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Permeance Distribution Function: A Powerful Tool to
Analyze Electromagnetic Forces Induced by PWM
Current Harmonics in Multiphase Surface
Permanent-Magnet Motors

Yajun Lv*, Siwei Cheng

and Junquan Chen

Abstract—This article introduces a new method to analyze elec-
tromagnetic forces induced by pulsewidth modulation current
harmonics in inverter-fed surface permanent-magnet motors. The
concept of the permeance distribution function (PDF) is first in-
troduced with its properties and relation to machine inductances
fully explained. Utilizing the concept of PDFs, two methods are
proposed to calculate the flux distribution on stator boundaries by
armature currents and rotor permanent magnets, respectively. By
superposing the stator flux distributions from both sources, the final
stator electromagnetic force distribution is obtained. The method is
validated by finite-element analysis, demonstrating good accuracy
and very fast computation time.

Index Terms—Current harmonics, electromagnetic force, finite-
element analysis (FEA), noise and vibration harshness, permanent-
magnet synchronous machine (PMSM), permeance distribution
function, pulsewidth modulation (PWM), radial magnetic force
(RMF), relative permeance, surface permanent-magnet motor
(SPM), vibration and acoustic noise.

1. INTRODUCTION

ERMANENT-MAGNET synchronous machines

(PMSMs) have been extensively used nowadays in
energy industries, transportations, advanced manufacturing,
and defense industries. Compared with conventional three-phase
PMSMs, multiphase PMSMs have a more sinusoidal magneto
motive force (MMF) and, thus, generally exhibit less torque
ripple and a cleaner spectrum of radial magnetic forces (RMFs)
[1], [2]. Such advantages have made them the preferred
choice for many vibration—critical applications, such as vessel
propulsions, high-precision servos, and electric vehicle drives

[31, [4].
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Although multiphase PMSMs can be designed with very
low torque ripples and thus have good low-frequency vibration
performance, their high-frequency vibration performance is lim-
ited by output current harmonics of the connected pulsewidth
modulation (PWM) inverters [5]-[7]. In hybrid/electric ve-
hicles, for example, the whining sound emitted by inverter-
fed motors has been a difficult noise and vibration harshness
problem [8].

To study high-frequency motor vibrations and acoustic noises,
the first crucial step is to accurately calculate machine inter-
nal electromagnetic (EM) forces induced by the PWM current
harmonics. Traditionally, it is believed that the RMF is mainly
responsible for PWM-induced high-frequency vibrations of
PMSMs [6], [9]-[11]. The RMF is normally calculated from the
machine airgap flux distribution, which can be efficiently calcu-
lated by analytical methods, such as the MMF-based method, the
complex relative airgap permeance method, or the subdomain
method [12]-[14], if the magnetic saturation of the machine is
ignored. Once the airgap flux distribution is obtained, the RMF
can be determined by extracting the radial component of the
Maxwell stress tensor along the airgap circle.

However, it should be pointed out that the RMF along the
airgap circle is only a crude approximation of the overall force
exerted on the stator bore [15]-[17]. It does not represent the
realistic EM force distribution exerted on all the actual compo-
nents of the stator. For many applications where only EM forces
of low-spatial orders are concerned, such as those produced by
permanent magnets (PMs) or by fundamental armature currents,
the RMF calculated from the airgap flux is often adequate when
used to predict the vibration of the PMSM either qualitatively
or semiquantitatively [15], [18].

However, for applications where EM forces of high-spatial
orders are concerned, such as those caused by high-frequency
PWM current harmonics, the RMF calculated from the airgap
flux is no longer effective in predicting the vibration of the
PMSM.

To illustrate this point, Fig. 1 shows the instantaneous
flux distribution of a six-phase concentrated-winding surface
permanent-magnet motor (SPM) excited only by the funda-
mental component of armature currents. The instantaneous slot
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Fig. 1.  Flux lines of a six-phase SPM under fundamental current excitations
given by FEA.
Fig. 2. Flux lines of a six-phase SPM excited by a single PWM current

harmonic at the frequency of (2fs — fe).

currents, represented by red arrows in the figure, follow a sinu-
soidal spatial distribution.

As can be seen from the plot, the spatial order of the flux
distribution is the same as the number of poles. Among all
fluxes produced by armature currents, a good portion is the
main flux that passes through the airgap. Therefore, although
it is not exactly accurate to use the airgap RMF to characterize
the force seen by the stator, the error is generally acceptable for
the purpose of assessing motor vibrations.

On the contrary, Fig. 2 shows the instantaneous flux dis-
tribution of the same SPM excited by a single PWM current
harmonic with PWM carriers shifted by 105° between two sets
of three-phase windings. For this particular current harmonic,
the instantaneous slot currents are distributed much more irreg-
ularly. Currents of adjacent slots often have opposite directions.
Consequently, the resulting flux distribution is vastly different
from that produced by the fundamental current. The spatial order
of the flux distribution is now almost as high as the number of
slots. The main flux that passes the airgap only makes up a tiny
portion among all fluxes produced by armature currents, whereas
the majorities are the slot leakage flux and the tooth-top leakage
flux.

Apparently, the airgap RMF is no longer suitable to character-
ize the stator force caused by PWM current harmonics. Instead,
the realistic stator force distribution can only be obtained by
solving the actual EM forces on stator teeth boundaries and on
stator coils.

To achieve this goal without resorting to brutal-force finite-
element analysis (FEA), this article introduces a new motor
parameter, the permeance distribution function (PDF). The PDF
is a distributed parameter that describes the flux distribution
pattern on designated boundaries of the motor under the exci-
tation of one phase current. The parameter can be extracted by
FEA for just once and then be used recursively to synthesize
the time-varying flux distribution induced by all phase currents
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Fig. 3. Overall architecture of the PDF-based stator force calculation method.

on all physical boundaries of stator teeth or inside stator slots.
Therefore, not only it can one quantify the radial and lateral EM
forces seen by the stator teeth caused by leakage fluxes, but it
can also be able to calculate EM forces on the stator coils, which
enables more precise analysis of PWM-harmonic-induced motor
vibrations in the future.

This article is organized as follows. Section II formulates the
problem and outlines the overall solution process. Section III
introduces the concept of the PDF and discusses its properties
and relation to machine inductances. Section IV explains how
to use PDFs to calculate the stator flux distribution by armature
currents. Section V explains how to calculate the stator flux
distribution by PMs. Section VI combines the stator flux dis-
tributions from both sources and calculates the stator EM force
distribution. Section VII concludes this article and outlines the
future work.

II. PROBLEM FORMULATION

Given a specific design of an SPM, this article aims to develop
an efficient method to calculate EM forces seen by the stator
teeth and the stator coils with known phase current waveforms
and rotor position. The phase currents can be obtained before-
hand from analytical analysis, dynamic-model simulations, or
experimental measurements.

The method does not restrict harmonic contents of the phase
currents nor does it require the phase currents to be completely
balanced. However, since the proposed method is based on
superposition principle, it does require that the magnetic sat-
uration of the studied motor is within moderate levels so that the
magnetic circuit is approximately linear. One must note that this
assumption is no stronger than any other analytical method for
solving magnetic fields inside electric machines.

The overall architecture of the proposed method is shown in
Fig. 3. The finite-element model of the SPM is evaluated to
extract the PDFs along designated stator boundaries, the PM
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(b)

Fig. 4. Example six-phase concentrated-winding SPM. (a) Cross section.
(b) Winding diagram.

TABLE I
MAIN DESIGN PARAMETERS OF THE EXAMPLE MOTOR

Parameters Symbols | Value | Unit
Number of phases m 6
Number of pole pairs, P 14
Number of slots per pole per phase q 1
Coil pitch y 6
Motor axial length / 1430 mm
Stator inner diameter D 1112 | mm
Tooth width by 18.79 | mm
Slot width bs 22.8 mm
Slot depth hs 112 mm
Coil height h 94.5 mm
Number of parallel branches a 4
Number of conductors per slot Ny 16
Rated current Lrms 1343.5 A
Rated current angle relative to d-axis )4 110 deg
Rated frequency fe 46.67 Hz
Sampling frequency fs 1000 Hz

flux distribution along the slotless stator bore, and the relative
permeance due to the slotting effect.

Then, an analytical model based on PDFs is established
to calculate the flux distribution along stator boundaries from
armature currents. Furthermore, another analytical model based
on the relative permeance along the stator bore is formed to
calculate the stator flux distributions from PM excitations.

Results from both models are then superposed in a point-to-
point fashion to obtain the combined stator flux distributions.
Finally, by integrating the Maxwell stress tensor along desig-
nated stator boundaries, radial and lateral EM forces on stator
teeth, as well as EM forces on stator coils, can be obtained.

To illustrate the proposed method, a six-phase concentrated-
winding SPM with rectangular slots is taken as an example, as
shown in Fig. 4. Parameters of the studied motor are shown in
Table L.

To avoid unnecessary complications to the analysis, the fol-
lowing assumptions are made regarding the example motor.

1) Turn-to-turn insulations in the slot are neglected, i.e.,
all conductors in each slot are treated as a single large
homogeneous conductor.

2) The skin effect and proximity effect on stator turns are
neglected, i.e., the slot current is evenly distributed in the
conductor.
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Fig. 5. Typical phase-current-induced flux distribution near the slot opening
of a motor with a large airgap.

3) Subtle geometric features of stator teeth, such as the wedge
holder near the slot opening, are neglected. Hence, stator
teeth have perfectly straight edges.

4) The two edges of a stator tooth are assumed to be approx-
imately parallel when calculating the lateral force on the
stator tooth.

III. PERMEANCE DISTRIBUTION FUNCTION
A. Definition

Inductances are important lumped parameters of electric ma-
chines, from which the main flux and the leakage flux can
be calculated. However, knowing the magnetic flux and its
composition is not enough to calculate the stator EM forces.

Fig. 5 shows the typical phase-current-induced flux distribu-
tions near the slot opening of a motor with relative large airgap.
As can be seen from the plot, all flux lines can be classified as
the leakage flux. However, some of the flux lines exit from the
tooth top and thus results in a radial pulling force on top of the
stator tooth. Other flux lines exit from tooth edges and are more
concentrated near the slot opening. This part of the leakage flux
results in a lateral pulling force distributed on the edge of the
stator tooth.

Clearly, inductances as lumped machine parameters simply
lack the information to describe the spatial distribution of stator
forces. To overcome this limitation, some parameters with inher-
ent information on flux distribution pattern on stator boundaries
have to be introduced.

This article thus introduces the PDF. Given specific motor
geometries and material properties, the PDF describes the flux
distribution pattern on designated boundaries of the motor
under the excitation of one phase current.

Fig. 6 illustrates the flux distribution of the studied six-phase
SPM with the energized phase highlighted. Fig. 7 shows the slot
numbering convention relative to the energized phase, as well as
the definition of a series of local coordinates attached to stator
teeth of the studied motor, where hg = hs — h;.

The PDF on the tooth edge is defined as follows:

B, (z)

*a) = Ngija

ey
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Fig. 6. Illustration of the flux distribution pattern with single-phase excitation
(machine flattened for easier illustration).

Fig. 7. Relative slot numbering convention and coordinate definitions of the
stator of the studied motor.

where ¢ is the phase current, with a reference direction pointing
out of this article; a is the number of parallel branches; N is
the number of conductors per slot; and Ni/a is, therefore, the
slot current. B,,(x) is the distribution of magnetic flux normal
to the specified tooth edge, with a reference direction pointing
out of the stator iron core.

The PDF on the slot centerline is defined similarly to that in
(1); the only difference is that By, () is now the distribution of
magnetic flux normal to the slot center line, with a reference
direction pointing left.

The PDF on the tooth top is defined as follows

B, (y)

My) = N.i/a

@)

where B,,(y) is the distribution of magnetic flux normal to the
specified tooth top.

Compared with the definition of permeance A = %;/a, aba-
sic physical quantity in magnetic circuits, the denominator of the
PDF is the same, but the numerator changes from the total flux
¢ to the flux distribution B,,(x) and B,,(y). Therefore, the PDF
is a physical quantity that describes the flux distribution normal
to the analyzed boundaries, with the unit of Wb x A~ x m~2.

The PDF is an essential parameter that reflects the character-
istic of the motor magnetic circuit. When the magnetic circuit
of the motor is linear, the PDF does not vary with the excitation
current.

B. Denotation Custom

To differentiate PDFs on different stator boundaries, a proper
denotation custom is needed. Denotation of PDFs involves two
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subscripts and one superscript in general, shown as follows:
ATEC). (3)

The superscript indicates the location of the stator boundary
measured by the relative slot number it belongs to. For example,
a superscript of “0” indicates the boundary belongs to the slot
numbering “0” in Fig. 7, i.e., the slot with active current exci-
tation. A superscript of “+1” indicates the boundary belongs
to the slot numbering “+1” in Fig. 7. For the studied six-phase
concentrated-winding SPM, possible values of the superscript
are —2, —1, 0, +1, +2, and +3.

The first subscript indicates the type of boundary. It is denoted
as “e” for the tooth edge, “t” for the tooth top, and “sc” for the
slot centerline.

The second subscript indicates whether the boundary is on
the left or right of the affiliated slot. It is denoted as “I” if the
boundary is on the left of the slot and “r” if on the right. The
second subscript does not apply to the slot centerline and is
omitted in that case.

It should be noted that the tooth-top PDFs can always be ex-
pressed in two ways using this denotation custom. For example,
the PDF of the blue line in Fig. 7 can either be denoted as X;flo (y)

or A: 7} (y). Denotations of tooth edges and slot centerlines,
however, are unique.

C. Properties of PDFs

As can be seen from Fig. 6, the flux distributions excited
by a single -phase current possess many spatial symmetries,
which can be exploited to reduce the number of PDFs needed to
characterize the stator flux distribution.

1) The flux distributions on stator tooth edges are mirror

symmetrical about the centerline of the excitation source,
which leads to the following properties of PDFs:

A (@) ==ak(x) k=0,1,2,3 &)
AE (@) ==af (@) k=0,1,2,3. 5)

Note that the minus sign is introduced because the reference
direction of PDFs is always pointing out of the stator core.
2) The flux distributions on stator tooth tops are mirror
symmetrical about the centerline of the excitation source,
which leads to the following properties of PDFs:

WME@ =-2Fb—y) k=012 ©)

where b; stands for the tooth width.
To simplify denotations, define

Al (b —y) defa, F(y)'. )
Then, (6) simplifies to
AT () =2y k=0,1,2 8)

which is very similar to (4) in form.
3) For slot edges that are far away from the excitation source,
their flux distributions are approximately identical.
This is because all slot edges far from the excitation source
have the same magnetic potentials. Moreover, their position
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TABLE II
INDEPENDENT PDFs OF THE STUDIED MOTOR

Types of stator Independent permeance distribution

boundaries functions
Tooth edge 22,(x0), A1), A71(x), At (%),
Tooth top O, AW, D),
Slot centerline 22.(x)
< -4 L 5
2 2.3x10 g 4.8x10
1,: 1.7x10"* T 3.6x10°
£ 1.2x10" _§ 2.4x10°°
<~ -5 <~ 5
E 5.8x10 E 1.2x10
) 0.0 e 0.0
0 50 100 0 50 100
Distance x (mm) Distance x (mm)
(a) (b)
§-4.4x10° €3'7X10 5
< 3.3x10° < S
P P 2.8x10
©2.2x10° § 1.8x10°
2 -5 2 6
E 1.1x10 E 9.2x10
& 00 2 00
0 50 100 0 50 100
Distance x (mm) Distance x (mm)
© (@
Fig.8. Tooth-edge PDFs extracted by magnetostatic finite-element simulation.

@ 22 (). ) 11 (2). (© 21 (2). () 2 [ F ().

relative to the nonsalient rotor is also identical. Therefore, the
resulting flux distribution is identical.

For slot edges that are close to the excitation source, however,
they are caught in the leakage flux path of the excited phase.
Therefore, the flux distribution is no longer the same as the ones
farther away from the excitation source.

How “far” is enough really depends on the slot-opening-to-
airgap-length ratio. The slot leakage flux tends to spread less
to adjacent slots if the slot-opening-to-airgap-length ratio is
larger. For the studied motor, it is found the flux distributions
of slot edges become essentially identical if they are apart from
the excitation source by one slot, which leads to the following
properties of PDFs:

AT (@) A2 () = Al (2) m A0 (o). )

4) For those slots without active current excitations, the flux
distributions on slot centerlines are negligible compared
with that in the slot with active current excitation, which
leads to the following properties of PDFs:

AiF(r)~0 k=1,2,3. (10)

For the single-pole model of the machine shown in Fig. 7,
there are a total of 12 tooth edges, 6 tooth tops, and 6 slot cen-
terlines, which correspond to a total of 24 PDFs. Using the four
properties mentioned above, the number of independent PDFs
can be reduced to four for the tooth edges, three for the tooth

tops, and one for the slot centerlines, which are summarized in
Table II.
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D. Finite-Element Extraction of PDFs

The aforementioned eight independent PDFs can all be
extracted by the finite-element model of the studied SPM
with a single simulation run. Extracted PDFs are shown in
Figs. 8 and 9.

To facilitate numerical manipulations, each PDF is mathe-
matically represented as a column vector. The dimension of
the vector is determined by the spatial resolution needed to
characterize the EM force on the stator boundaries.

E. Relations to Inductance Matrix

The general form of the inductance matrix of a six-phase
motor is shown as follows

Ly L2 Ly Ly Ly
Loy Loy Los Loy Lo
L3y L3o Lz L3y Lss
Lyy Lyz Lsz Lag Lye
Ls1 Lsa Lss Lsa Lse
Le1 Le2 Les Lea L |

(11

Due to the rotational symmetry of the stator core and stator
windings of the studied motor, the inductance matrix only has
six independent elements, L1, Loy, L3y, L1, Ls1, and Lg; . By
integrating the PDFs along corresponding stator boundaries and
calculating mutual flux linkages between different phases, all six
inductances can be analytically expressed by PDFs as follows:

2P - N2l [ ™ hatho
a 0 h

1

hi+ho
+ / (it +adl +33) do
0

by
+ / (h00+ 250 +237) dy}
0

12)
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TABLE IIT
COMPARISON OF INDUCTANCE CALCULATION RESULTS

FEA PDF error

L (mH) | 2.7345 2.8079 | 2.68%

L>i (mH) | 0.5255 0.5395 | 2.64%

L3 (mH) | 0.2483 0.2555 | 2.90%

Lsi (mH) | 0.0002 0 -

Lsi (mH) | -0.2479 | -0.2555 | 3.06%

Lei (mH) | -0.5254 | -0.5395 | 2.68%

Fig. 10.  Absolute slot and phase numbering convention of the studied motor.

2P - N2, ftho
Loy = 72"]0 [/ (kjll + 3)\:%) dx
a 0 , ;

by
+ [ () dy} (13)
2P - N2 -1, hatho e
L3 = Tf (/ 2.1 dx +/ A;ffdy)
0 0
(14)
Ly =0 s)
Ls; = —L3 (16)
Ler = —La a7

where [ is the effective stator core length.

The inductances calculated from the FEA and from the PDFs
are compared in Table III. The errors are small, which confirms
the precision of using PDFs to characterized machine magnetic
field.

IV. STATOR FLUX DISTRIBUTION BY ARMATURE CURRENTS

To calculate the flux distribution on stator boundaries by
armature currents, the basic idea is to first calculate the flux
distribution induced by each phase current and then superpose
the results from all six phases together to obtain the combined
flux distribution.

In Section III-B, PDFs are denoted relative to the slot with
active current excitation. To describe the superposition process
mathematically, however, an absolute slot and phase numbering
convention needs to be introduced, as shown in Fig. 10

In Fig. 10, all slots and phases are numbered sequentially
from 1 to 6. Slot edges are numbered after the slot they belong
to, and tooth tops are numbered after the slot to its right. For
example, the left and right edges of slot number “m” are denoted
in subscript as “m, [ and “m, r” respectively, and the tooth top
to the left of slot number “m” is denoted in subscript as “m, ¢”.
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The superposition process can be expressed in very succinct
matrix forms. The flux distributions on tooth tops are

B (y:1) 6 M M M *)‘:12*)‘:11_ i1 (t)
B3, (y.1) a0 Al a2 T e
B, () | Ng | M0 M M A ke mE | i)
By o) | @ [=x2 g a0 a0 k| |a
Bg, (y,1) “hpr—hen MM 28 W s @)
L Bg ¢ (y: 1) | =20, —rn e iattoadh a9 1 Lis ()]

(18)

where phase current i1 (¢) is a 1 X N row vector, with different
columns representing currents at different time instants; each
PDF is M; x 1 column vector; and B, (y, t) is an M; x N matrix,
with rows representing different spatial positions and columns
representing different time instants.

Utilizing the properties of PDFs discussed in Section III-C,
(18) can be represented by only three independent PDFs of the
tooth tops as

M50 0 a1 542 542 5417 e )]

By, (y,t Mg —hi TR TR TRl T i1 (t)
+1 50 o +1' 420 5 +2 ;

B3, (y,t )‘t,l Mo Th _)‘t,z _)‘t,l _)‘t,l iz (1)

o +1 5 +2 i
—Aia _)‘t,l _)‘t,l iz ()

(y:1)
(y:1)
B ()| N, | MT M A
(y:1)
(y:1)
(y:1)

a +2/ 542 4 +1 0 o +1 ;
Bf, (y,t Ml M M A Thg Ay ia (1)
+17 542" 5 +2 5+l 0 o ;
Bg , (y,t Aer M Mo Mg M Ay i5 (1)
0 G+l 542 542 41 0 ;
L Bg . (y,t A T S O I I ()]
(19)

The superposed flux distributions on left and right slot edges
are

[ Bf, (1) ] (20t a7l 1 [a®]
B3, (w,t) a0 b gy g | e
By, () | N, | AT AL a0 a0y A At | (i)
B )| o | a2 a0, o a2 | |ae
B, (z,1) —hgg APl all a0, g | s
L B, (1) ] L —ah —rialy oy iy a2, ] Lis() ]
(20)
Bf, (z,t)] [ 20, 2k a3 il [ ®]
BY, (1) adr a0, actac2 all adi | 2@
BY, (zt) | N, | A7 A& A a0k a3 Ak | s ()
Bg, (x,1) S| g A2 AdEA0 gk a2 ia (1)
Bg . (x,t) a2 adiadr 20, gk | s ()
L BE, (x,1) | L—ach—a22addad2 ads 29, 1 Lis(t) |
Q1)

Utilizing the properties of PDFs discussed in Section III-C,
(20) and (21) can be represented by the four independent PDFs
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of the slot edges as
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B3, (z,t) _N; )‘e+12 )‘jzl )‘2,1 -7 _)\j,? —)\112 i3 (t)
By (ot) | o |af3 i an a0, it | lao
Bg, (1) }“le }”:ZQ }‘j? }‘jzl Ag,z -2dr is (t)
L Bgu (1) ] Lade 237 ol 200wl w1 L)
(22)
Bf, (@1)] [0y —hdy =i AT A A [ O]
B3, (z,t) R S S SR Sl B EPY ()
B, (,0)| N, | M7 aEr x,li ali ol @
Bf, (x,t) e A:f :;2 Al -2, —)Lj,ll —xjf ia (t)
Bg . (x,t) Ao ol Ak 0 Al s
LBg . (2,1). Loy w50 Al ol ks ] Lis ()
(23)
The flux distributions on the centerlines for slot m are
a Ns 0 .
By, s (,8) = — Age (@) i (), m=1,2,...,6. (24)

Fig. 11 compares the armature-current-induced flux distri-
butions calculated by FEA and the proposed method under
rated condition. Flux distributions on tooth top “3, #,” slot edge
“4, r,)” and slot centerline “2” given by the two methods agree
very closely across the specified boundaries over the entire
fundamental cycle.

V. STATOR FLUX DISTRIBUTION BY PMs

To calculate the flux distribution along stator boundaries
induced by rotating PMs, the following solution process was
proposed, as shown in Fig. 12.

A. PM-Induced Flux Distribution Along Slotless Stator Bore

The flux distribution along the slotless stator bore reflects the
inherent excitation characteristics of the PM rotor. Fig. 13 shows
the rotor-synchronous angular coordinate system of the motor,
whose origin is anchored on the d-axis of the PM rotor.

In the rotor-synchronous coordinate system, the radial flux
distribution induced by the PM rotor along the slotless stator
bore is time independent and can be expressed in the following

Comparison of armature-current-induced flux distribution on specified stator boundaries. (a) Tooth top “3, #.”” (b) Tooth edge “4, r.” (c) Slot centerline “2.”
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Fig. 12.  Overall process for calculating stator flux distribution induced
by PMs.
!
I ! I
| : |
| ! !
g —F — |
I |
| ! |
T
Fig. 13.  Rotor-synchronous angular coordinate system of the motor.

series form:

By (o) = Z B, cos (na + ¢y,)

n=1

(25)

where B,, is the magnitude of the nth order flux harmonics, and
©n, 1s the phase angle of the nth order flux harmonics, both of
which can be extracted by a slotless finite-element model.

Fig. 14 shows the stationary angular coordinate system of
the motor, whose origin is anchored on the axis of phase-1
winding. Defining the rotor angle 0,.(¢) to be the angle from
phase-1 axis to the rotor d-axis, then for any angle € in the
stationary coordinate system, its corresponding angle in the
rotor-synchronous coordinate system is

a=60-0,.(t). (26)
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Fig. 14.  Stationary angular coordinate system of the motor.
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)
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Fig. 15.  Extraction of relative permeance of the slotting effect. (a) Finite-
element model with stator slots. (b) Finite-element model without stator slots.

Substituting (26) into (25), the PM-induced radial flux dis-
tribution along slotless stator bore in the stationary angular
coordinate system can be expressed as

ZB cos (n (0 — 0, (t)) + ¢n). 7

B. Relative Permeance Along the Slotted Stator Bore

While the PM-induced flux distribution is rotating in space,
the slotting effect is stationary and can be characterized by the
relative permeance of the slotted stator bore. Fig. 15 shows the
slotted and slotless motor models with a segment of stator bore
highlighted. Dividing the radial flux distribution of the slotted
model by that of the slotless model, the relative permeance along
the highlighted section of the stator bore can be determined as

A (0) - BSlot (9) /leotlcss (9) 0 € [*au, 0} (28)
where 6, is the slot pitch angle in electric degrees.

Due to the rotational symmetry of the stator core, there is

A@O)=A0O+0,). (29)

The relative permeance along the slotted stator bore can thus

be extended to the entire pole pitch, as shown in Fig. 16.
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Fig.17. PM-induced radial flux distribution along the stator bore of the studied

motor across one pole.

The PM-induced radial flux distribution along the stator bore
can therefore be obtained by multiplying Bf."(¢) and A(6)

BY™(0,1) = ZBCOS (0 =0, (1) +¢n). (30)

The calculation result for the studied motor when 6,.(¢t) =
—30° is given in Fig. 17.

C. PM-Induced Flux Distribution at Stator Tooth Tops

The PM-induced flux distribution at stator tooth tops can be
directly sampled from corresponding sections of B by

[BYY ()] [ B (6,6), O [=30u + 3050, —20u — $050] |
BYY (u,1) B (0,1),  0e[~20u + 3650, —0u — 3050
B (y,t) BE™ (0,1), Oe [0 + 1050, — 3 050]
By (u,1) } BL(0,1), 0e [ 1050, 0u — $0c0)

BYY (u,1) B (0,6), ¢ [0y + §0s0,20u — 5050
| BT (y,t) | [ BETO.),  0e[20u + $0u0,30u — L6co]

31)

where 6y, is the slot opening pitch angle in electric degrees.
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Fig. 18. Illustration of flux lines in stator slots with only PM excitation.
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Fig. 19. Normalized slot-edge flux dist. pattern with only PM excitation.

D. PM-Induced Flux Distribution at Slot Edges

The PM-induced flux distribution at stator slot openings can
be directly sampled from corresponding sections of BL" by

By, (4, 1) BEM(0,1), e [—30u — $0s0, —30u + $0s0] |
BYS (w:1) BE™ (0,1), 0e [~20u — 3050, ~20u + 3050 ]
By W:t) BEM(6,t), e [0y — 3050, —0u + 3650
BY™ () || BR(0.0), B [~ 0.0, +1040]
BEY (4, ) BRI (0,1), € [0u — $0s0,0u + $0so]
| BE% (wt) | [ BE(0.0),  0c[20u — 50s0,20u + 5050

(32)

With only PM excitations, the typical flux distribution in the
stator slot is illustrated in Fig. 18. According to flux continuity
theorem, magnetic fluxes that enter the slot opening should equal
to fluxes that exit both edges of the slot.

Assuming the flux distribution pattern of the slot edge is p(x),
which is normalized to fohs p(z)dz = 1. For linear magnetic
circuits, p(x) is generally a fixed function that can be extracted
by FEA, as shown in Fig. 19.

The total flux (per unit axial length) that enters the left half
and right half of slot opening “m” can be expressed as

tdy, m=1,2,....6 (33)

bi+bs
q)mJ (t) :/ Bg’bmso( Y,
bi+bs/2

tdy, m=1,2,....6.(34)

bi+bs /2
Bor) = [ B
by
Assuming that the flux that enters via the left half of the slot
opening eventually goes to the left slot edge, and the flux that
enters via the right half of the slot opening goes to the right slot
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Fig. 20. Comparison of PM-induced flux distribution on stator boundaries.

(a) Tooth top “3, #.” (b) Tooth edge “4, r.”

edge. Then, at any time instant, the flux distribution along the
left and right edges of slot “m” can be expressed as

B (z,t) =@ (t) -p(2), m=1,2,...,6 (35)
By (2,t) = @y (1) - p(x), m=1,2,...,6. (36)

Fig. 20 compares the PM-induced flux distributions calculated
by FEA and the proposed method on tooth top “3, £’ and slot
edge “4, r”, respectively. Flux distributions given by the two
methods agree very closely across the specified boundaries over
the entire fundamental cycle.

VI. STATOR EM FORCE DISTRIBUTION
A. Combined Flux Distribution on Stator Boundaries

In Section III, the armature-current-induced flux distributions
along stator boundaries of the studied motor have been ob-
tained in (19), (22), and (23). In Section IV, the PM-induced
flux distributions along stator boundaries have been obtained
in (31), (35), and (36). By superposing the flux distributions
from these two excitation sources together, the actual flux dis-
tributions along stator boundaries of the motor can be finally
obtained as

Bt (y,t) = By, s (y,t) + By (y,t), m=1,2,...,6
37

By (z,t) = By, (z,t) + B (2,1), m=1,2,...,6
(38)

By (x,t) = By, . (x,t) + B (z,t), m=1,2,...,6.
(39

Fig. 21 compares the flux distributions simultaneously in-
duced by armature currents and PMs calculated by FEA and the
proposed method, which agree very closely.
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Fig. 22.  Simplified cantilever beam model of stator teeth.

B. Radial Force on Stator Teeth

The EM force density on stator tooth tops can be determined
according to the Maxwell stress tensor method as

B’rQn,t (ya t)
210

Therefore, the radial force on stator tooth m can be calculated
by integrating the stress along the tooth tops

Om,t (Y,1) = m=1,2,...,6.  (40)

b e Bh (Y. t)
Fm,radial = lef / Om,t (ya t) dy = lef / 7215 dy
0 0 Ho

C. Lateral Force on Stator Teeth

According to the absolute slot and tooth numbering conven-
tion in Fig. 10, the right edge of tooth “m” is the left edge of slot
“m” and should be denoted as “m, I’ accordingly. However, the
left edge of stator tooth “m” is essentially the right edge of slot
“m + 17 and should be denoted as “m + 1, r”

According to the basic symmetry of electric machines,
By, (z,t) = —Bj ,(z,t). Then, for any stator tooth “m,” the
EM force density on its left and right edges can be expressed
uniformly as

B72n+1,r (I7 t)

Tmt1,r (T,1) = o s om=1,2,...,6 (42)
B?nl (.I‘,t)
om (z,t) = —"—= m=12,...,6. (43)
2o

If stator teeth are treated as cantilever beams, as shown in
Fig. 22, the overall lateral force on stator tooth “m” is

he B2, (1) — Bfn’l (z,t)
Fm,lateral = lef D)
0 Ho
The overall bending moment exerted on tooth m is

hs B2 | (x,t)— B2, (z,t
Mm:lef/ . +1, ( 2LO nL,l( )

dr.  (44)

dz. (45)

{
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Comparison of combined flux distribution on specified stator boundaries. (a) Tooth top “3, £.” (b) Tooth edge “4, . (c) Slot centerline “2.”
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Fig. 23.  Comparison of EM forces on stator tooth and stator coil given by

FEA and the proposed method. (a) Radial force on tooth “3.” (b) Lateral force
on tooth “3.” (c) Bending torque on tooth “3.” (d) Radial force on coil “2.”

D. Radial Force on Stator Coils

The force seen by the stator coil is primarily the Lorenz force
of the slot current interacting with the slot leakage flux. For the
coil in slot m, its Lorenz force can be calculated as

hl
Fm,coil = / B;lnysc ({I?, t) (JVSZm (t) C}jf) lef~ (46)
0 A

Substituting (24) into (46) yields

b, Ny (t
Fm,,coil = /() 75)\‘26 (“L) im (t) SZL()lefdx

a ahy
= NZig, () ley /h1 29
0

a2h1 sc

(2) du. 47)

E. Finite-Element Validation With Fundamental Currents

When the studied motor is fed by sinusoidal currents at rated
condition, the radial force, lateral force, and bending moment
on the stator tooth, as well as the radial force on the stator coil,
are compared in Fig. 23, demonstrating very close agreement
between results given by FEA and the proposed method.
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Fig. 24.  Phase current spectrum.
TABLE IV
COMPARISON OF RADIAL EM FORCES ON STATOR TEETH
Frequency (Hz) 93.34 1906.70 2000.00 2093.33
Tooth#| FEA | PDF | FEA | PDF | FEA | PDF | FEA | PDF
1 8971.7/9056.2| 84.1 | 83.8 | 87.0 | 87.1 | 50.9 | 50.7
| 2 8958.6/9117.2] 49.0 | 49.3 | 79.8 | 80.5 | 76.1 | 76.4
’?t‘:ge' 3 [8957.2[9055.0] 84.1 | 83.7 | 87.1 | 87.1 | 50.8 | 50.6
N) 4 8945.419122.3| 489 | 49.3 79.6 80.6 | 759 | 76.4
5 8947.819060.0| 83.8 83.7 | 87.0 87.2 | 50.9 | 50.6
6 9037.6[9120.6| 49.6 | 49.3 | 80.6 | 80.5 | 76.9 | 76.5
1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2 -59.9 | -59.8 | -111.6 [-111.9| 198.5 | 198.4 | 129.2 | 129.0
Phase| 3 -121.4 [-121.5] 119.9 | 120.0 | 0.1 0.0 |-121.3]-121.5
(deg.) 4 178.7 | 180.2 8.5 8.2 198.5 | 1984 | 9.2 9.0
5 120.0 | 120.0 | 240.1 | 240.0 | -14 | 0.0 [ 118.2 | 118.5
6 60.2 | 60.2 | 126.7 | 128.2 | 197.0 | 198.4 |-110.7 | -111.0
TABLE V
COMPARISON OF LATERAL EM FORCES ON STATOR TEETH
Frequency (Hz) 93.34 1906.70 2000.00 2093.33
Tooth#| FEA | PDF | FEA | PDF | FEA | PDF | FEA | PDF
1 5311.5]5270.5| 124.0 | 122.5 | 146.3 | 1449 | 84.5 83.6
2 |5369.2(5381.7| 86.2 | 85.7 [ 141.9 | 141.2 | 1144 | 113.9
Amplit-| 3 |5462.7|5272.1| 125.2 | 122.5 | 147.7 | 145.1 | 85.1 | 83.5
ude N)| 4 [5560.8|5409.2] 87.3 | 86.2 | 144.1 | 142.6 | 1163 | 114.6
5 |5439.2(5294.6| 1254 | 1232 | 148.1 | 146.2 | 85.4 | 84.0
6 |5447.9[5382.2| 86.9 | 857 [ 143.0 | 141.2 | 115.6 | 114.0
1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2 300.2 | 300.1 | -125.8[-125.8 | -182.0 | -182.0 [ -241.5 | -241.4
Phase | 3 239.5 | 240.0 | -240.1 [ -240.0| 0.0 0.0 |-119.8]-120.1
(deg.) 4 178.0 | 1782 | -5.8 -5.5 |-181.9[-182.0| -1.5 -1.6
5 119.5 [ 119.6 | -120.0 | -119.8| 0.0 0.0 [-240.1|-240.4
6 59.9 | 60.0 |-245.7]-245.8|-181.9|-182.0]-121.6 |-121.4

F. Finite-Element Validation With Realistic Currents

To validate the proposed method in calculating stator EM
forces induced by PWM harmonics, the six-phase PMSM along
with its three-level neutral-point-clamped H-bridge inverter is
implemented in PLECS. The PWM carriers have a fixed fre-
quency of 1000 Hz and are phase shifted by 105° between two
sets of three-phase windings. To achieve good sampling quality
and sufficient spectrum resolution, the currents are sampled at
40 kHz for five fundamental cycles. The phase current spectrum
near rated condition is shown in Fig. 24.

Tables IV-VII compare the major EM force harmonics given
by FEA and the proposed method, including radial forces, lateral
forces, and bending moments on stator teeth, as well as radial
forces on stator coils.

As can be seen from the comparison, frequencies of harmonic
components (2f., 2fs, 2fs £ 2f.) given by the two methods
match exactly. Amplitudes and relative phase angles across all
stator teeth and stator coils also agree closely.
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TABLE VI
COMPARISON OF BENDING MOMENTS ON STATOR TEETH

Frequency (Hz) 93.34 1906.70 2000.00 2093.33
Tooth#| FEA | PDF | FEA | PDF | FEA | PDF | FEA | PDF

1 530.4 [ 526.9 [ 10.8 [ 10.6 | 12.5 [ 124 [ 72 [ 7.1

|l 2 533.7 [ 5363 | 74 | 74 | 12.0 | 120 | 99 | 9.9
‘:‘;‘(‘i’eh 3 [5475 (5270 109 | 106 | 127 | 124 | 7.3 | 7.1
(Nm) —2 555415395 7.5 [ 74 [ 123 [ 12.1 [ 102 [ 10.0
5 544.8 [ 529.8 | 10.9 | 107 [ 127 [ 125 [ 73 [ 72

6 542.7 | 536.4 | 7.5 7.4 122 | 12.0 | 10.1 9.9

1 0.0 [ 00 [ 00 | 0.0 [ 00 [ 00 [ 0.0 [ 0.0
2 -59.7 | -59.8 |-129.1[-129.1[-182.5]|-182.5 | -244.2 [ -244.1
Phase| 3 |-120.4]-120.0 [-240.1 |-240.0] 0.0 | 0.0 |-119.8[-120.1
(deg)| 4 [-181.8[-181.7[ -9.0 | -8.6 [-182.4[-182.5] 42 | -44
5 [-240.5]-240.4-120.0[-119.7] -0.1 | 0.0 [-240.2]-240.5
6 |-300.0]-299.8 |-248.9 | -249.1 | -182.5 | -182.5 | -124.3 | -124.1

TABLE VII
COMPARISON OF RADIAL LORENZ FORCES ON STATOR COILS

Frequency (Hz) 93.34 1906.70 2000.00 2093.33
Slot# | FEA | PDF | FEA | PDF | FEA | PDF | FEA | PDF
1 [11204]1118.8] 27.6 | 27.6 | 30.9 [ 30.9 [ 21.0 [ 21.0
2 [1140.9]1139.3] 23.0 | 23.0 | 298 [ 29.8 [ 26.6 | 266
Amplit-| 3 [1121.2{1119.6] 27.6 | 27.6 | 31.0 | 31.0 | 21.0 | 21.0
ude(N)| 4 [1142.8[1141.2] 23.0 | 23.0 | 29.9 | 29.9 | 26.6 | 266
5 1121.1]1119.6| 27.6 | 27.6 | 31.0 | 31.0 | 21.0 | 21.0

6 1141.01139.4] 23.0 | 23.0 | 299 | 299 | 26.6 | 26.6

1 0.0 [ 00 [ 00 | 00 [ 00 [ 00 [ 00 [ 00

2 [ -59.1 [ -59.1 [214.0 [ 214.1 [ 169.7 [ 169.7 [ 99.8 | 99.8
Phase | 3 [-120.0[-120.0] 120.0 [ 120.0 | 0.0 | 0.0 [-120.0-120.0
(deg) | 4 [179.4[179.4 ] -26.0 | -26.0 | 169.7 | 169.7 | -20.2 | -20.2
5 120.0 | 120.0 | 240.0 | 240.0 | 0.0 0.0 | 120.0 | 120.0
6 60.8 | 60.8 | 94.1 | 94.1 | 169.7 | 169.7 | -140.2 | -140.2

In terms of computation efficiency, the proposed method takes
aone-time overhead of 120 s to extract related PDFs and relative
permeance of the motor. Then it takes 24 s to compute one
operating condition of five fundamental cycles. In comparison,
FEA takes 204 h for simulation and postprocessing for each
operating condition.

VII. CONCLUSION AND FUTURE WORK

This article has provided a new perspective in analyzing elec-
tromagnetic forces in inverter-fed SPM motors. After demon-
strating that the airgap RMF is not suitable to characterize
EM forces induced by PWM current harmonics, this article
has introduced an alternative method to calculate realistic EM
force distributions on all actual stator components, based on
the concept of PDFs. The advantages of the proposed method
include the following.

1) Clear in physical meaning: The proposed method is based
on the superposition principle of magnetic circuits. And
the superposition process can be succinctly expressed in
easy-to-understand matrix forms.

2) Accurate: For linear magnetic circuits, the proposed
method is almost as accurate as the FEM in calculating
EM force harmonics of all frequencies.

3) Fast: The proposed method utilizes the magnetostatic
FEM to extract the PDFs, the rotor-PM induced flux
distribution, and the relative permeance of the slotting
effect for just once. All subsequent calculations are simple
summations and multiplications. Therefore, the computa-
tion efficiency is several orders of magnitude faster than
time-stepping FEA.
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4) Versatile: Although this article uses a six-phase

concentrated-winding SPM as an example to illustrate
the principle of the method, the method can be easily
extended to more complicated winding configurations,
such as double-layer distributed windings, or fractional-
slot windings, or other slot shapes.

Due to abovementioned advantages, the PDF-based method

can

be used as a powerful tool in analyzing PWM-induced

vibrations of SPM motors.

In spite of aforementioned advantages, the proposed method
also has several limitations.

1) The method in its current form does not account for

magnetic saturations, and therefore the error on EM
forces tends to increase if the studied machine is deeply
saturated.

2) The method in its current form requires the rotor to be

approximately nonsalient, and therefore limiting its usage
to SPM motors.

In the future, more studies will be done to address the limita-
tions of the proposed method.
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