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Data-Driven Modeling of Wireless Power Transfer
Systems With Slowly Time-Varying Parameters

Fengwei Chen ", Arturo Padilla

Abstract—This article considers the data-driven modeling of a
class of phase-controlled wireless power transfer (WPT) systems,
where the load may vary slowly with respect to time. The dominant
mode analysis suggests that a model of the Hammerstein type,
which consists of a static nonlinearity function, followed by a linear
time-varying model with a pure time delay, is the best structure to
describe the input—output relationship of the system. On this basis,
we derive a small-signal model that is linear in the variables in order
to aid control design and allow the associated model parameters to
be estimated from sampled input-output data using the standard
refined instrumental variable (RIV) method. In the presence of
a time-varying load, however, the plant model parameters may
not be correctly estimated if the load response is not removed.
In order to address this problem, a new recursive RIV method
is proposed, in which an effective technique is introduced to track
the load response, so allowing the parameters and time delay of the
time-varying model to be accurately estimated. The effectiveness of
the proposed method is verified by applying it to both a simulation
model and a laboratory system.

Index Terms—Data-driven modeling, recursive estimation,
system identification, time delay, time-varying parameter, wireless
power transfer (WPT).

I. INTRODUCTION

IRELESS power transfer (WPT) based on magnetic res-
W onance coupling was pioneered by Tesla a century ago.
The recent years have witnessed a surge of WPT in many real-
world applications ranging from consumer electronics, biomed-
ical engineering, to electric vehicles [1]-[3], especially since
the time that Kurs ez al. [4] reported their success in transferring
60 W with 40% efficiency when the distance between the sending
and receiving resonators was over 2 meters. The removal of
physical contact greatly improves the mobility, security, and
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reliability of power transfer but, at the same time, brings new
challenges for effective operations of the system. One challenge
can be the time-varying parameters that originate from the vari-
ation in the magnetic coupling [5] or in the load resistance [6],
[7]. Such variation normally forces the output voltage/current
of the system to change, even if the control variable remains
constant during this process. This unexpected output fluctuation
may have damaging effects on the converter or for the load.
Consequently, the system should be operated with feedback
control for both safety and economic reasons. To this end, an
accurate model that characterizes the time-varying input—output
behavior of the system would be extremely useful for control
design and performance optimization.

This article focuses on the analysis of WPT systems with
a time-varying load, as sketched in Fig. 1. Systems of this
type are frequently encountered in real-life applications and
one, amongst these, is the wireless charger for electric vehi-
cles (see Fig. 2), where the battery resistance can vary with
respect to time during the charging process. There are already
a few papers investigating the load-independent output feature
of such systems. In [8], the selection of appropriate driving fre-
quencies to achieve maximum efficiency and load-independent
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voltage transfer ratio, was analyzed under the series—series and
series—parallel secondary compensations. However, this paper
only considered constant voltage (CV) charging and omitted
consideration of constant current (CC) charging. In order to
take the latter into account, a new WPT charger incorporating
a reconfigurable, hybrid secondary compensation network was
proposed in [9]. Both load-independent CV and CC charg-
ing can be achieved by configuration of the extra switches.
More recently, a much simpler, series—series topology was pro-
posed [7], where load-independent CV and CC outputs were
achieved using an additional intermediate coil. However, all the
above-mentioned methods achieve load-independent outputs via
circuit topology design in the open loop. Closed-loop control has
attracted little attention, perhaps due to the lack of an accurate
model, especially a model that includes the time delay caused by
the wireless communication link which, if it is not accounted for,
would impair the feedback performance. The aim of the present
paper is, therefore, to aid feedback control system design by
deriving a method that is able to accurately estimate the control
model parameters and time delay of a WPT system.

There are basically two groups of methods for inferring mod-
els of WPT systems: the circuit theory-based modeling method,
and the data-driven modeling method [10]. The former has been
well known and so cannot be over emphasized: the resulting
models are physically meaningful, since they are derived from
physical laws that are known to govern the system. However,
the complication of the model structure, as well as the absence
of time delay estimation, means that it is not the best choice for
control design. Furthermore, it is worth noting that the circuit
theory-based method requires a priori knowledge of the circuit
topology and component parameters that may be difficult to
acquire in practical applications. By contrast, the data-driven
method adopts low-order, gray- or black-box models with time
delay to describe the system; models that are very simple but can
provide an accurate description of the system within the defined
operating range [11]-[13]. Moreover, the related data-based
mechanistic approach to modeling [12] that we utilize includes
the requirement that the data-driven models should be explained
in physically meaningful terms that relate to the circuit theory-
based models. In such data-driven modeling, the model structure
and parameters are identified, based on sampled input—output
data, by minimizing the chosen performance criteria. In this re-
gard, the data-driven method is obviously a better choice for con-
trol engineering applications, where the sampled input—output
data are very easy to obtain. Such an approach has been attracting
increasing attention in power electronics [6], [14]-[16].

In our previous work [10], we have addressed the problem
of how to infer linear time-invariant, small-signal models for
a class of series—series compensated, phase-controlled WPT
systems from sampled input—output data. This article extends the
research in [10] and focuses on the data-driven modeling of WPT
systems with a resistive, slowly time-varying load (see also [6],
[7] for related applications). A dominant mode analysis [17] is
first conducted to determine the most important dynamics of the
WPT system and, on this basis, we investigate how it can be mod-
eled in the simplest manner. It is shown that a Hammerstein-type
model, consisting of a static nonlinearity followed by a linear
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time-varying model plus a pure time delay, is the best structure
because it is able to cope with the issues related to WPT, such
as the nonlinearity of the inverter, time-varying loads, and time
delays during power processing. Subsequently, this nonlinear
model is linearized at the set point in order to obtain a linear
time-varying model, which is a better form for control design.
While this improves the explanatory ability of the model, the
parameter estimation problem is more challenging because of
the time-varying load. This not only requires the estimation of
time-varying parameters, but it also makes it necessary to track
and eliminate the load response caused by load variation. To
this end, based on our recent work [18], a new recursive refined
instrumental variable (RIV) method is proposed for continuous-
time (CT) systems, in which an effective technique is introduced
to track and remove the time-varying load response, so allowing
the parameters and time delay of the time-varying model to be
estimated accurately. The proposed recursive method can be
applied in the off-line fashion when a batch of data is available,
or in the on-line fashion where the model is updated every time
new measurements become available.

The rest of this article is structured as follows. Section II
analyzes the dominant mode of the WPT system and derives
a parsimonious model to describe the most essential behavior
of the system. Section III presents a method to estimate the
model parameters and time delay from sampled input—output
data. Sections IV and V present both numerical and real-data
examples in order to demonstrate the effectiveness of the pro-
posed method. The Appendix presents some details on the digital
implementation of the filtering operation used in the proposed
method. Finally, Section VI concludes this article.

II. WPT SYSTEM AND DOMINANT MODE ANALYSIS

Let us consider a single-input single-output, series—series
compensated WPT system, as shown in Fig. 1. The major
component of this system is a pair of loosely coupled coils ¢
and Lo, where loosely means that the mutual inductance M is
small while the leakage inductances are large. However, the large
impedance caused by the leakage inductances hinders significant
power transfer through the two coils, so capacitors C; and Cs
are connected in series with each coil, in order to compensate
for these leakage inductances. This is the so-called series—series
compensation strategy, the prominent merit of which is that
the choice of compensating capacitors is independent of the
load [19], [20]. Therefore, by inverting the dc supply voltage
V4 to an ac voltage v; of appropriate frequency, the resonant
tank can be operated at the resonant mode, so minimizing the
impedances and allowing for effective power transfer. Finally,
the voltage at the receiver side, denoted as vo, is rectified and
smoothed to yield the dc output voltage V.

If all of the component parameters in the circuit are known,
a model of the WPT system can be derived based on the circuit
theory (i.e., Kirchoff’s laws and dg decomposition). However,
due to the numerous components in the circuit, and the mixture
of ac and dc signals in analysis, the resulting model obtained
by this circuit theory-based method is of quite high order, e.g.,
order 9, as shown in [10]. However, data-based dominant mode
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Fig. 3.  Full-bridge inverter and resonant tank. vi2 = Mdia/dt and vo1 =
Mdiy /dt are controlled voltage sources to replace the coupling effect. (a)
Circuit diagram. (b) Equivalent circuit.
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Fig. 4. Signals generated in the full-bridge inverter.

analysis [17] suggests that this model can be emulated by simpler
models that are more appropriate for control system design, as
discussed in Section II-E. Before this, however, we analyze the
dominant physical mechanism of the WPT system from a circuit
theory standpoint, and investigate how this can be modeled in
the simplest manner. Note that the data shown in the later Figs. 5,
7,9, and 10 are generated using the Simscape model presented
in Section IV.

A. Inverter

A full-bridge inverter [see Fig. 3(a)] is adopted to invert the
dc supply voltage V; to a high-frequency ac voltage v4, i.e.,
the difference between the output voltages of the switching legs
v, and vy, which denote, respectively, the voltages at points
A and B, in Fig. 3(a). The control variable, denoted by I, is
the phase shift between the leading leg (S; and S3) and the
lagging leg (S3 and Sy) [21]-[23]. As the inverter output vq
is generated via pulse width modulation (PWM), which is by
nature a square wave, the full-bridge inverter, together with the
dc voltage source, can be replaced by a square wave voltage
source if the switches are considered as ideal [see Fig. 3(b) for the
equivalent circuit, and Fig. 4 for the signal waveforms generated
in the inverter]. The resonant tank is highly frequency selective,
allowing only the first harmonic of v; to pass through (see [24],
[25]), so it suffices to approximate vy by its first harmonic, as
follows:

U1 = Va — Vb
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where w; is the driving frequency. Clearly, the full-bridge in-

verter introduces a static nonlinearity f(I") in the modulation

envelope of vy

F(I) = cos (g) . )

Note that f(I) is a static function that acts instantaneously to
the change of I" and, therefore, does not affect the low-frequency
behavior of the system.

B. Resonant Tank

The resonant tank has an equivalent circuit shown in Fig. 3(b),
where 71 and R, are, respectively, the equivalent series resis-
tances of the transmitter and receiver resonators, and the mutual
inductance M has been replaced by two controlled voltage
sources v12 and vo7. The two resonators should have the same
design parameters; and they should be operated at the resonant
state in order to eliminate the reactive power, as required for
effective power transfer. The driving frequency of the inverter
(in rad/s) is then selected as [24]

1 1
VI.C:  JI03

At this frequency, the effects of the inductor and capacitor are
canceled, i.e.,

3)

wWg =

e +iw,L; =0, j=1or2 )

where 1> = —1. Therefore, the resonant tank can be considered

as a transformer with perfect coupling, so that the following
equations are able to characterize its behavior:

®)

ilRl + MpZQ =V
Mpiy + iQ(RQ +R)=0

where p = d/dt is the differential operator. Once i has been
obtained from the solution of the above equation, the output
voltage vs is obtained as

M Rp "
M2p2 —R{(Ry + R) "

(6)

(%) :igR:

The above model can help us investigate the properties of the
resonant tank. For example, when R; and R, are very small
(i.e., the power losses caused by coils are negligible, which is
true in a high efficiency power converter), we have

. R
nggio vg = val (7
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Rectifier and dominant mode. (a) Circuit diagram. (b) Equivalent

showing that v5 is an integrated version of v;. Thus, at the limit
of Ry, Ry — 0, vy has a 0.57-rad phase lag compared with vy,
as evidenced in Fig. 5. Since the system is operated at a very
high frequency in order to reduce the size of coupled coils, it is
not hard to see that this phase lag only introduces a negligible
input—output delay, so that the modulation envelope of vy can
track the variation of I" very quickly (see the next subsection for
some numerical results).

C. Rectifier and Output Filter

The last stage of the system consists of a rectifier, required to
invert the negative half-cycles of vs and 5 to positive; and an
output capacitor C'y, to smooth the dc output voltage V,,. Due
to the absence of reactive components in the rectifier, the ac—dc
conversion is completed instantaneously and does not affect the
low-frequency behavior of the system. Bearing this in mind, the
rectifier can be replaced by a dc current source I, [see Fig. 6(b)].

On the other hand, a large C'; is always used to smooth the
ripples in V. In view of this, the C'y and R in parallel constitutes
the dominant mode that characterizes the low-frequency behav-
ior of the system. Fig. 7 illustrates how C'; affects the transients
of the signals generated in the circuit. When C/ is small (i.e.,
10 uF), the transient behavior of V,, as well as the modulation
envelope of v, tracks quickly the step change of I': see the top
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Fig.8. Block diagram of the WPT system, where H (p) is the transfer function
of the resonant tank.

and bottom panels of Fig. 7. The fast response also confirms our
initial guess about the fast dynamics of the resonant tank in the
previous subsection. By contrast, when the larger C'y = 300 uF
is used, these transients slow down drastically, which validates
the correctness of our dominant mode analysis: see the middle
and bottom panels of Fig. 7.

By simple circuit analysis, it is easy to obtain a linear transfer
function that relates V,, and I,

_ v
Cp+1/(CrR)T

Furthermore, if the high-frequency circuit (i.e., the block ‘PWM
Modem’ in Fig. 8) is treated as a static gain K, the relationship
between V,, and I" can be described by the following Hammer-
stein nonlinear model:

Vo - Go(p)Ir (8)

Vo= KGo(p)f(I') (C))

where f(I") is the input nonlinearity function defined in (2).
For control system design, the above nonlinear model is always
linearized at the set point to yield the small-signal linear model.
Let us decompose the input and output signals as follows:

Vo=Vo+uv, '=T+7~ (10)

where the capital letters with an overline V,, and I’ are the static
points, whereas the lowercase letters v, and -y are the variations



12446

10 T
Time-Varying Load

8 | Constant Load b
S
Z 6+ 1
~

4r \ 1

2 I I

250 T
Output Under Time-Varying Load
200 7 TN | Output Under Constant Load 1
S
‘; 150 b
BN
100 - b

50 I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time (s)

Fig. 9. Comparison of the output responses generated using the Simscape
model under a constant load and a time-varying load, with I" = 0.87 rad. Top—
Load resistance R. Bottom—Output voltage V.

around these static points. Then, the linearization of f(I") in (9)
leads to the small-signal model

Vo = KGo(p)

)

D. Time-Varying Load

In general, the effects of a time-varying load are twofold: on
the one hand, the output variation v, in (11) will be the total
response to the load variation 7 and the input variation +y; on the
other hand, the parameters of the transfer function G, (p) will
be time varying, due to the dependence on R, as shown in (8).
As an example, Fig. 9 compares the output voltages of a system
with a time-varying load and a constant load, where I' = 0.87
rad remains fixed in both cases. It shows that the constant load
yields a constant output, while the time-varying load forces the
output voltage to change, even if /" remains constant during
this process. Consequently, the load variation is clearly another
source of excitation and, accordingly, the small-signal model
(11) should be extended to include the load variation as a new
input.

Fig. 9 also shows that V,, has almost the same variation in trend
as R, provided that R varies at a relatively slow rate compared
with the system dynamics. In view of this, it is reasonable to
model the load response variation, v,-, by a memoryless function
of the load variation, 7, i.e.,

vp=co+cir+ - F e (12)
where cy, ..., ¢, are constant coefficients and 7. is a positive
integer. With this in mind, the small-signal model (11) is then
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extended to the following form:

v, = G(p)
v =co+Cir 4 e

13)

Vo = Uy + Up

in which G(p) is a linear transfer function for the plant, and
vy is the input response resulting from the input variation ~.
An example of the signals in (13) is shown in Fig. 10, where
the bottom panel illustrates the time-varying nature of the plant
model.

E. Model Formulation

There is still a lack of effective circuit theory-based methods
to accurately determine the parameters of the conceptual model
(13). To solve this problem, a simpler, data-driven approach will
be developed to estimate these, based on sampled input—output
data. Before this, it is assumed that the measured input is noise
free

Ul(tr) = I'(t) (14)

which holds true in control engineering applications because
the control variable is generated by the controller. The noisy
measurements of the output voltage V,, and current I, data are
available in the form

Y (tr) = Vo(te) + e(tr)
Z(ty) = Io(te) + s(tx)

where ¢, = k7T is the sampling instant, with 7" the sampling pe-
riodand k € NT; while {e(tx)} and {c(t)} are two zero-mean,
uncorrelated, measurement noise sequences. The load resistance
is then estimated from Y (¢x) and Z(¢x) as

R(ty) =Y (tr)/ Z (tx).

(15a)
(15b)

(16)
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Fig. 11.  Block diagram of the data-driven model (18).

Moreover, following (10) to compute the small signals y(ty),
u(tk), and T(tk)

y(te) =Y (ty) Y (17a)
u(tk) = U(tk) -U (17b)
r(ty) = R(ty) — R (17¢)

then (13) can be reformulated in terms of the three signals (see
also Fig. 11 for a block diagram of this model), i.e.,

2y (t) = G(p,t,0)u(t — 1) = mu(t —7)
zp(t) = C(r,t,m) (18)
y(te) = @y (tr) + 20 (tr) + e(ty)

in which 7 is a pure time delay to account for the total time
lag in the circuit; B(p,t,60) and A(p,t,0) are the following
polynomials:

B(p7 tv 0) = bO(t)pnb + bl (t)pnb71 +oF bnb (t)
A(p,t,0) = p" +ay()p™ "t + - 4 an, (1)

(19a)
(19b)

where 8 = [a1(t),...,an, (t),bo(t),...,bn,(t)]" is a vector of
the unknown time-varying parameters; n, and ny (n, > np) are
polynomial degrees; C'(r,t,n) is a polynomial defined by

C(r,it,n) =co+crr(t) + -+ ¢, " (¢) (20)

.y¢n,|" is a vector of unknown constant

and 1 = [co, c1, - .
coefficients.

The degrees n, and n; are selected according to the state of
the system operation: if the system is operated at the resonant
state, the PWM modem in Fig. 8 can be viewed as a static gain
and a first-order model is sufficient to accurately describe the
system, i.e, n, = 1 and n, = 0, as analyzed in Section II-C.
Alternatively, if the system is operated above the resonant state in
order to achieve zero-voltage switchings, the resonant tank will
be slightly inductive, so a higher-order model can be adopted
to capture these additional dynamics. Experience shows that
ng = 2and n, = 1 would be enough in most situations. Another
quick way to help model order selection is to check the waveform
of the output response: a second-order model is suggested if an
obvious oscillation exists in the output response; otherwise, a
first-order model is preferred. Moreover, the selection of . does
not seem critical provided the load is slowly time varying—a
small value n. = 1 or 2 will normally ensure good performance
in load response tracking.
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E Objective

Let us make the following assumptions:

A1 Forevery time instant ¢, B(p, t, 0) and A(p, t, 8) have no
common factors; all roots of A(p,t,0) are located in the
left-half plane;

Ny, Ny, and n. are known,;

The CT input u(t) is generated from a discrete-time (DT)
sequence {u(tx)} via a hold device; it is designed to be
uncorrelated with r(t), and is sufficiently informative to
ensure the identifiability of the plant model;

A4 r(t) is slowly time varying.

The objective of this paper is to recursively estimate the
parameters in @ and 7, as well as the time delay 7, from the
sampled input-output data {y(t,), u(ts), r(t;)}5_,, where k is
the number of samples, which increases by one with every
recursion.

A2
A3

III. PROPOSED METHOD

Consider the following output error minimization problem:

k
A 1 5
0,7,1m = arg gnT11717 5 ;:1 e*(ty) (21a)
E(tg) = y(tg) — xy(te) — @, (tg) (21b)

where () is the output error at the /th sampling instant. Since
u(t) and r(t) are uncorrelated with each other (see assumption
A3), the estimation error covariance between {6, 7} and 7 is
zero, so allowing an iterative, pseudo-linear regression [12]
procedure for estimation, where {6, 7} and 7 are estimated in a
reciprocal manner.

A. Plant Model Parameter Estimation

For clarity of exposition, let us write y,(tx) = y(tr) —
2, (tr). When m is tentatively known and fixed, (21b) can be
written in filtered linear regression form

e(tr) = yulte) — zu(tr)

B(p,tx,0)

A1, 0) tk,B)u(tk -7)

= Yu(tr) —

- m [A(p, i, O)yu(tk) - B(p, tk,e)u(tk _ 7-)]

— 5 (1) — &' (t4)8

where (o) denotes the filtered version of (e) using the filter

(22)

F(p,ty,0) = m (23)
and (}T(tk) is the filtered regression vector
¢ () = =gVt —Tulte),
"ty — 1), alte — 7). (24)

Note that the filtering operation outlined in (23) cannot be imple-
mented directly because 6 is not known a priori. Therefore, the
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following approximation is used in the practical implementation:

1

F(p,t,0") = A, ir,0)

(25)
where, (o*) denotes an initial guess of (e). More details of this
filtering operation are presented in the Appendix.

Based on (22), the instrumental variable estimation problem
is formulated as [26]

2

ﬂ = arg%nn Z [?( )] {ﬂ&n“)(té) - &’T(tf)e}

_ (t) )
(26a)
. T
f(tz) [8%(1&@) ’ 3%@@)] (26b)
£(te) 00 or 0=0" r=7

where ¢(t;) and £(t;) are noise-free instruments to be used for
obtaining statistically consistent estimates of @ and 7.

1) Estimation of 6: In order to allow for time-varying pa-
rameter estimation, 0 (¢ ) is modeled as a random walk process,
leading to the following state-space model [12], [18]:

e(tk+1) = O(tk) + W(tk)

~(Mg ~T

G () = @ (t1)0(tx) + e(ty)
where w(ty) is an i.i.d., zero-mean, white noise with Gaussian

amplitude distribution. Following (26b), the instrument is cho-
sen as

27

& (tn) = |20V (t), o —Fulty),
a0 (b — ), .ty — r*)} (28)
where  Z,(tx) = F(p, t, 0°)G(p, t, 0 )u(ty — 7). Recall

that the en bloc RIV solution of @ from (26a) can be written in
the incremental form [27]

ko -1y
O(tr) = [Z gb(te)(f(te)] Zgb(te)ﬂgn“)(te)

Then, letting 0" < O(t;_1) and 7 < 7(t;_1), the Kalman
filter-based, recursive RIV implementation of (29) is summa-
rized as (see also [18])

Prediction Step:

O(teltr1) = O(ty_1) (30a)
Py(trlti—1) = Po(tr—1) + Qo.nvr (30b)
Correction Step:
O(tr) = O(txltr1) + Lo(ty)e(ty) (30c)
e(ti) = 40 (t) — & (t)B(trlte)  (30d)
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Po(telty 1) (tk)A
L+ (t0)Paltilte1)B(tr)

Po(t) = [T = Lo(t)$' (t)] Po(telts1).

In the above equation, (g . iS a user-specified noise-
variance ratio (NVR) matrix: Qg nyr = Puy/ crg, where P,, and
o2 are the covariance matrix of w(t;) and the variance of
e(tr), respectively. Also, the error covariance matrix Py (%)
used in the above equation is a normalized version, where Ug
is removed from the expression for computational purposes but
is restored for evaluation of the covariance matrix, as well as
the related standard errors on the parameter estimates [12], [18].
Qo nvr allows the user to choose between the tracking ability
and uncertainty: when Qg ., is large, the algorithm can track
faster the time-varying parameters, but the price to be paid is
higher uncertainties on the parameter estimates; on the other
hand, a small Qg .+ would be helpful to reduce the estimation
uncertainties but, at the same time, it usually slows down the
tracking rate.

2) Estimation of T: Substitution of §(t;,) into (22) yields

E(te) = 50 (t) — & (1)),

Unfortunately, the nonlinear dependence between £(¢;) and T
impedes the estimation of the time delay through a procedure
that is similar to (30). Therefore, £(¢x) should be linearized at
an initial guess 7* in order to obtain a linear-in-the-parameter
formulation

Lg (tk) = (306)

(30f)

€29

E(tr) m E(te, T7) — E(te, TN (T — T7) (32)
where £ (¢, 7*)

) = &(t)|r—r and £(ty,) = —0&(ty)/Or. For the
derivation of £(ty), the following are the partial derivatives of
the terms defined in (24), (30c)—(30e), with respect to 7:

09 (tx) _ [ 05" Vty)  Ogulty)
or or Y or ’
o™ (ty, — 1) du(ty — 1)
_ {0, 0, @D () e (g, — T)}
(33a)
~T
aga(ik) - ‘aqbafk)@(tkltk,l) (33b)
OLe(tr) Po(tilti_1)$(t)
_ i S—
T 1+ Pt el
~T
. &ﬁTitk)Pe(tkﬁkq)&b(tk)
Lol ) 1,4 (30
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= —Lg(tk)&i)aif_tk) [Lg(tk)é(tk) + é(tkltk—l)
_ Lg(tk)émﬁTf_tk)é(tk). (33d)

Note that, in the derivation of thAe above relations, we have
used the fact that the instrument ¢(t)), the filtered derivative
g&”a) (tx), and all signals before ¢, are independent of 7. Then,
the analytical expression for £(¢) is readily obtained as
_0&(tk)

or

591) 0 (tk) oF 00(ty,)
5, o W+ e (1) 57

ad)@itk) 0(tx)

E(ty) =

~T
= [1 — & (tr)Le(ty) (34)
where the new term we need to compute is 8&)T(tk) /0T, while
the others are available from (30). Then, following (26b) to
choose the instrument

E(tr) = —pG(p,ta, 0 )ultr — 7) (35)
the en bloc solution of 7 from (26a) is given by
ko “1g
Ftr) =7+ > g(te)g(tz)l > &t (36)
=1 =1

Once again, as in (27), 7 is modeled as a random walk process in
order to track the parameter variation: i.e., 7(ty+1) = 7(tx) +
€(tr), where €(ty) is white noise. Letting 7 < 7(¢;_1), the
recursive implementation of (36) is as follows:

Prediction Step:

7(tlte-1) = 7(tr-1) (37a)
PT (tk|tk71) P (tkfl) + QT,I]VI" (37b)
Correction Step:

T(tr) = T(tklte—1) + Lo (tx)€(tr) (37¢)
E(te) = 1) (t) — & (t)B(tx) (37d)
Lo () = NPT (tr|tr—1)€(tx) 2 (37e)

L+ &7 (te) Pr(treltr—1)€ (k)
Po(ty) = |1 - LT(tk)éT(tk)}  (teltrr) (371)

where Q) vy is a scalar NVR, again to be specified by the user.

B. Load Response Estimation

Once O(t},) and 7(t;) have been estimated and defining
Yr(tr) = y(tg) — x4 (L), then (21b) can be written as

e(tr) = yr(te) — 2 (tk) = yr(ti) — %' (te)7 (38)
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Algorithm 1
Input:
1) Sampled data: {y(t), u(tr), 7(tx) }_,;
2) Polynomial degrees: n,, ny, ne;
3) Noise variance ratios: Qg nvr; Q@+ nvr;
4) Number of training data and number of iterations:

NO7 NiteAr;
Output: {8(t),), 7(tx), n(tr) } 1y
Yr(tk) < y(te)s
compute (¢ ) in (38);
Py, = [Ca2y () ()] 75
for j < 1 to Njte, do
Mo <= Py Sonsy 9 (t)yr (t4);
compute x,.(ty) in (18);
Yu(tr) < y(tn) — zp(te);
estimate {6, Py, } and {7, P,, } from
{yu(tr), u(ty)} .2, using an iterative identification
method such as the one in [26];
9 compute 2, (ty) in (18);
10 Yr(te) < y(tr) — zu(tr)s
11 end
12 for k + 1to N do
13 estimate {0(ty,), Po(t)}, {7(tx), Pr(t)}, and

{n(tr), Py(tr)} using (30), (37), and (39),
respectively;

0 NN R WD

14 end

where 9 ' (t,) = [1,7(t), ..., 7™ (t)]. Since 7 is a vector of
constant coefficients, it can be estimated via the conventional
recursive least-squares (RLS) method

’f](tk) = ’f](tk,ﬁ + Ln(tk)i;'(tk> (39a)
e(tr) = yr(tr) — " (te)A(te-1) (39b)
_ Py (tr—1)9(tr)
Enlte) = T () Pt ) 0) (3%
Py(te) = [I = Lyy(ti)e " (ti)] Py(te-1). (39d)

Note that a theoretically more correct way to estimate the load
response would be the errors-in-variables (EIV) approach [28],
since both the input 7 (¢x ) and output y,.(¢,) are noisy, as defined
in (15). However, with the proposed RLS algorithm (39), the
results have been found to be acceptable because of the low noise
level in these signals and, hence, the EIV approach will not be
introduced here. The interested reader should consult [28], [29]
for more details.

C. Complete Algorithm

The recursive estimation method described in the previous
sections requires initial parameter values, the associated estima-
tion error covariance matrices and the NVR hyper-parameters
in Qg nvr and Q- nyr. The iterative RIV-based routines from the
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Fig. 12.  Simscape diagram.

TABLE I
MAIN PARAMETERS OF THE SIMULATION DIAGRAM IN Fig. 12

Parameter ~ Explanation Value
Ch Capacitance of the sending resonator 117 nF
Ca Capacitance of the receiving resonator 117 nF
Cy Capacitance of the output filter 300 pF
fs Driving frequency of the inverter 80 kHz
Ly Inductance of the sending resonator 34 uH
Lo Inductance of the receiving resonator 34 uH
M Mutual inductance between L1 and Lo 7.33 pH
Ry Equivalent resistance of the L, C7 branch 39 mS)
Ro Equivalent resistance of the Lo, C'2 branch 39 mf)
R On-state resistance of the switches and diodes 12.6 mQ2
T Time delay 1 ms

Vy Voltage of the dc source 400 V
Wi Forward voltage of the diodes 05V

CONTSID and CAPTAIN toolboxes' can be used to aid these
specifications by generating initial values, based on applying
these routines to a training data set; see also [26], [27]. The
complete algorithm is summarized in Algorithm 1.

IV. NUMERICAL EXAMPLE

This section describes a simulation example, using a Sim-
scape model in MATLAB, that verifies the effectiveness of the
proposed method: see Fig. 12 for the Simscape diagram, and
Table I for the main parameters.

A. Data Acquisition

For these simulation studies, the true time-varying load resis-
tance (in §2) was specified as

R(t) = 5+ 3sin(27t/1.024). (40)

The phase U (t) was redefined in the ‘normalized phase’ sense,
which took values in [0 1], so the actual phase should be
U(t) - 180° or U(t) - 7 rad. In order to persistently excite the
system, U (t) was chosen as a pseudo-random binary sequence
(PRBS) generated from a 10-stage shift register with clock pe-
riod 3 ms, and its amplitude switched between 0.8 and 0.82. The
input—output signals were observed for N = 30720 samples, at
the period 7' = 0.1 ms. The measurements Y (¢;) and Z(tx)

IThe CONTSID toolbox is available free through the link http://www.cran.
univ-lorraine.fr/contsid/; the CAPTAIN toolbox is available free through the link
http://wp.lancs.ac.uk/captaintoolbox/.
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Fig. 13.  Portion of simulated input—output data used for parameter estimation.

were corrupted by DT white noises of variance 0.28 and 0.0001,
respectively.

The static value for each signal was retrieved from sampled
data as follows:

U =E{U(t;)} = 0.81 (41a)
Y =E{Y(t;)} = 1255V (41b)
R=E{R(tr)} = 4.999 Q (41c)

where R(ty) =Y (tx)/Z(tx). Then, u(ty), y(tx), and r(tx)
were computed according to (17) as the perturbational dynami-
cal data used for parameter estimation: see Fig. 13 for a snapshot
of these data. As regards the inter-sample behavior, it is assumed,
in this and next sections, that u(t;) is zero-order hold (ZOH),
and that y(ty,) is first-order hold (FOH).

B. Estimation Results

As can be seen from the bottom panel of Fig. 13, there is
no obvious oscillation in the output response, even if u(t) has
numerous sharp steps, indicating that the system was operating at
the resonant state. Then, according to the guidelines presented
in the last paragraph of Section II-E, the model degrees were
selectedasn, = 1,n, = 0,and n. = 2, leading to the following
model:

= —7) = 71)0@) u(t —7
2o(t) = C(r,t,m) = co + e1r(t) + ear®() (42)
y(te) = wu(te) + o, (tk) + e(tr).

The initial parameters, as well as the error covariance matrices,
were computed using the first 11 steps of Algorithm 1 based
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Parameter estimates for the model (42) generated by the analytical

method [10] and the proposed data-driven method.

on the first Ny = 3000 data (the iteration number was set to

Niter = 5)

7o~ (1.0-107%,6.3- 10" ')

0y ~ ,
0 ([—4.3.1051 [—1.1-104

488.0

—0.87] [ 4.9
no~ || 240 |, |57
0.12 1.4

9.1-10°

—5.7
8.7
—24

(43a)
—1.1-10*
0 (43b)
17.0
1.4
—2.41(-1073 (43c)
0.69

However, there is still a lack of efficient methods to determine
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Fig. 15.  Decomposition of y(t) into () and y,, (t). The latter two signals

are defined in (45) and (46), respectively.

Q6 nvr and Q1 vy for CT models,? so this was achieved by trial
and error, where it was found that the following values worked
well:

200 0

Qﬂ,nvr -

(44)

~12
0 5 00 ) QT,I’]VI‘ 10 .
For comparison, the analytical modeling method in [10] (a
circuit theory-based method) was applied to build a small-signal
model using the true parameters listed in Table I, and the load
in (40). Initially, this method yielded a model of order 9, which
was then reduced to first-order model using a model reduction
technique (see Section IV of [10] for more details). Note that
the resulting first-order model (with no time delay) has the same
structure than the first equation in (42). It is computationally
much more demanding to track the time-varying parameters
using this approach than when using the data-based recursive
estimation. This is because the computation has to be repeated
ateach sampling instant, leading to a total number of N = 30720
runs. The parameter estimates for the plant model of (42) yielded
by the analytical and data-driven methods are plotted in Fig. 14,
showing that the estimated a4 (¢)’s coincide very well while, in

2Note that such routines, based on ‘prediction error decomposition’ [12] have
been developed for DT models and are available in the CAPTAIN toolbox. A
similar approach could be developed and used here.
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Fig. 16.  Validation of the estimated model outputs using simulation data.

the case of BO (t), they have the same variation in trend, but there
is a small difference in amplitude.

The load response estimated by the proposed data-driven
method is given by

z,(tp) = —0.9058 + 24.597(t;) + 0.07823r2(tx)  (45)
which can be subtracted from y(ty), to yield
Yu(te) = y(tr) — o, (). (46)

The signals x,(t;) and y,(t;) obtained in this manner are
shown in Fig. 15; while Fig. 16 compares the outputs of the
data-driven and analytical models with y,, (% ). The models are
also compared by reference to the performance index

C lyulte) = ys ()13
”yu(tk) - E{yu(tk)}”%

R% =1 (47)
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TABLE II
COMPARISON OF PERFORMANCE INDEXES USING SIMULATION DATA

Method R% Computing time
Data-driven modeling  0.9735 12.13 s
Analytical modeling  0.9736 616.2 s

Coupled
CompactRIO

Compensating
Capacitor

Fig. 17.

Experimental apparatus.

where ys(tx) is the simulated output of the estimated time-
varying parameter model.

Note that the analytical method is not able to estimate the
time delay, so the true delay 7 = 1 ms was used to simulate the
model output. The RZ ratios of the estimated models, as well
as the computation times for the model estimation, are listed in
Table II, showing that the two methods are identically accurate
(R% ~ 0.974), but that the analytical method is much more time
consuming (612.6 s) than the data-driven method (12.13 s). Of
course, the computing time can be further reduced if C language
is used for implementation (at least 50 times faster than the
MATLAB language, from the authors’ experience).

V. EXPERIMENTAL VALIDATION

Evaluation of the proposed method has also been based on
the experimental data generated from the laboratory system
shown in Fig. 17, where the measurement and control were
accomplished using a National Instruments (NI) CompactRIO
system consisting of an NI cRIO-9030 CPU module, an NI-9401
digital module, and an NI-9201 analog module. The two planar
coils have the same design parameters (see also Fig. 18 for the
geometrical shape and coil placement): they are made of Litz
wire with 1200 strands to alleviate the skin effects, and the
diameter of each strand is 0.01 mm; the inner diameter of the coil
is 12 cm and outer diameter is 17 cm; and they are axially aligned,
with the gap distance being 11 cm. The compensating capacitor
bank for each coil is composed of five 6.8-nF and four 1-nF
capacitors, connected in parallel. The full-bridge inverter con-
tains four CSD19534 N-channel MOSFETs fabricated by Texas
Instruments, while the rectifier is made of four SS34 Schottky
diodes. In order to enhance its filtering performance, the output
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Fig. 18. Geometrical size and and placement of coupled coils.

TABLE III
MAIN PARAMETERS OF THE EXPERIMENTAL APPARATUS IN Fig. 17

Parameter ~ Explanation Value

Ch Capacitance of the sending resonator 38.59 nF
Co Capacitance of the receiving resonator 37.76 nF
Cy Capacitance of the output filter 471.2 uF
fs Driving frequency of the inverter 80 kHz
Ly Inductance of the sending resonator 104.4 uH
Lo Inductance of the receiving resonator 104.3 pH
M Mutual inductance between L1 and Lo 8.83 uH
Ry Equivalent resistance of the Ly, C'i branch 161.1 m$)
Ro Equivalent resistance of the Lo, Co branch 162.4 mQ
Rs On-state resistance of the switches and diodes 12.6 m§2
Va Voltage of the dc source 7V

Vi Forward voltage of the diodes 05V

capacitor bank consists of three types of capacitors, including a
470-pF electrolytic capacitor, a 1-uF polypropylene capacitor,
and two 100-nF ceramic capacitors. The main parameters of the
transmitter and receiver resonators, as measured by a Keysight
E4980AL LCR meter at 80 kHz, are shown in Table III.

A. Data Acquisition

The input U(t) was selected as a PRBS generated from a
9-stage shift register at a clock period of 3 ms, with its amplitude
switching between 0.44 and 0.56. The load on the system was
a resistor whose resistance could be adjusted by hand in the
range [0 5] 2. The phase, load voltage, and load current were
observed atthe time instant ¢, = k7', where ' = 0.1 msand k& =
1,...,15360. Again, the static point of each signal, estimated
as the mean value of the measured data, is as follows:

U=FE{U(t)} =0.5 (48a)
Y =E{Y(t;)} =3.263V (48b)
R=E{R(t)} = 3.517 Q. (48¢)

The dynamical data u(ty), y(tx), and 7(t) used for model
estimation were obtained according to (17), as shown in Fig. 19.
It is interesting to see that the real experimental data are quite
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Fig. 19. Experimental data used for parameter estimation.

noisy, because the MOSFETS are not ideal devices and the parasitic
oscillation during the MOSFET switchings have induced these
high voltage spikes. These spikes do not have zero mean value,
unlike the additive noise assumed in the previous simulation ex-
ample, so they will create substantial distortions in data that will
naturally lead to a degradation in the accuracy in the estimated
model.

B. Estimation Results

The model in equation (42) was used to describe the experi-
mental system and this is reproduced below for convenience:

2y (t) = G(p, t,0)u(t — 1) = ]%u(t —7)
2o(t) = O, t,m) = co + c1r(t) + car(t) (49)
Y(tr) = ulte) + zr(tr) + e(tr).

The initial parameters 79, 8, and 1), and associated covariance
matrices required to initiate the data-driven method, as shown
below, were generated from the first Ny = 3000 data points
following the same procedure outlined in the previous section
(i.e., use of Algorithm 1 with Njie, = 5)

To~ (2.0-1077,6.3-10°%) (50a)
955.0 1.4-105 —4.1-10°

0o ~ ; 50b

0 ([—3.6-1031 [—4.1-105 1.3-1O5D (50b)
0.13] [0.021 0.05 0.027

o~ |111],][005 013 0075|1073 (50¢)
0.11] |0.027 0.075 0.044

The time-varying parameters were then estimated using the
following hyper-parameters:

5 0

51
0 100 Gb

Qe,nvr = [ ] ) Q‘r,nvr = 10712~
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Fig. 21.  Plots of y(t), x,(t), and y,,(¢). The latter two signals are defined in

(52) and (53), respectively.

The recursively estimated time-varying parameter estimates are
shown in Fig. 20. The estimated time delays are quite small,
because the receiver side was directly wired up to CompactRIO
for data acquisition, avoiding communication delays. However,
industrial applications are seldom in this fortunate situation
because data are always transferred to the host computer via
wireless communication, leading to much longer time delays.

The load response estimated by the data-driven method is as
follows:

2, (t) = —0.008394 + 0.8337r(t;) — 0.04788r2(t;) (52)

and, on this basis, the data for model validation was obtained as
(see Fig. 21)

Yu(tr) = y(te) — 2 (t). (53)
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Fig. 22.  Validation of the data-driven model output using experimental data.

TABLE IV
COMPARISON OF PERFORMANCE INDEXES USING EXPERIMENTAL DATA

Method R% Computing time
Data-driven modeling  0.8336 4.336 s
Analytical modeling 0.7695 304 s

Again, the performance index, defined in (47), is computed
based on y,(tx) to evaluate the model quality; see Fig. 22
Table IV, where the time delays were set to zero for the validation
of the analytical model. The results show that the data-driven
method outperforms the analytical method, both in terms of the
RZ ratio (0.8336 vs. 0.7695) and computing time (4.336 s vs.
304 s).

Finally, based on the analysis in this and previous sections,
we are able to summarize the merits of the proposed data-driven
method:

* Ease of use: The rationale of data-driven modeling is to find
amodel in a specified form (here differential equations) that
best describes the system. The structure and parameters of
this model are identified and estimated, based on sampled
data and by reference to the chosen statistical criteria. It
is a standard tool that is applicable to a wide variety of
modeling problems and it can be used with or without
reference to the physical nature of the system. In this paper,
however, we have used a ‘data-based mechanistic’ model-
ing approach (see [12]), where the physical interpretation of
the model is considered essential. This has both improved
the understanding of the resulting model and enhanced con-
fidence in its efficacy when used in practical applications.
In contrast to this, the conventional circuit theory-based
method yields an overly complicated model for applications
such as control system design; and the lack of inherent
time delay estimation means that it is unable to capture
the accurate delay caused by wireless communication. It
also demands accurate information on the circuit topology
and component parameters, which are not all that easy to
obtain, especially for in-service or commercial systems.
These requirements are not necessary in the application of
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the data-driven method and, therefore, it provides a good
complement to the current circuit theory-based modeling
methods.

* Low costs: The proposed method is a recursive estimation
procedure, which needs only a few simple calculations
to update the model parameters when a new observation
becomes available. It is very suitable for scenarios such as
real-time tracking of time-varying model parameters, due
to the light computational burden in each recursion. By
contrast, the analytical method, based on circuit theory, has
to solve a high-dimensional, nonlinear differential equation
whenever a new model is required. This is costly and
not suitable for real-time implementation, especially on a
micro controller, where the computing resource is limited.
This is illustrated by the comparative results presented in
Tables II and IV of the previous sections, which show that
the computing time of the analytical method is at least 50
times larger than that of the data-driven method.

VI. CONCLUSION

This article has addressed the problem of data-driven model-
ing for a class of WPT systems, where the load may vary slowly
with respect to time. A recursive refined instrumental variable
method is proposed for estimating the parameters and time delay
of a linear, time-varying parameter model of the system, as
well as tracking the load response. The resulting parsimonious
model, consisting of a linear time-varying model plus a pure
time delay, has been shown to provide very good explanations
of both simulated and experimental data. In essence, this model
is able to represent well the parameter drifts during usage
and time lags caused by circuit components and the commu-
nication channel. The use of the model in control design and
optimization is a subject of on-going research. Other on-going
research has shown that the parameter variations are probably
state-dependent (see [12] and the prior references therein) and
associated with inherent nonlinearity in the system dynamics
caused by the load variations. An associated state-dependent
parameter nonlinear model then provides a simple, constant
parameter alternative to the time variable parameter model con-
sidered in the present paper.

APPENDIX
SIMULATION OF FILTERED SIGNALS

This section describes the method used for the simulation of
the filtered signals from the sampled data in the presence of
a time delay, as required for the digital implementation of the
proposed method. Consider the following filtering operation:

1
th) = ——u(ty — 7
ylts) A(p, tx, 0) ( )

where t, = kT (k € N T € RT) is the sampling instant, and
A(p, t, ) is the denominator polynomial defined in (19). The
above equation can be expressed in the state-space form

df’zgk) — A(t))@(ty) + Bty)ults — 7)

y(tr) = C(tr)z(tr)

(54)

(55)
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Fig. 23.  Reconstruction of delayed input using ZOH (i.e., the blue line).
where
—a1(tk) —an, (tk)
1 0 0
A(tk) = (563)
0 1 0
T
B(ty) = {1 o] (56b)
C(t) = [0 1} (56¢)

When 7 is not an integer number of sampling periods, the
delayed input is not available from the measured data set, i.e.,
u(ty — 1) ¢ {u(tr)}, so interpolation is necessary in order to
recover it from the neighboring measurements. The most popular
interpolation methods used in control engineering are ZOH and
FOH.

With the ZOH reconstruction shown in Fig. 23, the differential
equation (55) can be solved as

.’B(fk.:,.l) = Ad(tk)m(tk) + Bd,l(tk)u(té)

+Baz(tk)u(tes1)
= Cx(t41)

(57)

Y(trs1)
where ¢ is chosen such that {41 € (tg — 7, lg41 — 7], @1 =
tos1 — (ty — 7), and ao =T — «q; see Fig. 23 for a more

illustrative explanation of the three terms. The sampled data
model matrices take the forms

Ag(ty) = AT (58a)
aq
t) = e VR e\ %do t
By (ty) = eA¢ >a/ A7 4o B(ty) (58b)
0
(e
Bo(ty) = / A7 4o B(ty,). (58¢)
0

In the case of FOH, an integrator is introduced with the time
derivative of u(ty,) as the new input (which becomes ZOH). The
filtered signal can then be computed in the same manner.
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