1, and EM2 are modeled and simulated. As shown
in Fig. 14, the change curves of vehicle speed, acceleration,
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Fig. 17.  Three types of new trees.

demand power, fuel rate, battery SOC, and the power profile of
engine, EM1, and EM2 for the multimode HEV under FTP75
cycle are presented. Unfortunately, the fuel consumption is
4.94 1./100 km, which is slightly higher than that of the other
single mode HEV. This may be because engine, MG1 and MG2
do not all run within high efficiency area. The operating point
distributions of engine, MG1, and MG2 are illustrated in Fig. 15.
Obviously, engine and MG2 can mostly operate within high
efficiency area, while only a few operation points of MG1 are
concentrated in high efficiency region, which leads to lower
fuel-electricity conversion efficiency. Therefore, the tree (8)
needs to be further optimized.

VI. TREE OPTIMIZATION

Due to speed and torque limit of engine, MG1, and MG2,
their working state is not consistent under each mode. Thus, the
mode shift rule of multimode HEV needs to be further modified.
The actual mode shift profile under FTP75 and NEDC cycle is
shown in Fig. 16.

It can be seen that only working mode “1,” “2,” “5,” *“7.” and
“12” are actually in operation. Therefore, the minimum shift
rule graph of working mode can be modified. And, three types
of trees that meet the requirements can be obtained, as shown
in Fig. 17, by repeating the effective tree discrimination process
with different numbers of clutches and brakes in Fig. 10.
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Fig. 18. Twelve feasible trees.

Actually, the actual mode shift profile of trees (1) and (3)
in Fig. 17 under FTP 75 cycle is the same as that in Fig. 18.
Thus, trees (1) and (3) have the same working mode types,
namely working modes “1,” “2,” “5,” “7.” and “12.” Because
the clutches of tree (3) is less than that of tree (1), 24 possible
trees need to be analyzed without preliminary screening. Thus,
the tree screening method in Section IV is adopted to analyze
each major working mode. Among them in Fig. 11, trees (2),
(4), (5), and (8) satisfy the power-split mode. And, trees (2), (4),
(5), (6), and (8) and (5), (8), (10), (11), and (12) meet EV1 and
EV2 mode, respectively. While the trees (2), (4), (5), (8), (10),
(11), and (12) meet the parallel driving mode. According to the
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Fig. 20.

analysis of working mode, 12 feasible trees can be obtained, as
demonstrated in Fig. 18.

To verify the requirements of torque and speed adopted with
the mode shift rule for these two types of trees, the analysis
process in Section V is carried out. And, only trees (4), (5), (9),
and (10) meet the requirements. The fuel consumption of the
above four trees is simulated under NEDC, Urban Dynamometer
Driving Schedule, and FTP75, respectively, as shown in Fig. 19.

It can be seen that the FE of trees (5) and (10) are significantly
better than that of trees (4) and (9). Compared with original
tree (8) in Fig. 11, the fuel consumption of trees (4), (5), (9),
and (10) decrease by 22.1%, 44.9%, 22.1%, and 44.9% under
FTP75 cycle, respectively. This proved the effectiveness of the
above optimization process. Hence, there are four new optimal
configurations of multimode HEV powertrain, as illustrated in
Fig. 20.

VII. CONCLUSION

A systematic design and optimization method is proposed for
multimode HEVs with a single PG, which includes automatic
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generation of all configurations, formulation of mode shift rules,
and configuration screening and optimization. And, a thorough
evaluation process for all possible hybrid powertrain with four
power sources is presented to verify the effectiveness of this
method.

Moreover, an equivalent tree graph is developed to better
describe and design new configuration of HEV powertrains. As
a result, 48 single-mode and 2304 multimode configurations
are obtained. Considering the constraints of requirements of
both speed and torque corresponding to main working mode
and minimum shift rule graph, one type of the above proposed
multimode configurations is explored and screened in detail.
Furthermore, the model of multimode HEV is built based on
equivalent tree. And the ECMS control strategy is proposed
to evaluate FE of optimized configuration, which considers
the mode shift rule and optimizes dynamic performance by
analyzing the efficiency maps of engine and two motors.

The fuel consumption under FTP75 and NEDC cycles is a
little higher than that of the other single mode HEV, which
indicates that the FE potential can be further explored. Through
screening out the redundant working modes, the minimum shift
rule graph is further modified and the novel schemes are de-
veloped. Moreover, the FE of optimized configurations under
FTP75 cycle is improved by 22.1%-44.9%. It can be concluded
that the proposed method is effective to design fuel-efficient
powertrain. And, it also reveals that the appropriate mode shift
rule and right position and number of clutches and brakes can
enhance FE of multimode HEV.
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