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Abstract—A low-capacitance static compensator (LC-StatCom)
based on a cascaded H-bridge (CHB) multilevel converter can be
an efficient and low-cost solution for reactive power compensation
in power grids. However, the reduced capacitance, and, therefore,
faster capacitor voltage dynamics, makes it challenging to control
it. Classical cascade control schemes, in which the bandwidths
associated with the inner current loop and the outer capacitor
voltage loop need to be separated enough, are the most reported
approaches. Nevertheless, for the LC-StatCom case, the voltage
loop can be almost as fast as that one of the current loop. For
this reason, this article proposes a control approach that does not
separate voltage and current dynamics. Concretely, we propose a
multi-input linear time-variant control law, based on incremental
passivity theory for CHB multilevel converters. The proposed con-
trol guarantees stability despite saturation in the control signal. In
addition, it provides capacitor voltage balance without the need to
use a specific balancing stage. This article, first, reviews the average
model of the converter and, then, analyses the steady-state dynamic
behavior to determine the desired and coherent reference signals.
Then, it applies an incremental passivity control approach to drive
the LC-StatCom state variables to the desired references. After
introducing the proposed control law, experimental results on a
seven-level 1-kVA CHB LC-StatCom are shown to demonstrate its
excellent performance in steady state and transients.

Index Terms—Bilinear system control, cascaded H-bridge
(CHB), incremental passivity, multi-input global tracking,
multilevel converter, static compensator (STATCOM).

I. INTRODUCTION

S TATIC compensators (StatComs) play an important role in
the reliable operation of modern transmission lines [1], [2].
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Fig. 1. CHB power converter arm. (a) Circuit diagram. (b) Classical cascade
control block diagram.

They ensure reactive power balance and grid voltage stability,
despite variations in the load and, hence, facilitate grid inte-
gration of renewable energy resources [3], [4]. The cascaded
H-bridge (CHB) multilevel converter is the leading technology
for medium/high power StatComs, due to its superior efficiency,
modularity, and harmonic and dynamic performances [5], [6].
The circuit diagram of a CHB power converter arm is shown in
Fig. 1(a).

The recently proposed low-capacitance StatCom (LC-
StatCom) [7]–[12] is able to reduce the total capacitance by more
than 50%, compared to conventional technology, by allowing
large low-frequency voltage oscillation on the capacitors. This
enables the following:

1) a significant reduction in the capacitor size requirements,
which lowers cost, weight, and volume of the system;

2) the use of film or ceramic capacitors, instead of high
power-density electrolytic capacitors, which enhances the
reliability of the converter [13]–[15];

3) improvements in converter efficiency and harmonic per-
formance, specially when injecting close to full capacitive
reactive power to the grid [16], [17].
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Superior efficiency is achieved due to the lower capacitor
voltage and the strong dependency between switching loss and
the voltage at the time of each switching event. The time-varying
capacitor voltage also results in a shaped pulsewidth modulated
(PWM) converter voltage with higher spectral quality. Despite
these advantages, the LC-StatCom technology is still under
development and many research questions remain unanswered,
particularly those related to controller issues, as its ability to
reject undesired disturbances quickly.

Conventional control strategies for CHB-StatComs, such as
those reported in [5] and [18], presume capacitors large enough
that their voltages could be considered constant, or almost
constant. Therefore, voltage dynamics can be separated from
the current dynamics. Such an assumption is not strictly valid in
the LC-StatCom and, hence, implementation of a conventional
cascade control scheme can lead to poor and slow transient
responses (and saturation effects) that do not meet the grid
requirements. Addressing this control dilemma was not the focus
of previous studies on the LC-StatCom, where the slow dynamic
was considered an accepted drawback [7], [12]. Fig. 1(b) illus-
trates, using a simplified control block diagram, the classical cas-
cade control scheme based on the instantaneous power theory.
The square-sum-capacitor-voltages in the power converter arm is
denoted as zclus =

∑n
j=1 v

2
Cj

, where vCj
is the capacitor voltage

in the jth H-bridge, and j ∈ {1, 2, . . . , n} is the H-bridge
index in the converter arm, as shown in Fig. 1(a). The aim of
the outer voltage loop is to regulate the dc component of the
square-sum-capacitor-voltages to the referenceZf∗

clus. This aim is
achieved by calculating the required active power component of
the arm current Î∗d, which together with its reactive counterpart
Î∗q , constitute the current reference for the inner current loop.
Then, the inner current loop calculates the converter voltage
reference v∗out that meets the current tracking objective.

Despite the inherent nonlinear time-varying multi-input na-
ture of the multilevel converter, most of the literature uses
a reduced-order model of the converter [19], which assumes
that the voltages in the capacitors are balanced. The balanced
assumption involves that the converter requires the use of an
intercell voltage balancing scheme [20], [21]. The time-varying
nature of the converter is due to the fact that the grid voltage
is sinusoidal and that the desired injected StatCom current is
also a sinusoidal waveform. Many authors deal with the time-
varying nature of the converter by using the well-known Park
transformation, which leads to a linear model for the current
state variable. Nevertheless, the dynamics associated with the
capacitor voltages still remain nonlinear time varying. Thus, as
discussed previously, the traditional cascade approach has been
proposed by many authors to deal with this control problem.
The inner loop, which is basically linear, is handled first, and
then the design of the outer loop that is intrinsically nonlinear.
Unlike this two-loop approach, the authors propose to handle
the whole design as a nonlinear multivariate control problem.
Thus, avoiding the necessity of having separated bandwidths
associated with each loop.

Among the possible nonlinear time-varying control tech-
niques to be used, incremental passivity based control is attrac-
tive because it can guarantee stability despite control saturation.

Dealing with control saturation is very important in LC-StatCom
applications since it appears when the capacitor voltages are
not high enough during transients. Motivated by the above,
this article introduces a multi-input time-varying control law
based on the passivity concept for the LC-StatCom. The pas-
sivity approach was studied in [22]–[24] for controlling dc–dc
converters. However, its use in ac multilevel conversion, and
specifically for the CHB converter, is still in an early stage.
In [25] and [26], a passivity-based control was presented for a
modular multilevel converter. However, an additional intercell
capacitor voltage balance scheme was required. In contrast, the
proposed multi-input passivity approach controls each H-bridge
with a different control law and, hence, the voltage balancing
is a direct consequence of the tracking objectives. In [27], a
passivity-based control implements the current regulator of a
star-connected CHB-StatCom in the rotating dq frame, in which
the active power component of the current reference is modified
by an outer, lower bandwidth, control loop that regulates the
total of all capacitor voltages. In contrast, as it was mentioned
previously, the proposed passivity approach integrates both the
current control and outer capacitor voltage control in one stage,
providing a high bandwidth current and capacitor voltage con-
trol. Besides, the proposed control scheme effectively maintains
a maximum limit on capacitor voltages, as required by the LC-
StatCom operating principle [7]. Finally, an important feature of
the proposed control approach is that it results in a linear control
law in spite of the inherently bilinear nature of the system.

The rest of this article is organized as follows. First, the CHB
converter model is reviewed in Section II, where a circuital
model of the averaged dynamics is also presented. In Section III,
the design of the reference signals, based on the steady-state
behavior, is addressed with consideration of the loss parameters.
Also, constraints in the capacitor voltages for safe and stable
operation are analyzed in this section. The proposed control
law, which is multivariate and adapted to the CHB converter,
is derived in Section IV. Section V describes the scaled-down
experimental setup and reports experimental results that show
excellent capacitor voltage balancing capability, and transient
and steady-state performance. Finally, Section VI summarizes
and concludes the main ideas in the article.

II. CASCADED H-BRIDGE CONVERTER MODEL

This section reviews the CHB converter topology, its state
variables, and an exact piecewise continuous state-space model.
Then, the averaged model of the system is derived, which
establishes the notations used in the analysis of the proposed
incremental passivity control law.

The converter topology, shown in Fig. 1(a), represents an arm
of the CHB converter. A filtering inductor L is interfacing the
power converter with the grid. The power converter arm consists
of n series-connected H-bridges. Each H-bridge is made up of
a floating capacitor Cj at the dc side, and four semiconductor
power switches, which form an H-bridge structure with three
possible output voltage levels.

The inductor current iL, and the n capacitor voltages
vC1

, vC2
, . . . , vCn

, are the state variables for describing the
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dynamic behavior of the CHB converter, as shown in Fig. 1(a).
The variable vg represents the point of common coupling (PCC)
voltage (the point at which the StatCom connects to the network).
The set of discontinuous switching positions of each H-bridge
Sj are taken as the control inputs. The state variables are grouped
in the vector x ∈ Rn+1, and the control inputs are combined in
the vector u ∈ Rn as

x(t) = [iL(t) vC1
(t) vC2

(t) · · · vCn
(t)]T (1)

u(t) = [S1(t) S2(t) · · · Sn(t)]
T (2)

where the discrete term Sj that drives the jth H-bridge belongs
to the set {−1, 0, 1}, ∀j ∈ {1, 2, . . . , n}. The losses of each
H-bridge are modeled with a resistance of valueRSMj

in parallel
with the capacitor Cj , whereas the parasitic resistance of the
filtering inductor L is modeled with the series resistance RL, as
depicted in Fig. 1(a).

The ac and dc sides of the converter arm are related by the
discontinuous control function Sj as

vout(t) =

n∑

j=1

vCj
(t)Sj(t) (3)

ipj
(t) = iL(t)Sj(t) (4)

where ∀j ∈ {1, 2, . . . , n}. The variable vout is the PWM con-
verter output voltage, and ipj

is the dc-side current on the jth
H-bridge. It can be noted that both vout and ipj

are piecewise
continuous time functions. The sum of capacitor voltages in
the converter arm is defined as the cluster voltage vclus, i.e.,
vclus =

∑n
j=1 vCj

, and it will be used to express the capacitor
voltage reference signals to track, in the following sections. Note
that vclus is independent of the switching positions Sj .

The dynamic model of the converter, considering independent
switching of each H-bridge, corresponds to the following n+ 1
differential equations:

Li̇L(t) = −RLiL(t) + vout(t)− vg(t) (5)

Cj v̇Cj
(t) = − ipj

(t)− vCj
(t)

RSMj

(6)

where ∀j ∈ {1, 2, . . . , n}. These equations can be grouped as
the following matrix representation:
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

i̇L

v̇C1

v̇C2

...

v̇Cn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γL
S1

L
S2

L · · · Sn

L

− S1

C1
γC1

0 · · · 0

− S2

C2
0 γC2

· · · 0

...
...

...
. . .

...

− Sn

Cn
0 0 · · · γCn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

iL

vC1

vC2

...

vCn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− vg

L

0

0

...

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(7)

or equivalently

ẋ(t) =

⎛

⎝A+
n∑

j=1

BjSj(t)

⎞

⎠x(t) + Cvg(t). (8)

Note that the time dependence notation is avoided in (7) for
the sake of simplicity and readability.

The real constant matrices A ∈ R(n+1)×(n+1), Bj ∈
R(n+1)×(n+1), C ∈ R(n+1)×1 are equal to

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

γL 0 0 · · · 0

0 γC1
0 · · · 0

0 0 γC2
· · · 0

...
...

...
. . .

...

0 0 0 · · · γCn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, C =

⎡

⎢
⎢
⎢
⎢
⎣

− 1
L

0

...

0

⎤

⎥
⎥
⎥
⎥
⎦

Bj =

⎡

⎢
⎢
⎣

βj
1,1 · · · βj

1,n+1

...
. . .

...

βj
n+1,1 · · · βj

n+1,n+1

⎤

⎥
⎥
⎦ (9)

with γL = −RL/L and γCj
= −1/(RSMj

Cj). The elements of

matrices Bj are βj
1,j+1 = 1/L, βj

j+1,1 = −1/Cj , and βj
k,l = 0

∀(k �= j + 1, l �= 1) and ∀(k �= 1, l �= j + 1).
It is noted that the control input is multiplied by the state-space

variables, hence, the state model results in bilinear behavior [28].
Thus, the proposed CHB converter model is nonlinear, with
dimension n+ 1, and with n control inputs. In addition, these
state-space variables are time varying and piecewise continuous
due to the switching nature of the converter.

The switching model in (8) can be approximated by an aver-
aged model with the continuous state variables

˙̄x(t) =

⎛

⎝A+
n∑

j=1

Bjδj(t)

⎞

⎠ x̄(t) + Cvg(t) (10)

where x̄ = [̄iL v̄C1
v̄C2

· · · v̄Cn
]T represents the averaged cur-

rent and voltage state variables. The averaged control input of
the modulator δj is

δj(t) =
1

Tsw

∫ t

t−Tsw

Sj (τ) dτ ∈ [−1, 1] (11)

where ∀j ∈ {1, 2, . . . , n}. This parameter is adjusted by the
proposed controller in order to track the state reference. The
switching period Tsw is assumed much lower than the converter
system time constants, and significantly lower than 2π/ωrj ,
where ωrj = 1/

√
LCj is the jth resonant frequency of the jth

H-bridge.
This continuous average state-space representation form can

be visualized as the circuit shown in Fig. 2. As it can be seen,
each H-bridge in the converter arm acts as a variable ratio ideal
transformer in the averaged model.

This section has stated the notations of the averaged model,
which will be used in the following sections to derive the
proposed control law for the CHB converter.

III. CHB STEADY-STATE REFERENCE SIGNALS

In this section, steady-state reference signals are defined and
the design constraints are introduced.

Fig. 3 depicts the control block diagram of the proposed
incremental passivity-based control applied to a CHB converter.
The converter is synchronized with the PCC voltage by using a
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Fig. 2. Averaged-model equivalent circuit of a CHB power converter arm.

Fig. 3. Block diagram of the proposed incremental passivity-based multi-input
control.

phase-locked loop to track the angle ωgt. Subsequently, based
on the knowledge of the PCC voltage and desired current to
compensate reactive power ī∗L, the reference signals for v̄Cj

and
δj , denoted as v̄∗Cj

and δ∗j , respectively, are calculated using the
proposed steady-state reference generation algorithm. Finally, a
passivity-based multi-input control strategy is developed to gen-
erate the averaged control inputs of the modulator δj , which are
fed into a phase-shifted carrier PWM (PSC-PWM) block [29],
[30] to generate the switching signals.

A. Coherent Reference Expressions

It is important to have coherent time-varying references in
modular multilevel converters, specially when using small ca-
pacitance values where the capacitor voltages consist of several
harmonic components, because the control loop performance is
highly reliant on the reference signals design [25], [31], [32]. In
order to derive coherent expressions for the capacitor voltages
and averaged control inputs of the modulator, the following
expressions are used for a desired average load current reference
ī∗L and a given PCC voltage vg:

ī∗L(t) = Î∗L sin (ωgt+ ϕ∗) (12)

vg(t) = V̂g sin (ωgt) . (13)

Parameter ωg is the PCC voltage angular frequency. V̂g and
Î∗L represent the amplitude of the PCC voltage and desired load
current, respectively; and ϕ∗ is the phase shift between the PCC
voltage and injected StatCom current into the grid.

Coherent harmonic reference signals agree with the afore-
mentioned averaged model in (10), hence

˙̄x∗(t) =

⎛

⎝A+

n∑

j=1

Bjδ
∗
j(t)

⎞

⎠ x̄∗(t) + Cvg(t) (14)

where x̄∗ = [̄i∗L v̄∗C1
v̄∗C2

· · · v̄∗Cn
]T represents the desired av-

eraged current and voltages. Expression (14) represents the
steady-state dynamics of the converter. Therefore, coherent ref-
erence expressions are those that satisfy (14). Balanced capac-
itor voltage references in each phase is achieved by assuming
v̄∗Cj

= v̄∗C = v̄∗clus/n∀j ∈ {1, 2, . . . , n}. Also, for the sake of
simplicity in the reference expressions, the capacitance value
Cj in each H-bridge is assumed to be equal to C, and the
power losses of the H-bridges are neglected, i.e., 1/RSMj

= 0.
This implies that all the reference control inputs are equal,
i.e., δ∗j = δ∗∀j ∈ {1, 2, . . . , n}. Nevertheless, the extension to
the asymmetric CHB multilevel converter [33] is straightfor-
ward. Although the reference control inputs are equal for all
the H-bridges in the converter arm, the instantaneous errors
between each capacitor voltage and its reference (balancing
task) are considered in the control law derivation to calculate
the individual averaged control inputs of the modulator δj , as
explained in the following section. Consequently, the reference
control input, according to the resulting reduced-order model in
(14), corresponds to

δ∗(t) =
L˙̄i∗L(t) +RLī

∗
L(t) + vg(t)

v̄∗clus(t)
(15)

when using the differential equation for the current reference.
Similarly, using the differential equation for the capacitor volt-
age reference, the following relationship is obtained:

δ∗(t) = −C

n

˙̄v∗clus(t)

ī∗L(t)
. (16)

Expressions (15) and (16) impose the following relationship
between reference signals:

C

n
v̄∗clus(t) ˙̄v

∗
clus(t) = −v̄∗out(t)̄i

∗
L(t) (17)

where

v̄∗out(t) = L˙̄i∗L(t) +RLī
∗
L(t) + vg(t) (18)

represents the converter output voltage reference.
Integrating both sides of (17) yields

v̄∗2clus(t) = v̄∗2clus(0)−
2n

C

∫ t

0

v̄∗out (τ) ī
∗
L (τ) dτ (19)

where v̄∗clus(0) is the initial condition. Note that the integrator
operator is computed using known mathematical expressions,
i.e., (18) is calculated from (12) and (13), and finally, the voltage
reference corresponding to (19) is calculated from (12) and
(18). Also, it should be noted that the capacitor voltages are
closely linked to the instantaneous energy in the converter arm.
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According to (12) and (13), (19) can be expressed as

v̄∗2clus(t) = n2V ∗2
C,rms +

nXLÎ
∗2
L

2ωgC
cos (2ωgt+ 2ϕ∗)

− nÎ∗LV̂g

C
cos (ϕ∗) t+

nÎ∗LV̂g

2ωgC
sin (2ωgt+ ϕ∗)

− nRLÎ
∗2
L

C
t+

nRLÎ
∗2
L

2ωgC
sin (2ωgt+ 2ϕ∗) (20)

whereXL = ωgL is the inductor reactance, andV ∗
C,rms is the rms

value of the capacitor voltages (i.e.,V ∗
C,rms =

√
1
T

∫ T

0 v̄∗2C (t)dt).

The nonperiodic terms in (20) are nÎ∗
LV̂g

C cos(ϕ∗)t and nRLÎ∗2
L

C t.
A stationary behavior of the power converter (i.e., there is no
increment of energy in the capacitor voltages over a grid period)
implies

nÎ∗LV̂g

C
cos (ϕ∗) t+

nRLÎ
∗2
L

C
t = 0. (21)

Consequently, the phase shift between the injected current
ī∗L(t) and the PCC voltage vg(t) is not purely reactive. In fact,
this means that the phase shift, according to (21), is equal to

ϕ∗ = ± arccos

(

−RLÎ
∗
L

V̂g

)

(22)

or equivalently

ϕ∗ = ±π

2
+ α∗

v (23)

where α∗
v is the phase shift between converter output voltage

reference and PCC voltage, which is determined by the losses in
the converter and the operating point (see Appendix). Obviously,
the circuit is not purely reactive when RL �= 0, and the phase
shift ϕ∗ takes into account the relationship between the active
power, that compensates for the losses, and the apparent power
drawn from the grid. Note that in this case, the magnitude of
the active power current component Î∗d and the magnitude of the
reactive power current component Î∗q correspond to

Î∗d = Î∗L cos (ϕ∗) (24)

Î∗q = Î∗L sin (ϕ∗) (25)

respectively. Equivalently, using (22)

Î∗d = −RLÎ
∗2
L

V̂g

(26)

Î∗q = ±Î∗L

√
√
√
√1−

(
RLÎ∗L
V̂g

)2

. (27)

Note that (12) implies that it is only desired to inject a funda-
mental harmonic into the PCC. Nevertheless, the same procedure
can be used to inject any other harmonic component required for
power distortion compensation. Also, note that when the PCC
voltage contains undesired harmonics, which can be measured or
estimated [34]–[36], the reference signal expression in (20) will
change accordingly adding two new similar terms per harmonic.

Similarly, the management of the reference expressions en-
ables to isolate one or more H-bridges to overcome reliability
problems on the switching devices or dc-link capacitors.

B. Reference Design Criteria

This section addresses design criteria concerning the maxi-
mum and the minimum allowable capacitor voltages, as well as
the saturation of the averaged control input of the modulator. The
maximum capacitor voltage is limited to the voltage rating of the
converter, whilst the minimum capacitor voltage is constrained
by the modulation signal saturation.

In the LC-StatCom, the magnitude of the low-frequency
oscillation on the capacitor voltages is large, and the control
has to ensure that the peak of this oscillation does not exceed
a predetermined value V ∗

C,max, which is imperative for safety
issues and to not compromise the converter voltage rating. This,
in turn, necessitates that the reference for the rms value of the
capacitor voltages V ∗

C,rms in (20) is related with the maximum
allowable capacitor voltage and with the amplitude of the in-
jected current, as [7] describes. As analyzed in [7], the reason for
having a reference value for V ∗

C,rms that varies with the operating
conditions is to keep the maximum voltage on the capacitors
regulated to V ∗

C,max regardless of the reactive power demand.
From (20), using (22), and grouping the second harmonic

terms, the capacitor voltage reference can be reformulated as

v̄∗C(t) =
√
V ∗2
C,max −ΔV ∗2

C (1∓ cos (2ωgt+ 2α∗
v)) (28)

where ΔV ∗2
C =

Î∗
LV̂ ∗

out
2ωgnC

. Note that ΔV ∗2
C denotes the ampli-

tude of v̄∗2C around V ∗2
C,max −ΔV ∗2

C . This means that v̄∗2C has
a value between V ∗2

C,max and V ∗2
C,max − 2ΔV ∗2

C . Equation (28)
is reformulated in this form because it is desired to express
the reference signals as a function of the maximum allowable
capacitor voltage V ∗

C,max.
In the experimental results presented in the following sections,

the value for the maximum allowable reference capacitor voltage
is forty percent more than the PCC voltage amplitude divided
by the number of H-bridges, which is V ∗

C,max = 1.4V̂g/n. This
choice is made to ensure that (28) is satisfied, i.e., V ∗2

C,max ≥
2ΔV ∗2

C .
Ensuring that the reference control input δ∗ is bounded within

the range [−1, 1], implies, using (15) and (18), thatnv̄∗C ≥ |v̄∗out|,
which determines the minimum allowable capacitor voltage for
a given V ∗

C,max and Î∗L.
For LC-StatComs under inductive operation, the sum of

capacitor voltages vclus, and the converter voltage vout, are in
opposite phase. Therefore, for large voltage oscillations, the am-
plitude of the converter voltage reference V̂ ∗

out (see Appendix),
can exceed the minimum value of the sum of capacitor voltages
reference, denoted as nV ∗

C,min. Then, according to (15), the
reference control input would be saturated, leading to undesired
current distortion [7].

To overcome this situation, condition (29) is derived evalu-
ating (28) at its minimum, which relates the minimum value of
the sum of capacitor voltages (left-hand side) with the converter
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voltage amplitude during inductive operation (right-hand side)

n

√

V ∗2
C,max − Î∗

LV̂ ∗
out

ωgnC
≥ V̂ ∗

out, with

V̂ ∗
out = −XLÎ

∗
L + V̂g

√

1−
(

RLÎ∗
L

V̂g

)2
. (29)

It can be noted that satisfying (29) guarantees that the ref-
erence control input is not saturated during inductive operating
mode.

It should be noted that references for the current (12), voltage
(28), and control input (15), can be easily programmed in a
digital device. Next, the proposed controller based on passiv-
ity concepts, which employs these reference expressions, is
described.

IV. DESIGN OF THE PASSIVITY-BASED MULTI-INPUT CONTROL

A. Incremental Dynamics

The incremental state variables x̃ and incremental control
inputs δ̃j , or error signals with respect to their references, are
defined as follows:

x̃(t) = x̄(t)− x̄∗(t) (30)

δ̃j(t) = δj(t)− δ∗(t) (31)

where ∀j ∈ {1, 2, . . . , n}. Then, the incremental averaged
model of (10), given that the reference signals are coherent,
is

˙̃x(t) = A(t)x̃+

n∑

j=1

Bj(t)δ̃j +

n∑

j=1

Bjx̃δ̃j . (32)

Thus, (32) has a nonlinear nonautonomous nature [37], where
the time-varying matrices A(t) ∈ R(n+1)×(n+1) and Bj(t) ∈
R(n+1)×1 are defined as follows:

A(t) = A+
n∑

j=1

Bjδ
∗(t) (33)

Bj(t) = Bjx̄
∗(t) (34)

where ∀j ∈ {1, 2, . . . , n}. In the previous expressions, the
time-dependent nature of the variables δ∗(t) and x̄∗(t) is high-
lighted, whereas the time dependency of the incremental vari-
ables δ̃j and x̃ is avoided for the sake of brevity. It can be noted
that the time-varying matrices defining the nonautonomous
system in (32) are periodic and bounded, as their elements
depend on the variables δ∗(t) and x̄∗(t), which are periodic and
bounded, as shown in Section III-A.

For instance, in a CHB converter case with three H-bridges,
n = 3

A(t) =

⎡

⎢
⎢
⎢
⎢
⎣

−RL

L
δ∗(t)
L

δ∗(t)
L

δ∗(t)
L

− δ∗(t)
C − 1

RSMC 0 0

− δ∗(t)
C 0 − 1

RSMC 0

− δ∗(t)
C 0 0 − 1

RSMC

⎤

⎥
⎥
⎥
⎥
⎦

(35)

B1(t) =

⎡

⎢
⎢
⎢
⎢
⎣

v̄∗
C(t)

L

− ī∗L(t)

C

0

0

⎤

⎥
⎥
⎥
⎥
⎦
, B2(t) =

⎡

⎢
⎢
⎢
⎢
⎣

v̄∗
C(t)

L

0

− ī∗L(t)

C

0

⎤

⎥
⎥
⎥
⎥
⎦
,

B3(t) =

⎡

⎢
⎢
⎢
⎢
⎣

v̄∗
C(t)

L

0

0

− ī∗L(t)

C

⎤

⎥
⎥
⎥
⎥
⎦
. (36)

This case is used to corroborate the proposed control approach
in the section devoted to experimental results.

B. Incremental Passivity Control Law

With the purpose of finding a control law that manages the
nonlinear nonautonomous nature of the system, the following
scalar candidate-Lyapunov-function (CLF) is defined:

V (x̃) =
1

2
x̃TPx̃ (37)

whereP ∈ R(n+1)×(n+1) is a symmetric positive definite matrix

P = PT =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

L 0 0 · · · 0

0 C1 0 · · · 0

0 0 C2 · · · 0

...
...

...
. . .

...

0 0 0 · · · Cn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

> 0. (38)

Thus, the CLF (37) can be rewritten as

V (x̃) =
1

2

⎛

⎝L ĩ2L +

n∑

j=1

Cj ṽ
2
Cj

⎞

⎠ (39)

which represents a storage function of the incremental model
(32) with respect to its equilibrium trajectory, that is, the incre-
mental energy in the storage elements (inductor and capacitors).
It can be noted thatV (x̃) does not depend explicitly on time, that
is, the time dependence is through the incremental state variables
x̃. Also, it can be noted that it is globally positive definite and
radially unbounded, i.e.,

V (x̃) > 0 ∀x̃ ∈ Rn+1 / x̃ �= 0 (40)

and

V (x̃) → ∞, as ‖x̃‖ → ∞ (41)

respectively.
The time derivative of the CLF (37) along the trajectory of

the system (32), corresponds to

V̇ (x̃, t) =
1

2
x̃T

(
AT(t)P+PA(t)

)
x̃+

n∑

j=1

BT
j (t)Px̃δ̃j

+
1

2
x̃T

n∑

j=1

(BT
jP+PBj

)
x̃δ̃j (42)
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where it can be noted that V̇ (x̃, t) does depend explicitly on
t, thus, the stability proof has to take into account the nonau-
tonomous nature of the problem [37].

In (42), the first term, represented in (43), is strict negative
definite

1

2

(
AT(t)P+PA(t)

)

= −

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

RL 0 0 · · · 0

0 1
RSM1

0 · · · 0

0 0 1
RSM2

· · · 0

...
...

...
. . .

...

0 0 0 · · · 1
RSMn

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0. (43)

Furthermore, the third term, as represented in (44), is always
zero

1

2

(BT
jP+PBj

)
= 0 (44)

where ∀j ∈ {1, 2, . . . , n}.
Therefore, the time derivative of the CLF satisfies

V̇ (x̃, t) ≤
n∑

j=1

BT
j (t)Px̃δ̃j (45)

which considers the lossless case, whereRL = 0 and1/RSMj
=

0. Therefore, it can be concluded that V (x̃) represents a Lya-
punov function for the system (32).

The n feedback outputs can be defined as

yj(t) = BT
j (t)Px̃ = x̃TPBj(t) (46)

where ∀j ∈ {1, 2, . . . , n}, that can be rewritten in terms of the
incremental state variables as

yj(t) = v̄∗C(t)̃iL − ī∗L(t)ṽCj (47)

or equivalently, using (30), yj can be expressed in terms of
average state variables as

yj(t) = v̄∗C(t)̄iL − ī∗L(t)v̄Cj . (48)

Therefore, the time derivative of the Lyapunov function
fulfills

V̇ (x̃, t) ≤
n∑

j=1

yj(t)δ̃j . (49)

It is noted that (49) corresponds to a passive relationship
between feedback output yj and incremental control input δ̃j
[37], [38]. Thus, by feeding back the jth output yj times a
constant positive gain α, which means that the feedback control
law is

δ̃j(t) = −αyj(t), with constant α > 0 (50)

where ∀j ∈ {1, 2, . . . , n}, the time derivative of the Lyapunov
function becomes globally negative semidefinite

V̇ (x̃, t) = −α

n∑

j=1

(
v̄∗C(t)̃iL − ī∗L(t)ṽCj

)2 ≤ 0. (51)

Note that when RL �= 0 and 1/RSMj
�= 0, V̇ (x̃, t) < 0,

which proves that the incremental dynamics tend to zero. Conse-
quently, the system is globally asymptotically stable and it tends
towards the aforementioned references in (12) and (28).

In the lossless case, where RL = 0 and 1/RSMj
= 0,

the time derivative of the Lyapunov function is negative
semidefinite, i.e., V̇ (x̃, t) ≤ 0. Therefore, the uniform stability
of the system can be studied using Barbalat’s lemma ([37],
p. 123), and the lemma of [37, p. 125]. Given that V (x̃)
is lower bounded and that V̇ (x̃, t) is negative semidefinite,
and in addition, it can be checked that V̇ (x̃, t) is uniformly
continuous in time (i.e., V̈ (x̃, t) is bounded), it can be
concluded that V̇ (x̃, t) → 0 as t → ∞, or equivalently, that
yj(t) → 0 as t → ∞. The asymptotic stability for the lossless
case can be proved by using the concept of positive limit sets for
nonautonomous periodic systems, as discussed in [38] (see [39]
for a detailed demonstration).

It can be noted that even though the nonlinear nature of the
LC-StatCom is considered in the derivations, the derived control
law is linear.

It is worth to mention that due to the saturation in the averaged
control input of the modulator δj , the incremental control input
δ̃j must belong to the interval

−1− δ∗(t) ≤ δ̃j(t) ≤ 1− δ∗(t) (52)

where ∀j ∈ {1, 2, . . . , n}.
The saturation effect can be modeled as if α behaves as a pos-

itive time-invariant nonlinear memoryless function [40]. This
means that V̇ (x̃, t) is negative semidefinite regardless of the
specific value of the positive constant gain α. This corroborates
that the proposed passivity-based control drives the LC-StatCom
to its reference despite the saturation in the incremental control
input.

Now, the controller parameter α selection criteria to achieve a
fast transient is studied using the following approach. Substitut-
ing the feedback control law δ̃j into the incremental dynamics in
(32), the following bilinear time-varying closed-loop dynamics
is obtained:

˙̃x(t) =

⎛

⎝A(t)− α

n∑

j=1

Bj(t)B
T
j (t)P

⎞

⎠ x̃

− α

n∑

j=1

Bjx̃B
T
j (t)Px̃ (53)

which leads to the following time derivative for V (x̃):

V̇ (x̃, t) = x̃TQ(t)x̃ (54)

with

Q(t) =
1

2

(
AT(t)P+PA(t)

)

− αP

⎛

⎝
n∑

j=1

Bj(t)B
T
j (t)

⎞

⎠P. (55)
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Note that Q(t) for the lossless case can be expressed as

Q(t) = −α×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

nv̄∗2C −ī∗Lv̄
∗
C −ī∗Lv̄

∗
C · · · −ī∗Lv̄

∗
C

−ī∗Lv̄
∗
C ī∗2L 0 · · · 0

−ī∗Lv̄
∗
C 0 ī∗2L · · · 0

...
...

...
. . .

...

−ī∗Lv̄
∗
C 0 0 · · · ī∗2L

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(56)

where the time dependence notation is avoided for the sake of
simplicity and readability.

In the same way that the matrix P is related with the incre-
mental energy, the matrix Q(t) is related with the incremental
dissipated power. The terms of Q(t) change at every instant
of the reference trajectory. Considering, now, a set of M time
instants tm equally spaced along a time period T , the average
of each term of Q(t) in the considered set, corresponds to

〈Q〉 = −α

×

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n
〈
v̄∗2C

〉 − 〈̄i∗Lv̄∗C〉 − 〈̄i∗Lv̄∗C〉 · · · − 〈̄i∗Lv̄∗C〉
− 〈̄i∗Lv̄∗C〉

〈
ī∗2L

〉
0 · · · 0

− 〈̄i∗Lv̄∗C〉 0
〈
ī∗2L

〉 · · · 0

...
...

...
. . .

...

− 〈̄i∗Lv̄∗C〉 0 0 · · · 〈
ī∗2L

〉

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(57)

where
〈
v̄∗2C

〉
,
〈
ī∗2L

〉
, and 〈̄i∗Lv̄∗C〉, respectively, represent

〈
v̄∗2C

〉
=

1

M

M∑

m=0

v̄∗2C [m]

〈
ī∗2L

〉
=

1

M

M∑

m=0

ī∗2L [m]

〈̄i∗Lv̄∗C〉 =
1

M

M∑

m=0

ī∗Lv̄
∗
C [m] (58)

where v̄∗2C [m] = v̄∗2C (tm), ī∗2L [m] = ī∗2L (tm), and ī∗Lv̄
∗
C [m] =

ī∗Lv̄
∗
C(tm). As ī∗L(t)v̄

∗
C(t) is a symmetric bounded signal,

〈̄i∗Lv̄∗C〉 = 0. Thus, (57) can be rewritten as

〈Q〉 = −α

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n
〈
v̄∗2C

〉
0 0 · · · 0

0
〈
ī∗2L

〉
0 · · · 0

0 0
〈
ī∗2L

〉 · · · 0

...
...

...
. . .

...

0 0 0 · · · 〈
ī∗2L

〉

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (59)

Note that when M is large enough,
〈
ī∗2L

〉
corresponds with the

square rms value of ī∗L(t), and similarly for
〈
v̄∗2C

〉
. Thus, (59)

can be rewritten as

〈Q〉 = −α

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

nV ∗2
C,rms 0 0 · · · 0

0 Î∗2L,rms 0 · · · 0

0 0 Î∗2L,rms · · · 0

...
...

...
. . .

...

0 0 0 · · · Î∗2L,rms

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (60)

Now, invoking the convergence lemma [37, p. 91], which says
that if a real function V (x̃) satisfies the inequality

V̇ (x̃, t) + γV (x̃) ≤ 0 (61)

where γ is a real positive number. Then

V (x̃(t)) ≤ V (x̃(0)) e−γt (62)

which means that the stored energy in the incremental model
converges exponentially, with γ as its decay rate, and x̃(0)
as the initial state. It should be noted that since V (x̃) is a
quadratic function of the incremental state-space variables, the
decay constant of these variables is γ/2. Based on the previous
discussion, the differential inequality in (61) can be formulated
as follows:

x̃T
(
Q(t) +

γ

2
P
)
x̃ ≤ 0. (63)

Substituting Q(t) by its average value 〈Q〉, (63) can be
rewritten as

x̃T
(
〈Q〉+ γ

2
P
)
x̃ ≤ 0 (64)

which implies that

α ≥ max

{
γL

2nV ∗2
C,rms

,
γC

2Î∗2L,rms

}

. (65)

Therefore, it can be concluded that if α fulfills (65), one can
guarantee an average value for the decay rate γ over the set of
M time instants. Particularly, in the article, the following value
for the α parameter has been chosen:

α = max

{
γL

2nV ∗2
C,rms

,
γC

2Î∗2L,rms

}

(66)

which ensures an average decay rate higher or equal than γ.
Obviously, the actual decay rate depends on the particular instant
where the perturbation occurs.

V. EXPERIMENTAL RESULTS

With the purpose of illustrating the feasibility and good perfor-
mance of the proposed passivity-based multi-input control law,
experimental results are obtained on a 1-kVA scaled-down CHB
converter arm with three H-bridges (see Fig. 4). The PCC voltage
is provided by a GE&EL 15 kVA CINERGIA grid emulator.
IMPERIX PEH2015 H-bridge modules are used, which are
connected in series to form the seven-level converter. The pa-
rameters of the scaled-down LC-StatCom prototype are shown
in Table I. It can be appreciated that the size of the capacitors
C is relatively small, which results in approximately 70% (of
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Fig. 4. Experimental setup.

TABLE I
PARAMETERS OF THE EXPERIMENTAL SETUP

the nominal dc component) low-frequency voltage oscillation
magnitude at the rated power. The control scheme depicted in
Fig. 3 is implemented using a BOOMBOX RCP board from
IMPERIX. PSC-PWM is implemented in the controller [29],
[30], which generates a constant switching firing pulse pattern
in the converter.

The various features of the proposed control algorithm are
evaluated on the LC-StatCom CHB converter with three dif-
ferent test cases: Case I: Balancing capability considering an
initial unbalanced capacitor voltage state, Case II: Steady-state
operation, and Case III: Transient response.

Case I: Balancing capability considering an initial unbal-
anced capacitor voltage state, specifically, v̄∗C1

= 1.5v̄∗clus/n,
v̄∗C2

= 0.5v̄∗clus/n, and v̄∗C3
= v̄∗clus/n. Fig. 5 shows the experi-

mental balancing behavior when the converter draws 33% rated
capacitive power [see Fig. 5(a)] and 100% rated capacitive power
[see Fig. 5(b)]. It can be appreciated that the control reestablishes
a balanced state in less than 70 ms under these test conditions.
The proposed multi-input control strategy achieves accurate and
fast capacitor voltage balance. As it can be observed, the higher
the power processed, the faster the controller reestablishes the
balancing situation. This is because the term ī∗LṽCj in the control

Fig. 5. Case I: Experimental waveforms showing the balancing capability
when operating the LC-StatCom. (a) 33% capacitive operation. (b) 100%
capacitive operation.

law (50) is proportional to the injected power, thus leading to
faster control actions when ī∗L increases.

Case II: The performance of the proposed approach in steady
state under full capacitive current is evaluated and the results
are shown in Fig. 6. These waveforms exhibit 70% peak-to-peak
low-frequency voltage oscillation on the capacitors. Experimen-
tal waveforms have shown a total harmonic distortion of 3.17%
in the injected current into the grid. As stated in the introduction,
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Fig. 6. Case II: Experimental waveforms showing the steady-state perfor-
mances when operating the LC-StatCom at 100% capacitive operation.

the synthesized PWM voltage by the power converter vout is
shaped close to sinusoidal by the capacitor voltages when the
LC-StatCom operates at 100% capacitive power, as shown as
CH4 in Fig. (6).

Case III: Transient behaviors are illustrated in Fig. 7, which
depicts the experimental waveforms under sudden change of
the reactive power level reference. Specifically, Fig. 7 depicts
the transient waveforms in capacitive mode during a change
from 33%-rated power to full-rated power [see Fig. 7(a)] and the
transition from full-rated power capacitive mode to 33%-rated
power inductive mode [see Fig. 7(b)]. It can be noted that the
transient response is very fast, while correct voltage balancing
and peak regulation of the capacitor voltages are also obtained
after the occurrence of the transient. The proposed control is able
to reach a perfect global tracking of the time-varying reference
signals in less than 5 ms.

In Fig. 7(b), it can be appreciated that the control of the in-
jected current is lost, due to the saturation of the averaged control
input of the modulator (i.e., vclus ≥ |v̄∗out|). The energy stored in
the inductor needs to be suddenly reduced, whilst the capacitive
energy stored in the capacitors needs to be increased. The
proposed controller uses this excess of energy in the inductor to
charge the capacitors accordingly. This inherent exchange of en-
ergy within the inductor and the capacitors represents the key of
the proposed control approach, which illustrates that there is suf-
ficient stored energy in the LC-StatCom to have fast and smooth
transitions between operating modes. On the other hand, in a
conventional cascade control structure, such as those in [7] and
[12], and illustrated in Fig. 1(b), the outer voltage control loop
initially requests relatively high active power current component

Fig. 7. Case III: Experimental waveforms during a sudden reactive power
change. (a) From 33% capacitive operation to 100% capacitive operation.
(b) From 100% capacitive operation to 33% inductive operation.

to the grid (Î∗d) in order to charge the capacitor voltages. This phe-
nomena takes place unavoidably due to the cascade structure of
the control. Therefore, whether there is enough energy stored in
the inductor to charge the capacitors is not taken into account by
the controller, which disturbs the grid unnecessarily demanding
extra active power during the transient. Once the cluster voltage
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reaches its reference, the required active power component drops
to the value that only compensates for the losses.

VI. CONCLUSION

An incremental passivity-based multi-input control law has
been developed for LC-StatComs. This article has reviewed
the multivariate averaged model of the converter that takes
into account its bilinear nature. Using this multivariate bilinear
model, which is time varying, it analyses a set of coherent
reference signals to be tracked. These tracking signals ensure
a prescribed capacitor voltage limit, besides ensuring that the
reference control inputs are in the range [−1, 1]. Then, this article
develops a multi-input incremental passivity law that guarantees
global tracking of the specified references and balances the
capacitor voltages despite saturations in the averaged control
inputs of the modulator. From the incremental passivity control
derivation, it results in a linear periodically time-varying law eas-
ily implementable with standard digital controllers. This article
also shows a comprehensive set of experimental measures that
corroborates the excellent behavior of the proposed approach.
Experimental results exhibit fast balancing responses, fast tran-
sients between operating modes, and low harmonic distortion in
the injected StatCom current, showing agreement with expected
theoretical performances.

APPENDIX

ANALYTICAL EXPRESSION FOR CONVERTER

VOLTAGE REFERENCE IN (18)

According to (12) and (13), (18) can be expressed in the
following rectangular notation:

v̄∗out(t) =
(
V̂g −XLÎ

∗
L sin (ϕ∗) +RLÎ

∗
L cos (ϕ∗)

)

︸ ︷︷ ︸
V̂ ∗

out,d

sin (ωgt)

+
(
XLÎ

∗
L cos (ϕ∗) +RLÎ

∗
L sin (ϕ∗)

)

︸ ︷︷ ︸
V̂ ∗

out,q

cos (ωgt)

(67)

which is easy to translate to its equivalent polar representation
as

v̄∗out(t) = V̂ ∗
out sin (ωgt+ α∗

v) (68)

where

V̂ ∗
out =

√
V̂ ∗2

out,d + V̂ ∗2
out,q (69)

α∗
v = atan2

(
V̂ ∗

out,q, V̂
∗

out,d

)
. (70)

Using (22) in (67), the amplitude of the converter output
voltage reference (69) is equal to

V̂ ∗
out = −XLÎ

∗
L + V̂g

√
√
√
√1−

(
RLÎ∗L
V̂g

)2

(71)

during inductive operation (i.e., when ϕ∗ = π
2 + α∗

v), whereas
it is

V̂ ∗
out = XLÎ

∗
L + V̂g

√
√
√
√1−

(
RLÎ∗L
V̂g

)2

(72)

during capacitive operation (i.e., when ϕ∗ = −π
2 + α∗

v). It is
worth noting that the total voltage V̂ ∗

out, which the converter
needs to generate, is greater than the PCC voltage magnitude
V̂g during capacitive operation (72), and less than V̂g during
inductive operation (71).
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