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Analysis of a Sliding Mode DC–DC Boost Converter
Through LPRS of a Nonlinear Plant

Ayman AlZawaideh , Member, IEEE, and Igor Boiko , Senior Member, IEEE

Abstract—An exact analysis of sliding mode boost converter
dynamics based on the locus of a perturbed relay system (LPRS)
method is presented in this article. An LPRS representation of the
dc–dc boost converter based on a full nonlinear model is developed.
This is a first known attempt to apply the LPRS concept to an
industrial process having a nonlinear model. The frequency and
amplitude of the self-excited oscillations (chattering/ripple) are
analyzed through the LPRS method. The LPRS is also used to
analyze the effect of the propagation of an external disturbance
(fluctuations in the source voltage). It is found that the effect of
source voltage fluctuations on the system dynamics can be at-
tributed to a combination of the effects of amplitude modulation
and input signal propagation. Further, LPRS is used in the design
problem of the dc–dc boost converter prototype to determine the
required controller hysteresis value which ensures the desired op-
erating switching frequency. Simulation and experimental results
are presented to validate and illustrate the theoretical analysis.

Index Terms—Boost converter, frequency domain analysis,
hysteresis band, sliding mode control (SMC), variable structure
system.

I. INTRODUCTION

DC–DC CONVERTERS are used in various industrial ap-
plications due to their high efficiency and fast dynamic

response [1]. Sliding mode control (SMC) entails discontinuous
control action which is appropriate for the ON–OFF operation
of power converters [2], [3]. SMC advantages include robust-
ness and a reduced sensitivity towards parameter variations and
external disturbances [4], [5].

Ideal SMC with infinite switching frequency is not attain-
able in practice because of unmodeled/parasitic system dy-
namics [6]–[8]. Realizing the switching action via an ideal
nonhysteretic relay would result in having a very high uncon-
trollable switching frequency that would depend mainly on the
parameters of the system components [6]–[8]. This leads to
high switching loses and a high electromagnetic interference [9].
Hence, the switching frequency has to be controlled in practical
implementation of SMC dc–dc boost converters. Hysteresis is
usually introduced in the relay function to ensure the converter
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operation at the desired switching frequency (frequency of chat-
tering or ripple).

There are a number of publications on design and analysis
of sliding mode converters. The implementation of a two-loop
controller was proposed by [10], where the outer voltage loop
used a fuzzy controller, while the inner control loop utilized a
sliding mode (SM) controller. The hardware prototype design
used analog components for the inner loop and an 8-bit micro-
controller for the fuzzy controller. The problem of switching
frequency variation under the change in load or line voltage was
investigated in [11]. They proposed an adaptive feedforward
scheme to change the relay hysteresis under the change of
supply voltage and an adaptive feedback control scheme to
vary the sliding variable coefficient to maintain the designed
switching frequency under load change. An SM controller de-
signing procedure for photovoltaic applications to maximize the
power point tracking is presented in [12]. A rigorous analysis of
pulsewidth modulation (PWM) controlled dc–dc buck and boost
converters under parameter variations was presented in [13] and
[14]. The authors in [15] proposed a cascade control scheme of
a buck converter having an SMC for the inner current loop and
a proportional integral for the output loop to control a dc motor.
A systematic design procedure for SMC boost converter with
a compensating network to regulate the voltage is presented
in [16]. Recent publications on the application of SMC to
different industrial applications can be found in [17]–[22].

There are attempts of adaptation of the small signal mod-
eling developed for PWM control [23]–[25] to analysis of the
dynamics of SM controlled systems [26]. However, this is not
a rigorous approach because it does not take into account the
complex dependence of the equivalent gain on the parameters
of the system and the fact that switches are organized as self-
excited oscillations. In the case of a boost converter, it may give
noticeable errors.

In summary, the focus of most research publications was
either on the design problem or on the analysis aspect where
the main objective was to study the existence and stability of
the SM system, while the propagation of disturbances was not
addressed to a sufficient degree.

Analysis of SMC systems can be carried out through a few
existing approaches which are the classical SMC theory involv-
ing the reduced-order model for the averaged dynamics and a
certain approximation for the shape of the oscillations to analyze
chattering or the describing function (DF) method [27]. Because
the classical SMC theory entails reduced order dynamics, it does
not allow one to describe such effects as the existence of a
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Fig. 1. Schematics of DC–DC boost converter.

steady-state error and the effect of fluctuations in the source
voltage on the waveform of the output voltage. The DF method
is based on the filtering hypothesis, and, thus, it does not provide
an exact analysis [27], [28].

This article offers an analysis of SMC dc–dc boost converter
dynamics using the method of the locus of a perturbed relay sys-
tem (LPRS) [29], [30]. The LPRS method involves a frequency
domain characteristic of the discontinuous control system that
is different from Bode or Nyquist diagrams and offers an exact
analysis of the periodic motion and the external signal propa-
gation through a relay feedback system. The exact value of the
equivalent gain can be also attained through the LPRS method,
which can be used for the characterization of the propagation of
the average error signal (on the period of oscillations) through
the relay [30]. LPRS analysis of SMC dc–dc buck converter,
which is a straightforward relay feedback system, was reported
in [31] and [32] and that of an H-bridge inverter in [33]. However,
the SMC dc–dc boost converter is a switching system but not a
relay feedback system. In the previously presented research [34],
[35], the equations of the boost converter were transformed into
those of a relay feedback (servo) system, which was achieved
through linearization carried out at the expense of disregarding
the nonlinear terms in the produced equations.

In the present article, the equations of the boost converter
are transformed into those of a relay servo system, without
disregarding the nonlinear terms that arise in this transformation.
The LPRS method for the first time is extended to analysis of a
system with a nonlinear plant. Another claimed contribution of
the research presented in the present article is a rigorous analysis
of the effect of source voltage fluctuations (nonconstant supply
voltage), specifically its representation through the effects of an
amplitude modulation (AM) and input signal propagation and
a rigorous analysis of both. The LPRS analysis is also used to
address the design problem by providing the required value of
hysteresis to be implemented in the boost converter prototype to
attain the desired switching frequency.

II. SMC DC–DC BOOST CONVERTER MODEL

Fig. 1 depicts the dc–dc boost converter schematics, where L,
C, RL, and R are the inductance, capacitance, load resistance,
and series resistance of the inductor, respectively. The source
voltage is Vi, and u is the control switching signal taking a value

Fig. 2. SMC DC–DC boost converter block diagram.

of 1 or 0 which corresponds to closing or opening the switch,
respectively.

The dynamics of the dc–dc boost converter are expressed as
in [36]

ẋ1 = − 1

RLC
x1 + (1− u)

1

C
x2

ẋ2 = −(1− u)
1

L
x1 − R

L
x2 +

Vi

L
(1)

where x1 is the capacitor voltage (output voltage) and x2 is the
current through the inductor. The sliding variable is defined as
in [31], which includes both the voltage and the current signals

σ = c1(x1 − x1ref ) + c2(x2 − x2ref) (2)

σ = c1x1 + c2x2 − rσ (3)

where rσ = c1x1ref + c2x2ref .
The required switching frequency is obtained through intro-

ducing a hysteresis in the controller (relay action) [37]–[39]. The
hysteresis band is implemented in a simple circuit that provides
the following relay characteristic:

u =

{
0 if σ ≥ b or (σ > −b, u(t− 0) = 0)

1 if σ ≤ −b or (σ < b, u(t− 0) = 1)
(4)

where 2b is the value of hysteresis and u(t− 0) is the value of
the control directly preceding the current time.

Fig. 2 depicts the SM dc–dc boost converter block diagram,
where the presented model is a relay feedback system with
an asymmetric relay. In order to enable the analysis of the
plant dynamics using the relay system theory, the asymmetric
relay requires transformation into a symmetric one, through the
following substitution:

u =
1

2
(1 + ū) (5)

where σ̄ = c1(x1ref − x1) + c2(x2ref − x2) and the controller ū

ū =

{
1 if σ̄ ≥ b or (σ̄ > −b, ū(t− 0) = 1)

−1 if σ̄ ≤ −b or (σ̄ < b, ū(t− 0) = −1).

The dynamics of the system in (1) can be rewritten as follows:

ẋ1 = − 1

RLC
x1 +

1

2C
x2 − 1

2C
x2ū

ẋ2 = − 1

2L
x1 +

1

2L
x1ū− R

L
x2 +

Vi

L
. (6)
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III. TRANSFORMATION INTO RELAY SERVO SYSTEM

The switching model of the SM boost converter (6) requires
transformation into a relay servo system to be suitable for the
application of the LPRS analysis on it. Hence, new variables
are introduced to ensure symmetric oscillations of the states and
the output signal around zero. By setting the control signal (ū)
and the derivatives ẋ1, ẋ2 to zero in (6) and solving for the
steady-state values one gets the following:1

x∗
1 =

2ViRL

RL + 4R
, x∗

2 =
4Vi

RL + 4R
.

Let us define new variables x̃1 and x̃2 being the deviation
of the voltage and current, respectively, from the values of the
virtual equilibrium

x̃1 = x1 − x∗
1 = x1 − 2ViRL

RL + 4R

x̃2 = x2 − x∗
2 = x2 − 4Vi

RL + 4R
. (7)

Rewrite the original system model in (6) such that it includes
the new states (7)

˙̃x1 = − 1

RLC
x̃1 +

1

2C
x̃2 − 1

2C
ū(x̃2 + x∗

2)

˙̃x2 = − 1

2L
x̃1 − R

L
x̃2 +

1

2L
ū(x̃1 + x∗

1) (8)

and the sliding variable σ̃ = rσ − (c1x
∗
1 + c2x

∗
2)− (c1x̃1 +

c2x̃2)

σ̃ = rσ −Δrσ − ȳ (9)

where the output signal ỹ = c1x̃1 + c2x̃2 and Δrσ = c1x
∗
1 +

c2x
∗
2.

Then rewriting the input signal to include the new variables

r̃σ = rσ −Δrσ = c1(x1ref − x∗
1) + c2(x2ref − x∗

2). (10)

IV. DERIVATION OF LPRS FOR THE NONLINEAR DC–DC
BOOST CONVERTER MODEL

To be able to analyze the periodic motion of the system
represented by (8) at an unequally spaced control signal caused
by having a nonzero input signal f0, the Poincare map can be
utilized.

From (8), when ū = 1, the converter equations may be pre-
sented in the following manner:

˙̃x1 = − 1

RLC
x̃1 − 1

2C
x∗
2

˙̃x2 = −R

L
x̃2 +

1

2L
x∗
1 (11)

1Due to the existence of self-sustained oscillations, the equilibrium point
does not exist in the system. Therefore, we shall call these steady-state values
“virtual” because they would only occur under the assumption of ū = 0, which
corresponds to neither opened nor closed switch.

and when ū = −1, they are

˙̃x1 = − 1

RLC
x̃1 +

1

C
x̃2 +

1

2C
x∗
2

˙̃x2 = − 1

L
x̃1 − R

L
x̃2 − 1

2L
x∗
1. (12)

Let (A1, B1) and (A2, B2) represent the dynamics of the
system equations (11) and (12) under the control ū = 1 and
ū = −1, respectively.

The plant dynamics can be represented as x̃ = Aix̃+Bū
where

A1 =

[
− 1

RLC 0

0 −R
L

]
, A2 =

[
− 1

RLC
1
C

− 1
L −R

L

]
,

B = B1 = −B2 =

[
− 1

2Cx∗
2

1
2Lx

∗
1

]
.

The response of the linear part under a constant input is
given by

x(t) = eAtx(0) +A−1
(
eAt − I

)
Bū.

Under the assumption of a periodic oscillation, let us write the
condition of periodicity when ū = 1

x(θ1) = eA1θ1x(0) +A−1
1

(
eA1θ1 − I

)
B

and when ū = −1

x(θ1 + θ2) = eA2θ2x(θ1)−A−1
2

(
eA2θ2 − I

)
B

where x(0) = x(θ1 + θ2) for a periodic solution and θ1 and θ2
are the positive and negative pulse duration of the control signal,
respectively. The periodic motion of the SM boost converter
system can be obtained through finding a fixed point of the
Poincare return map

x(0) =
[
I − eA2θ2eA1θ1

]−1

× [
eA2θ2

(
eA1θ1 − I

)
A−1

1 − (
eA2θ2 − I

)
A−1

2

]
B

x(θ1) =
[
I − eA1θ1eA2θ2

]−1

× [
eA1θ1

(
I − eA2θ2

)
A−1

2 +
(
eA1θ1 − I

)
A−1

1

]
B.

Now, we would like to produce the LPRS formula from the
obtained Poincare map on the basis of the LPRS definition given
in [28]. The imaginary part of the LPRS can be derived from the
definition in [28] if we consider a symmetric oscillations as the
limits θ1, θ2 → θ = T

2

ImJ(ω) =
π

4
C lim

θ1,θ2→θ=T
2

(
x(0)− x(θ)

2

)

=
π

8
C
[
I − eA2θeA1θ

]−1

× [
eA2θ

(
eA1θ − I

)
A−1

1 − (
eA2θ − I

)
A−1

2

]
B

− [
I − eA1θeA2θ

]−1

× [
eA1θ

(
I − eA2θ

)
A−1

2 +
(
eA1θ − I

)
A−1

1

]
B.
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The switching condition of the periodic motion due to the
feedback action can be represented as follows:

f0 − y(0) = b

f0 − y(θ1) = −b.

Solving for f0 yields

f0 =
y(0) + y(θ1)

2

where f0 is the required input signal to ensure a symmetric
control signal (u0 = 0). We obtain the constant term of the error
signal (sliding variable) σ(t) when u0 = 0 as follows:

σ0 = σ(t)|θ1=θ2=
T
2
= f0 − y0 =

yp(0) + yp(θ)

2
− y0.

The real part of the LPRS can be obtained from the definition
in [28] as follows:

ReJ(ω) = −1

2
lim
u0→0

Δσ

u0

= −1

2
lim
u0→0

σavg − σ0

u0

= −1

2
lim
u0→0

(0.5C [x(0) + x(θ1)]− yavg)− σ0

u0

where Δσ is defined as the increment of the error signal caused
by the increment of u0.

Let γ = θ1
θ1+θ2

, θ1 = γT, θ2 = (1− γ), u0 = 2γ − 1.
Then the real part of the LPRS can be rewritten as follows:

ReJ(ω) = −1

2
lim
γ→ 1

2

(0.5C [x(0) + x(θ1)]− yavg)− σ0

2γ − 1

and found by solving for dx(0)
dγ , dx(θ1)

dγ , and dyavg

dγ

ReJ(ω) = −1

8
C lim

γ→ 1
2

(
dx(0)

dγ
+

dx(θ1)

dγ

)
+

1

4
lim
γ→ 1

2

dyavg

dγ
.

The LPRS of the SMC dc–dc boost converter nonlinear model
is as follows:

J(ω) = − 1

8
C lim

γ→ 1
2

(
dx(0)

dγ
+

dx(θ1)

dγ

)

+
1

4
lim
γ→ 1

2

dyavg

dγ
+ j

π

8
C (x(0)− x(θ))

(13)

where the limits of the real part are

lim
γ→ 1

2

(
dx(0)

dγ

)

= T
[
e−A2θ − eA1θ

]−1
(A1 − A2)

[
e−A1θ − eA2θ

]−1

× [
eA2θ

(
eA1θ − I

)
A−1

1 − (
eA2θ − I

)
A−1

2

]
B

+
[
I − eA2θeA1θ

]−1 [
TeA2θ

((
eA1θ + I

)
− A2

(
eA1θ − I

)
A−1

1

)]
B

Fig. 3. SMC boost converter LPRS for the example given in Sections 6
and 7; the frequency range ω ∈ [2400, ∞].

lim
γ→ 1

2

(
dx(θ1)

dγ

)

= T
[
e−A1θ − eA2θ

]−1
(A1 − A2)

[
e−A2θ − eA1θ

]−1

× [
eA1θ

(
I − eA2θ

)
A−1

2 +
(
eA1θ − I

)
A−1

1

]
B

+
[
I − eA1θeA2θ

]−1 [
TeA1θ

(
A1

(
I − eA2θ

)
A−1

2

+
(
eA2θ + I

))]
B

lim
γ→ 1

2

(
dyavg

dγ

)

=
C
T
[TeA1θx(0)− TeA2θx(θ1)

+ A−1
1

(
eA1θ − I

) dx(0)
dγ

+ A−1
2

(
eA2θ − I

) dx(θ)
dγ

+ TA−1
1

(
eA1θ − I

)
B + TA−1

2

(
eA2θ − I

)
B]

where x(0) and x(θ1) are

x(0) =
[
I − eA2θeA1θ

]−1

× [
eA2θ

(
eA1θ − I

)
A−1 − (

eA2θ − I
)

A−1
2

]
B

x(θ1) =
[
I − eA1θeA2θ

]−1

× [
eA1θ

(
I− eA2θ

)
A−1

2 +
(
eA1θ − I

)
A−1

1

]
B.

The derived function J(ω) (13) is defined as a characteristic
of the response of the plant to the unequally spaced control signal
u(t), with f0 → 0 and a varying frequency ω [28]. The real part
of (13) is used to find the equivalent gain, and the imaginary
part of (13) contains the necessary condition for switching
condition of the relay; therefore, the exact switching frequency
can be found [28].

The LPRS of the dc–dc boost converter and its high-frequency
component are shown in Figs. 3 and 4, respectively, for the
assigned circuit parameters in Table I. From Fig. 4, the inter-
section point between the LPRS and the straight line at −πb

4c ,
where c is the relay amplitude which allows one to derive the
exact value of the equivalent gain (kn), an important tool for
the analysis of the source voltage fluctuations and to derive the
exact hysteresis value to be implemented in the controller to
reflect the required switching frequency. The frequency value in
the analysis problem or hysteresis value in the design problem
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Fig. 4. LPRS high-frequency component for the example given in Sections 6
and 7.

TABLE I
PARAMETERS OF BOOST CONVERTER

can be attained through solving

ImJ(Ω) = −πb

4c
(14)

where either Ω or b is considered known, respectively. The
equivalent gain of the relay may be calculated via

kn = − 1

2ReJ(Ω)
(15)

which can be used for analysis of external signals propagation
as shown in the following.

V. SOURCE VOLTAGE FLUCTUATION EFFECT

The effect of input voltage fluctuations on the inductor cur-
rent or on the output voltage can be examined using LPRS
method [31]. The source voltage fluctuations can be a result of
rectification of the ac voltage at 50 or 60 Hz, which would result
in having a 100- or 120-Hz input voltage fluctuations to the dc–dc
boost converter. Therefore, the fluctuations are of a frequency
much lower compared to the controller switching frequency.
The corresponding condition allows one to utilize the notion of
the equivalent gain to describe the effect of propagation of the
source voltage fluctuations on the system dynamics. The source
voltage fluctuations may be depicted via the summation of a
constant (dc) signal and a periodic term

Vi(t) = Vi0 + aEsin(ωEt), ωE � Ω (16)

where Vi0 is the nominal source voltage (dc), aE is the source
voltage fluctuations amplitude, and ωE is the fluctuations fre-
quency of the source voltage. The effect of source voltage
fluctuations (Vi(t)) may be attributed to a combination of the
input signal propagation (10) effect and the AM effect.

A. Effect of Propagation

The original control system in (8) can be rewritten for the
analysis of the slow components terms as follows:

˙̃x10 = − 1

RLC
x̃10 +

1

2C
x̃20 − 1

2C
ū0x

∗
2 −

1

2C
ū0x̃20

˙̃x20 = − 1

2L
x̃10 − R

L
x̃20 +

1

2L
ū0x

∗
1 +

1

2L
ū0x̃10 (17)

where

ū0 = αu + ausin(ωEt)

x̃10 = α1 + ax1
sin(ωEt+ φ1)

x̃20 = α2 + ax2
sin(ωEt+ φ2). (18)

The multiplication of the propagation of the states with the
control signal

x̃10ū0 =
1

2
auax1

(cos(φ1)− cos(2ωEt+ φ1))

x̃20ū0 =
1

2
auax2

(cos(φ2)− cos(2ωEt+ φ2)) . (19)

Disregarding the terms containing 2ωEt and assuming they
are of low magnitude and are filtered out, one can rewrite (19)
as follows:

M1 = x̃10ū0 =
1

2
auax1

cos(φ1)

M2 = x̃20ū0 =
1

2
auax2

cos(φ2). (20)

Rewrite (17) to include (20)

˙̃x10 = − 1

RLC
x̃10 +

1

2C
x̃20 − 1

2C
x∗
2ū0 − 1

2C
M2

˙̃x20 = − 1

2L
x̃10 − R

L
x̃20 +

1

2L
x∗
1ū0 +

1

2L
M1. (21)

The constant terms in (21) are transposed to the input signal
by setting ū0 = 0 and solving for the states’ steady-state values

x̃∗
10 =

RL(M1 − 2RM2)

RL + 4R
, x̃∗

20 =
2M1 +RLM2

RL + 4R
.

Introduce new variables x̄10 and x̄20

x̄10 = x̃10 − x̃∗
10

x̄20 = x̃20 − x̃∗
20. (22)

Rewriting (21) to incorporate the introduced variables (22)

˙̄x10 = − 1

RLC
x̄10 +

1

2C
x̄20 − 1

2C
x∗
2ū0

˙̄x20 = − 1

2L
x̄10 − R

L
x̄20 +

1

2L
x∗
1ū0. (23)

Analysis of the propagation of the slow signals in the converter
can now be done by using the new states ( ˙̄x10 and ˙̄x20), where
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Fig. 5. Slow motion dynamics of SM boost converter.

the new input signal is

r̄σ = rσ −Δrσ − (c1x̃
∗
10 + c2x̃

∗
20)

= c1

(
2Vi0RL

RL + 4R
− 2ViRL

RL + 4R

)

+ c2

(
4Vi0

RL + 4R
− 4Vi

RL + 4R

)
− (c1x̃

∗
10 + c2x̃

∗
20)

= − 2aEsin(ωEt)

[
c1RL + 2c2
RL + 4R

]
− (c1x̃

∗
10 + c2x̃

∗
20).

(24)

Thus, the dynamics of the plant can be presented as follows:

˙̄x = Ax̄+Bū

ȳ = Cx̄

where the output signal is defined as ȳ0 = c1x̄10 + c2x̄20, and
the matrices describing the SM boost converter slow signal
model are

A =

[
− 1

RLC
1

2C

− 1
2L −R

L

]
,B =

[
− 1

2Cx∗
2

1
2Lx

∗
1

]

C =
[
c1 c2

]
.

The propagation of external signals through the relay servo
system can be analyzed via the replacement of the conventional
relay in the original system with the equivalent gain [28]. The
block diagram of the SMC boost converter slow motion dynam-
ics is presented in Fig. 5, where Wx̄10

(s) and Wx̄20
(s) are the

transfer functions from the relay output to the states x̄10 and x̄20,
respectively

W x̄10
(s)

=
2RLVi[RL − 4(R+ Ls)]

(RL + 4R)(4LRLCs2 + 4RLRCs+ 4Ls+RL + 4R)
(25)

W x̄20
(s)

=
4RLVi [1 + (RLCs+ 1)]

(RL + 4R)(4LRLCs2 + 4RLRCs+ 4Ls+RL + 4R)
.

(26)

Once the relay nonlinearity is substituted with the equivalent
gain, the closed-loop transfer functions of the controlled system
can be written, where the transfer functions from the set point to
the output voltage and inductor current deviations represented

by Wr̄σ→x̄10
(s) and Wr̄σ→x̄20

(s) are written as follows:

Wr̄σ→x̄10
(s) =

knWx̄10
(s)

1 + kn (c1Wx̄10
(s) + c2Wx̄20

(s))
.

Wr̄σ→x̄20
(s) =

knWx̄20
(s)

1 + kn (c1Wx̄10
(s) + c2Wx̄20

(s))
. (27)

The transfer function from the input signal to the output signal
ȳ0 is as follows:

Wr̄σ→ȳ0
(s) =

kn (c1Wx̄10
(s) + c2Wx̄20

(s))

1 + kn (c1Wx̄10
(s) + c2Wx̄20

(s))
. (28)

The fluctuations of the states (x̃10 and x̃20) due to the propa-
gation effect are

x̃10 = − 2aE

[
c1RL + 2c2
RL + 4R

]
|Wr̄σ→x̄10

(jωE)|

× sin (ωEt+ argWr̄σ→x̄10
(jωE))

− (c1x̃
∗
10 + c2x̃

∗
20)

knWx̄10
(0)

1 + kn (c1Wx̄10
(0) + c2Wx̄20

(0))
+ x̃∗

10

(29)

x̃20 = − 2aE

[
c1RL + 2c2
RL + 4R

]
|Wr̄σ→x̄20

(jωE)|

× sin (ωEt+ argWr̄σ→x̄20
(jωE))

− (c1x̃
∗
10 + c2x̃

∗
20)

knWx̄10
(0)

1 + kn (c1Wx̄10
(0) + c2Wx̄10

(0))
+ x̃∗

20

(30)

and the fluctuations of the control signal due to propagation
effect is

ũ0 = −kn

[
2aE

[
c1RL + 2c2
RL + 4R

]
sin(ωEt) + (c1x̃10 + c2x̃20)

]
.

(31)
Solving (29)–(31) would allow one to find the variables in (18).

The fluctuations of the voltage and the current as a result of
the propagation effect is

δx̃10Prop = x̃10 +
2ViRL

RL + 4R
(32)

δx̃20Prop = x̃20 +
4Vi

RL + 4R
. (33)

B. Propagation of Amplitude-Modulated Signal Through
Linear Dynamics

Another component arising from the fluctuating source
voltage can be described as AM. Consider the following
model showing how an amplitude-modulated signal propagates
through linear dynamics. Assume that a carrier signal u(t) is
modulated by signal V (t) and the modulated signal propagates
through the linear dynamics with transfer function G(s), as
shown in Fig. 6, where

u(t) = acsin(Ωt) (34)

V (t) = 1 + αmsin(ωmt), ωm � Ω. (35)
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Fig. 6. Propagation of amplitude modulated signal through linear dynamics.

The product of the carrier and the modulation signals is

u(t)V (t) = acsin(Ωt)(1 + αmsin(ωmt))

= acsin(Ωt) +
acαm

2
[cos((Ω− ωm)t)

− cos((Ω + ωm)t)].

(36)

Due to the fact that ωm � Ω, Ω− ωm, and Ω+ ωm can be
considered as small deviations from Ω, we can use the following
linear approximations:

M(Ω + ωm) = M(Ω) +
∂M

∂ω

∣∣∣∣
ω=Ω

ωm (37)

M(Ω− ωm) = M(Ω)− ∂M

∂ω

∣∣∣∣
ω=Ω

ωm (38)

where

M(ω) = |G(jω)| (39)

is the magnitude characteristic of linear dynamics and

ϕ(Ω + ωm) = ϕ(Ω) +
∂ϕ

∂ω

∣∣∣∣
ω=Ω

ωm (40)

ϕ(Ω− ωm) = ϕ(Ω)− ∂ϕ

∂ω

∣∣∣∣
ω=Ω

ωm (41)

where

ϕ(ω) = arg(G(jω)) (42)

is the phase characteristic of the linear dynamics. Using ex-
pansion (36), we shall find the propagation of each frequency
separately (of the carrier frequency Ω, lower side frequency
Ω− ωm, and upper side frequency Ω+ ωm) and then sum the
responses together. The output is

y(t) = Macsin(Ωt+ ϕ)

+
acαm

2
[(M −ΔM)cos((Ω− ωm)t+ ϕ−Δϕ)

− (M +ΔM)cos((Ω− ωm)t+ ϕ+Δϕ)] (43)

where

M = M(Ω), ΔM =
∂M

∂ω

∣∣∣∣
ω=Ω

ωm

ϕ = arg(G(jΩ)), Δϕ =
∂ϕ

∂ω

∣∣∣∣
ω=Ω

ωm.

In (43), consider the angles under cos as a sum of Δϕ and the
rest of the expression and use the formula for the cos of a sum

y(t) = Macsin(Ωt+ ϕ)

+
acαm

2
{Mcos((Ω− ωm)t+ ϕ)cos(Δϕ)

+Msin((Ω− ωm)t+ ϕ)sin(Δϕ)

−ΔMcos((Ω− ωm)t+ ϕ)cos(Δϕ)

−ΔMsin((Ω− ωm)t+ ϕ)sin(Δϕ)

−Mcos((Ω + ωm)t+ ϕ)cos(Δϕ)

+Msin((Ω + ωm)t+ ϕ)sin(Δϕ)

−ΔMcos((Ω + ωm)t+ ϕ)cos(Δϕ)

+ΔMsin((Ω + ωm)t+ ϕ)sin(Δϕ)}
= Macsin(Ωt+ ϕ) +

acαm

2

× {Mcos(Δϕ)[cos((Ω− ωm)t+ ϕ)

− cos((Ω + ωm)t+ ϕ)]

+Msin(Δϕ)[sin((Ω− ωm)t+ ϕ)

+ sin((Ω + ωm)t+ ϕ)]

−ΔMcos(Δϕ)[cos((Ω− ωm)t+ ϕ)

+ cos((Ω + ωm)t+ ϕ)]

−ΔMsin(Δϕ)[sin((Ω− ωm)t+ ϕ)

− sin((Ω + ωm)t+ ϕ)]}
= Macsin(Ωt+ ϕ)

+
acαm

2
{Mcos(Δϕ)2sin(Ωt+ ϕ)sin(ωmt)

+Msin(Δϕ)2sin(Ωt+ ϕ)cos(ωmt)

−ΔMcos(Δϕ)2cos(Ωt+ ϕ)cos(ωmt)

+ ΔMsin(Δϕ)2cos(Ωt+ ϕ)sin(ωmt)}
= Macsin(Ωt+ ϕ){1 + αmsin(ωmt)cos(Δϕ)

+ αmcos(ωmt)sin(Δϕ)}
+ acαmΔMcos(Ωt+ ϕ){cos(ωmt)cos(Δϕ)

+ sin(ωmt)sin(Δϕ)}
= yp(t){1 + αmsin(ωmt+Δϕ)}

− acαmΔMcos(Ωt+ ϕ)cos(ωmt+Δϕ) (44)

where yp(t) = Macsin(Ωt+ ϕ) is a result of propagation of
u(t) through the linear dynamics G(s).

Denote a conjugate signal to yp(t) as follows:

y∗p(t) = Maccos(Ωt+ ϕ) (45)
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Fig. 7. Equivalent amplitude modulation diagram.

Then (44) can be rewritten as follows:

y(t) = yp(t){1 + αmsin(ωmt+Δϕ)}

− αmΔM

M
y∗p(t)cos(ωmt+Δϕ).

(46)

Considering that y∗p(t) is produced as yp(t) shifted by π
2 , we

can represent the equivalent AM diagram, where AM is applied
at the output of the linear dynamics as represented in Fig. 7.

Therefore, the resulting modulated signal y(t) has the follow-
ing two components:

1) a result of AM by (1 + αmsin(ωmt+Δϕ)) applied to the
propagation through G(s) signal u(t);

2) a result of AM by (αmΔM
M cos(ωmt+Δϕ)) applied to

y∗p(t).
The upper envelop (AM) of (46) is a result of quadratic

summation of the two components (because their carriers are
shifted by π

2 )

yenv(t) =

{
(1 + αmsin(ωmt+Δϕ))2

+

(
αmΔM

M
cos(ωmt+Δϕ)

)2}1/2

.

(47)

1) Propagation of Amplitude-Modulated Signal Through
Converter Dynamics: To apply the derived formulas (46) and
(47) to the dc–dc boost converter dynamics, we linearize the
state equations in (8) (by removing the nonlinear terms in them
as they have a smaller magnitude compared to the other terms
added to them), which would allow us to observe the influence
of propagation of the AM throughout the investigated system.
The dynamics of the system dynamics can be written as follows:

˙̃x1 = − 1

RLC
x̃1 +

1

2C
x̃2 − 1

2C
x∗
2ū

˙̃x2 = − 1

2L
x̃1 − R

L
x̃2 +

1

2L
x∗
1ū. (48)

Let Wx1
(s) and Wx2

(s) represent the transfer functions from
the relay output to the states x̃1 and x̃2, respectively. Since the
matrices representing the dynamics of (48) are the same as in
(23),Wx1

(s) andWx2
(s) are equal to (25) and (26), respectively.

The presence of the input voltage Vi in the transfer functions
(Wx1

(s) and Wx2
(s)) give rise to the AM effect. The derived

formula (47) can be used to find the effect of AM on the boost

Fig. 8. Output voltage simulated waveform at steady oscillatory mode.

Fig. 9. Inductor current simulated waveform at steady oscillatory mode.

Fig. 10. Sliding variable simulated waveform at steady oscillatory mode.

converter dynamics whereαm = aE

Vi
,ωm = 2π·100, and (Mac)

is the amplitude of chattering.

VI. SIMULATION

Controller performance and the derived analytical equations
are verified via MATLAB/Simulink simulations. Table I shows
the boost converter parameters. The steady-state oscillations of
the output voltage, inductor current, and the sliding variable are
depicted through Figs. 8–10. The oscillations amplitude of the
sliding variable is equal to the designed controller hysteresis
(Table I), and the assigned inductor current reference (Iref =
0.86 A) and output voltage reference (Vout = 43.0 V) match the
simulation results. The predefined inductor current and output
voltage reference values (7) are selected to ensure a symmet-
ric controller signal action (θ1 = θ2 = T/2) with the desired
switching frequency (50 kHz).

A. Simulation Results of the Source Voltage Fluctuations
Effect

The source voltage fluctuation effects on the inductor cur-
rent and the output voltage waveform are simulated in this
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Fig. 11. Output voltage waveform due to fluctuating input voltage.

Fig. 12. Inductor current waveform due to fluctuating input voltage.

TABLE II
OSCILLATIONS PARAMETERS OF THE NONLINEAR DC–DC BOOST

CONVERTER MODEL

section. The frequency of the source voltage fluctuations is
wE = 628.3 rad/s (100 Hz), which is the result of rectification
of 50 Hz input ac voltage, and the fluctuation amplitude is
aE = 0.75 V. The superposition principle is applied to find the
combined effect of AM and propagation. The upper boundary
of the propagation effect (32) is in phase with the AM effect
(46), and the lower boundary of the propagation effect is in
counter phase with the AM effect. Thus, the upper envelop of the
combined effect has a larger magnitude compared with the lower
one. The upper envelop amplitude is equal to aH = aδ +

a0aE

Vi0
;

however, the lower boundary amplitude is aL = aδ − a0aE

Vi0
. The

effect of source voltage fluctuations on the output voltage and
the inductor current waveform are shown in Figs. 11 and 12,
respectively, which matches the analytical results depicted in
Table II.

VII. HARDWARE IMPLEMENTATION

Verification of the derived analysis through experimental im-
plementation is done in this section. The overall setup schemat-
ics of the SMC dc–dc boost converter and the signal description

Fig. 13. Circuit schematics of SM of boost converter.

TABLE III
SIGNALS DESCRIPTION

Fig. 14. Printed circuit board (PCB) of SMC boost converter.

are shown in Fig. 13 and Table III, respectively. Three opera-
tional amplifiers are used to generate the sliding variable signal
σ̄, which is fed to a non-inverting Schmitt trigger. The resulting
signal goes to the digital circuit consisting of an opto-coupler
and a MOSFET gate driver.

A. Experimental Results

The designed circuit (Fig. 13) performance is evaluated in this
section. Fig. 14 depicts the prototype of the SMC dc–dc boost
converter circuit, with all relevant circuit parameters presented in
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Fig. 15. Steady oscillatory operation of the output voltage, switching fre-
quency f = 49.33 kHz, and average voltage Vout = 42.98 V. Each vertical
division is 5 V, and each horizontal division is 20 μs.

Fig. 16. Gate signal of the MOSFET, switching frequency f = 49.33 kHz.
Each vertical division is 10 V, and each horizontal division is 20 μs.

Fig. 17. Source voltage fluctuations, amplitude of fluctuations aE = 0.75 V,
fluctuations frequency f = 100 Hz. Each vertical division is 2 V, and each
horizontal division is 5 ms.

Table I. The hysteresis value is calculated and set to such a value
that the circuit would operate at 50 kHz. Figs. 15 and 16 show
the output voltage ripple and the gate switching signal at the
steady-state operation, respectively. The output voltage average
value is 42.98 V, and the operating switching frequency is
49.33 kHz. The effect of source voltage fluctuations (at 100 Hz)
given in Fig. 17 on the output voltage waveform is shown in
Fig. 18. The analytical and experimental results are presented in

Fig. 18. Output voltage waveform due to source voltage fluctuations, fluctua-
tions frequency f = 100 Hz. Each vertical division is 0.2 V, and each horizontal
division is 5 ms.

TABLE IV
EXPERIMENTAL AND ANALYTICAL RESULTS COMPARISON

Table IV. The source voltage fluctuations which are the result of
rectification of the ac voltage signal are not purely sinusoidal as
given in (16). Therefore, there exists some differences between
analytical and experimental results.

VIII. CONCLUSION

An analytical method for analysis of the dynamics and per-
formance of SMC dc–dc boost converter through LPRS method
is proposed in the article. To the best knowledge of the au-
thors, the provided analysis is the first example of application
of the LPRS method to an application that involves a non-
linear plant model. The LPRS provides exact values of the
frequency and amplitude of chattering (ripple/oscillations) in
the output voltage and current, as well as, it enables analysis of
source voltage fluctuation effect (which may be the result of ac
voltage rectification) on the output voltage and current waveform
via the equivalent gain concept. The LPRS analysis of source
voltage fluctuations is done as a combination of the effects
of AM and input signal propagation. The presented hardware
experiments and simulation results support all aspects of the
proposed LPRS analysis. The described characteristics of the
LPRS methodology make this method a superior tool of analysis
of SM dc–dc boost converter.
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