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A PEEC-Based Concise Broadband Physical Circuit
Modeling Method With Parameter Extraction

for PCB Inductive Components
Junping He , Member, IEEE, Sili Tao, and Huazhao Wu

Abstract—Broadband circuit models and their parameters of
passive components are an important part of the functional de-
sign and electromagnetic compatibility analysis of power elec-
tronic devices. In this article, we propose a novel concise physical
lumped-parameter extraction method for the construction of effec-
tive broadband circuit models for printed circuit board inductive
components. The method is based on PEEC theory and generalized
eigenvalue theory. The frequency domain port impedance charac-
teristics are kept as equal as possible during circuit model trans-
formation processes. A partial equivalent element circuit (PEEC)
model of a three-dimensional PCB inductive component with a
large number of nodes is first of all introduced. This includes
conductors and PCB dielectrics. Then, its port impedance matrix
formula is deduced. After this, the polynomial form of the port
impedance matrix and the circuit model order reduction method
are presented in detail. We report on the construction of two typical
coreless PCB planar components, a spiral planar inductor and
a coreless planar transformer, whose broadband physical circuit
models and parameters were extracted using the proposed method.
The results of tests with these two planar components confirmed
the validity of their models for a frequency range of up to 500 MHz.

Index Terms—Circuit parameter extraction, coreless inductive
component, generalized eigenvalue theory, partial equivalent
element circuit (PEEC).

I. INTRODUCTION

OBTAINING a higher operating frequency has been a
strong driving force for the electronics industry for some

time and looks set to remain so for the foreseeable future [1]. The
switching frequency of a very high frequency power converter
has now reached tens of MHz with up-to-date gallium nitride
devices, which are much faster than several hundred kHz metal-
lic oxide semiconductor field effect transistor (MOSFET) devices
[2]. Modern switched-mode-power-supplies (SMPS) demand a
wider frequency band and a more accurate performance from
their passive components or interconnections, e.g., inductors,
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transformers and capacitors, to complete their intended function.
Additionally, the electromagnetic compatibility (EMC) design
of an SMPS needs precise parasitic circuit parameters among its
components and metal structures to help analyze or predict its
electromagnetic noise emissions [3], [4]. Thus, both the power
electronics industry and academia have an urgent need for an
effective way of modeling broadband circuits and their passive
components and interconnections [5], [6]. However, predicting
and extracting the high frequency parameters of passive devices
in advance is quite challenging because of their complex struc-
ture and medium.

In view of their importance as an energy storage element,
wideband circuit models of inductive components have long
been a subject of interest for research. This has included cir-
cuit dynamic simulation, electromagnetic analysis, and loss
calculation [6]–[10]. Both behavioral modeling methods and
analytic modeling methods are often turned to for this. For the
former, black box or gray box methods are commonly used
in engineering [7], [8]. However, they are heavily dependent
on measurements and can’t realize predictions in advance. The
physical meaning of their circuit models is often unclear too.
For analytic modeling, transmission line theory is often used for
regular structural components [9], [10]. However, this method
has difficulty with irregular device structures and its effective
bandwidth is usually below the first resonance point.

In recent years, a method for establishing the circuit model of
inductive devices from a 3-D physical structure by using elec-
tromagnetic field theory has been developing rapidly [11], [12].
This method has a strong theoretical grounding and significant
application value. Thus, it has begun to be used in electromag-
netic commercial software for industry [13], [14]. Examples here
include the finite-element analysis (FEA) based Ansoft Q3D
software and the Fasthenry tool that uses a partial equivalent
element circuit (PEEC) approach. In comparison to FE, PEEC
theory is better able to transfer the electromagnetic field domain
directly into a circuit domain and its equivalent circuit represents
the real physical parameters of the actual geometry [15]. PEEC
is therefore widely used in integrated chip (IC) design and in-
ductive or capacitive component modeling. Kovačević et al. [11]
have used the PEEC method to extract the coupling parameters
from an electromagnetic interference (EMI) filter and analyze
their influence. Enohnyaket and Ekm have also set up the circuit
model of an air core inductor using PEEC [16]. However, short-
comings remain regarding the modeling of 3-D electromagnetic
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structures. One issue is the large number of cells that are of-
ten used to obtain wider bandwidth and better accuracy. This
makes computation of the circuit model very time-consuming
and resource hungry. To make matters worse, it is hard for a
designer to obtain direct physical insights from so many circuit
components. To reduce the complexity of the model, model order
reduction (MOR) techniques have been developed [17], [18].
However, many MOR methods, such as the Krylov subspace
method and the piecewise linear method, are only simplified
through mathematical calculations, so the simplified model’s
parameters often lose their physical meaning. Thus, a reduced
order circuit model that keeps both its physical meaning and
a wide frequency band performance is urgently required. Bon-
darenko et al. [19] have tried to develop a simple physics-based
circuit macromodel with PEEC by extracting inductance and
capacitance parameters. Unfortunately, this method can only
guarantee characteristics around the first resonance point. Dou
and Wu [20] proposed a general and physically meaningful
method that absorbs insignificant PEEC nodes, which keeps
passivity and fidelity, and is fit for time or frequency domain
simulation. However, some EMC prediction applications need
higher MOR capabilities.

In view of the earlier situation, this paper presents a novel
concise modeling method for coreless inductive components
that can obtain simplified broadband circuits from a large-scale
PEEC model, whilst retaining their physical meaning. This
method uses generalized eigenvalue theory, as proposed by Filex
Traub et al. [21], [22]. Filex Traub found that a generalized
eigenvalue relationship exists among the resonant modes and
the admittance matrix of a lossless physical system and he
extracted the corresponding L and C parameters based on finite
element physical model. However, the finite-element numerical
modeling and analysis is very professional tool, and it would
be more convenient for electrical engineers to extract lumped
parameters based on the circuit modeling. Therefore, the article
extracts the concise lumped circuit parameters through the 3-D
PEEC model. The impedance parameters of the concise PEEC
circuit model can clearly indicate how they relate to actual
geometry and the model’s port impedance characteristics are
maintained in the broadband range.

The article is organized as follows. In Section II, PEEC
formulations of conductor and dielectric materials are intro-
duced. In Section III, we present and explain in detail a wide
frequency band lumped circuit parameter extraction method.
In Section IV, we describe the construction of two planar in-
ductive component models, a spiral planar PCB inductor and
a planar PCB transformer, and extract their circuit parameters
using the proposed method. Simulations and measurements were
conducted to validate the feasibility of the model and its error
characteristics are analyzed and discussed at the end.

II. PEEC FORMULATION FOR PLANAR PCB COMPONENTS

PEEC is a circuit-oriented electromagnetic approach that
converts an integral equations-based solution of Maxwell’s
equations into appropriate equivalent circuits. These equivalent
circuits establish the relationship between circuit parameters

Fig. 1. Basic PEEC model of a metal cell.

(e.g., partial inductance and partial capacitance) and geome-
tries. They are also easy to solve and analyze in both time
and frequency domains by using modern-day circuit simulation
tools. Generally, the PEEC approach to creating electromagnetic
models involves structure meshing, equivalent circuit parameter
calculation and matrix formulation.

As the size of the objects of this study are much smaller
than the length of the highest frequency electromagnetic wave
concerned, a quasi-static PEEC method is sufficiently accurate
to be able set up and analyze a model [16]. The basic formulation
of a quasi-static PEEC is presented below. More details can be
found in [15].

A. PEEC Elements for PCBs: Conductors and Dielectrics

To model the conductors in a PCB inductive component,
two meshing schemes are often used: a volume-cell mesh for
the current distribution; and a surface-cell mesh for the charge
distribution. A typical PEEC model of a metal media cell is
shown in Fig. 1. Resistor Rk represents the loss of conductivity
between nodes 1 and 2; Lk represents the inductance of this
conductor; C1 and C2 represent the self-capacitance of nodes 1
and 2, respectively; VL is a current-controlled voltage source,
which represents the mutual inductance between different in-
ductive meshes; ICk1, and ICk2 are current-controlled current
sources, which represent the mutual capacitance between capac-
itive meshes.

For the dielectrics of PCB inductive components, volume-cell
and surface-cell meshes are similarly used to model the distribu-
tion of current and charge. A typical PEEC model of a dielectric
media cell is shown in Fig. 2. Here, C1, C2, VL, ICk1, and ICk2

are much the same as in Fig. 1. Lk represents the inductance
of the bound current; resistor Rk represents the dielectric loss;
and capacitor Cek represents the excess capacitance effect in the
interior of the cell [23].

After meshing the structure of the coreless PCB inductive
components, analytic formulas can be used to calculate the
partial inductance and partial coefficients of the potential (the
inverse matrix of the short circuit capacitance) [15], [23]. As
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Fig. 2. Basic PEEC model of a dielectric cell.

PCB inductive components are planar in structure, both the
conductors and dielectrics are thin in comparison to their length
and width, so internal volume nodes can be ignored to simplify
the meshing and calculations during the meshing and partial
parameter calculation procedures. It should be noted that Cek

is in series with Lk in a dielectric PEEC model. This makes
the relationship between the branch voltage and branch current
complex and difficult to handle in the next MOR and parameter
extraction procedures. Fortunately, the impedance of the series
partial inductor Lk in a dielectric cell is much lower than the
excess capacitor Cek under the series self-resonance frequency
of the branch, which is generally higher than ten gigahertz. So,
Lk andVL can be ignored, leaving justCek andRk. For example,
the self-resonance frequency of a typically sized FR4 material
PCB dielectric cell that is 1 × 1 × 1 mm, is about 24 GHz.

B. PEEC Matrix Formulation

By applying Kirchhoff’s voltage law to the branch loop and
Kirchhoff’s current at each node, circuit equations can be for-
mulated from the previous partial equivalent element models.
Modified nodal analysis (MNA) is known to be an effective way
of formulating matrices based on Kirchhoff’s laws [24]. This is
an easy approach to use for the analysis of electric circuits across
the time and frequency domains. We therefore make use of MNA
in our formulation of the PEEC circuit model as follows.

The general form given by MNA for a PEEC model is[
G+ sC AL

AT
L − (R + sL)

][
Vn

IL

]
=

[
Is

0

]
(1)

where AL is a node incidence matrix for the inductance
branches; C, L, R, and G are matrices for the capacitive, in-
ductive, resistive, and conductive elements, respectively; s =
jω is the Laplace variable; Vn relates to the nodal voltages; IL
relates to the inductive branch currents; and Is refers to the input
currents for the network.

The inductive matrix L includes all self-inductance and mu-
tual inductance aspects of the inductive branches and is a real

symmetric matrix. The capacitive matrix C includes all self-
capacitance and mutual capacitance aspects of conductor surface
and dielectric cells. Furthermore, C can be also expressed by
using

C = ACCbA
T
C (2)

whereAC is a node incidence matrix for the capacitive branches.
Cb is the branch capacitive matrix of the network and is a
positive real diagonal matrix, because all capacitance values are
physically positive. It is also worth noting that ACCbA

T
C can

be proved to be a positive definite matrix because the branch
capacitive matrix Cb is a positive real diagonal matrix.

From (1) earlier, the nodal admittance matrixYn of the PEEC
network can be derived as follows:

Yn =
(
G+ sACCbA

T
C

)
+AL(R + sL)−1AT

L. (3)

III. PHYSICS-BASED MOR AND PARAMETER

EXTRACTION METHODOLOGY

There are two challenges to be faced during the procedures of
MOR and key parameter quantization. The first is maintaining
the consistency of the port impedance at the widest possible
frequency range. The second is establishing the relationship
between the circuit parameters determined by the physical struc-
ture and the port impedance. Fortunately, generalized eigenvalue
theory is able to reveal the quantitative relationship among port
impedance, branch inductance, nodal capacitance and its eigen-
values and eigenvectors [22]. The following sections therefore
present the main principles of a physics-based MOR method
based on generalized eigenvalue analysis.

A. Port Impedance Matrix Formulation

The port impedance matrix for the PEEC model can be derived
by using electric network theory. The nodal voltages Vn equal
the nodal impedance matrix Zn multiplied by the excitation
source matrix Is. This is shown as

Vn = ZnIs = Y−1
n Is. (4)

The port voltages Vport can be obtained from (4) by mul-
tiplying the node incidence matrix of the port, i.e., BT

port. At
the same time, if the current sources matrix Is is set to be the
unit current excitation at the ports, that is Bport, then the port
impedance matrix Zport can be derived as follows:

Zport = BT
portY

−1
n Bport. (5)

B. Physics-Based Model Reduction and Parameter Extraction

Prior research has established that the topology and branch
parameters of an electric network determine its port characteris-
tics, such as the port impedance, transfer functions, resonant
frequency, and so on. On the other hand, for some specific
electric networks, such as a lossless network, the parameters
of branch inductance and nodal capacitance can be determined
by the eigenfrequencies and eigenvectors of the network. This
feature, which is based on generalized value theory from mathe-
matics, is especially useful to set up an effective physical concise
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lumped circuit model or extract inductance and capacitance
parameters [25].

1) Generalized Eigenvalue Analysis for a Lossless Circuit:
For a lossless PEEC network, both the G and R matrix are zero,
so the nodal admittance matrix Yn can be simplified from (3)
as follows:

Yn =
1

s
ALL

−1AT
L + sACCbA

T
C . (6)

After transforming from the S domain into the frequency
domain, the earlier equation can be rewritten as follows:

jωYn = ALL
−1AT

L − ω2ACCbA
T
C . (7)

It can be seen that ALL
−1AT

L and ACCbA
T
C are symmetric

real matrices. Furthermore, ACCbA
T
C is a positive definite

matrix as mentioned in the Section II-B. So, jωYn defines a
generalized eigenvalue problem, enabling Theorem 3 in Ap-
pendix to be brought to bear. The nodal impedance matrix Zn

can now be derived and expressed according to A.2 in Appendix
as follows:

Zn = jω

K∑
k=1

1

ω2
k − ω2

vkv
T
k (8)

where ω2
k is an eigenvalue, i.e., ωk is an eigenfrequency or a

resonant frequency; vk is the eigenvector corresponding to ω2
k;

ω is the angle frequency; and K is the number of eigenvalues.
Similarly, the port impedance matrix for this lossless network
can be derived from (5) and (8) as follows:

Zport = jω

K∑
k=1

1

ω2
k − ω2

(
BT

portvk

) (
BT

portvk

)T
. (9)

At the same time, the ALL
−1AT

L and ACCbA
T
C matrices

can also be recovered according to A.3 in Appendix as follows:

ALL
−1AT

L = X−T ∧ X−1 (10)

ACCbA
T
C = X−T X−1 (11)

where X is the matrix whose columns are formed by the
eigenvectors, X = (v1, . . . ,vK); and Λ is the diagonal matrix
∧ = diag (ω2

1 , ω
2
2 . . . , ω

2
K).

From (8) to (11), it can be seen that for a lossless network, the
eigenvalues and eigenvectors of the matrix jωYn can determine
not only the node impedance and port impedance of the network,
but also the branch inductance and capacitance parameters when
the network’s topology is known. This provides an effective
theoretical basis and method for the subsequent extraction of
inductance and capacitance parameters from a complex network.

2) Model Reduction and Parameter Extraction Method:
Considering the requirements on broadband and physically
meaning, the MOR and parameter extraction from a PEEC
network with a large number of partial inductors, capacitors,
and resistors can be divided into two major parts. For inductance
and capacitance parameters, the eigenvalue theory of the lossless
network in the previous subsection can be used. For resistance
parameters of the reduced order model, skin effect is considered
to calculate or extract the resistance for the sake of simplicity.

Fig. 3. Main steps of broadband pyhsical concise ciruit modeling method.

Then, the main steps required for the concise circuit model and
parameter extraction method proposed in this article are outlined
in Fig. 3.

A detailed PEEC model is first of all set up from the pas-
sive component’s geometry. The model will contain enough
number mesh cells to accurately describe the port impedance
characteristics in as broad a frequency range as possible, such
as 2 to 3 times the required frequency range. Then, the port
impedance Zport matrix of the PEEC model can be calculated.
After this, the eigenfrequencies and eigenvectors for the jωYn

matrix are calculated and analyzed while all resistance is ignored
and treated as zero. Taking into account the requirements for the
frequency range and impedance accuracy, the number of nodes
and positions of the reduced order model can be chosen. For
example, if there are N eigenfrequencies that are lower than the
highest frequency of interest (N is not more than K and generally
far less than the order of Yn matrix.), then at least N + 1 nodes
should be selected for the conductors in the PEEC model (nb.
one of these nodes is selected as a potential reference point, so
it does not appear in the MNA equations). The chosen nodes
will subsequently be treated as new nodal in the reduced order
model, with new node incidence matrices ALr and ACr then
being established as well. The eigenvector values of these chosen
nodes can be determined directly from their eigenvector values
of the jωYn matrix of the lossless network too.

According to the generalized eigenvalue Theorem 3, as
shown in (10) and (11), the relationship between the inductance



10856 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 10, OCTOBER 2020

matrix Lr, capacitance matrix Cbr and the eigenfrequency and
eigenvector still exists for the reduced order lossless model. So,
the following equations can be applied:

ALrLr
−1AT

Lr = X−T
r ∧r X−1

r (12)

ACrCrA
T
Cr = X−T

r X−1
r (13)

where ALr and ACr are the inductance and capacitance node
incidence matrices of the reduced order model, respectively;
and Λr is a diagonal matrix, ∧r = diag (ω2

1 , ω
2
2 . . . , ω

2
N ) and

ω1, ω2, . . . < ωN is an eigenfrequency of the original PEEC
model; Xr is the eigenvector value matrix for the chosen nodes
at ω1, ω2, …and ωN frequencies, thus:

Xr = BT
n (v1, . . . ,vN ) (14)

where BT
n is the node incidence matrix of the chosen nodes in

the original PEEC model.
After this, the Lr matrix of the reduced order model can be

obtained as follows, with ALr having an inverse matrix:

Lr =
[
A−1

LrX
−T
r ∧rX

−1
r A−T

Lr

]−1
. (15)

TheCbr matrix of the reduced order model can be established
as follows:

Cbr =
[
AT

CrACr

]−1 [
AT

CrX
−T
r X−1

r ACr

] [
AT

CrACr

]−1
.

(16)
After the inductance and capacitance parameters have been

found as earlier, the loss aspects associated with the conductors
will need to be considered in order to improve the accuracy of
the reduced order model. However, the skin effect and prox-
imity effect make the resistance of a PCB conductor not only
frequency variable, but also difficult to express accurately with
an analytical expression [26], [27]. Although 3-D discretization
of the conductors with a maximum cell size of half the skin depth
δ can be undertaken, this leads to a huge number of cells for the
conductors, making the reduced order model meaningless. So,
an empirical skin effect approximation formula shown in (17),
is adapted to calculate the frequency variable resistance of the
conductors for simple here, which ignores proximity and other
high frequency effects [26], [27]. The Rr matrix of the MNA
equation of the reduced order model can then be set up using
these values to simplify the analysis and calculation

r (f) =

⎧⎨
⎩

ρ l
wt , 0 < f < ρ

4πμ0(min(w,t))2

√
πμ0ρf

2(w+t) l ΦCondrec , f > ρ

4πμ0(min(w,t))2

(17)
where μ0 is the permeability in a vacuum; ρ is the resistivity of
the conductor; l is the length of the conductor, and t and w are
the height and width of the rectangular cross-shaped conductor,
respectively. Φcondrec is correction factor for rectangular cross-
shaped conductor and it contains the geometrical and frequency
dependencies [27].

So far, the resistance, inductance and capacitance parameters
of the reduced order model have been obtained. Similar to the
MNA analysis in Section II-B, the port impedance Zportr of the

Fig. 4. Planar spiral inductor structure. (a) Top view. (b) side view.

reduced order model can be calculated as

Zportr =

BT
portr

[
sACrCbrA

T
Cr +ALr(Rr + sLr)

−1AT
Lr

]−1

Bportr

(18)

where Bportr is the unit current excitation at the ports of the
reduced order model; ALr and ACr is the inductance and
capacitance node incidence matrices of the reduced order model,
respectively; and Lr, Cbr and Rr is the inductance, capacitance
and resistance matrix of the reduced order model, respectively.

IV. PLANAR INDUCTIVE COMPONENT BROADBAND MODEL

Two kinds of coreless planar inductive devices were designed
and tested to verify the feasibility of the proposed concise
physical circuit model and the parameter extraction method. The
first was a two-layer spiral planar inductor. We will look at the
concise modeling procedure for this inductor in detail. Then,
a double-wound coreless planar transformer was modeled and
analyzed in a similar fashion. All the modeling and calculation
in this article are done using MATLAB 2014a software, and the
calculation time is not more than 6 min on current commercial
desktop computer.

A. Concise Broadband Planar Spiral Inductor Model

1) PEEC Model of Planar Coreless Spiral Inductor: Planar
inductors are usually quadrate or circular spirals. The top and
side view of the quadrate inductor we used here is shown in
Fig. 4. The conductor material was copper. The width w of traces
on the PCB was 4 mm, the height t was 0.035 mm and the line
gap d was 2 mm. The thickness h of the board was 0.6 mm. The
PCB material was FR4 and its relative permittivity was 4.2. The
diameter r of the internal gap was 8 mm.

The PEEC modeling of this inductor included copper con-
ductor modeling and FR4 dielectric modeling. The modeling
of the conductors involved simplified meshing, which was then
completed using the plane-structure of the PEEC cell because
the height was thin. Fig. 5 shows the general mesh of the traces
macroscopically. Xn represents the horizontal mesh and Yn

represents the vertical mesh. PINn represents the pin mesh.
The red dots on the PINs are the external input nodes of the
inductor. During meshing, the skin resistance, as per (17), was
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Fig. 5. Mesh layout for the traces.

used to simplify the cell size requirements and calculations. The
dielectric material FR4 was meshed as excess capacitors at its
surface nodes. This was described in Section II–A. Finally, the
inductor was divided into a total of 697 inductive cells and 420
capacitive cells. This is a complex electric network and the order
of the nodal admittance matrix Yn was 419 after removing the
infinity reference point.

The input impedance of the inductor was calculated by using
(5). The predicted impedance magnitude-frequency curve is
shown by the solid line in Fig. 6. The impedance of the inductor
was measured by Agilent4294a and Agilent4396b impedance
analyzer from 40 Hz to 1 MHz and from 1 MHz to 1.8 GHz
respectively, the curves for which are also shown in Fig. 6.
The predicted input impedance using the PEEC model closely
matched the measured impedance up to 1.2 GHz (the yellow
line). These results confirm the effectiveness of the PEEC model.
Furthermore, there are several obvious resonant peaks between
40 Hz and 1.8 GHz, which are actually eigenfrequency.

2) MOR and Parameter Extraction: For this, the copper con-
ductors in the PEEC model were set to be lossless. The gener-
alized eigenvalues of the matrix jωYn of the lossless PEEC
model were then solved using MATLAB R2014a software.
The calculated eigenfrequencies included 265 MHz, 660 MHz,
1.09 GHz, and 1.41 GHz etc. These eigenfrequencies can also
be found from the peak frequencies of the input impedance-
frequency curve in Fig. 6(b). These peaks are caused by the
parallel resonance of the PEEC network.

As electronic and EMC engineers are often concerned with
the performance of inductors in a narrower band and want to use
simple circuit models rather than complex PEEC models, it is
useful to have a reduced order model with clear parameters. This
article is focused on the frequency band from dc to 700 MHz.
The 265 and 660 MHz eigenfrequencies fall within this band. For
the sake of accuracy, the first three eigenfrequencies, 265 MHz,
660 MHz, and 1.09 GHz were selected as the eigenfrequencies in
the reduced order model. The reduced order model should have
at least one more node than the number of eigenfrequencies.
Thus, there should be 3 + 1 nodes. One of these nodes is
the reference node. We, therefore, selected four nodes for the
physical geometry. These are shown in Fig. 5 as red points. Two
of them are the input pins of the inductor. The others are located
at the corners of the internal loops.

Using (15) and (16), the reduced order model and its inductive
and capacitive parameters were obtained. Fig. 7 shows the

Fig. 6. Predicted and measured input impedance of the planar inductor.
(a) 40 Hz–1 MHz. (b) 1 MHz–1.8 GHz.

TABLE I
REDUCED ORDER INDUCTOR MODEL PARAMETERS

inductive and capacitive circuit for the reduced order model
and Table I lists the extracted inductance and capacitance
parameters.

After the inductance and capacitance parameters of the re-
duced order model had been established, the modified skin re-
sistance effect was used to correct the MNA of the reduced order
model. Fig. 8 shows the predicted input impedance curve for the
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Fig. 7. Reduced order inductance and capacitance model of the inductor.

TABLE II
QUALITY FACTORS OF REDUCED ORDER INDUCTOR MODEL

four-node simplified model and the measured input impedance
curve. It can be seen that the reduced order model is accurate up
to 700 MHz, except that the resonance points are slightly higher.
Table II shows the measured and calculated quality factors Q for
the reduced order model. For Q value is very sensitive to the value
of the resistance, the error of empirical formula (17) lead to some
differences between the measured and calculated Q values, but
the overall trend of them is the same. In addition, the Q calculated
by the model is higher than the measured value, which results in
under-damping phenomenon of the reduced order model during
oscillation.

Note in particular that the number of parameters in the reduced
order model is significantly less that it was in the orginal PEEC
model. The original model had 243017 inductive and 87990
capacitive parameters. The reduced model had only six inductive
parameters and six cap active parameters.

B. Concise Planar Coreless Transformer Model

1) PEEC Model of the Planar Coreless Transformer: The
basic structure of a planar coreless transformer is also usually
a quadrate spiral. The transformer has primary and secondary
windings that are parallel in a vertical direction and it is built
on a four-layer PCB. A top and side view is shown in Fig. 9.
For this model, the primary winding was on the first and second
layer, the secondary winding on the third and bottom layer. The
ratio of primary turns to secondary turns was 4:4. The width w
of the copper traces was 1 mm and the line gap d on the
same layer was 1 mm. The height of the traces on the top and
bottom layer was 0.035 mm, the height of the traces on the
middle layer was 0.017 mm. The thickness of the second dielec-
tric layer was 1.2 mm and the thickness of the other dielectric
layers was 0.2 mm. The PCB material was FR4 with a relative
permittivity of 4.2. The internal diameter r was 7 mm.

Fig. 8. Input impedance magnitude curves. (a) 40 Hz–1 MHz. (b) 1 MHz–
1.8 GHz.

Fig. 9. Planar transformer structure. (a) Top view. (b) Side view.

The PEEC modeling procedure for the transformer was sim-
ilar to the PCB inductor above, so we will not go into further
detail here. In the end, the transformer was divided into a total
of 170 inductive cells and 172 capacitive cells.
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Fig. 10. Port impedance magnitude curves.

TABLE III
REDUCED ORDER TRANSFORMER MODEL PARAMETERS

The port impedance of the transformer was predicted by the
PEEC model and measured by the Agilent4396b impedance
analyzer. The predicted and measured primary input impedance
curves while the secondary input was open are shown in Fig. 10.
There are several obvious peaks between 100 kHz and 1.8 GHz.
The predicted and measured impedance were in fairly close
agreement until 600 MHz. The port impedance for the secondary
input produced similar results. These results confirm the effec-
tiveness of the PEEC model.

2) MOR and Parameter Extraction: The generalized eigen-
values of the jωYn matrix for the lossless transformer PEEC
model were calculated and included the following eigenfrequen-
cies, which could also be found from the peak frequencies in
Fig. 10: 270.2, 422.5, 911.3, and 951.6 MHz.

To get the reduced order model and its parameters we first of
all designated the highest frequency of interest to be 500 MHz.
The 270.2 and 422.5 MHz eigenfrequencies fall in this band.
Four nodes were chosen and assigned to each of the four
terminals of the transformer, as shown in Fig. 9(a). Following
the steps outlined in Fig. 3, we obtained the physical concise
transformer model and its inductive and capacitive parameters.
Fig. 11 shows the inductive and capacitive circuits of the reduced
order transformer model. Table III lists the extracted inductance
and capacitance parameters. Note that the capacitive parameters
were slightly asymmetric. This is because the primary and
secondary input traces had an asymmetric structure.

Fig. 11. Reduced order inductance and capacitance model of the transformer.

Fig. 12. Input impedance magnitude curves.

After the MNA of the reduced order model was corrected with
the skin resistance, the predicted input impedance curve for the
four-node concise model and the measured input impedance
curve were plotted, as shown in Fig. 12. The curves are in
fairly close agreement until 400 MHz, apart from some resonant
frequency peaks. On the basis of the concise model, the Z12

primary and secondary impedance curves were also calculated
and measured, as shown in Fig. 13. In addition, the primary to
secondary transfer parameter S21 was simulated for the concise
model and measured by an Agilent4396b network analyzer.
The curves for this are shown in Fig. 14. The magnitudes and
trends of both the impedance and S-parameter curves were
well-matched in about 400 MHz range, confirming once again
the validity of the model and the parameters. Table IV also shows
the measured and calculated quality factors Q for primary of
the reduced order model. It can be seen that there exist some
differences between the measured and calculated Q values,
but the overall trend of them is the same. Similarly, under-
damping phenomenon of the reduced order model happens for
higher Q.
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Fig. 13. Z12 primary and secondary impedance curves.

Fig. 14. Primary to secondary S21 curves.

TABLE IV
QUALITY FACTORS OF REDUCED ORDER TRANSFORMER MODEL

C. Errors and Node Selection

Inevitably, the reduced order model does produce some errors
and sometimes the extracted parameters are also abnormal. In
this section, we discuss the possible reasons and countermea-
sures.

A consequence of removing the higher eigenfrequencies to get
the reduced order model is that the Zportr(ω) in the reduced order
model differs from the Zport(ω) in the original PEEC model.

This error mainly relates to the removed terms. For example,
the error Δ(ω) in the four-node reduced order model of the
planar PCB inductor can be expressed as in (18), because only
the first three eigenfrequencies of the inductor were chosen in
the reduced order model. According to this equation, as many
eigenvalues as possible should be chosen, unless the complexity
of the reduced order model becomes unacceptable

Δ(ω) =

K419∑
k=4

jω

ω2
k − ω2

(BT
portvk)(B

T
portvk)

T
. (19)

It can also be seen that the coefficient for each item in the
previous equation is as follows:

coef =
jω

ω2
k − ω2

. (20)

This coefficient can be understood as weight. The greater the
extent to which the chosen frequency is less than the unselected
eigenfrequencies, the less the weight of the coef and the smaller
the error.

During the parameter extraction procedures, we have dis-
cussed, it was found that a negative capacitance value can
sometimes occur when certain node positions are chosen. This
is abnormal because all capacitance should be positive. It is
possible that nonprojectional meshing may be present for some
geometry, resulting in a negative capacitance in the model.
Another possible reason is theΔ error, covered by (18). Our own
experience also suggests that negative capacitance can happen if
two nodes are too close to one another. This being so, ensuring
there is an even distance between the nodes should reduce the
likelihood of this issue arising.

Similarly, the resistance formula in the simplified model
produces high-frequency errors due to neglecting the proximity
effect and the rectangular corner influence. A more accurate esti-
mation formula can make the resonance prediction better. More
thorough investigation of the various problems we encountered
and the development of better countermeasures will be the next
step in our research.

V. CONCLUSION

This article has proposed a novel approach to concise
broadband physical circuit modeling and parameter extrac-
tion, based on PEEC and generalized eigenvalue theory. It
is particularly effective for the functional design of high fre-
quency circuits and EMC predictions. It offers the following
contributions.

1) Demonstration of the viability of establishing a precise
PEEC model and MNA equation under quasi-static elec-
tromagnetic field conditions by preserving excess capac-
itance only in the dielectric volume cell. This makes the
node admittance matrix easier to deal with in later analysis
and calculation.

2) A novel broadband physical circuit modeling and MOR
methodology that uses generalized eigenvalue theory and
PEEC theory. Detailed theoretical formulations and key



HE et al.: PEEC-BASED CONCISE BROADBAND PHYSICAL CIRCUIT MODELING METHOD 10861

MOR steps were provided and its effectiveness was veri-
fied by testing its use for the modeling of two planar PCB
inductive components.

3) Analysis of the key issues, such as the position and num-
ber of nodes selected, negative capacitance, and the skin
resistance effect and the proposal of countermeasures to
improve the accuracy of the reduced order model.

There is still some work to be done in the near future to achieve
better practicality, such as automating selection of the optimum
positions for the nodes, PEEC modeling of magnetic materials,
etc.

APPENDIX

GENERALIZED EIGENVALUE THEORY

The definition of a generalized linear eigenvalue is as follows
[22], [25]:

[A− λB]x = 0 (A.1)

where A and B are square matrices, x is a vector, and λ is a
number. If a non-trivial (x, λ) exists and it satisfies (A.1), (x, λ)
is defined as an eigenpair. The set of all eigenpairs forms the
spectrum {(xk, λk), k ∈ K}.

Theorem 1: For a real and symmetric A and B, the eigenpairs
(xk, λk) are real and can be chosen to satisfy the orthogonal
relation xT

kBxl = 0, k # l.
Theorem 2: For a real and symmetric A and B, where

B is definitely positive, there exists a complete set of real
eigenpairs {(xk, λk), k = 1, . . . , K} with xT

kBxl = δkl. δkl
being the Kronecker Delta.

Theorem 3: For a real and symmetric A and B, if B is
definitely positive, then

[A− λB]−1 =

K∑
k=1

1

λk − λ
xkx

T
k . (A.2)

If we set X as the matrix whose columns are formed by the
eigenvectorsX = (x1, . . . ,xK), A and B can be recovered from
the eigenvectors xk by solving the linear system of equations

XTAX =

⎛
⎜⎜⎜⎝

λ1 · · · 0

...
. . .

...

0 · · · λK

⎞
⎟⎟⎟⎠ XTBX = E (A.3)

where the matrix E is an identity array of K × K.
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