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Generalized Three-Level Optimal Pulse Patterns
With Lower Harmonic Distortion

Annika Birth
Hendrik du Toit Mouton

Abstract—Optimized pulse patterns (OPPs) minimize the har-
monic distortions of inductive loads. To simplify the analysis and
computation, quarter- and half-wave symmetry is typically im-
posed. Moreover, for three-level converters, the switch positions
are required to be non-negative in the positive half-wave of the
fundamental period. This article investigates the impact of these
restrictions on the harmonic distortions. By relaxing the symmetry
requirements and by allowing also negative switch positions in the
positive half-wave of the fundamental period, the current distor-
tions can be reduced by up to one-third compared to the traditional
OPP formulation.

Index Terms—Half-wave symmetry, medium-voltage drives,
optimized pulse patterns (OPPs), quarter-wave symmetry,
synchronous optimal pulsewidth modulation.

1. INTRODUCTION

PTIMIZED switching signals reduce the harmonic dis-
O tortions in the converter currents [1] and, thus, reduce the
harmonic losses in the load. This is particularly important for
high-power converters operating at low switching frequencies.
The switching signals can be calculated offline by using either
selective harmonic elimination (SHE) or optimized pulse pat-
terns (OPPs).

SHE was first mentioned in 1964 [2]. By setting specific
harmonics to zero, an algebraic system of equations is derived,
whose solutions are the switching angles. The technique was
further developed in [3] and [4], and later became popular for low
switching frequency applications. For each modulation index,
multiple solutions typically exist. To identify all solutions of the
system of equations, the method of resultants can be used as
proposed in [5].

The concept of OPPs, also referred to as synchronous optimal
pulsewidth modulation, was first published in 1977 [6]. This
offline modulation technique minimizes the entire (weighted)
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harmonic content in the switching signal instead of eliminating
individual harmonics [7]. To this end, an optimization problem
is formulated with a cost function that captures the current
distortions. By minimizing the cost function subject to con-
straints on the fundamental voltage component and the order
of the switching angles, an optimal set of switching angles
is derived for each modulation index. This optimal solution
is typically unique. The comparison of three-level OPPs with
the corresponding SHE solutions reveals the superior harmonic
performance of the OPPs [8]. The OPP problem formulation
was extended to multilevel converters in [9].

In both modulation methods, quarter- and half-wave symme-
try is typically imposed on the switching signal. For the SHE
problem, the restrictive nature of the quarter-wave symmetry
condition was first reported in [10]. Several new solutions
emerge for two-, three-, and multilevel switching signals when
relaxing quarter-wave symmetry, unattainable for the traditional
quarter- and half-wave symmetry problem formulation. Fur-
thermore, the removal of quarter-wave symmetry reduces the
overall harmonic distortions in the switching signal for certain
half-wave symmetric (HWS) solution sets [11]. The additional
relaxation of half-wave symmetry results in an infinite number
of solutions [12] in the SHE problem.

Only recently, symmetry relaxation in OPPs has been inves-
tigated. In [13] and [14], two-level OPPs with relaxed quarter-
wave symmetry are computed, which achieve lower harmonic
distortions in the converter current in certain intervals of the
modulation range. Two-level pulse patterns with only half-wave
symmetry imposed are also beneficial when considering the
isotropy properties of an electrical machine. As shown in [15],
such OPPs result again in lower harmonic distortions in certain
intervals of the modulation range.

Another restriction is commonly made for multilevel switch-
ing signals: In the positive half-wave of the fundamental pe-
riod, only non-negative switch positions are considered and
vice versa for the negative half-wave. This results in unipolar
pulse patterns. The relaxation of this restriction by allowing
multipolar switch positions has not been studied yet, as the
published research on OPPs with relaxed symmetry was done
only for two-level pulse patterns, to which this restriction is not
applicable. We also consider nonzero initial switch positions,
which have not been investigated in the unified SHE approach.

It is often assumed that the traditional OPPs achieve minimal
harmonic current distortions and that, consequently, no switch-
ing pattern exists with lower current distortions. However, the
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Fig.1. Single-phase, 2r-symmetric pulse pattern (solid) with k = 8 switching
angles ov; and switching transitions Aw;. The pulse number is d = 2. The am-
plitude of the fundamental component (dashed) corresponds to the modulation
index m.

typical assumptions on symmetry and polarity of the switch
positions impose restrictions on the search space, which can
lead to suboptimal results. In this article, these implicitly made
restrictions are relaxed, which increases the search space and
allows us to find solutions with lower harmonic distortions.

This article is structured as follows. In Section II, the nomen-
clature is introduced and the objective function is derived. The
harmonic analysis of the pulse pattern for different symmetry
conditions is presented in Section III, based on which four differ-
ent optimization problems are derived in Section IV. Section V
discusses the resulting OPPs and their harmonic performances,
which are experimentally verified in Section VI. Finally, Section
VII concludes the article.

II. OPTIMAL PULSE PATTERNS

We start by defining the pulse number d = J}—f as the ratio
of the average semiconductor switching frequency fs to the
fundamental frequency f; of the single-phase switching sig-
nal. Let k£ denote the number of switching transitions in one
fundamental period. For the three-level neutral-point-clamped
inverter, each switching transition corresponds to a turn-on tran-
sition in one of the four semiconductor switches in a phase-leg.
Within one period, this gives an average of % turn-on transitions
per semiconductor. Thus, the average switching frequency per
semiconductor is fg, = % f1, resulting in the pulse number
d="=%.

Assuming symmetry between the phases, the three-phase
switching signal can be constructed from the single-phase
switching signal. Therefore, we consider that the single-phase
case is sufficient when formulating the OPP problem.

A. Pulse Pattern

We consider a 27-periodic OPP without any additional sym-
metry imposed. We refer to this as full-wave symmetry. A
full-wave symmetric (FWS) OPP with pulse number d is defined
by 4d 4+ 1 switch positions u; with i € {0,...,4d} and 4d
switching angles o; with i € {1,...,4d} (see Fig. 1). Due to the
2m-periodicity, the initial switch position matches the last switch
position, i.e., ug = u44. The ith switching angle corresponds to
the ith switching transition Au; = u; — u;_1. It follows that the
1th switch position u; is given by the sum of the first ¢ switching
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transitions added to the initial switch position ug

Ui:UO+ZAuj~ (1)

J=1

Switching by more than one level up or down is generally
prohibited for multilevel inverters; this restricts the switching
transitions to Au; € {—1,1}. Furthermore, for the three-level
inverter, the switch positions are restricted to u; € {—1,0,1}.

It is clear that the switch positions pose an additional de-
gree of freedom in the optimization problem. Thus, there
are two sets of optimization variables: the set of switching
angles ap = [ag...a4)7, and the set of switch positions
ur = [ug . ..usq_1)". Both sets have 4d elements.

B. Objective Function

OPPs aim to minimize the harmonic distortions in the inverter
output current. To achieve this, the total demand distortion
(TDD) of the current is adopted for the objective function in
the OPP computation. The current TDD

Itpp = \@% > (%n)z 2

n#l

is the square root of the sum of the squared current harmonic
amplitudes %n of order n relative to the nominal (or rated) current,
where I, 18 the rms value of the nominal current.

Let u,, denote the amplitude of the nth harmonic of the single-
phase pulse pattern. For a three-level inverter, the amplitude of
the corresponding voltage harmonic is ©,, = %ﬂn, where V.
is the dc-link voltage.

Assume that the inverter is connected to an inductive load

with inductance L. The amplitude of the nth current harmonic
Un

directly follows as %n = , where wy; = 27 f; denotes

nwi Ly
the angular fundamental frequency. Note that for an inductive

machine, L, corresponds to the total leakage inductance. The
stator resistance is neglected.
Substituting both mathematical relationships in (2) gives

SO

n#l

1 Ve

Ipp = ————— -
P \/iInomwlLa 2

We interpret (3) as Itpp = C v/J. The constant C depends
only on the inverter and load parameters, whereas the term

~ 2
PR e
n#l

is a function of the amplitudes of the switching signal harmonics.
Minimizing the current TDD is, thus, equivalent to minimizing
J, which is chosen as the general objective function for the OPP
optimization problem.

III. HARMONIC ANALYSIS OF PULSE PATTERNS

The harmonic distortion of the switching signal can be com-
puted by using a Fourier series expansion. With the assumption
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TABLE I
FOURIER COEFFICIENTS @, AND by, WHEN IMPOSING FULL-WAVE SYMMETRY, HALF-WAVE SYMMETRY, OR QUARTER- AND HALF-WAVE
SYMMETRY ON THE SWITCHING SIGNAL
1 Ad
2ug — fZAuiai, n=20
Full-wave B = 1
symmetry On = | & b, = - Z Au; cos(nag), n=1,2,3,... (9)
——ZAui sin(nay), n=1,2,3,... i=1
i=1
0, n=0,24,... 0, n=24,6,...
Half-wave 2d 2d
symmetry  9n= 9 _ 2 ZAU, sin(na;), n=1,3,5 bn = 2 ZAu, cos(na;), n=1,35 (10
nr — (2 1) ) 3 LA niw P (2 1) 3 ) P
Quarter- 0 n=24,6,...
and  half- an =0, n=0,1,2,... by =4 4 & an
wave —ZAui cos(nay), n=1,35,...
symmetry nm
of 2m-periodicity, the single-phase switching signal is repre- the integrals as follows
sented by
ag S 1 x 2
) Z an, cos(nb) + by, sin(nd)) &) ap = — {uo/ cos(nf) dd + (ug + Aul)/ cos(nd) do
n=1 ™ 0 o
with the Fourier coefficients 2d 2m
) uo + Z Au; / cos(nf)do| (12)
1 [ 1 Qad
ay, = 7/ u(6) cos(nf) df, forn >0, and !
™ Jo 1 2m 27
| e = - {uo/ cos(nf) df + Aul/ cos(nf) d
by, = f/ u(f) sin(nf) df, forn >1. (6) 0 o1
™ Jo 27
. . _— . . +-+A cos(nf) do 13
The amplitude 4, of the nth switching signal harmonic is tad /(14 B s(nf) } (13)
given by i, = /a2 + b2 . With this, the objective function (4) ) ad )
. . . 1 ™ T
becomes a function of the Fourier coefficients _ Uo/ cos(nf) df + ZAUz/ cos(nf) dé)] .
a2 + b2 T 0 i=1 @i
J=> -t (7) (14)

n#l

To derive the Fourier coefficients, consider that the switching
signal is a piece-wise constant function with 4d + 1 intervals,
(see Fig. 1). The integrals of the Fourier coefficients (6) can, thus,
be written in 4d + 1 terms of which the limits are the switching
angles and the switch positions are a constant factor

ay, = 1 {uo/ cos(nd) dd + ul/ cos(nf) do
0 e

™ 1

2T
NI U4d/ cos(nh) de] . ®)

4d

With the help of (1), the switch positions can be represented as
the sum of the switching transitions. This allows us to rearrange

Note that the upper limit of each integral is 27. Solving the
integrals leads to the compact expression in (9) in Table I for
the Fourier coefficients a,, of pulse patterns with full-wave
symmetry. Similar expressions can be derived for the Fourier
coefficients b,,. The FWS pulse patterns consist of harmonics of
all orders and different phase shifts, represented by a,, and b,,,
as well as the dc-offset ag.

By imposing half-wave symmetry, the Fourier coefficients
depend only on one half-wave of the pattern, as the second
half-wave relates to the first one by u(m + 0) = —u(6). This
eliminates all even harmonics in the switching signal including
the dc-offset. The remaining odd harmonics vary in magnitude
and phase (see (10) in Table I).
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de {1, 15,2,25,...}

Vie{l,...,4d}
ViE{O,...,lld—l} and  w4g = uo

u; € {~1,0,1} Vie{0,...,2d— 1}

Half-wave symmetric OPP

Vie{l,...,2d}

and  usg = —uo

u; € {—1,0,1} Vie{l,...,d}

Quarter- and half-wave symmetric OPP

Vie{l,...,d}
and qu:u():O

Quarter- and half-wave symmetric OPP with unipolar switch positions

Vie{l,...,d}

Full-wave symmetric OPP
Periodicity
u(2m 4 0) = u(6) = a; € [0, 27]
u; € {—1, 0, 1}
_|_
Half-wave symmetry - deN
u(m 4 0) = —u(0) a; € [0,7]
+
Quarter-wave symmetry — deN
u(m — 0) = u(60) i € [0,7/2]
+
Switch position restriction - deN
u; € {0,1} Vie{0,...,d} o €[0,7/2]
U; = 0

Vi€ {0,2,...,d},

= 1l Vi€{1,3,...,d}

Fig. 2.

We additionally impose quarter-wave symmetry, i.e.,
u(m — 0) = u(f), on the HWS pulse pattern.! The combined
quarter- and half-wave symmetry turns the Fourier coefficients
ay, to zero (see (11) in Table I). This restricts the phases of the
harmonics to 0° and 180°; the magnitudes of the switching signal
harmonics are directly given by 4,, = b,,.

For more details on the derivation of the Fourier coefficients
when imposing different symmetries, the interested reader is
referred to [16]. A detailed derivation of (11) is provided in [17,
Ch. 3 Appendix Al].

IV. OPP OPTIMIZATION PROBLEMS

The general unrestricted three-level OPP optimization prob-
lem with full-wave symmetry and multipolar switch positions is
derived. Imposing first half-wave symmetry and, then, quarter-
wave symmetry leads to the second and third OPP problems,
respectively; both consider multipolar switch positions. Finally,
the switch positions are restricted to unipolar values, which
yields the traditional OPP problem with quarter- and half-wave
symmetry and unipolar switch positions. The characteristics of
these four OPP optimization problems are summarized in Fig. 2.

The following three requirements must always be met: the
magnitude of the fundamental component must be equal to the
modulation index m, where m € [0, %], the pulse pattern has

'Note that we assume that quarter-wave symmetry and half-wave symmetry
are unrelated concepts. For example, pulse patterns with quarter-wave symmetry
but without half-wave symmetry can be constructed, e.g., by allowing for a dc
offset. For this reason, we distinguish between quarter- and half-wave symmetry,
and we define quarter-wave symmetry without the implication of half-wave
symmetry.

Overview of the three-level OPP problems, depending on the imposed restrictions of the pulse pattern.

a zero dc-offset, and the phase of the fundamental component
must be zero.

Consider that third-order voltage harmonics, i.e., integer
multiples of three, are in phase. When assuming a symmetric
three-phase system with a floating star point, these so-called
common-mode harmonics entail no harmonic current. There-
fore, only harmonics of nonthird orders, i.e., n = 2,4,5,7, ...,
are considered in the objective function.

A. Full-Wave Symmetry

Assuming 2m-periodicity in the general OPP problem requires
U4q = uop; this implies an even number £ of switching angles in
the pulse pattern. Owing to d = %, this allows for noninteger
pulse numbers d € {1, 1.5, 2, 2.5, ...} for FWS OPPs.

With these requirements, the full-wave symmetry optimiza-
tion problem can be written as

minimize J(ap,ur) =
QF,up

R
3 GT

n=2,4,5,7,...

subjectto ap =0, a; =0, by =m

0<ay<as<...<ayq <2
U; € {—1,0,1} and Uir1 — U; € {—1,1}

vie{0,...,4d — 1} (15)

where ap = [ay ... a4q|" and up = [ug ... usq 1]7 are the
vectors containing the optimization variables, and a,, and b,,
are the Fourier coefficients given in (9).
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B. Half-Wave Symmetry

Imposing half-wave symmetry reduces the problem dimen-
sion to 2d switching angles within [0, 7], and 2d switch po-
sitions, where symmetry requires usq = —ug. This implies an
even number of switching transitions within one half-wave, i.e.,
d e N.

Due to the absence of even harmonics in the HWS pulse
pattern, the dc-offset ag is always zero (see (10) in Table I).
The constraint on the dc-offset can, thus, be dropped and only
harmonics of orders n = 5,7,11, ... are considered in the ob-
jective function. This leads to the problem formulation

0t
o et

n=>5,7,11,...

minimize J(ap,up) =
QH,UH

subjectto a; =0, by =m

0<a <o <.

S agg ST
U; € {—170,1} and Uir1 — U; € {—1,1}
Vie{0,...,2d—1}

]T

(16)

with ag = [ ... agq)T and ug = [ug . .. uzq-1]7.

C. Quarter- and Half-Wave Symmetry

Additionally imposing quarter-wave symmetry restricts the
independent switching angles to one quarter of the fundamental
period and reduces their number to d. Furthermore, quarter-
and half-wave symmetry requires the initial switch position
to be zero.

The Fourier coefficients (11) are zero for even-order harmon-
ics. The phase shifts of the harmonics are either 0° or 180°.
As aresult, the fundamental component always has zero phase,
and the constraint a; = 0 can be dropped. For quarter- and

half-wave symmetry, the OPP problem with ag = [ . .. ag]”
and ug = [ug ... ug)7 results in
b\ 2
minimize J(ag,ug) = —
pimise J(oge) = S (%)
subjectto by =m
0<ar<ar<...Sas<g
u; € {71,0, 1} and u; —u;_1 € {*1, 1}
Vie{l,...,d}. (17)

D. Quarter- and Half-Wave Symmetry With Unipolar Switch
Positions

In the traditional unipolar OPP problem formulation, the
switch positions are required to be non-negative in the pos-
itive half-wave of the fundamental period. Together with the
requirement that the initial switch position has to be zero,
i.e., up = 0, the switching transitions directly follow to Au; =
(=)' i e {1,...,d} for three-level pulse patterns. Thus,
the sequence of switch positions becomes us = [0101...]7T,
which eliminates the switch positions as optimization variables.

5745
TABLE IT
SYSTEM PARAMETER FOR OPP COMPUTATION
Parameter Symbol  SI value
Rated line-to-line voltage Vr 3.3 kV
Rated stator current Ir 2.12 kA
Rated angular stator frequency wgspg 2750 rad/s
Dc-link voltage Vie 5.2 kV
Total leakage inductance Lo 0.73 mH
1 T T T
0
-1 | | |
0 % s 3m 27

Angle 0 [rad]

Fig. 3.
positions.

QaHWS pulse patterns with d = 2, m = 0.6 and unipolar switch

For the traditional OPP problem, the switching angles in the first
quarter of the fundamental period remain as optimization vari-
ables oy = [y . .. ). The resulting optimization problem is
as follows

2
L bn
minimize J(a,) = E —
s n
n=>5,7,11,...

subjectto by =m

0<ap<ap<...<ag <+ (18)

[N

V. OPP COMPUTATION

OPPs resulting from all four previously formulated optimiza-
tion problems are computed for a three-level neutral-point-
clamped inverter connected to a three-phase medium-voltage
induction machine. The system parameters are given in Table II.
In a per unit system (pu) based on the rated values in this
table, the induction machine has a total leakage inductance of
X, = 0.255 pu. For the computation, the fmincon solver of
MATLAB was used.

Modulation indices in the range from O to % with a step size
of 0.01 were considered. At each modulation index, each opti-
mization problem was solved for 100 random initial conditions,
which increases the probability of finding the global minimum.
The infinite sum of harmonics in the objective function was
approximated by considering the first 100 harmonics. This can
be justified by the fact that the amplitudes of the harmonic
currents are very small at high frequencies.

In the multipolar optimization problems (15), (16), and (17),
the switching angles «; and the switch positions u; are the
optimization variables. Due to the restriction of the switch
positions to integer values, these problems are mixed-integer
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1 T T 8
6 Itpp = 12.22% —
<
0 E 4 -
&
2 | | |
-1 } } 0 Ml [ . | ae 0o =
0 3 s 37” 2w 0 20 40 60 80 100
Angle 0 [rad] Harmonic order n
(@) (b)
Fig.4. (a)Pulse pattern and (b) harmonic current spectrum of the QaHWS OPP with d = 3, m = 0.6 and unipolar switch positions u; € {0,1},Vi € {1,...,d}.
1 T T 8
6 Itpp = 9.10% T
<
0 £ 4 .
&
2 | | | | | 4
—1 | | 0 (| 1] II\ [ R al is 8§
0 % ks 37” 27 0 20 40 60 80 100
Angle 0 [rad] Harmonic order n
(@ (b)
Fig. 5. (a) Pulse pattern and (b) harmonic current spectrum of the QaHWS OPP with d = 3, m = 0.6 and multipolar switch positions u; € {—1,0,1},Vi €
{1,...,d}.

optimization problems. For a small number of switching angles,
it is a common practice to enumerate all feasible sequences of
switch positions (switching sequences) [18]. For each switch-
ing sequence, the optimization problem reduces to a nonlinear
optimization problem with the switching angles as optimization
variables.?

OPPs with pulse numbers 2 and 3 were computed for all
four optimization problems. For the FWS problem, also the
noninteger pulse numbers 1.5 and 2.5 were considered.

A. Quarter- and Half-Wave Symmetric (QaHWS) Optimized
Pulse Patterns

We consider an OPP with quarter- and half-wave symme-
try and pulse number 2, as shown in Fig. 3. Recall that the
fundamental component of the pulse pattern has to have zero
phase shift. When allowing multipolar switch positions, the
second switch position u; becomes an optimization variable.
This leads to two possible switching sequences. When choosing
uy = —1, all switch positions in the positive half-wave of the
fundamental period are negative. This corresponds to a phase
shift of 180° of the fundamental component, which makes the
optimization problem infeasible. Therefore, the only feasible
switching sequence for the multipolar, QaHWS OPP with pulse
number 2 is the traditional switching sequence with unipolar
switch positions, as shown in Fig. 3. Consequently, this results
in the well-known traditional OPP.

For higher pulse numbers, e.g., pulse number 3, and when
allowing multipolar switch positions, several feasible switching
sequences for QaHWS OPPs arise. Besides the traditional OPP
with unipolar switch positions, as shown in Fig. 4(a), one ex-
ample of a multipolar switching sequence is shown in Fig. 5(a).
The amplitudes of the corresponding current harmonics up to the
50th order are shown in Figs. 4(b) and 5(b). In this example with
modulation index m = 0.6, the optimal solution is the multipolar
OPP, which reduces the current TDD by 25% relative to the
current TDD of the traditional unipolar OPP. The low-order har-
monics are particularly reduced, whereas harmonics of higher
order are slightly increased.

Considering the entire modulation range, the current TDDs
of the two QaHWS OPPs are compared in Fig. 6. Allowing
multipolar switch positions reduces the current TDD in the
highlighted interval of modulation indices. In Table I, the range
of modulation indices for which the current TDD can be reduced,
and the maximum absolute and relative reductions of the current
TDD within this interval are listed. Note that in the remainder of

2 A generalized formulation of the optimization problem for multilevel OPPs
was presented in [19]. The two sets of optimization variables are combined into
a single set, which reduces the mixed-integer problem again to a nonlinear opti-
mization problem. However, this approach is based on the assumption of quarter-
and half-wave symmetry and, thus, not directly applicable to optimization
problems with half-wave and full-wave symmetry. For the SHE formulation with
half-wave symmetry, a similar approach of virtual firing angles was presented
in [20].
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a0 L = = unipolar u; € {0,1}
multipolar u; € {—1,0,1}
30 |-
S
8 20
=
10 -
0 | | | |
0 0.2 0.4 0.6 0.8 1 1.2
Modulation index m
Fig. 6. Current TDDs of QaHWS OPPs with d = 3.

TABLE III
INTERVALS OF CURRENT TDD REDUCTION WHEN ALLOWING MULTIPOLAR
SWITCH POSITIONS FOR QAHWS OPPS WITH d = 3

Maximum
relative reduction
of current TDD

Maximum
absolute reduction
of current TDD

Modulation index

Interval .
interval

I 0.37 <m < 0.67 4.83% 30.68 %

the modulation range, the unipolar and the multipolar problem
formulations yield the same OPPs.

Another important metric is the common-mode switch posi-
tion of an OPP. The common-mode switch position is the sum of
the three single-phase switching signals u,, = %(ua + up + ue),
where u,, up, and u,. are the switching signals in the phases
a, b, and c, respectively. The common-mode voltage can be
directly calculated from the common-mode switch position with
Vyp = %um We consider the maximum common-mode switch
position over a fundamental period of both OPPs in Fig. 7 for the
entire modulation range. The multipolar OPP reduces the current
TDD in Interval I, but increases the maximum common-mode
voltage by up to three times. This is clearly a disadvantage, and
such OPPs might not be suitable for some loads. Alternatively,
the common-mode switch position could be limited to %, at the
expense of a slightly higher current TDD.

B. Half-Wave Symmetric Optimized Pulse Patterns

Relaxing quarter-wave symmetry and allowing multipolar
switch positions increases the search space of the three-level
OPP problem in two ways. First, the domain of the switching
angles increases, which allows the optimization variables to vary
within one half-wave of the fundamental period, i.e., a; € [0, 7].
Compared with the traditional OPP solutions, this means that
switching angles can be shifted beyond 5. Examples of such
HWS OPPs are shown in Fig. 8 for pulse numbers 2 and 3.
We can see that in both OPPs, more than half the switching
angles in one half-wave occur in one quarter of the fundamental
period. This results in new optimal solutions, which reduce the
current TDD by up to 19% relative to the QaHWS OPPs for
pulse number 2.
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0
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3
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% 3

<

=

- = unipolar u; € {0,1}
multipolar u; € {—1,0,1}
0 | \ T T T T
0 0.2 0.4 0.6 0.8 1 1.2
Modulation index m
Fig. 7. Maximum common-mode switch positions of QaHWS OPPs
with d = 3.

The search space is further increased in HWS OPPs by turning
the initial switch position into an additional optimization vari-
able with ug € {—1,0, 1}. This gives rise to additional feasible
switching sequences, even for pulse number 2. Examples for
OPPs with these multipolar switching sequences are shown
in Fig. 9.

The modulation index of the HWS OPP with pulse number
3 in Fig. 9(b) matches that of the multipolar OPP with quarter-
and half-wave symmetry in Fig. 5(a). This facilitates a direct
comparison of the two OPPs. While the QaHWS OPP has two
negative pulses in the positive half-wave of the fundamental
period, the HWS OPP switches only once to the negative level
in the positive half-wave. The latter reduces the current TDD
by another 5.31% relative to the current TDD of the multipolar
QaHWS OPP.

Consider again the entire modulation range. In Fig. 10, the cur-
rent TDDs of HWS OPPs are compared with those of QaHWS
OPPs. This is done for pulse numbers 2 and 3. The figure
shows that for both pulse numbers, the HWS solutions reduce
the current TDD in three intervals of the modulation range.
For the remaining modulation indices, the solutions correspond
to the traditional QaHWS OPPs. The corresponding ranges of
modulation indices for which the current TDD is improved,
and the maximum absolute and relative improvements of the
current TDD within these intervals are listed in Table IV for
pulse number 2 and in Table V for pulse number 3.

For both pulse numbers, the lower current TDDs in Inter-
val I are exclusively achieved by OPPs with multipolar switch
positions such as the OPPs in Fig. 9. In Intervals II and III,
OPPs with unipolar switch positions and shifted switching an-
gles, such as the OPPs in Fig. 8, lead to the reductions of the
current TDD.

Fig. 11 shows the switching angles in the first half-wave (from
0 to ) of the HWS OPP with pulse number 2. The Intervals I,
I, and III correspond to the respective intervals in Fig. 10(a).
Within these intervals, quarter-wave symmetry is abandoned. In
particular, within Intervals I and III, the third angle 3 is moved
into the first quarter-wave. Outside of these three intervals,
quarter-wave symmetry arises, because it minimizes the current
distortions and not because it was imposed.



5748

1 T T
0
—1 | |
0 g T 3m 27

Angle 0 [rad]
(@)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 6, JUNE 2020

1 T T
0
—1 | |
0 % ™ 3m 27
Angle 6 [rad]
(b)

Fig. 8. HWS OPP with (a) d = 2 and m = 0.8, and with (b) d = 3 and m = 1.05 with unipolar switch positions and shifted switching angles.
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Fig. 9. HWS OPP with (a) d = 2 and m = 0.54, and with (b) d = 3 and m = 0.6 with multipolar switch positions.
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Fig. 10.  Current TDDs of HWS and QaHWS OPPs compared for (a) pulse number d = 2 and (b) pulse number d = 3.

TABLE IV
INTERVALS OF CURRENT TDD IMPROVEMENT WHEN RELAXING
QUARTER-WAVE SYMMETRY FOR d = 2

TABLE V
INTERVALS OF CURRENT TDD IMPROVEMENT WHEN RELAXING
QUARTER-WAVE SYMMETRY FOR d = 3

. Maximum Maximum . Maximum Maximum
Modulation index . . . Modulation index . . .
Interval interval absolute reduction relative reduction Interval interval absolute reduction relative reduction
tterva of current TDD of current TDD tnterva of current TDD of current TDD
I 0.53 <m < 0.61 1.20% 5.64 % I 0.37 <m <0.73 4.91% 30.68 %
i 0.72 <m < 0.93 2.99 % 19.52 % I 1.01 <m < 1.10 0.331% 4.35%
1 1.22<m <1.26 0.490 % 8.60 % 1 1.17<m < 1.19 0.383 % 8.67 %
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Fig. 11.  Switching angles for the HWS OPP with pulse number d = 2.
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OPPs for pulse number d = 2.
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Fig. 13.  Maximum common-mode switch positions of HWS and QaHWS

OPPs for pulse number d = 3.

The maximum common-mode switch positions resulting from
the HWS OPPs with pulse numbers 2 and 3 are shown in Fig. 12
and Fig. 13 over the entire modulation range. The respective
intervals of current TDD reductions are also indicated in these
figures. We can see from Fig. 12 that for pulse number 2,
the maximum common-mode switch position never exceeds %
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Fig. 14.  FWS OPP with pulse number d = 2.5 and m = 0.8.

Moreover, in Interval II, the OPP with shifted switching angles
reduces the maximum common-mode switch position. This
means that for pulse number 2 OPPs with relaxed quarter-wave
symmetry achieve a superior performance in terms of current
TDD and common-mode voltage.

For pulse number 3, we can observe a similar behavior in the
maximum common-mode switch position from Fig. 13. Recall
that the current TDD reduction in Interval I, which is achieved
by the QaHWS OPP with multipolar switch positions, entails an
increase in the common-mode voltage. In comparison, the HWS
OPP with multipolar switch positions achieves a reduction of the
common-mode voltage in this interval. Thus, we conclude for
pulse number 3 that relaxing quarter-wave symmetry lowers the
current TDD and partly mitigates the adverse increase in the
common-mode voltage.

C. Full-Wave Symmetric Optimized Pulse Patterns

Last, we consider the optimization problem of FWS OPPs.
Interestingly, at least for pulse numbers 2 and 3, the resulting
switching patterns exhibit half-wave symmetry; imposing half-
wave symmetry, therefore, has no adverse effect on the opti-
mality of OPPs. However, it halves the number of optimization
variables and, therefore, shortens the computation time.

As stated in Section IV, full-wave symmetry gives rise to
OPPs with noninteger pulse numbers. An example of such an
OPP with pulse number d = 2.5 is shown in Fig. 14. Even
though this OPP constitutes an entirely new pulse pattern, close
inspection of the two individual half-waves reveals that the
pattern is the combination of two HWS OPPs: one with pulse
number 2 from 0 to 7 [see Fig. 8(a)], and another one with pulse
number 3 from 7 to 27. Another OPP with the same current
distortions exists, where the first half-wave corresponds to the
OPP with pulse number 3 and the second one to the HWS OPP
with pulse number 2.

This characteristic has also been observed for other modula-
tion indices and noninteger pulse numbers. More specifically,
the two half-waves of an FWS OPP with the noninteger pulse
number d appear to correspond to the half-waves of two OPPs
with half-wave symmetry: one with integer pulse number |d|,
and another one with integer pulse number [d]. Note that |d]
and [d] refer to the floor and ceiling operation, respectively,
rounding d to the smaller and larger integer.
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Fig. 16.  Current TDDs of the traditional unipolar QaHWS OPPs.

Fig. 15 shows the current TDDs of the FWS OPPs with pulse
numbers 1.5 and 2.5 together with those of the HWS OPPs with
integer pulse numbers over the entire modulation range. We can
see that for each modulation index, the OPPs with noninteger
pulse numbers yield significantly different current TDDs than
those with integer pulse numbers. More specifically, the current
TDDs of OPPs with noninteger pulse number are bounded from
above and below by those of OPPs with floor- and ceil-rounded
integer pulse numbers. This is in line with the earlier observation
that OPPs with noninteger pulse numbers d are the combination
of OPPs with pulse numbers |d] and [d].

In Fig. 16, the current TDDs of the traditional, unipolar
QaHWS OPPs are shown for the integer pulse numbers 1, 2,
and 3. The figure shows that at certain modulation indices, the
current TDD of the higher pulse number equals that of the
smaller one. At m = 0.8, for example, the current TDDs of
the OPPs with pulse numbers 1 and 2 are both 15.3%. When
relaxing symmetry and allowing multipolar switch positions,
we observe from Fig. 15 that at each modulation index, there
is a considerable reduction in the current TDD when increasing
the pulse number.

VI. EXPERIMENTAL RESULTS

The results in Section V are verified with a small-scale
experimental setup. The setup consists of a squirrel-cage

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 6, JUNE 2020

TABLE VI
MACHINE PARAMETER OF THE EXPERIMENTAL SETUP

Parameter Symbol ST value
Rated line-to-line voltage Vr 380V
Rated stator current Ip 12.1A
Rated angular stator frequency  wgsp 2750 rad /s
T T :
80 [~ —— Experiment |
- = = Theory
=
= 0 1
Q
)
—80
| | |
T T 3
0 T 5 ps! i
Time
Fig. 17. Inverter phase voltage with d = 3 and m = 0.6.

induction machine, with its parameters shown in Table VI, and
three Infineon F3LO30EQ7 evaluation boards each fitted with
an F3L75R07W2E3 three-level IGBT module. The OPPs are
stored in lookup tables on a field-programmable gate array.

To ensure a proper analysis, the neutral point of the NPC
converter is required to be fixed to zero. This can easily be
achieved by using two power supplies; one for each half of
the dc-link voltage. However, the power supplies available for
the experimental setup limit the dc-link voltage to V. = 160 V.
A load is added to the machine with equal torque in all measure-
ments. The rated parameters of the machine are used as base
values for the per unit system.

The inverter is operated at the operating points of the four
OPPs shown in Figs. 8 and 9. At each operating point, the
phase voltage and current are measured when applying, first,
the traditional QaHWS OPP and, second, the HWS OPP. For
example, the waveforms of the measured and theoretical phase
voltages resulting from the HWS OPP with d = 3 and m = 0.6
are shown in Fig. 17.

From the measured inverter phase current, the harmonic am-
plitudes are computed and the current TDD is calculated. The
current harmonics resulting from the traditional QaHWS OPP
with d =3 and m = 0.6 are shown in Fig. 18. At the same
operating point, the theoretically computed current spectrum is
shown in Fig. 4(b). Note that due to the low dc-link voltage and
different leakage inductance in the experimental setup, different
values for the current harmonics result. However, inspection of
the two figures reveals a similar profile of the harmonic spectra.
The noise in the experimental results is caused by nonidealities
in the setup. Additionally, the current harmonics from the ex-
perimental calculations may differ from the theory due to the
neglected stator resistance in the theoretical calculations.

The reduction of the current distortions by the proposed
relaxed OPPs can be observed by comparing Fig. 18 with
Fig. 19. The latter shows the harmonic spectrum of the
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Fig.19. Experimentally obtained current harmonic spectrum of the HWS OPP

with d = 3 and m = 0.6.

TABLE VII
COMPARISON OF THE CURRENT TDDS IN THEORY AND CALCULATED FROM
THE EXPERIMENTAL MEASUREMENTS AT FOUR OPERATING POINTS

L . Theory Experiment
Operating Point o bws "HWS  QaHWS ~ HWS
d=2 m=054 21.28% 20.16% 2.76% 2.69%
d=2,m=08 1531% 1227% 223% 1.79%
d=3,m=06 1222% 866% 181% 1.28%
d=3,m=105 7.30% 7.03% 125% 1.22%

phase current resulting from the HWS OPP with d = 3 and
m = 0.6, which results in a significant reduction of the 11th
and 13th harmonics.

The current TDDs obtained from all eight OPPs, the tra-
ditional and relaxed OPPs at the four operating points, are
summarized in Table VII and compared with the theoretical
results. In all four operating points, a similar reduction of the
current TDD is achieved by the HWS OPPs, which verifies the
theory.

VII. CONCLUSION

Quarter- and half-wave symmetry and unipolar switch po-
sitions are universally imposed when computing three-level
OPPs, limiting the search space within which the “optimal”
switching pattern can be found. This article has shown that these
restrictions lead, in general, to suboptimal solutions. By relaxing
quarter-wave symmetry and by considering multipolar switch
positions, OPPs with lower harmonic distortions can be found.
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More specifically, OPPs with pulse number 2 and half-wave
symmetry reduce the current distortions by up to 20%, when
compared to traditional OPPs with quarter- and half-wave
symmetry. Besides the relaxation of quarter-wave symmetry,
the somewhat artificial restriction of unipolar switch positions
can be removed for OPPs with pulse number 3; by allowing
also negative switch positions in the positive half-wave of the
fundamental period, the switch positions are included in the
optimization problem. This reduces the current distortions by
up to 31% for pulse number 3. These results are verified with a
small-scale experimental setup.
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