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Zigao Xu , Student Member, IEEE, Binbin Li , Member, IEEE, Linjie Han, Junlin Hu ,
Shengbo Wang, Student Member, IEEE, Shiguang Zhang, and Dianguo Xu , Fellow, IEEE

Abstract—Harmonic state space (HSS) is seen as an effective
impedance modeling method to precisely characterize the internal
harmonic features of the modular multilevel converter (MMC).
However, the existing MMC impedance models assume the ideal
grid, ignoring the grid impedance, and they also do not incorporate
the widely used dual-loop control and phase-locked loop (PLL). In
this article, a complete MMC impedance model based on HSS is
proposed to reveal the grid impedance coupling effect of MMC.
The model analysis results demonstrate that the MMC impedance
is coupled with the grid impedance due to the internal harmonics.
This coupling causes MMC to be affected by the grid impedance
and may cause instability. On the other hand, the proposed model
not only consists of the ac current and the circulating current
control, but also incorporates dc voltage outer loop and PLL with
a clear physical meaning. Based on the proposed model, this article
illustrates the factors that will enhance the coupling, which shows
that the proposed model has to be used to improve the accuracy of
the analysis. Finally, effectiveness of the proposed model is verified
by simulation and experimental results.

Index Terms—Dual-loop controller, grid impedance coupling,
harmonic state space (HSS), modular multilevel converters
(MMC), phase-locked loop (PLL).

NOMENCLATURE1

j Denotes three phases A, B, and C.
u/l Denotes the upper or lower arm of MMC.
cm/dm Denotes the common- or differential-mode

(CM or DM) component.
N Number of submodules per arm.
C Submodule (SM) capacitance.
L Arm inductance.
R Parasitic arm resistance.
Zgdc/ac(ω) Equivalent impedance of dc/ac grid.
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1In this article, the expressions of some variables have removed “(t)” and

“(ω)” to simplify the presentation style. For example, ugdc(t) would be simpli-
fied as tgdc, and Δicm(ω) would be simplified as Δicm.

uZgdc/acj(t) Voltage on dc/ac grid impedance.
ugdc/acj(t) Equivalent source voltage of dc/ac grid.
udc/acj(t) DC/AC terminal voltage of MMC.
idc/acj(t) DC/AC current of MMC.
uu/lj(t) Arm voltages of MMC.
iu/lj(t) Arm currents of MMC.
uCu/lj(t) SM capacitor voltages.
iCu/lj(t) SM capacitor currents.
mu/lj(t) Arm modulation indexes.
uN′N(t) Voltage between dc and ac grid neutral points.
ucm/dmj(t) CM/DM arm voltages.
icm/dmj(t) CM/DM arm currents, where CM current is

circulating current.
uCcm/dmj(t) CM/DM capacitor voltages.
iCcm/dmj(t) CM/DM capacitor currents.
mcm/dmj(t) CM/DM modulation indexes.
i0cm(t) Zero-sequence components of circulating

current.
i±ac(t) Positive- and negative-sequence components

of ac current.
icm Toeplitz matrix of circulating current.
iac Toeplitz matrix of ac current.
uCcm/dm Toeplitz matrixes of capacitor voltages.
mcm/dm Toeplitz matrixes of modulation indexes.
Zgdc/ac(ω) Impedance matrix of dc/ac grid.
ΔS(ω) Coefficient matrix of the derivative in HSS.
Δicm(ω) Vector of circulating current perturbation.
Δiac(ω) Vector of ac current perturbation.
ΔuCcm/dm(ω) Vector of capacitor voltage perturbations.
ΔiCcm/dm(ω) Vector of capacitor current perturbations.
Δmcm/dm(ω) Vector of modulation index perturbations.
Es

+, Es
−, Es

0 Sequence extraction matrixes, s�{+, −, 0}.
Tdw, Tup Frequency downshift and upshift matrixes.

I. INTRODUCTION

W ITH advantages, such as scalable structure, high effi-
ciency, and lower voltage distortion, the modular multi-

level converter (MMC) [1]–[3] has attracted extensive attention
in the field of high-voltage direct current (HVdc) transmission
[4], [5]. However, many existing MMC-HVdc projects have been
reported unstable phenomenon in a wide frequency range, from
subsynchronous oscillation [6] to high-frequency oscillation [7].
These problems have prompted MMC modeling and stability
analysis as a research hotspots in recent years [8], [9]. Among
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the modeling techniques, the impedance model can reflect the
dynamic relationship of terminal voltage and current, which
has been widely used in the stability analysis of interconnected
systems [10], [11].

The difficulty of MMC impedance modeling is mainly due to
two factors. One is the time variance introduced by its internal
harmonics, such as ripples of the circulating current and the
submodule (SM) capacitor voltage [12]. The other factor is
the nonlinearity caused by the closed-loop control, where the
feedback variables multiplied with other state variables result
in quadratic nonlinear terms. Some nonlinear operations in
controllers, such as phase-locked loop (PLL) will also introduce
nonlinearities into the model [13]. To deal with time variance
and nonlinearity, a linearized MMC model in the dq frame is
established in [14] by neglecting the harmonics of circulating
current and capacitor voltage. But this simplification cannot
reflect the interaction among different harmonics in MMC.

The harmonic state space (HSS) theory [15]–[17], which
states that the model with signals varying periodically is pos-
sible to be linearized by means of Fourier series, is an effec-
tive way to deal with time-varying harmonics by transforming
them from the time domain to frequency domain. This method
was initially used to describe the modulation harmonics of the
two-level converter [18]–[20] and further applied in the MMC
modeling applications. Jamshidifar and Jovcic [21] and Sun
and Liu [22], respectively, advocated the use of multiple-dq
frames and multiple-harmonic linearization to model the MMC,
which are considered to be essentially the same as HSS method
because they all work by transforming MMC harmonics into the
frequency domain [23]–[24]. Later on, the voltage controller
[25], the zero-sequence (ZS) voltage compensation [26], the
reduction-order method [27], and MMC dc impedance [28], [29]
are gradually being developed with HSS-based MMC models.
However, most of these modeling procedures assume an ideal
grid and thus cause inaccuracy when MMC is connected to
a grid with certain impedance. The grid impedance has been
considered in the models of two-level converters [30]–[32]. It
shows that the converter ac impedance will be affected by the
connected grid impedance due to the filter capacitor in the dc
link or the asymmetric control structure in the dq frame, which
is named as the grid impedance coupling. In [24] and [25], the
external impedance has been considered into the MMC model-
ing process, but the mechanism of the impedance coupling effect
is not focused. Recently, although a small amount of literature
mentions that the coupling exists in MMC ac side [33], a detailed
analysis of this phenomenon has not yet been developed. Unlike
the two-level converter, there is no filter capacitor on the MMC
dc side, yet the grid impedance coupling still appears in MMC;
and this coupling occurs not only on the ac side but also on the
dc side.

On the other hand, the dual-loop control structure and the
PLL are commonly used in the practical MMC-HVdc projects.
Nevertheless, the models derived in [21]–[27] only consider
the ac current/voltage single loop and the circulating current
controller while they neglect the dc voltage outer loop and the
PLL. The work presented in [28] and [29] include the dual-loop
control but still without PLL, and the modeling procedure are

not detailed. Sun and Liu [22] and Bessegato et al. [34] in-
troduced the PLL into the MMC model and then analyzed the
influence of phase angle dynamic on the Park and inverse Park
transformation (PT and IPT) of MMC controllers. However, the
frequency shift effect of PT and IPT is addressed by setting
different controller transfer functions according to the sequence
of the MMC variables, which makes the model mathematically
complex and difficulty to find the physical meaning.

In this article, starting from the physical principle of the MMC
circuit, a thorough analysis of the internal frequency coupling is
presented in detail; subsequently, a complete HSS-based MMC
impedance model is proposed. The impedance of the grid is
taken into account during the modeling procedure, and thus the
resulting model can exactly reveal the MMC grid impedance
coupling effect. According to the proposed model, this article
elaborates on the mechanism of this coupling, and points out that
the MMC internal harmonic interaction is the key reason for it.
Moreover, besides the ac current inner loop and the circulating
current control loop, the dc voltage outer loop and the PLL
are also modeled in HSS and connected with the open-loop
MMC model to constitute the dual-loop structure. Based on
the closed-loop model, the influences of MMC controllers and
the weak grid on the grid impedance coupling are illustrated,
which show that the proposed model has to be used to improve
the accuracy of the analysis. In addition, this article introduces
a frequency shift matrix and a sequence extraction matrix to
reflect the frequency shift effect and the influence of PT and IPT
on different sequences, respectively. These two matrixes make
the HSS modeling for MMC controllers more concise with clear
physical meaning.

The remainder of this article is organized as follows. The
circuit and the time-domain model of MMC are presented in
Section II. In Section III, MMC is linearized in HSS to get the
open-loop impedance of ac and dc sides, respectively, and then
the sequence of small-signal responses in MMC is analyzed.
Furthermore, in Section IV, controllers are modeled in HSS to
derive the closed-loop impedance of MMC, and the influence
factors on the grid impedance coupling are also discussed.
Then, the proposed model is demonstrated by simulation and
experimental results in Section V. Finally, Section VI concludes
this article.

II. MMC MODEL IN TIME DOMAIN

The time-domain model is the basis for linearization. This
section first devotes to obtaining the time-domain model of
MMC from its three-phase circuit. Then, the model is simplified
into single phase form to reduce order.

A. Circuit and the Three-Phase Model in Time Domain

The circuit configuration of MMC is presented in Fig. 1. It
contains six arms, and each arm consists of N SMs plus an arm
inductance L and a parasitic resistance R. udc is dc voltage, idc is
dc current, and uacj and iacj are ac output voltage and current of
phase j (j � {A, B, C}), respectively. The voltages and currents
of arms are drawn in the figure, where the subscript “u” and
“l” denote upper and lower arms, respectively. The equivalent
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Fig. 1. Circuit configuration of MMC.

impedances of ac and dc grids are expressed as Zgac and Zgdc,
respectively, whereas the grid sources are denoted as ugdc and
ugacj . For simplification, an ideal balancing between SMs in
one arm is assumed since the influence of the SMs differences
on the MMC impedance is negligible [21]–[23]. Applying the
Kirchhoff Voltage Law to the circuit, the MMC three-phase
model can be obtained as

ugdc = ulj + uuj +R (ilj + iuj) + L
d (ilj + iuj)

dt
+ uZgdc

(1a)

ugacj =
ulj − uuj

2
+

R

2
(ilj − iuj) +

L

2

d (ilj − iuj)

dt

+ uZgacj + uN′N (1b)

iCuj = C
duCuj

dt
, iClj = C

duClj

dt
(1c)

where

NiCuj = iujNmuj , NiClj = iljNmlj (2a)

uuj = uCujNmuj , ulj = uCljNmlj (2b)

idc =
∑

j={A,B,C}
iuj =

∑
j={A,B,C}

ilj (2c)

uN′N = −1

3

(
ulA − uuA

2
+

ulB − uuB

2
+

ulC − uuC

2

)
.

(2d)

where uCuj and uClj represent the average SM capacitor volt-
ages of upper and lower arms, respectively.m denotes the mod-
ulation index that has the range from zero (all SMs bypassed) to
one (all SMs inserted). uN′N denotes the ZS voltage between

neutral point N’ (in dc side) and N (in ac grid side). uZgdc

and uZgacj are voltages across the dc and ac grid impedances,
respectively, that is{

uZgdc = F−1 [Zgdc (ω) idc (ω)]

uZgacj = F−1 [Zgac (ω) iacj (ω)].
(3)

Note that these voltages are expressed by inverse Fourier
transformation since the impedance belongs to frequency do-
main. This inverse Fourier transformation will be removed dur-
ing the HSS modeling procedure, and thus it will not introduce
extra complexity into the final impedance model.

It is observed from (1) that the ac and dc sides of MMC are
affected by the sum and the difference of upper and lower arm
variables, respectively. Therefore, the model can be simplified
with the concept of differential mode (DM) and common mode
(CM) [35] by expressing an arbitrary variable x in (1) and (2) as{

xdmj = (xlj − xuj)/2

xcmj = (xlj + xuj)/2.
(4)

Then, the MMC three-phase model becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ugdc = 2ucmj + 2Ricmj + 2L
dicmj

dt

+ F−1 [Zgdc (ω) idc (ω)]

ugacj = udmj +
R
2 iacj +

L
2

diacj
dt + F−1 [Zgac (ω) iacj (ω)]

+ uN′N

C
duCcmj

dt = mcmjicmj +
1
2mdmjiacj

C
duCdmj

dt = 1
2mcmjiacj +mdmjicmj

(5)
where

idc =
∑

j={A,B,C}
icmj , iacj = 2idmj (6a)

ucmj = N (mcmjuCcmj +mdmjuCdmj) (6b)

udmj = N (mcmjuCdmj +mdmjuCcmj) (6c)

uN′N = −1

3
(udmA + udmB + udmC) (6d)

where mcmj , mdmj and uCcmj , uCdmj denote the CM/DM
components of modulation indexes and SM capacitor voltages,
respectively. icmj is the circulating current of MMC. Equation
(5) shows that icmj is controlled by adjusting mcmj , whereas
the iacj is controlled by mdmj . This feature makes the MMC
model capable of connecting with the controllers where mcmj

and mdmj come from.

B. Single-Phase Equivalent Model of MMC

In (6), both idc and uN′N consist of three-phase variables,
leading to a complex 12th-order expression. To simplify it and
reduce the order, a single-phase equivalent model of MMC is
derived in this section.

In MMC, only ZS component of icmj flows into the dc
side, whereas the positive- and negative-sequence (PS and NS)
components are counteracted. Therefore, idc can be simplified
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Fig. 2. Equivalent circuit of the MMC linear model in (8), and (9).

as the three times of the icmj ZS component. On the other hand,
from the ac side, MMC is connected to a three-phase three-wire
system where only the PS and NS components appear in iacj and
the ZS voltage uN′N cannot cause any ZS current [26]. Thus, the
influence of uN′N on MMC can be reflected by removing the ZS
component from iacj . Rewriting (5), we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ugdc = 2ucm + 2Ricm + 2Ldicm
dt

+ F−1
[
Zgdc (ω) 3i

0
cm (ω)

]
ugac = udm + R

2 i
±
ac +

L
2

di±ac
dt + F−1 [Zgac (ω) i

±
ac (ω)]

C duCcm

dt = mcmicm + 1
2mdmi

±
ac

C duCdm

dt = 1
2mcmi

±
ac +mdmicm.

(7)
Note that the superscript “0” and “±” indicate ZS and PS/NS

components, respectively, by which idc preserves the ZS com-
ponent (i.e., 3i0cm), whereas iac removes it (i.e., i±ac). As a result,
all three-phase variables are expressed in a single-phase form,
obtaining a single-phase equivalent model of MMC.

III. MMC OPEN-LOOP IMPEDANCE MODEL BASED ON

HSS AND GRID IMPEDANCE COUPLING

A. Linear Time-Invariant MMC Model

The impedance model is essentially a time-invariant linear
model, and therefore (7) needs to be linearized first and then
transformed into a time-invariant model.

For linearization, applying the small-signal method to (7), we
have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δugdc = 2Δucm + 2RΔicm + 2LdΔicm
dt

+ F−1
[
Zgdc (ω) 3Δi0cm (ω)

]
Δugac = Δudm + R

2 Δi±ac +
L
2

dΔi±ac
dt

+ F−1 [Zgac (ω)Δi±ac (ω)]

C dΔuCcm

dt = mcmΔicm + icmΔmcm + 1
2mdmΔi±ac

+ 1
2 i

±
acΔmdm

C dΔuCdm

dt = 1
2mcmΔi±ac +

1
2 i

±
acΔmcm +mdmΔicm

+ icmΔmdm

(8)

where ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Δucm = N (mcmΔuCcm + uCcmΔmcm

+ mdmΔuCdm + uCdmΔmdm)

Δudm = N (mcmΔuCdm + uCdmΔmcm

+ mdmΔuCcm + uCcmΔmdm) .

(9)

The symbol Δ denotes small-signal component, and the
variables without Δ represent the steady-state operating point.
Equivalent circuit of the MMC linear model (8) and (9) is
presented in Fig. 2, where the SM capacitors are decomposed
into DM and CM parts. The dependent sources colored in gray
relate to the transmission path of the state variables perturba-
tion, whereas that in orange and blue characterize the influ-
ence caused by DM and CM modulation indexes perturbation
(Δmcm, Δmdm), respectively.

When MMC operates normally, all variables in (8) and (9)
would be periodically time-varying so they need to be transferred
to time-invariant expressions using the HSS theory [15]–[17].
In HSS, variables are transformed from time domain into the
frequency domain, presented by Fourier coefficients as

x (t) =
∑
n∈Z

xne
jnω1t (10)

where x(t) is an arbitrary steady variable in (8) and (9); ω1 is the
fundamental angular frequency; n denotes the harmonic order;
and xn is Fourier coefficient of the nth harmonic, a complex
number containing the signal amplitude and initial phase angle.
Likewise, the perturbation in x(t), that is Δx(t), satisfies

Δx (t) =
∑
n∈Z

xp+ne
j(p+n)ω1t (11)

in which p = ωp/ω1; ωp denotes perturbation frequency; and
xp+n is relative to the frequency of ωp + nω1. The multipli-
cation of Δx(t) and its steady-state coefficient a(t) in HSS is
expressed by the discrete convolution as

a (t)Δx (t) =
∑

n,m∈Z
an−mxp+mej(p+n)ω1t (12)
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which can be rewritten as the matrix form, such as

a (t)Δx (t)

⇒ AΔx =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
...

...
... . .

.

· · · a0 a−1 a−2 · · ·
· · · a1 a0 a−1 · · ·
· · · a2 a1 a0 · · ·

. .
. ...

...
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

...

xp−1

xp

xp+1

...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (13)

A is called the Toeplitz matrix, and the subscripts of the matrix
elements indicate the harmonics order. For the derivative of
Δx(t), it is given by

Δẋ (t) =
∑
n∈Z

j (p+ n)ω1xp+ne
j(p+n)ω1t (14)

which can also be written as the following matrix:

Δẋ (t) ⇒ ΔSΔx

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .

j (p− 1)ω1

jpω1

j (p+ 1)ω1

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

...

xp−1

xp

xp+1

...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(15)

where ΔS is the coefficient matrix of the derivative in HSS,
which contains all frequency information of Δx(t).

According to (10)–(15), the time-varying MMC model (8)
and (9) will be transformed into HSS, that is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δugdc = 2Δucm + 2RΔicm + 2LΔSΔicm + 3ZgdcΔi0cm

Δugac = Δudm + R
2 Δi±ac +

L
2ΔSΔi±ac + ZgacΔi±ac

CΔSΔuCcm = mcmΔicm + icmΔmcm + 1
2mdmΔi±ac

+ 1
2 i

±
acΔmdm

CΔSΔuCdm = 1
2mcmΔi±ac +

1
2 i

±
acΔmcm +mdmΔicm

+ icmΔmdm

(16)
where⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Δucm = N (mcmΔuCcm + uCcmΔmcm +mdmΔuCdm

+ uCdmΔmdm)

Δudm = N (mcmΔuCdm + uCdmΔmcm +mdmΔuCcm

+ uCcmΔmdm)

(17a)

Zgdc/ac = diag
[
. . . , Zgdc/ac (ωp−2) , Zgdc/ac (ωp−1) ,

Zgdc/ac (ωp) , Zgdc/ac (ωp+1) , Zgdc/ac (ωp+2) , . . .
]
.

(17b)

All variables are represented by time-invariant matrixes or
vectors containing MMC internal harmonics, by which the linear
time-invariant MMC model is obtained.

B. Sequence Analysis of MMC Small-Signal Response

It can be found that the variables in the model (16) are
nonuniform due to the different sequence components involved.
For instance, both Δicm and Δi0cm belong to the circulating
current, but they cannot be directly incorporated. This problem
makes it difficult to simplify (16) to derive the MMC impedance.
Therefore, this section aims to clearly analyze the MMC se-
quence feature under perturbations and then utilize it to unify
the expressions of different sequences to further facilitate the
MMC impedance derivation.

In the steady state, the arbitrary three-phase MMC variables
can be written as⎧⎪⎪⎨

⎪⎪⎩
xA (t) =

∑
n∈Z xne

jnω1t

xB (t) =
∑

n∈Z xne
j(nω1t−n120◦)

xC (t) =
∑

n∈Z xne
j(nω1t+n120◦)

(18)

where the ZS component appears if the harmonics ordern equals
an integer multiple of 3 (i.e., n = 3k, k belongs to an integer),
whereas the PS and NS components are corresponding to n =
3k + 1 and n = 3k − 1, respectively. This principle, however,
is no longer valid for MMC small-signal responses since the
perturbation injected into the MMC will interact with the steady-
state component, changing the sequence of the responses.

When the three-phase PS perturbation is injected into the
MMC ac side, the small-signal response will be generated as⎧⎪⎪⎨

⎪⎪⎩
ΔxA (t) =

∑
n∈Z xp+ne

j(p+n)ω1t

ΔxB (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t−(n+1)120◦]

ΔxC (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t+(n+1)120◦].

(19)

It can be seen that (19) contains phase angles of both the
steady-state variables and the perturbations. This causes the
sequence of the response affected by (n+ 1) instead of n. Note
that the sequence in this article is determined based on initial
phases. If the initial phases of the signals in phases A, B, and C
are lagging by 120°, they belong to PS components, otherwise
they are NS components. Under this definition, for example,
even if p+ n< 0 in (19), the signals can still be regarded as a PS
components with a negative frequency when (n+ 1) = 3k + 1.

Likewise, the ac NS perturbation leads to⎧⎪⎪⎨
⎪⎪⎩

ΔxA (t) =
∑

n∈Z xp+ne
j(p+n)ω1t

ΔxB (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t−(n−1)120◦]

ΔxC (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t+(n−1)120◦]

(20)

where the sequence is determined by (n − 1).
Moreover, if the perturbation is injected from the dc side,

since the perturbation is identical for each phase of the MMC
(which is equivalent to inject ZS perturbation), the response will
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still remain the sequence of the steady state

⎧⎪⎪⎨
⎪⎪⎩

ΔxA (t) =
∑

n∈Z xp+ne
j(p+n)ω1t

ΔxB (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t−n120◦]

ΔxC (t) =
∑

n∈Z xp+ne
j[(p+n)ω1t+n120◦].

(21)

Obviously, when the perturbations with different sequences
are injected from the MMC ac or dc side, the sequence of the
small-signal responses is completely different. It depends not
only on the order of the harmonics but also on the position of
the injected perturbation.

In addition to the sequence, the harmonic frequency in the
MMC small-signal response is also different when perturbations
are injected from the ac and dc sides. As shown in Fig. 2, a
three-phase perturbation (PS or NS) with frequency ωp injected
from MMC ac side causes a same frequency response in Δi±ac.
This current will generate harmonics with frequency ωp ± ω1

into the CM capacitor voltage ΔuCcm as 0.5mdmΔi±ac is the
product of two frequency components. And these harmonics
in ΔuCcm are introduced into the circulating current Δicm by
the dependent source 2NmcmΔuCcm. Likewise, the harmon-
ics in Δicm further affects the DM capacitor voltage ΔuCdm

through the current source mdmΔicm, leading to harmonics
at ωp and ωp ± 2ω1. Eventually, infinite components in CM
variables, such as ΔuCcm, Δmcm, and Δicm, are coupled with
the odd multiple of ω1, whereas that in DM variables, such as
ΔuCdm, Δiac, and Δmdm, are coupled with the even multiple
of ω1. Conversely, if the perturbation is injected from the MMC
dc side, under the influence of dependent sources mcmΔicm
and mdmΔicm, the current response Δicm will lead infinite
harmonics to ΔuCcm and ΔuCdm, with frequency ωp ± 2kω1

and ωp ± (2k + 1)ω1, respectively. It can be found that the
frequency components in CM and DM variables are different
from the case injecting voltage at MMC ac side.

Aforementioned discussions is summarized in Table I, which
shows the relationship between the sequence and the frequency
for arbitrary MMC variables. The table also reflects the har-
monic frequencies of the CM and DM variables with different
perturbations. Table I(a) lists the frequency under the steady
state, which conforms to the description of (18). After inject-
ing the perturbation, the perturbation frequency interacts with
the steady-state components and changes the sequence of the
responses, as shown in Table I(b)–(d).

In order to unify expressions of different sequences, the
following sequence extraction matrixes are introduced to extract
the certain sequence from HSS variables:

⎧⎪⎪⎨
⎪⎪⎩

E+
− = diag (. . . , 0, 1, 0, 0, 1, 0, 0, . . .)

E+
0 = diag (. . . , 0, 0, 1, 0, 0, 1, 0, . . .)

E+
+ = diag (. . . , 1, 0, 0, 1, 0, 0, 1, . . .)

(22a)

⎧⎪⎪⎨
⎪⎪⎩

E−
− = diag (. . . , 1, 0, 0, 1, 0, 0, 1, . . .)

E−
0 = diag (. . . , 0, 1, 0, 0, 1, 0, 0, . . .)

E−
+ = diag (. . . , 0, 0, 1, 0, 0, 1, 0, . . .)

(22b)

TABLE I
RELATIONSHIP BETWEEN THE SEQUENCE AND THE FREQUENCY FOR

ARBITRARY MMC VARIABLES UNDER DIFFERENT PERTURBATIONS

⎧⎪⎪⎨
⎪⎪⎩

E0
− = diag (. . . , 0, 0, 1, 0, 0, 1, 0, . . .)

E0
0 = diag (. . . , 1, 0, 0, 1, 0, 0, 1, . . .)

E0
+ = diag (. . . , 0, 1, 0, 0, 1, 0, 0, . . .)

(22c)

in which the superscript indicates the sequence of the injected
perturbation, whereas the subscript indicates the sequence to
be extracted. For example, the matrix E+

− can extract the NS
component after the PS perturbation is injected from the ac
side, and E0

+ is used to extract the PS component when the
perturbation is injected from the dc side.

Applying (22), the ac current and the circulating current can
be unified as

Δi0cm = Es
0Δicm (23a)

Δi±ac =
(
Es

+ +Es
−
)
Δiac = Es

±Δiac (23b)

where s � {+, −, 0} denote the PS, NS, and ZS, respectively.
With (23), the linear time-invariant MMC model (16) can be
simplified to

[
Δugdc

Δugac

]
︸ ︷︷ ︸

Δug

=

([
Kicm1 Ki1

Kicm2 Ki2

]
+

[
3ZgdcE

s
0

ZgacE
s
±

])
︸ ︷︷ ︸

(Ki+Zg)

×
[
Δicm

Δiac

]
︸ ︷︷ ︸

Δi

+

[
Kmcm1 Kmdm1

Kmcm2 Kmdm2

]
︸ ︷︷ ︸

Km

[
Δmcm

Δmdm

]
︸ ︷︷ ︸

Δm

(24a)
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Kicm1 = 2RI+ 2LΔS+ 2N
C mcmΔS−1mcm

+ 2N
C mdmΔS−1mdm

Ki1 =
(
N
CmcmΔS−1mdm + N

CmdmΔS−1mcm

)
Es

±

Kicm2 = N
CmdmΔS−1mcm + N

CmcmΔS−1mdm

Ki2 =
(
R
2 I+

L
2ΔS+ N

2CmdmΔS−1mdm

+ N
2CmcmΔS−1mcm

)
Es

±
(24b)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Kmcm1 = 2N
C mcmΔS−1icm + N

CmdmΔS−1i±ac
+2NuCcm

Kmdm1 = N
CmcmΔS−1i±ac +

2N
C mdmΔS−1icm

+2NuCdm

Kmcm2 = N
C mdmΔS−1icm + N

2CmcmΔS−1i±ac +NuCdm

Kmdm2 = N
2CmdmΔS−1i±ac +

N
CmcmΔS−1icm +NuCcm

(24c)

where Ki and Km are coefficient block matrixes corresponding
to the current vector Δi and modulation index vector Δm,
respectively. I in (24b) is the unit matrix. This model has a clear
physical meaning. It can be seen that the arm inductance L and
the parasitic resistance R only appears inKi, which together with
the grid impedance matrix Zg weakens the current perturbation
Δi. Km consists of all steady-state variables, such as icm, i±ac,
uCcm, and uCdm, which will be introduced into the MMC by
Δm generated from controllers.

C. Grid Impedance Coupling on MMC

When MMC operates under the open-loop condition, Δm
equals zero, which means that the open-loop model is not
affected by steady-state variables, such as icm, i±ac, uCcm, and
uCdm, but only with the passive components (i.e., R, L, and C)
of the MMC

Δug = (Ki + Zg)Δi. (25)

By setting Δugdc to 0, the current response at the frequency
ωp, that is Δiac(ωp), can be solved by (25) for any given
Δugac(ωp) in Δug. Hence, the MMC open-loop ac impedance
model is obtained as

Zac_MMC (ωp) =
Δugac (ωp)

Δiac (ωp)
− Zgac (ωp) . (26)

Similarly, the open-loop dc impedance model is obtained by
setting Δugac to 0, which gives

Zdc_MMC (ωp) =
Δugdc (ωp)

3Δicm (ωp)
− Zgdc (ωp) . (27)

Equations (26) and (27) accurately describe the open-loop
impedance of the MMC. Note that the Zgac(ωp) and Zgdc(ωp)
are subtracted from (26) and (27), respectively, since the grid
impedance does not belong to the MMC, as shown in Fig. 2.
However, it does not mean that the grid impedance can be ig-
nored or the grid can be assumed ideal before modeling. Even if
the grid impedance is subtracted, it cannot completely eliminate

Fig. 3. Schematic diagram of MMC grid impedance coupling (inject PS
perturbation voltage at ωp into ac side).

the impact of the grid impedance on the MMC. This is because
the Ki in (25) is a nondiagonal matrix, by which a perturbation
voltage in Δug causes MMC to generate a series of harmonic
currents into Δi. And these currents will flow across the grid
impedance, generating new perturbation voltages. Repeatedly
like this, the grid impedance values at different perturbation
frequencies are introduced into the MMC. Therefore, although
the grid impedance at frequencyωp is subtracted, the information
of grid impedance at other frequencies is still presented in
the MMC impedance, causing the grid impedance coupling. It
shows that the impedance of the MMC itself is not independent,
but is affected by the connected grid.

Fig. 3 presents a schematic diagram to explain how the
frequency coupling introduces grid impedance into MMC.
In this diagram, an ac PS perturbation at ωp leads to infi-
nite ac current responses, such as Δiac(ωp), Δiac(ωp − ω2),
Δiac(ωp + ω4), etc., where Y 0

pp, Y
−2

pn , Y +2
np , Y +4

pn and Y −4
np de-

note gains of different voltage perturbations to current responses.
Besides Δiac(ωp), the currents at other frequencies will also
flow across the grid impedance, causing voltage drops like
Zgac(ωp − ω2)Δiac(ωp − ω2) and Zgac(ωp + ω4)Δiac(ωp +
ω4), etc. These voltages will react on the MMC to generate
the current at ωp and then change ac impedance of MMC. It
means that the Δiac(ωp) consists of two parts, one part directly
generated by the PS perturbation and the other part contributed
by the voltage drop of the grid impedance. This makes the MMC
impedance affected by the connected grid even if Zgac(ωp) is
subtracted, which is an important feature of MMC. It can be
found from the expression in Fig. 3 that the MMC impedance
will decrease as the coupling term increases. Likewise, as listed
in Table I(c) and (d), the ac NS perturbation will introduce the
grid impedance coupling by producing ac currents at ωp + ω2,
ωp − ω4, etc.; the similar coupling also occurs on the MMC
dc side, which is caused by dc currents at frequency ωp − ω6,
ωp + ω6, etc.

The higher order frequency corresponds to the larger
impedance, leading to a smaller current response. Note that the
lowest harmonic order in ac current is ωp ± ω2, whereas in dc



12936 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 12, DECEMBER 2020

Fig. 4. Control strategies of MMC. (a) PLL. (b) DC voltage–ac current dual
loop controller. (c) Circulating current suppression controller.

current is ωp ± ω6. Therefore, the grid impedance coupling on
dc side of the MMC is much weaker than the ac side and can be
neglected in practice.

IV. MMC CLOSED-LOOP IMPEDANCE MODEL AND THE

COUPLING CAUSED BY THE CONTROLLERS

Practically, MMC always operates under closed-loop condi-
tions instead of open loop. Fig. 4 shows the commonly used
control strategies for MMC, including PLL, ac current inner
loop, dc voltage outer loop (dual-loop controllers), and the
circulating current suppression. The purpose of this section is
to convert these controllers into HSS and connect them with
the MMC open-loop model to obtain an MMC closed-loop
impedance model.

A. HSS Model of PT and IPT

The PT is the fundamental part of both PLL and ac current
controller, which has to be modeled in HSS. Considering the
perturbation of the rotation angle, the linearized PT matrix can
be written as

Tdq+ (ω1t+Δθ)

≈ 2

3

[
cosω1t cos (ω1t− 120◦) cos (ω1t+ 120◦)

− sinω1t − sin (ω1t− 120◦) − sin (ω1t+ 120◦)

]

− 2

3

[
sinω1t sin (ω1t− 120◦) sin (ω1t+ 120◦)

cosω1t cos (ω1t− 120◦) cos (ω1t+ 120◦)

]
Δθ

= Tdq+ (ω1t) + Tdq+ (ω1t+ 90◦)Δθ (28)

where Δθ is the perturbation of the rotation angle generated by
PLL. Note that the ZS component of PT is removed as it does not
exist in the three-phase three-wire system. When PT is applied

to a signal with perturbation (i.e., x + Δx), we have

Tdq+ (ω1t+Δθ) (x+Δx)

≈ Tdq+ (ω1t)Δx+ Tdq+ (ω1t+ 90◦)xΔθ (29)

where the former reflects the effect of the steady-state PT on
Δx, and the latter represents the influence of rotation angle
perturbation.

As HSS is essentially a model in the frequency domain,
(29) needs to be transformed into the frequency domain at
first. For the former of (29), that is Tdq+(ω1t)Δx, if Δx is a
PS perturbation signal (with the magnitude of Δx), it can be
expanded as

Tdq+ (ω1t)

⎡
⎢⎢⎣

ΔX cos (ωpt)

ΔX cos (ωpt− 120◦)

ΔX cos (ωpt+ 120◦)

⎤
⎥⎥⎦

=

[
ΔX cos [(ωp − ω1) t]

ΔX cos [(ωp − ω1) t− 90◦]

]
. (30)

Equation (30) shows that the PT can reduce the frequency
of the signal, and the q-axis component lags behind the d-axis
component by 90°.

Similarly, when Δx is an NS signal, it is given as

Tdq+ (ω1t)

⎡
⎢⎢⎣

ΔX cos (ωpt)

ΔX cos (ωpt+ 120◦)

ΔX cos (ωpt− 120◦)

⎤
⎥⎥⎦

=

[
ΔX cos [(ωp + ω1) t]

ΔX cos [(ωp + ω1) t+ 90◦]

]
(31)

where the frequency shift effect is exactly opposite to (30), and
the q-axis component leads the d-axis component by 90°.

Cowrite (30) and (31) into frequency domain, that is[
ΔXd (ωp)

ΔXq (ωp)

]
=

[
1

∓j

]
ΔX (ωp ± ω1) . (32)

It can be seen that the PT has different frequency shift
directions according to the perturbation sequences. Therefore,
this article introduces a frequency shift matrix to describe this
phenomenon. The transformation for the d-axis component in
(32) can be written as

Td+ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . . 1

0 1

0 1

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
Es

+ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . .

1 0

1 0

1
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
Es

−

= TdwE
s
+ +TupE

s
− (33)

where Tdw is defined as the frequency downshift matrix that
reduces the frequency by ω1 for any signal through the PT; and
Tup is defined as the frequency upshift matrix, which increases
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the frequency by ω1; Es
+ and Es

− are used to separate the
components of different sequences from the signal. Hence, Td+

can simultaneously reflect the frequency shifting effect of PT on
different sequences, which makes the model with more concise
form. Likewise, the transformation for the q-axis component is

Tq+ = −jTdwE
s
+ + jTupE

s
−. (34)

With regard to the latter item in (29), it is the product between
the steady-state signal of d-/q-axis Tdq+(ω1t+ 90◦)x and the
Δθ, satisfying the structure shown in (13). Therefore, this item
can be directly written into HSS as x′

d+Δθ, x′
q+Δθ, where x′

d+

and x′
q+ denote Toeplitz matrixes of d- and q-axis steady-state

signal, respectively.
Finally, the relationship between the PT and the signal, given

in (29), can be expressed as the HSS form{
Δxd = Td+Δx+ x′

d+Δθ

Δxq = Tq+Δx+ x′
q+Δθ.

(35)

The IPT can also be addressed in the same way, whose time-
domain expression is

Tdq− (ω1t+Δθ) (xdq +Δxdq)

≈ Tdq− (ω1t)Δxdq + Tdq− (ω1t+ 90◦)xdqΔθ (36)

where the former, Tdq−(ω1t)Δxdq , can be written into the
frequency domain as

ΔX (ωp) =
1

2
[ΔXd (ωp − ω1) + ΔXd (ωp + ω1)

+ jΔXq (ωp − ω1)− jΔXq (ωp + ω1)] (37)

and the HSS model of IPT is{
Td− = 1

2Tdw + 1
2Tup

Tq− = 1
2jTdw − 1

2jTup.
(38)

The latter in (36),Tdq−(ω1t+ 90◦)xdqΔθ, can be written into
HSS by (13) as x′

d−Δθ and x′
q−Δθ.

Based on this, IPT time-domain expression (36) is trans-
formed to HSS as

Δx = Td−Δxd +Tq−Δxq + (x′
d− + x′

q−)Δθ. (39)

The HSS models in (35) and (39) show that the results of the
PT and IPT contain two parts. One part is the perturbation of
the input signal itself, which will be shifted by the Td+, Tq+,
Td−, and Tq−. And the other part is the effect of the phase
angle produced by the PLL. When PLL is ignored, Δθ equals
0. The separation of the d- and q-axis signals in the models is
beneficial to connect the ac current inner loop and the dc voltage
outer loop (as shown in Fig. 4), so that the model can visually
reflect the structure of the dual-loop controllers and has clear
physical meaning.

B. HSS Model of PLL

Sun [11] gave the transfer function of the PLL under PS and
NS perturbations, that is

Δθ (ω) =
∓jTPLL (ω)

1 + Uac1e±jϕTPLL (ω)
Δuac (ω ± ω1) (40)

where tPLL(ω) denotes the open-loop gain of the PLL that
consists of PI controller and the integral link 1/s; uac1e±jϕ is the
steady-state voltage of the point of common coupling (PCC).
Equation (40) shows that PLL will also shift the frequency
according to the sequence of the perturbations as the PLL
includes a PT. Therefore, the sequence abstraction matrix and
the frequency shift matrix are also introduced in HSS modeling
procedure for PLL, we have

Δθ =
[
GPLLpTdwE

s
+ +GPLLnTupE

s
−
]
Δuac

= GPLLΔuac (41a)

in which

Δuac = Δugac − ZgacE
s
±Δiac (41b)

GPLLp/n = diag
[
. . . , GPLLp/n (ωp−2) , GPLLp/n (ωp−1) ,

GPLLp/n (ωp) , GPLLp/n (ωp+1) , GPLLp/n (ωp+2) , . . .
]
.

(41c)

GPLLp(ω) and GPLLn(ω) are PS and NS closed-loop transfer
functions of the PLL, respectively, which correspond to the gains
of Δuac(ωp ± ω1) in (40). According to (41a) and (41b), the
PLL is equivalent to an ac voltage feedforward link as the PCC
voltage directly affects Δθ, and this voltage consists of the ac
grid impedance. It implies that in addition to the internal har-
monic interactions (as discussed in Section III), the PLL also in-
troduces grid impedance coupling to the MMC. And the greater
the PLL gain, the more severe the grid impedance coupling.

C. HSS Model of AC Current Inner Loop

Applying (35) and (39) to the ac current inner loop controller
shown in Fig. 4(b), the HSS expression of DM modulation index
can be obtained as

Δmdm = Td−Δmdmd +Tq−Δmdmq

+
(
m′

dmd− +m′
dmq−

)
Δθ (42a)

where⎧⎪⎪⎨
⎪⎪⎩

Δmdmd = Gi (Δidref −Δid)

= Gi (Δidref −Td+Δiac − i′d+Δθ)

Δmdmq = −GiΔiq = −Gi (Tq+Δiac + i′q+Δθ).
(42b)

Gi is the transfer function matrix related to the ac current PI
controller, which has the similar diagonal structure to (41c),
and Δidref denotes the perturbation of d-axis current reference
generated by the dc voltage outer loop. The ac current controller
can help to suppress the MMC current harmonics, which causes
the grid impedance coupling. Therefore, the increase in current
controller gain can reduce the degree of the grid impedance
coupling.

D. HSS Model of DC Voltage Outer Loop

In dual-loop controllers, the dc voltage is controlled by ad-
justing the d-axis current. The HSS model of the dc voltage loop
should reflect the transfer relationship between the dc voltage
and the d-axis reference current. The dc terminal voltage of
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Fig. 5. Block diagram of the overall HSS model of MMC controllers.

MMC is calculated by

Δudc = Δugdc − ZgdcΔidc = Δugdc − 3ZgdcE
s
0Δicm.

(43)
From Fig. 4(b), this dc voltage perturbation can directly

generate the reference for the ac current inner loop, that is

Δidref = −GudcΔudc (44)

where the negative sign comes from the negative feedback
structure and Gudc is constituted by the transfer function of
dc voltage outer loop controller with the diagonal structure as
(41c). Obviously, the dc voltage controller introduces the dc grid
impedance into the MMC model. Therefore, the grid impedance
coupling on the MMC dc side will be enhanced by dc voltage
controller. This coupling, as discussed in Section III, is so small
that can be neglected on the dc side. However, the dc voltage
outer loop will also strengthen the grid impedance coupling on
the MMC ac side. This is because the Δidref generated by the
dc voltage controller will enter the ac current inner loop and
cause additional harmonics into Δmdm through the frequency
shift effect ofTd−, as shown in (42). These harmonics inΔmdm

leads to ac harmonic currents on the MMC, thereby enhancing
the ac grid impedance coupling.

E. HSS Model of the Circulating Current Controller

The circulating current fluctuation in MMC is suppressed by
a proportional resonance (PR) controller in Fig. 4(c), and the
CM modulation index is then produced. The HSS model of this
control loop can be easily obtained according to the previous
modeling procedure as

Δmcm = −GicmΔicm. (45)

where Gicm consists of the transfer function of PR controller.

F. Overall MMC Closed-Loop Impedance Model

Combining (41)–(45) leads to the overall HSS model of MMC
controllers, which is presented as the block diagram shown in
Fig. 5. Each matrix derived in Section IV can be found one-to-
one in this block diagram; and the color of the block corresponds

to the control loops of the control strategies drawn in Fig. 4,
presenting a clear physical meaning of the proposed model. After
simplifying the expression, the controller model can be written
as [

Δmcm

Δmdm

]
︸ ︷︷ ︸

Δm

=

[
Gfb11 0

0 Gfb22

]
︸ ︷︷ ︸

Gfb

[
Δicm

Δiac

]
︸ ︷︷ ︸

Δi

+

[
0 0

Gff21 Gff22

]
︸ ︷︷ ︸

Gff

[
Δudc

Δuac

]
︸ ︷︷ ︸

Δu

. (46a)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Gfb11 = −Gicm

Gfb22 = −(Td−GiTd+ +Tq−GiTq+)

Gff21 = −Td−GiGudc

Gff22 = [−Td−Gii
′
d+ −Tq−Gii

′
q+

+(m′
dmd− +m′

dmq−)]GPLL

Δu = Δug − ZgΔi

(46b)

where Gfb is the feedback matrix, which reflects the regulation
of ac current and circulating current controller. The diagonal
structure of Gfb indicates that the circulating current and the
ac current control of MMC are independent of each other. Gff

denotes the feedforward matrix that contains PLL and dc voltage
outer loop control, reflecting the influence of terminal voltage on
the MMC. Substituting (46) into MMC open-loop model (24a), a
complete HSS-based MMC model under closed-loop condition
is finally derived as

Δug = (I−KmGff)
−1 [Ki + Zg +Km (Gfb −GffZg)]Δi.

(47)

The ac and dc impedances of the closed-loop MMC can
be obtained by solving (47) and substituting results into (26)
and (27). A detailed example to help readers understand the
modeling procedure is presented in the Appendix. This model
not only reveals the grid impedance coupling of MMC, but also
synthesize a variety of complex control links with clear physical
meaning, including but not limited to PLL, dual-loop controllers,
and circulating current controller. Furthermore, it gives a unified
MMC modeling method, which is suitable for both dc and ac
impedances, providing a flexible and accurate way to analyze
the stability and dynamic characteristics of MMC.

V. VERIFICATION

A. Verification of the Sequence Analysis Results

With the parameters given in Table II, the analysis of MMC
frequency and sequence in Section III are proved by the simula-
tion based on MATLAB/Simulink. A 1-kV, 40-Hz perturbation
voltage was injected into different positions of the MMC, and
the first three harmonics (ωp, ωp ± ω1, ωp ± 2ω1, ωp ± 3ω1) of
responses are listed in Table III.
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TABLE II
SIMULATION PARAMETERS

When the perturbation is injected from ac side, in addition
to the 40-Hz response in iac, the coupling current of other
frequency also appears. As shown in Table III(a), when a PS
perturbation is injected, the NS coupling current appears at −60
Hz with the magnitude of 2.5 A, whereas in Table III(b), the
NS perturbation causes the PS coupling current at 140 Hz with
the magnitude of 0.03 A. It can be seen that as the harmonic
order increases, the amplitude of each response decreases signifi-
cantly, and the results more than third harmonics are negligible.
For e.g., the harmonic of iac at 240 Hz (ωp + 4ω1, which is
not listed) caused by PS perturbation voltage is only about
0.0002 A. These coupling currents will generate voltages on
the ac grid impedance and be reflected back to the MMC, which
further affects the MMC ac impedance. In terms of dc side, as
shown in Table III(c), the injected perturbation produces only
a 28.9-A, 40-Hz response in idc, without coupling currents at
other frequencies (within first three harmonics). Thus, the grid
impedance coupling on the MMC dc side is much weaker than
that on the ac side. The simulation results are consistent with the
discussions presented in Section III.

B. Verification of the MMC Impedance Models

The accuracy of the MMC impedance model is verified in this
section. Both the ac and dc impedances of MMC are solved by
the model (47). For comparison, with the same parameters, an
MMC circuit is simulated, and its impedance is measured by
frequency sweep in MATLAB/Simulink.

Fig. 6 shows the Bode plots of the MMC ac and dc impedances
under different control strategies. The solid line denote the
impedance calculated by HSS, whereas the data obtained from
sweeping are marked in the figure by circles or diamonds. Obvi-
ously, the results of the MMC impedance model are satisfactorily
fitted with the sweeping data, showing the high accuracy of the
proposed model. Observing from Fig. 6(a), both MMC ac and
dc impedances contain many resonant peaks under open-loop
operation, indicating that these resonances are caused by the

passive components and MMC frequency coupling. When a PR
circulating current controller is added, these resonance peaks
are effectively suppressed, as shown in Fig. 6(b). It can be
seen that the circulating current control weakens most of the
resonances in the ac impedance, leaving only a series resonant
peak at around 38 Hz generated by MMC passive components.
And for the dc impedance, the circulating current controller
introduces an additional 100 Hz resonance peak, because the
PR controller has the strongest control effect on the dc current
at 100 Hz, and the suppression of the current perturbation
increases the equivalent impedance. With addition of the ac
current PI controller, a significant difference between the PS and
NS impedances has emerged in the middle-frequency range, as
plotted in Fig. 6(c). The PS impedance has an obvious resonance
peak at 50 Hz due to the control effect of the ac current loop. This
resonance peak is even large enough to mask series resonance
caused by passive components at 38 Hz. However, this current
controller has weaker ability to regulate the NS current, so the NS
impedance is significantly lower than the PS impedance around
50 Hz. Furthermore, after adding PLL, the phase angle used for
PT and IPT will deviate from steady-state values due to the ac
voltage perturbation, thereby weakening the control ability of
the ac current loop, as shown in Fig. 6(d); thus, the resonant
peak of ac impedance at 50 Hz is reduced. Since the ac current
controller and PLL do not directly act on the dc current, they
have less impact on the MMC dc impedance. In contrast, the dc
voltage controller has a greater impact on dc impedance than
ac impedance. Compared with Fig. 6(d), the dc impedance in
Fig. 6(e) decreases as the frequency goes down in a range below
0.2 Hz (the corner frequency of the dc voltage controller). This
is because the behavior of MMC dc side is expected as a voltage
source at low-frequency range under the dc voltage control.
It can be seen that ac impedance is hardly affected by the dc
voltage loop due to a small bandwidth of the controller, which is,
however, sufficient to maintain the voltage control performance
in this case.

C. Factors Affecting the Grid Impedance Coupling

In order to demonstrate the influence of different factors on the
grid impedance coupling effect, Fig. 7 represents the coupling
degree by using the error between the MMC ac impedance with
and without considering the coupling.

Fig. 7(a) and (b) shows the variations of the grid impedance
coupling when the controller gains of dc voltage loop and PLL
are changed, respectively. Both the gains of the dc voltage
controller and the PLL exacerbate the coupling, and the cou-
pling caused by PLL is more severe than dc voltage controller.
It is consistent with the description in (41b) that the PLL is
equivalent to an ac voltage feedforward link, which directly
introduces the grid impedance into MMC. Fig. 7(c) shows that
a higher ac current gain results in a smaller coupling. This
is because the increase in the ac current controller gain can
help to reduce the MMC current harmonics, which has been
pointed out in Section IV. In Fig. 7(d), the influence of different
grid impedances on the coupling is demonstrated. The MMC is
connected to the grid with short-circuit ratio (SCR) varying from
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Fig. 6. MMC ac and dc impedances with different control strategies. (a) Under open-loop condition (mcm = 0.5,mdm = 0.43 cos(ω1t− 4.6◦)). (b) Add
circulating current control. (c) Add ac current control. (d)Add PLL. (e) Add dc voltage control.
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Fig. 6. Continued.

TABLE III
SIMULATION (FFT RESULTS) WITH INJECTION OF DIFFERENT PERTURBATIONS

Note: (a) Inject 1-kV, 40-Hz PS perturbation voltage intoac side. (b) Inject 1-kV, 40-Hz NS perturbation voltage into ac side. (c) Inject 1-kV, 40-Hz perturbation
voltage into dc side.
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Fig. 7. Coupling degree under different conditions. (a) Coupling degree under
different dc voltage controller gains [ohm]. (b) Coupling degree under different
PLL gains [ohm]. (c) Coupling degree under different ac current controller gains
[ohm]. (d) Coupling degree under different ac grid impedance [ohm].

2.8 (Rgac = 12 Ω, Lgac = 194 mH) to 14 (Rgac = 2.4 Ω,
Lgac = 38.8 mH). And the results show that the weaker the grid
connected to the MMC, the more severe the coupling degree.

The variation of the coupling degree shown in the simulation
is closely consistent with the model analysis results. It indicates
that the proposed MMC impedance model, which considers the
grid impedance coupling, can improve the analysis accuracy,
especially in the case where dc voltage loop and PLL gain are
large, ac current loop gain is small, or MMC is connected to a
weak grid.

D. Stability Analysis Example

This section demonstrates the impact of the grid impedance
coupling on MMC stability analysis by experimental verifica-
tions based on power hardware-in-the-loop (PHIL). The struc-
ture of the platform is given in Fig. 8, where the ac grid
is emulated in a real-time simulator and is connected with a
downscaled MMC prototype through a power amplifier. The
experimental parameters are listed in Table IV.

Fig. 9 represents the experimental waveforms under different
controller gains. At instant t1, the ac current controller gain

Fig. 8. Prototype structure for power hardware in the loop experiment.

TABLE IV
EXPERIMENTAL PARAMETERS

kpiac is reduced from 0.02 to 0.007, and the MMC waveforms
gradually oscillate. The fast Fourier transform (FFT) plot of
unstable ac current is further drawn in Fig. 10, which shows that
the oscillation frequency appears at 55.7 Hz. After t2, the gain
is changed back to 0.02, and the MMC become restable. This
experimental result is consistent with the stability analysis based
on the proposed complete MMC impedance model. As shown in
Fig. 11, the orange and purple curves correspond to the MMC ac
impedance by setting the ac current controller gain to 0.007 and
0.02, respectively. The purple circles marked on the impedance
curve denote the frequency sweep data obtained from the PHIL
experiment, ensuring the accuracy of the model. By applying
Nyquist criteria between the MMC and the grid impedance, the
orange curve (kpiac = 0.007) intersects the grid impedance at
57.3 Hz with the phase margin less than zero, which is unstable.
And the purple curve predicts the MMC stable operation due
to its phase margin of 31.2°. For comparison, the ac impedance
(kpiac = 0.007) ignoring the grid impedance coupling is also
drawn in Fig. 11 with blue lines. This model, however, leads
to an erroneous stability analysis result. The comparison not
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Fig. 9. Experimental results under different controller parameters.

Fig. 10. FFT results of experimental unstable ac current.

Fig. 11. Comparison of stability analysis with and without considering the
grid impedance coupling.

only verifies the accuracy of the proposed MMC model, but also
reflects the necessity of considering grid impedance coupling in
MMC stability analysis.

VI. CONCLUSION

The impedance model is the most common method for grid-
connected stability analysis. This article proposes a complete
MMC impedance model based on HSS, which has high accuracy
and reveals the grid impedance coupling of MMC. Moreover,
the proposed model not only consists of the ac current and the
circulating current control, but also incorporates dc voltage outer
loop and PLL. By introducing the frequency shift matrix and the
sequence extraction matrix, the MMC model is more concise
and thus easily reflects the clear physical meaning. This model
indicates that the coupling can be increased by higher dc voltage
loop and PLL gains, smaller current loop gains, and weaker
grids. In these cases, it is necessary to use the proposed model to
improve the analysis accuracy. Finally, correctness of the model
is substantiated by simulation and experimental results.

APPENDIX

This appendix gives an example to derive the MMC PS
impedance at the perturbation frequency fp = 40 Hz step by
step. All parameters in this example are based on Table II.

First, the steady-state operating point is the basis of the
small-signal model. It consists of CM and DM modulation
indexes (mcm, mdm), CM and DM capacitor voltages (uCcm,
uCdm), circulating current (icm), ac current (iac), and ac terminal
PCC voltage (uac). These steady-state values can be obtained by
solving MMC nonlinear equations, or they can be measured by
simulation or experiment. Table V shows all these steady-state
values of phase A, where only the first two harmonics are
considered in this example due to the page limitation.
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TABLE V
STEADY-STATE VALUES OF PHASE A (ω1 = 2πf1 = 314 rad/s)

By substituting the values of Table V into the structure of
Toeplitz matrix shown in (13), the steady-state variables ma-
trixes in (24b) and (24c) could be obtained as (a1)–(a6), as
shown at the bottom of the page.

Second, the block matrixes in (24), such as Ki, Km, ΔS,
3ZgdcE

+
0 and ZgacE

+
± , are required to form the impedance

model of MMC. Among them, Ki and Km could be calculated
as (a7)–(a14), as shown at the bottom of the next page.

With a PS perturbation frequency fp = 40 Hz, the matrix ΔS
could be obtained by substituting p = 0.8 (fp/f1 = 0.8) into

mcm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0.48∠0◦ 0 0.01∠−83.5◦
2 0 0

0 0.48∠0◦ 0 0.01∠−83.5◦
2 0

0.01∠83.5◦
2 0 0.48∠0◦ 0 0.01∠−83.5◦

2

0 0.01∠83.5◦
2 0 0.48∠0◦ 0

0 0 0.01∠83.5◦
2 0 0.48∠0◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a1)

mdm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0.43∠4.6◦
2 0 0 0

0.43∠−4.6◦
2 0 0.43∠4.6◦

2 0 0

0 0.43∠−4.6◦
2 0 0.43∠4.6◦

2 0

0 0 0.43∠−4.6◦
2 0 0.43∠4.6◦

2

0 0 0 0.43∠−4.6◦
2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a2)

uCcm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1653.8∠0◦ 0 21.2∠95.8◦
2 0 0

0 1653.8∠0◦ 0 21.2∠95.8◦
2 0

21.2∠−95.8◦
2 0 1653.8∠0◦ 0 21.2∠95.8◦

2

0 21.2∠−95.8◦
2 0 1653.8∠0◦ 0

0 0 21.2∠−95.8◦
2 0 1653.8∠0◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a3)

uCdm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 57.9∠86◦
2 0 0 0

57.9∠−86◦
2 0 57.9∠86◦

2 0 0

0 57.9∠−86◦
2 0 57.9∠86◦

2 0

0 0 57.9∠−86◦
2 0 57.9∠86◦

2

0 0 0 57.9∠−86◦
2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a4)

icm =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

330∠180◦ 0 6.7∠−84.5◦
2 0 0

0 330∠180◦ 0 6.7∠−84.5◦
2 0

6.7∠84.5◦
2 0 330∠180◦ 0 6.7∠−84.5◦

2

0 6.7∠84.5◦
2 0 330∠180◦ 0

0 0 6.7∠84.5◦
2 0 330∠180◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a5)

iac =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1484.8∠0.5◦
2 0 0 0

1484.8∠−0.5◦
2 0 1484.8∠0.5◦

2 0 0

0 1484.8∠−0.5◦
2 0 1484.8∠0.5◦

2 0

0 0 1484.8∠−0.5◦
2 0 1484.8∠0.5◦

2

0 0 0 1484.8∠−0.5◦
2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(a6)
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(15), that is

ΔS = diag (−j376.8,−j62.8, j251.2, j565.2, j879.2) .
(a15)

Matrixes 3ZgdcE
+
0 and ZgacE

+
± in (24a) are expressed as

3ZgdcE
+
0 = diag (0, 0.285− j7.73, 0, 0, 0.285 + j108.2)

(a16)

ZgacE
+
± = diag (12− j73.1, 0, 12 + j48.8, 12 + j109.7, 0) .

(a17)

In this example, the perturbation voltage are set as
Δugdc(ωp) = 0 and Δugac(ωp) = 1000V, corresponding to
vectors like

Δugdc = [0, 0, 0, 0, 0]T,Δugac = [0, 0, 1000, 0, 0]T. (a18)

Kicm1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11.9∠−80.3◦ 0 30.7∠99.4◦ 0 0.004∠103◦

0 138.9∠89.2◦ 0 7.9∠−70.4◦ 0

30.7∠80.6◦ 0 34.3∠86.7◦ 0 3.4∠−89.4◦

0 7.9∠−109.6◦ 0 75∠88.5◦ 0

0.004∠77◦ 0 3.4∠−90.6◦ 0 144∠89.2◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a7)

Ki1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0.3∠11.1◦ 0

39.9∠85.3◦ 0 25.7∠94.6◦ 0 0

0 0 0 12.4∠−83.9◦ 0

0.3∠168.9◦ 0 12.4∠−96.1◦ 0 0

0 0 0 6.2∠−93.8◦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a8)

Kicm2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 39.9∠94.7◦ 0 0.3∠11.1◦ 0

39.9∠85.3◦ 0 25.7∠94.6◦ 0 0.1∠−168.9◦

0 25.7∠85.4◦ 0 12.4∠−83.9◦ 0

0.3∠168.9◦ 0 12.4∠−96.1◦ 0 6.2∠−86.2◦

0 0.1∠−11.1◦ 0 6.2∠−93.8◦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a9)

Ki2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3∠−80.3◦ 0 7.7∠99◦ 0 0

0 0 0 2∠−70.4◦ 0

7.7∠80.6◦ 0 8.6∠86.7◦ 0 0

0 0 0 19∠88.5◦ 0

0.001∠77◦ 0 0.9∠−90.6◦ 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a10)

Kmcm1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

823.9∠2.5◦ 0 58.2∠94.7◦ 0 0.003∠102◦

0 835.7∠−7.5◦ 0 8∠−76.8◦ 0

47.6∠84.4◦ 0 834.3∠5◦ 0 0.6∠−108.5◦

0 18.6∠−91.6◦ 0 826.2∠−0.4◦ 0

0.003∠78◦ 0 11.2∠−96.4◦ 0 826.5∠0.1◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 103 (a11)

Kmdm1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 13.5∠−71.4◦ 0 0.2∠15.7◦ 0

95.9∠89.1◦ 0 144.3∠90.4◦ 0 0.3∠−171.6◦

0 90.9∠−92◦ 0 10∠−82.9◦ 0

1.1∠173.3◦ 0 15.7∠−87.6◦ 0 4.7∠81◦

0 0.4∠−7.5◦ 0 17.8∠−84.6◦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 103 (a12)
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Substituting (a7)–(a18) into (24a), the ac current response
Δiac(ωp) can be solved, which equals (19.1�−76°) A. And
according to (26), the MMC open-loop ac impedance at 40 Hz
is

Zac_MMC (ωp) =
1000

19.1∠− 76◦
− (12 + j48.8) = 2.07∠72◦.

(a19)
Next, the HSS model of controllers are required to calculate

the MMC closed-loop impedance. The transfer functions of
these controllers are presented as

GPLLp/n (ω) =
∓j [KpPLL+KiPLL/(jω)]

jωp + Uac1e±jϕ [KpPLL+KiPLL/(jω)]

(a20)

Gudc (ω) = Kpudc+Kiudc/(jω) (a21)

Gicm (ω) = −
[
Kpicm+

2ωcKricmjω

(jω)2 + 2ωcjω + ω2
r

]
(a22)

Gi (ω) = − [Kpiac+Kiiac/(jω)] (a23)

where uac1e±jϕ could be obtained from Table V, that is
uac1e±jϕ = 178 890�∓0.5°; and negative signs in (a22) and
(a23) guarantee the logic of these control loops. The transfer
functions can be transformed into HSS by the method presented
in Section IV, expressed as

GPLL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0

4.6∠125.5◦ 0 4.6∠− 54.4◦ 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0.57∠5.7◦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

× 10−6 (a24)

Gudc = diag (5∠0.2◦, 5∠0.9◦, 5∠− 0.2◦, 5∠− 0.1◦,

5∠0.1◦)× 10−3 (a25)

Gicm = − diag (7.9∠− 49◦, 5∠− 7.3◦, 5.9∠31◦,

31∠72.2◦, 10.7∠− 59.6◦)× 10−5 (a26)

Gi = − diag (1∠6.1◦, 1.2∠32.5◦, 1∠− 9◦, 1∠− 4.1◦,

1∠− 2.6◦)× 10−4. (a27)

According to the block diagram shown in Fig. 5, to get the
HSS model of MMC controllers, i′d+, i′q+, m′

d−, and m′
q−are

still needed. It can be found from (29) that

[i′d+, i′q+]
T
= Tdq+ (ω1t+ 90◦) [iacA, iacB, iacC]

T (a28)

by which i′d+ and i′q+ are solved as 11.2 and −1484.8 A,
respectively. Similarly, from (36), we have

[mdmA,mdmB,mdmC]
T = Tdq− (ω1t+ 90◦) [m′

d−,m′
q−]

T
.

(a29)
And m′

d− and m′
q− are solved as 0.43cos(ω1t + 88.1°) and

0.02cos(ω1t− 1.9°), respectively. Then, i′d+, i′q+,m′
d− andm′

q−
could be obtained by transforming i′d+, i′q+, m′

d−, and m′
q− as

Toeplitz matrix, that is

i′d+ = diag (11.2, 11.2, 11.2, 11.2, 11.2) (a30)

i′q+ = diag (−1484.8,−1484.8,−1484.8,

−1484.8,−1484.8) (a31)

Finally, by substituting (a24)–(a33) into (47), the ac current re-
sponse Δiac(ωp) under the closed-loop condition can be solved
as (7.6�−55.5°) A, which confirms the simulation results listed
in Table III(a). And the MMC closed-loop ac impedance at 40 Hz
is calculated as

Zac_MMC (ωp) =
1000

7.6∠− 55.5◦
− (12 + j48.8)

= 86.4∠43.6◦. (a34)

This is consistent with the closed-loop impedance curve
shown in Fig. 6(e).

Kmcm2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 6.8∠−71.4◦ 0 0.09∠15.7◦ 0

48∠89.1◦ 0 72.2∠90.4◦ 0 0.1∠−171.6◦

0 45.5∠−92◦ 0 5∠−82.9◦ 0

0.6∠173.3◦ 0 7.9∠−87.6◦ 0 2.4∠81◦

0 0.2∠−7.5◦ 0 8.9∠−84.6◦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 103 (a13)

Kmdm2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

411.9∠2.5◦ 0 29.1∠94.7◦ 0 0.001∠102◦

0 417.8∠−7.5◦ 0 4∠−76.8◦ 0

23.8∠84.4◦ 0 417.2∠5◦ 0 0.3∠−108.5◦

0 9.3∠−91.6◦ 0 413.1∠−0.4◦ 0

0.001∠78◦ 0 5.6∠−96.4◦ 0 413.2∠0.1◦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
× 103. (a14)
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m′
d− =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0.43∠−88.1◦
2 0 0 0

0.43∠88.1◦
2 0 0.43∠−88.1◦

2 0 0

0 0.43∠88.1◦
2 0 0.43∠−88.1◦

2 0

0 0 0.43∠88.1◦
2 0 0.43∠−88.1◦

2

0 0 0 0.43∠88.1◦
2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a32)

m′
q− =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0.02∠1.9◦
2 0 0 0

0.02∠−1.9◦
2 0 0.02∠1.9◦

2 0 0

0 0.02∠−1.9◦
2 0 0.02∠1.9◦

2 0

0 0 0.02∠−1.9◦
2 0 0.02∠1.9◦

2

0 0 0 0.02∠−1.9◦
2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(a33)
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