
IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 5, MAY 2020 5479

Output Impedance Modeling of Single-Phase
Grid-Tied Inverters With Capturing the

Frequency-Coupling Effect of PLL
Qiang Qian , Student Member, IEEE, Shaojun Xie , Member, IEEE, Jinming Xu , Member, IEEE,

Kunshan Xu , Member, IEEE, Shenyiyang Bian, and Nini Zhong

Abstract—The output impedance model for the precise stability
analysis on the single-phase grid-tied inverters considering the
frequency-coupling effect of the phase-locked loop (PLL) is studied.
A multifrequency admittance matrix (MAM) is developed to pre-
dict the inverter-grid system stability by applying the generalized
Nyquist criterion. Based on the MAM, a novel output impedance
model characterized by clear physical meaning is proposed, which
reveals that the inverter output impedance (Zop|(Zpcc,Im)) varies
along with the grid impedance Zpcc and the current reference Im.
The resonance and the stability problems can be identified by apply-
ing the impedance-based stability criterion to the impedance ratio
Zop|(Zpcc, Im)/Zpcc. The proposed impedance model is further
extended to the n-parallel inverter system. It is found that the output
impedances of two n-parallel homogeneous-inverter systems are
identical if the number n and the total injected current itot are
the same, and the system stability is indicated by the impedance
ratio 1

n
Zop|(n·Zpcc, Iavg)/Zpcc, where Zop|(n·Zpcc, Iavg) is the out-

put impedance of one special inverter with the average current
itot/n injected to the grid with n · Zpcc. Further on, the design
procedure of the PLL bandwidth fb is elaborated, which guides the
selection of fb with the anticipated phase margin. Compared to the
conventional impedance model, the developed output impedance is
more qualified to precisely identify the harmonic stability problem
in the weak grid. The selection of fb and the correctness of the
proposed impedance model are experimentally verified by the
measured output impedance and the waveforms of the elaborated
cases.

Index Terms—Frequency-coupling effect, grid-tied inverters,
harmonic, output impedance, phase-locked loop (PLL).

I. INTRODUCTION

IN THE distributed power generation system, grid-tied invert-
ers play a key role in bridging the renewable energy resource

and the grid [1]. The dynamic interactions between the inverters
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and the grid may arouse the harmonic stability problem, which
has drawn much attention in the last decade. It has been shown
that due to the presence of the grid impedance, harmonics may be
excited at the point of the common coupling (PCC) over a wide
frequency band, ranging from the grid synchronization loop (sub
and super synchronous frequencies) to the inner current control
loop (hundreds of Hz to kHz) [2].

To address the resonance challenges in inverter-grid systems,
modeling and control methods have been performed for charac-
terizing and damping the resonances. Although great efforts have
been made to improve the stability of the inner current control
with the digital control delay taken into account [3], [4], less
attention has been drawn to the low-frequency resonance issues
caused by the grid synchronization when the grid impedance is
nonnegligible [5]–[10].

In either single-phase or three-phase application, the syn-
chronous reference frame phase-locked loop (SRF-PLL) has
been widely adopted to keep the phase of the grid current
synchronized with that of the PCC voltage [6]–[15]. The phase-
locked loop (PLL) bandwidth is adaptively selected (typically
larger than 30 Hz) to realize a trade-off design between the
fast PLL dynamic response and the stability in [6]. Moreover,
considering the low-voltage grid faults, the proper injection of
the reactive current is required to be activated within 20 ms [16],
which limits the settling time of the PLL loop to accomplish
the correct synchronization with the faulted grid [12]. In other
words, the high PLL bandwidth is expected to guarantee the
capability of the low-voltage ride through [13]–[15]. Hence,
the dynamic response of the inverter may be influenced by the
PLL over a wide frequency band [6]. Therefore, there is a need
to model the grid-tied inverter with the PLL effect taken into
account. However, after performing the coordinate transforma-
tion, the q-axis component of the PCC voltage is obtained and
regulated for the phase tracking. The nonlinear trigonometric
functions inside the SRF-PLL result in the frequency coupling
effect (FCE) [17]–[20], which complicates the frequency com-
ponents in the current reference and adds significant complexity
to the modeling of the inverter.

At present, most works are focused on the impedance mod-
eling of PLL in the three-phase inverter-grid system, which
can be categorized into two impedance equivalents. The first
impedance model is developed in the rotating dq-frame, which
relates the d and q axis PCC voltage to the corresponding grid
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current [8], [9], [19]. Although the resulting 2 × 2 off-diagonal
impedance matrix is qualified for revealing the stability impact
of the SRF-PLL, it has the limitations in analyzing the dynamic
interactions between the inverter and the grid, especially in
perceiving the FCE [20]. The second approach applies the har-
monic linearization method in the stationary αβ-frame through
symmetric components, yielding the sequence-domain or the
phase-domain impedance model [20]–[25]. Since the sequence-
domain model reduces the model to a diagonal impedance matrix
by neglecting the FCE, the system stability can be predicted
by directly applying the traditional impedance-based stability
criterion (ISC) [26]. Compared with the dq-frame model, the
analysis may be simpler, but more inaccurate and ambiguous.
The discrepancy between the two models on the stability esti-
mation can be found in [20] and [21]. In order to obtain the same
stability predictions as the dq-frame model implies, a modified
sequence-domain model is proposed in [23] to capture the FCE
by introducing the transformation matrix, which is similar to the
multifrequency impedance model built in [24]. The frequency
translations among the models in different domains are further
mathematically unveiled by the unified impedance model in
[25].

As the inverse Park transformation in the three-phase system
is replaced by only the cosine operator in single-phase system,
the abovementioned impedance models, including PLL, cannot
be applied to the single-phase application. Therefore, Chen et al.
[27] developed a linearized impedance model by perturbing
the orthogonal signals, which were the input of the SRF-PLL.
Zhang et al. [28] compared the characteristics of the single-phase
inverter output impedance with different PLL structures, such
as the T/4-delay-based PLL, and the second-order generalized
integrator (SOGI) PLL. Although the influences of the SRF-PLL
can be analyzed based on the impedance model in [27] and
[28] to some extent, these state-of-the-art impedance models for
single-phase inverters neglect the FCE, which is reported to be
quite different from that in the three-phase system. Specifically,
the harmonic at the frequency ω is coupled with that at ω ± 2ω0

in the single-phase inverter [29], [30]. However, the closed-loop
analysis of the system is missing, and the interactions between
the FCE and the grid impedance are overlooked.

To explicitly reveal the influence of the FCE on the single-
phase inverter-grid system stability, the impedance model con-
cerning the FCE of the PLL is established in this article. Salient
contributions are summarized as follows.

1) A 3 × 3 MAM model with capturing the FCE is first pro-
posed based on the multifrequency principle. The system
stability can be exactly predicted by applying the gener-
alized Nyquist stability criterion (GNC) to the impedance
ratio.

2) Based on the MAM, a single-frequency inverter output
impedance, which can be measured by experiments is pro-
posed. It is illustrated that the inverter output impedance
depends not only on the inverter itself, but also on the grid
impedance. Although this phenomenon is counter intu-
itive, it is important for exactly identifying the low-order
harmonic couplings through the impedance ratio when the
weak grid is connected.

Fig. 1. Illustration of the single-phase grid-tied inverter in weak grid.

Fig. 2. Control diagram of the inverter-current control.

3) The impedance model is extended to the n-parallel in-
verter system. The output impedances of two n-parallel
homogeneous-inverter systems are identical if the num-
ber and the total grid current itot are the same. The
parallel system stability relies on the impedance ratio
1
n Zop|(n·Zpcc, Iavg)/Zpcc, where Zop|(n·Zpcc, Iavg) is the
output impedance of one special inverter with the average
current itot/n injected to the grid with n · Zpcc.

4) The design procedure of the PLL bandwidth is elaborated,
which ensures the inverter-grid system stability with the
anticipated phase margin (PM).

II. GENERAL IMPEDANCE MODEL CONCERNING THE PLL

A. System Description

Fig. 1 shows the general configuration of a single-phase
LCL-filtered grid-tied inverter, which is assumed to be decoupled
with the constant dc voltage source because of the bulky dc
capacitors. Therefore, the dc dynamics are quite slow and are
reasonably neglected [12], which is also practically reasonable
when the interested frequency band of the PLL is relatively
higher than the low bandwidth of the dc voltage regulation
loop in the inverter (typically lower than 20 Hz) [30], [31].
The inverter-side inductor L1, the capacitor C, and the grid-side
inductor L2 constitute the LCL-filter. The weak grid with an
impedance Zg (i.e., sLg +Rg), which is experimentally mea-
sured as s·0.62 mH + 0.4 Ω is considered. The impedance seen
from the PCC (Zpcc) is made up of the grid impedance Zg and
the series inductor Lser, which is intensively inserted to simulate
different PCC impedance Zpcc.

Various current control methods are feasible for controlling
the grid current. The classical inverter-current control shown
in Fig. 2 is taken as the analytical example without loss of
the generality. In Fig. 2, Gc is the proportional-integral (PI)
current regulator, Gf is the PCC voltage feedforward, and Gd

is the digital control delay, including the computation and the
PWM delay. When the symmetrical regular sampling method is
adopted, the one-period delay Gd can be deduced as

Gd = T−1
s · e−0.5Tcs · (1− e−Tcs

)
/s ≈ e−Tcs (1)
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Fig. 3. Control block of the SRF-PLL.

where Tc is the control period. (The Laplace operator “s” is
omitted for simplification in the following transfer function).

B. Conventional Single-Frequency Impedance Modeling

Fig. 3 draws the control block of the SRF-PLL. The or-
thogonal signal can be generated by the T/4-delay PLL, the
SOGI-PLL, or other methods. After applying the nonlinear Park
transformation to the orthogonal signal of the PCC voltage upcc,
the q-axis voltage uq is obtained and sent to the input of the
PI regulator GPI for generating the phase reference θ. The
nonlinear trigonometric functions inside the Park transformation
and the current reference generator complicate the modeling of
the SRF-PLL. By perturbing the variables in the time-domain
equations, the linearized small-signal model of SRF-PLL can be
derived as

⎧
⎪⎪⎨

⎪⎪⎩

ũq = −θ̃Um − sinθ0 · ũα + cosθ0 · ũβ

θ̃ =
∫
ω̃dt =

∫
(kp−pll + ki−pll ∫)ũqdt

ĩref = −Im sinθ0 · θ̃
(2)

where the superscript “∼” denotes the perturbation, Um is the
magnitude of the PCC voltage in the αβ frame (i.e., uα and uβ),
and Im is the magnitude of the current reference iref.

By applying the Laplace transform to (1), the small-signal
model of SRF-PLL in the s-domain can be described by (3)–(5).

ũq (s) = − θ̃ (s)Um + 0.5 · [jũα (s− jω0)− jũα (s+ jω0)]

+ 0.5 · [ũβ (s− jω0) + ũβ (s+ jω0)] (3)

θ̃ (s) = GPI (s) · ũq (s) /s (4)

ĩref (s) = 0.5jIm

[
θ̃ (s− jω0)− θ̃ (s+ jω0)

]
. (5)

By assuming that ũα = jũβ and neglecting the FCE, the trans-
fer function from the PCC voltage ũpcc to the current reference
ĩref(Tpll) can be readily established as

ĩref = Tpllũpcc = ImHpllũpcc = Im0.5Gpll(s− jω0)Gosgαũpcc

(6)
where Gosgα(s) is defined as the transfer function from ũpcc to
ũα, Hpll(s) is denoted as the transfer function from ũpcc to ĩref
with 1-A current reference amplitude, and Gpll(s) is described
by

Gpll(s− jω0) =
GPI (s− jω0)

s+ UmGPI (s− jω0)
. (7)

Therefore, to incorporate the effect of PLL into the impedance
model, the control diagram is modified as Fig. 4, where Gplant

is the transfer function from iref to ig with only the iL control,
and Yinv−o is the output admittance without the PLL effect.

Fig. 4. Modified control diagram including the PLL effect.

Fig. 5. Illustration of the FCE phenomenon when the PCC voltage is perturbed
at the frequency 127 Hz.

The equivalent admittance of the PLL is denoted as Ypll. The
expressions of Gplant, Yinv−o, and Ypll are provided as

Gplant = GcGd/
(
s3L1L2C +GcGds

2L2C + sL1 + sL2

)

= GcGd/Δ (8)

Yinv−o =
(
1 + s2L1C + sCGcGd −GfGd

)
/Δ (9)

Ypll = TpllGplant. (10)

The inverter output impedance with the PLL effect (Zo−con)
can be found by solving the transfer function from upcc to ig in
Fig. 4, and is given by (11). It is worth noting thatZo−con bridges
ig and upcc at the same frequency, and it is thus referred to as the
conventional single-frequency output impedance in this article

Zo−con = 1/Yo−con = −1/ (Tpll ·Gplant − Yinv−o) . (11)

C. Limitations of Zo−con in Harmonic Stability Analysis

Based on the ISC, the stability of the grid-tied inverter can
be predicted by applying the Nyquist criterion to the impedance
ratio Zpcc/Zo−con. Although the conventional impedance model
Zo−con is simple and effective to some extent, it does have its
own limitations, especially when the weak grid is connected. For
example, the typical experimental waveform of the FCE under
the condition that the PCC voltage is perturbed at the frequency
127 Hz is shown in Fig. 5. It is observed that the grid current
is composed by the corresponding component (127 Hz) and the
coupling components (27 Hz, 227 Hz). Additional loops caused
by the FCE are closed through the grid impedance, which is
verified to worsen the three-phase system stability and is not
well studied in the single-phase system. The reasons whyZo−con

fails to exactly identify the harmonic stability in Fig. 5, are
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contributed by the two nonrigorous assumptions made in the
derivation of (11).

First, the FCE is overlooked. By combining (3) and (4), θ̃ (s)
can be extracted as

θ̃ (s) = 0.5Gpll (s)

{
j [ũα (s− jω0)− ũα (s+ jω0)]

+ ũβ (s− jω0) + ũβ (s+ jω0)

}

.

(12)
Shifting (12) in the s-domain and substituting it into (5), the

current reference ĩref(s) can be derived as the sum of three parts
ĩref−11(s), ĩref−p(s), and ĩref−n(s), which are provided as

ĩref−11 (s) = 0.25Im

{
[ũα (s) + jũβ (s)]Gpll (s− jω0)
+ [ũα (s)− jũβ (s)]Gpll (s+ jω0)

}

(13)

ĩref−p (s) = 0.25Im [−ũα (s+ 2jω0)− jũβ (s+ 2jω0)]

×Gpll (s+ jω0) (14)

ĩref−n (s) = 0.25Im [−ũα (s− 2jω0)− jũβ (s− 2jω0)]

×Gpll (s− jω0) (15)

where ĩref−11(s), ĩref−p(s), and ĩref−n(s) denote the current
reference corresponding to upcc in theαβ frame at the frequency
ω, ω + 2ω0, and ω − 2ω0, respectively. It is found that ĩref(s)
at a given frequency ω is related to upcc not only at the same
frequency ω, but also at the two coupled frequencies ω ± 2ω0,
which complies with the FCE phenomenon screened in Fig. 5.
The neglect of the FCE described by (14) and (15) poses a
challenge to predict the resonances and the stability exactly.

Second, (13) is simplified as (6) under the condition that
ũα = jũβ , which is not always satisfied in the single-phase
grid-tied inverter except at certain odd frequencies. Therefore,
the impedance Zo−con is not rigorously derived. It is also worth
noting that the PCC voltage on the β-axis ũβ is always lag-
ging ũα 90° in the three-phase symmetric system. The current
ĩref−n(s) shown in (15) is thus omitted, which leads to the FCE
that ĩref(s) is coupled with upcc at the frequency s and s + 2jω0

in the three-phase system. Therefore, the FCE works quite
differently between the single-phase system and the three-phase
system.

III. MULTIFREQUENCY MODEL OF THE GRID-TIED INVERTER

Since the existed single-frequency impedance model in (11)
only reflects the one-to-one frequency mapping from upcc to ig ,
it fails to identify the harmonic stability problem exemplified in
Fig. 5. This section introduces the multifrequency principle to
model the PLL of the single-phase inverter, and a 3 × 3 MAM
is proposed to avoid the ambiguous estimation of the inverter
output impedance.

A. Proposed MAM Model

The multifrequency principle is commonly used to account
for the coupled harmonics caused by the nonlinear pulsewidth
modulator [32], [33]. Applications of the multifrequency princi-
ple in the impedance modeling can be found in the model of the
three-phase inverter [24] and the modular multilevel converter
[34]. As the PLL is also characterized by the nonlinearity inside

Fig. 6. Signal flow diagram of a single-phase inverter under the weak grid.

Fig. 7. Multifrequency control diagram of the single-phase inverter.

the Park transformation and the current reference generator,
the admittance model of the single-phase inverter can also be
developed by migrating the multifrequency principle when the
FCE needs to be captured.

Fig. 6 shows the signal flow of a single-phase inverter when
the FCE is taken into consideration. Specifically, in terms of the
grid current ig at the analyzed frequency ω, it will flow through
the PCC impedance Zpcc(s), and thus generate the voltage at the
frequency ω (i.e., upcc(s)), which forms the conventional closed
loop for deriving Zo−con(s) (the dashed box in Fig. 6). The
PCC voltage upcc(s) is coupled with the current reference iref at
the frequency ω ± 2ω0 [i.e., iref(s + 2jω0) and iref(s − 2jω0)]
due to the FCE described by (14) and (15). As the grid current
ig tracks the current reference iref at the coupled frequency
ω ± 2ω0 by the current regulator, the induced grid current
[i.e., ig(s+ 2jω0) and ig(s− 2jω0)] together with the PCC
impedance will generate the corresponding PCC voltage [i.e.,
upcc(s+ 2jω0) and upcc(s− 2jω0)], which will couple into the
current reference iref(s) at the frequency ω. Thus, an additional
closed loop is formed in Fig. 6, which may challenge the system
stability under the weak grid.

Based on Figs. 4 and 6, the multifrequency control diagram
of a single-phase inverter with the additional closed loops is
constructed as Fig. 7, wherein the Laplace operator “s” with the
superscripts “p” and “n” denote the positively coupled frequency
s + 2jω0 and the negatively coupled frequency s − 2jω0,
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respectively. It is noted that the two symbols “p” and “n” just
denote the coupled frequencies other than the positive sequence
and the negative sequence used in three-phase system.

Before deriving the transfer functions in Fig. 7, Gosgβ(s) is
defined as the transfer function from upcc to uβ , and is given by

uβ(s) = Gosgβ(s)upcc(s). (16)

Starting with part-II in Fig. 7, the current reference at the
frequency ω is generated by the PCC voltage at the frequency
ω, ω + 2ω0, and ω − 2ω0 based on (13)–(15). Tpll−11(s),
Tpll−p(s), and Tpll−n(s) denote the transfer functions from upcc

at ω, ω + 2ω0, and ω − 2ω0 to iref at ω [i.e., upcc(s) →
ig(s), upcc(s+ 2jω0) → ig(s), upcc(s− 2jω0) → ig(s)], re-
spectively, and their mathematical expressions are deduced as

Tpll−11(s) = ImHpll−11(s)

= 0.25Im (Gosgα(s) + jGosgβ(s))Gpll (s− jω0)

+ 0.25Im (Gosgα(s)−jGosgβ(s))Gpll (s+jω0)
(17)

Tpll−p(s) = ImHpll−p(s)

= −0.25Im [Gosgα(s+2jω0)+jGosgβ(s+2jω0)]

×Gpll (s+jω0) (18)

Tpll−n(s) = ImHpll−n(s)

= 0.25Im[−Gosgα(s−2jω0)+jGosgβ(s−2jω0)]

×Gpll (s− jω0) (19)

where Hpll−11(s), Hpll−p(s), and Hpll−n(s) are the correspond-
ing transfer functions of Tpll−11(s), Tpll−p(s), and Tpll−n(s)
with the current reference Im extracted. The subscripts “p” and
“n” mean that, compared with the frequency of the coupled
reference, the frequency of the input voltage upcc is shifted
positively and negatively, respectively.

With respect to part-I and part-III in Fig. 7, Tpll−11(s
p) and

Tpll−11(s
n) are the one-to-one frequency mapping in the coupled

loops, which can be readily obtained by substituting sp and sn

into (17).Tpll−p(s
p) andTpll−n(s

n) denote the transfer functions
from upcc at ω to iref at ω + 2ω0, and ω − 2ω0 [i.e., upcc(s) →
ig(s+ 2jω0), upcc(s) → ig(s− 2jω0)], respectively.

According to Fig. 7, the single-phase inverter-grid system can
be seen as a multi-input multi-output system where the input 3×
1 vector uv

pcc(s) is composed of upcc(s
p), upcc(s), and upcc(s

n),
and the output 3× 1 vector ivg(s) is made up of ig(sp), ig(s), and
ig(s

n). Therefore, the current reference iref at the three coupled
frequencies corresponding to uv

pcc(s) can be derived as

⎡

⎣
iref(s

p)
iref(s)
iref(s

n)

⎤

⎦

=

Tpll(s)
︷ ︸︸ ︷⎡

⎣
Tpll−11(s

p) Tpll−n(s
p) 0

Tpll−p(s) Tpll−11(s) Tpll−n(s)
0 Tpll−p(s

n) Tpll−11(s
n)

⎤

⎦

⎡

⎣
upcc (s

p)
upcc (s)
upcc (s

n)

⎤

⎦

Fig. 8. Compact form of the multifrequency control diagram.

= Im

HPLL(s)
︷ ︸︸ ︷⎡

⎣
Hpll−11(s

p) Hpll−n(s
p) 0

Hpll−p(s) Hpll−11(s) Hpll−n(s)
0 Hpll−p(s

n) Hpll−11(s
n)

⎤

⎦

×
⎡

⎣
upcc (s

p)
upcc (s)
upcc (s

n)

⎤

⎦ (20)

whereHPLL(s) is the transfer function matrix with Im extracted
from TPLL(s).

According to (20), the grid current ig at the three coupled
frequencies can be deduced as

ivg (s) = Y3×3 (s) · uv
pcc (s) (21)

where Y3×3(s) is the proposed 3 × 3 MAM model, and is
expressed by

Y3×3(s) =

Yinv−PLL(s)
︷ ︸︸ ︷
Gplant(s) ·TPLL(s)+Yinv−o(s)

= Im ·
Hinv−PLL(s)

︷ ︸︸ ︷
Gplant(s) ·HPLL(s)+Yinv−o(s) (22)

where Gplant(s) is the 3 × 3 diagonal matrix [Gplant(s
p) 0 0; 0

Gplant(s) 0; 0 0Gplant(s
n)], and Yinv−o(s) is the 3 × 3 diagonal

matrix [Yinv−o(s
p) 0 0; 0Yinv−o(s) 0; 0 0Yinv−o(s

n)].
It can be found that the FCE of PLL is included in

TPLL(s) (off-diagonal matrix), which adds another admittance
Yinv−PLL(s) in parallel with the original admittance matrix
Yinv−o(s), and consequently shapes the output admittance.

According to (22) and Fig. 7, the multifrequency control
diagram is further shown in Fig. 8 with a more compact form,
where the transfer functions and the signals are replaced by
the corresponding 3 × 3 matrix and 3 × 1 vector, respectively.
Different from the existed impedance model of the single-phase
grid-connected inverter, the off-diagonal 3 × 3 matrix TPLL(s)
is used to capture the FCE of the PLL. It is also worth noting
that the dimension of Y3×3(s) is different from that of the
three-phase inverter, wherein the current of the three-phase
inverter is controlled in αβ frame or dq frame, resulting in 2 ×
2 impedance matrix. However, in single-phase grid-connected
inverter, the current is controlled on only one α-axis whereas
the frequency components of the current are decomposed based
on the multifrequency principle, resulting in 3 × 3 matrix.

B. Stability Prediction Based on the GNC

As the admittance matrix Y3×3 is characterized by the asym-
metric behavior, the GNC should be used to evaluate the inverter-
grid system stability [35], [36].
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When the inverter is connected to the grid with the PCC
impedance Zpcc, the voltage at the PCC satisfies

uv
pcc(s) = Zpcc(s) · ivg(s) + uv

g(s) (23)

whereZpcc(s) is the 3× 3 diagonal matrix of the grid impedance,
i.e., [Zpcc(s

p) 0 0; 0Zpcc(s) 0; 0 0Zpcc(sn)]. Substituting (23)
into (21), the characteristic equation is derived as

[I−Y3×3(s) · Zpcc(s)] i
v
g(s) = Y3×3(s) · uv

g(s) (24)

where I is a 3 × 3 unit matrix, the impedance ratio � is given
by

�(s) = Y3×3(s) · Zpcc(s). (25)

The inverter-grid system stability can be predicted by check-
ing the Nyquist plot of the determinant I−Y3×3(s) · Zpcc(s)
in terms of the critical point (0, j0) [36], or by checking the
frequency responses of the eigenvalues of the impedance ratio
�(s) in terms of (−1, j0). The latter conventional method is
adopted in this article, and the eigenvalues are calculated with
the aid of the computational software, which are given by

det [λI−Y3×3(s) · Zpcc(s)] = 0. (26)

IV. DEVELOPED SINGLE-FREQUENCY IMPEDANCE MODEL

Although the MAM model is effective in evaluating the
influence of the PLL on the inverter-grid system stability, it
is not intuitive to identify where the harmonic resonances are
possibly triggered, and it is also hard to experimentally measure
the couplings. To facilitate the resonant frequency analysis as
the conventional output impedance model does, it is required to
have knowledge of the single-frequency output impedance with
the embedded multifrequency principle. Therefore, a developed
single-frequency output impedance model is elaborated in this
section.

A. Derivation of the Developed Inverter Output Impedance

Since the single-frequency impedance model is derived from
a single-input single-output system, the relationships among the
elements of the input vector uv

pcc(s) in Fig. 8 need to be figured
out. By substituting (21) into (23), it is derived that

[I− Zpcc(s) ·Y3×3(s)] · uv
pcc(s)− uv

g(s) = 0. (27)

The closed-loop transfer functions from the PCC voltage
upcc at the analyzed frequency ω to upcc at the two cou-
pled frequencies (i.e., upcc(s) → upcc(s+ 2jω0) and upcc(s) →
upcc(s− 2jω0)) can be derived from (27) and defined as Gp(s)
and Gn(s), respectively, which are provided as

Gp =
ImZpcc(s

p)Gplant(s
p)Hpll−n(s

p)

1− Zpcc(sp) [ImGplant(sp)Hpll−11(sp) + Yinv−o(sp)]
(28)

Gn =
ImZpcc(s

n)Gplant(s
n) ·Hpll−p(s

n)

1− Zpcc(sn) [ImGplant(sn)Hpll−11(sn) + Yinv−o(sn)]
.

(29)

Fig. 9. Control diagram with the embedded multifrequency principle.

Therefore, the single-frequency control diagram at the ana-
lyzed frequency ω is constructed as Fig. 9. The transfer function
from upcc(s) to the current ig(s) can be easily deduced as (30),
and it is defined as Yop|(Zpcc, Im)

Yop|(Zpcc,Im) =
1

Zop|(Zpcc,Im)

=

Yo−con︷ ︸︸ ︷
ImHpll−11Gplant︸ ︷︷ ︸

Y11

+Yinv−o

+ ImGpHpll−pGplant︸ ︷︷ ︸
Yp|(Zpcc,Im)

+ ImGnHpll−nGplant︸ ︷︷ ︸
Yn|(Zpcc,Im)

(30)

where Zop|(Zpcc, Im) is the developed single-frequency output
impedance with the embedded multifrequency principle at a
certain PCC impedance Zpcc. Yp|(Zpcc, Im) and Yn|(Zpcc, Im)

are the positively coupled and the negatively coupled equivalent
admittance at a certain (Zpcc, Im), respectively. Yo−con is the
conventional admittance, which is composed of the equivalent
admittance of the one-to-one frequency mapping Y11 and the
output admittance without the PLL effect Yinv−o.

It is emphasized that the impedance seen from the PCC Zpcc

appears in the proposed impedanceZop|(Zpcc, Im), which means
that the inverter output impedance depends not only on the
parameters of the inverter itself, but also on the PCC impedance.
This phenomenon appears when the analyzed system is charac-
terized by the FCE or the mirror frequency effect. Although it is
counter intuitive, it will be further experimentally validated to
have a nonnegligible impact on the inverter-grid system stability.

B. Stability Analysis Based on the Nyquist Criterion

The ISC is widely used to analyze the behavior of the intercon-
nected load-source system [25], which is commonly conducted
by applying the Nyquist stability criterion to the impedance
ratio of the inverter output impedance to the PCC impedance.
Based on (30) and the conventional impedance model in [27] and
[28], the developed single-frequency impedance model of the
inverter-grid system can be readily established as Fig. 10, which
intuitively illustrates how the FCE affects the system stability.

From Fig. 10, it is observed that two additional admittance
Yp|(Zpcc, Im) and Yn|(Zpcc, Im) related with Zpcc are formed
in parallel with the conventional admittance Yo−con, which
means that the inverter output impedance is reshaped when the
FCE of PLL is taken into consideration. Similar to [26], the
stability can be identified by checking whether the impedance
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Fig. 10. Developed single-frequency impedance model of the single-phase
inverter-grid system.

Fig. 11. Multifrequency control diagram of n-parallel inverter system.

ratio Zpcc/Zop|(Zpcc, Im) satisfies the Nyquist stability crite-
rion. The harmonic performance can be predicted by finding
the PM corresponding to the intersected frequency of the two
magnitude-frequency curves Zop|(Zpcc, Im) and Zpcc. If the PM
is not large enough, e.g., smaller than 45°, the harmonics at the
intersected frequency of Zop|(Zpcc, Im) and Zpcc are possibly
excited. If the PM is sufficient, the system stability is ensured
with the outcome of a better current quality. The only difference
from [26] is that Zop|(Zpcc, Im) should be repeatedly calculated
under different Zpcc, since the output impedance varies along
with Zpcc.

V. IMPEDANCE MODEL OF N-PARALLEL INVERTER SYSTEM

The proposed impedance modeling method is extended into
the n-parallel inverter system to illustrate how the FCE affects
the output impedance characteristic of the n-parallel system.

A. Impedance Modeling

According to Fig. 8, the multifrequency control diagram for
the n-parallel inverter system is constructed as Fig. 11, wherein
the subscripts 1, 2, . . . , n denote the numeric identifier of the
inverter, and the 3 × 1 vector ivtot(s) (i.e., itot(sp), itot(s), and
itot(s

n)) means the total grid current of the n-parallel system.

Fig. 12. Single-frequency control diagram of n-parallel inverter system.

Based on (21), ivtot(s) is easily deduced as

ivtot(s) =
n∑

i=1,2...

ivgi(s) =
n∑

i=1,2...

Y3×3−i(s) · uv
pcc(s) (31)

wherein the subscript i symbolizes the #i inverter.
The PCC voltage uv

pcc(s) shown in (23) is modified as

uv
pcc(s) = Zpcc(s) · ivtot(s) + uv

g(s). (32)

By substituting (31) into (32), the relationships among the
elements of the input vector uv

pcc(s) is derived as
⎡

⎣I− Zpcc(s) ·
n∑

i=1,2...

Y3×3−i(s)

⎤

⎦ · uv
pcc(s)− uv

g(s) = 0.

(33)
Based on (33), the closed-loop transfer functions from the

PCC voltage upcc at the analyzed frequency ω to upcc at the
two coupled frequencies [i.e., upcc(s) → upcc(s+ 2jω0) and
upcc(s) → upcc(s− 2jω0)] can be derived and defined as the
coupled transfer functions GpN and GnN , respectively, which
are provided as

GpN =

Zpcc(s
p)

n∑

i=1,...

ImiGplant−i(s
p) ·Hpll−n−i(s

p)

1−Zpcc(sp)
n∑

i=1,2,..

[ImiGplant−i(sp)Hpll−11−i(sp)+Yinv−o−i(sp)]

(34)

GnN =

Zpcc(s
n)

n∑

i=1,...

ImiGplant−i(s
n)·Hpll−p−i(s

n)

1−Zpcc(s
n)

n∑

i=1,2,...

[ImiGplant−i(s
n)Hpll−11−i(s

n)

+Yinv−o−i(s
n)]

(35)

where it is found GpN and GnN are related to the PCC
impedance and the parameters of every inverter in the parallel
system.

According to (34), (35), and Fig. 11, the single-frequency con-
trol diagram of the n-parallel system at the analyzed frequency
ω is established as Fig. 12, which describes the one-to-one
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frequency mapping from upcc to the total current itot. The output
impedance of the parallel system is defined as ZoN |Zpcc, which
is obtained by solving the the transfer function from upcc(s) to
itot(s) in Fig. 12 and is shown as

YoN |Zpcc =
1

ZoN |Zpcc

=

n∑

i=1,2...

ImiGpNHpll−p−iGplant−i︸ ︷︷ ︸
Yp−i(s)|Zpcc

+
n∑

i=1,2...

⎡

⎢
⎣

Yn−i(s)|Zpcc
︷ ︸︸ ︷
ImiGnNHpll−n−iGplant−i

+

Yo−con−i(s)
︷ ︸︸ ︷
ImiHpll−11−iGplant−i︸ ︷︷ ︸

Y11−i(s)

+Yinv−o−i

⎤

⎥
⎦ .

(36)

Therefore, the output impedance ZoN |Zpcc of the n-parallel
system depends not only on the parameters of all the invert-
ers, but also on the PCC impedance. The harmonic stabil-
ity of the parallel system is assessed by applying the ISC to
ZoN |Zpcc/Zpcc.

B. Analysis of the n-Parallel Homogeneous-Inverter System

As often the case, the inverters installed at the PCC are
commonly manufactured by the same firm, and have the same
type, which means that it is reasonable to assume all inverters to
be equal. In this case, i.e., the n-parallel homogeneous-inverter
system, the output impedance of the parallel system is defined as
ZoHN |(Zpcc, Imtot), which is simplified from (36) and provided
as

YoHN |(Zpcc,Imtot) =
1

ZoHN |(Zpcc,Imtot)

= nYinv−o +Hpll−11GplantImtot︸ ︷︷ ︸
YoN−con

+GpNHpll−pGplantImtot︸ ︷︷ ︸
YpN |(Zpcc,Imtot)

+GnNHpll−nGplantImtot︸ ︷︷ ︸
YnN |(Zpcc,Imtot)

(37)

where Imtot is the amplitude of the total grid current itot,
YoN−con is the conventional output admittance without the
influence of Zpcc. YpN |(Zpcc, Imtot), YnN |(Zpcc, Imtot) are the
positively coupled and the negatively coupled equivalent admit-
tance at a certain (Zpcc, Imtot). The coupled transfer functions
GpN andGnN are derived from (34) and (35), and are expressed
by

GpN =

nZpcc(s
p)Gplant(s

p) ·Hpll−n(s
p) 1n

n∑

i=1,2...

Imi

1−nZpcc(sp)

[

Yinv−o(sp)+Gplant(sp)Hpll−11(sp) 1n
n∑

i=1,2...

Imi

]

(38)

GnN =

nZpcc(s
n)Gplant(s

n) ·Hpll−p(s
n) 1n

n∑

i=1,2...

Imi

1−nZpcc(sn)

[

Yinv−o(sn)+Gplant(sn)Hpll−11(sn) 1n
n∑

i=1,2...

Imi

] .

(39)

Equivalent transforms are made in (37) for simplifying the
stability analysis through ZoHN |(Zpcc, Imtot)/Zpcc. By substi-
tuting Imtot with n·Iavg (Iavg is the average value), it is obtained
that

YoHN |(Zpcc,Imtot)

= n(Yinv−o +Hpll−11GplantIavg +GpNHpll−pGplantIavg

+GnNHpll−nGplantIavg) (40)

where it is found that the output impedance of the n-parallel sys-
tem is 1/n times of that of a special inverter with the current Iavg.
However, it is stressed that the output impedance of this special
inverter should be calculated under n times PCC impedance, i.e.,
Zop|(n·Zpcc,Iavg), since the influence of Zpcc on the two transfer
functions GpN and GnN is n times larger [see (38) and (39)].
Therefore, if the n-parallel homogeneous inverter is connected
to the grid withZpcc, the output impedance of the parallel system
satisfies

ZoHN |(Zpcc,Imtot) = (1/n)Zop|(n·Zpcc,Im=Iavg)
. (41)

Based on (41), two applicable conclusions are made.
1) The stability can be identified by applying the ISC to

the impedance ratio 1
n Zop|(n·Zpcc, Iavg)/Zpcc, which

is equivalent to Zop|(n·Zpcc,Iavg)/n · Zpcc. This special
impedance ratio is defined as the equivalent system Geq.
In other words, the recognition that the PCC impedance
is n times amplified in the parallel system is satisfied only
for one special inverter with the current Iavg.

2) The output impedances of two n-parallel homogeneous-
inverter systems are identical if the number n and the total
grid current itot are the same.

VI. CASE STUDY OF SINGLE-PHASE GRID-TIED INVERTERS

Since the experimental measurement of the inverter output
impedance is much smoother when the injected power is low
(to avoid the overload operation of the Venable instrument
power amplifier), and the output impedance keeps invariant for
the scaled-down system [27], all the theoretical analyses and
the experiments are performed on a scaled-down single-phase
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Fig. 13. Nyquist diagrams of the eigenvalues of � under different Zpcc. (a) Case a1: Zpcc = s · 1.95mH + 0.4Ω (SCR = 6.66). (b) Case a2: Zpcc =
s · 3.85mH + 0.4Ω (SCR = 3.82). (c) Case a3: Zpcc = s · 5.85mH + 0.4Ω (SCR = 2.61).

TABLE I
PARAMETERS OF THE SCALED-DOWN SINGLE-PHASE INVERTERS

inverter, whose parameters are provided in Table I. Moreover,
to make a fair comparison with the existed impedance model in
[27] and [28], the T/4-delay based PLL is also adopted in this
article, which can be described by

GOSG−α (s) = 1, GOSG−β (s) = e−T0s/4. (42)

A. Influence of Zpcc on the Inverter-Grid System Stability

First, the stability of the single-phase grid-tied inverter under
various PCC impedance Zpcc is analyzed by applying the GNC
to the proposed 3× 3 admittance matrixY3×3. The inverter-grid
system parameters are listed in Table I, where Im and fb are set
as 12 A (0.75 p.u.) and 220 Hz (based on the damping ratio
of the PLL loop [28]), respectively. Fig. 13(a)–(c) shows the
Nyquist diagrams of the three eigenvalues of the impedance ratio
� in (26) when Lpcc is configured as 1.95, 3.85, and 5.85 mH,
respectively. It can be found the scales of the axes are different
in Fig. 13(a)–(c), and the stability performance degrades with
the increasing Zpcc. Specifically, the inverter works stably with
the case a1 and the case a2, but more harmonics are produced
with the case a2, and finally it turns unstable with the case a3.

Fig. 14. Bode of Zop|Zpcc and Zo−con with different Zpcc. (fb = 220Hz,
Im = 12A). (a) Bode of Zop|(Zpcc, Im) under different Zpcc. (b) Bode of
Zo−con under different Zpcc.

It is found that the harmonic frequencies are not intuitively to
be predicted according to the three Nyquist diagrams.

To identify where the harmonic frequencies are located, the
characteristics of the proposed output impedance Zop|(Zpcc, Im)

under different Zpcc are studied. Fig. 14(a) and (b) shows the
bode diagrams ofZop|(Zpcc, Im) corresponding to the three cases
in Fig. 13(a)–(c). The bode diagrams of the conventional output
impedanceZo−con(s) are plotted in Fig. 14(b) to make a compar-
ison. Based on the ISC, the stability identified by Zop|(Zpcc, Im)

is identical to those identified by Fig. 13(a)–(c). Specifically,
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TABLE II
PERFORMANCE COMPARISONS UNDER DIFFERENT ZPCC

with respect to the case a1, enough PM (PM11 = 61°) is
observed at the intersected frequency f11 (533 Hz) of the two
magnitude-frequency curves Zop1 and Zpcc, which means that
the inverter-grid system stability is good and the grid current is
not prone to be excited at f11. In terms of the case a2, limited PM
and GM are found around 256 and 147 Hz in Fig. 14(a), which
is different from the frequency 305 Hz predicted by Zo−con in
Fig. 14(b). Therefore, the harmonic frequency of the grid current
is predicted to be different by Zop2 and Zo−con. In case a3,
conflicting stability conclusions are made. It is predicted to be
unstable by Zop3 when Lpcc is 5.85 mH (SCR = 2.61), whereas
it is deemed to be stable by Zo−con. The harmonic and stability
identified by different models are summarized in Table II.

B. Influence of the Current Reference and the PLL Bandwidth

As the current reference Im appears in the transfer functions of
PLL, e.g., Tpll−11(s), the influence of Im on the system stability
also needs to be identified. With the PCC inductor set as 3.85 mH
(SCR = 3.82) and the PLL bandwidth set as 220 Hz, Fig. 15(a)
and (b) shows the bode diagrams of the proposed impedance
Zop|(Zpcc, Im) and the conventional output impedance Zo−con

with Im varying from 8 A (0.5 p.u.) to 16 A (1 p.u.), respectively.
From Fig. 15, both impedance models indicate that the

inverter-grid system stability degrades gradually with the in-
creasing Im. However, the output impedance profiles of the
same Im are quite different between Zop|(Zpcc, Im) and Zpcc.
Specifically, in the case b3 (Im = 16A, 1 p.u.), it is to note
that the PM is larger than 0 (PM3 = 15°) around the intersected
frequency 263 Hz of the magnitude-frequency curves Zo−con3

and Zpcc in Fig. 15(b), whereas the PM is negative at the
intersected frequency f31 and f32 of Zop3 and Zpcc in Fig. 15(a),
which means that conflicting stability predictions are made.

Fig. 16(a) and (b) shows the bode diagrams of Zop|(Zpcc, Im)

and Zo−con with the PLL bandwidth fb increased from 100
to 380 Hz, which is used to reveal the influence of fb on
the inverter-grid system stability. From Fig. 16, it is observed
that both impedance models indicate that the system stability
degrades with the increasing fb. It is found that the stability
conclusions made by Zo−con and Zop|(Zpcc, Im) are similar
when fb is low. However, inconsistent stability predictions are
made when fb is 380 Hz (case c3), since the PM is larger than
0 (PM3 = 11°) around the intersected frequency 279 Hz of the
magnitude-frequency curves Zo−con3 and Zpcc in Fig. 16(b), and

Fig. 15. Bode of Zop|Zpcc and Zo−con under different Im. (fb = 220Hz,
SCR = 3.82). (a) Bode of Zop|Zpcc under different Im. (b) Bode of Zo−con

under different Im.

the PM is negative at the intersected frequency f31 and f32 of the
magnitude-frequency curves Zop3 and Zpcc in Fig. 16(a).

According to Figs. 15 and 16, the conclusions about the
influence of PLL bandwidths and current references on the
single-phase inverter-grid system stability can be made, i.e.,
the higher the PLL bandwidth or the current reference, the worse
the system stability performance.

C. Influence of Number n on the Parallel System Stability

To figure out the influence of the number n on the paral-
lel system stability, the output impedance of a three-parallel
homogeneous-inverter system is studied. Two cases (case d:
Im1 = Im2 = Im3 = 12A and case e: Im1 = 16A, Im2 = 8A,
Im3 = 12A) are designed and plotted as the dashed line and
the solid line in Fig. 17, respectively. The symbols ZoHN1d,
ZoHN2d, ZoHN3d, denote the output impedances of the parallel
system of the case d when n is 1, 2, 3, respectively. The symbols
ZoHN1e, ZoHN2e, ZoHN3e, denote the output impedances of
the parallel system of the case e when n is 1, 2, 3, respectively.

Two phenomena are found based on the output impedances
of the n-parallel system in Fig. 17 with n increased from 1 to 3.

1) The output impedances of the two cases (case d and case
e) are identical if the number n and the total grid current
itot are the same, since the dashed line matches well with
the solid line when n is 2 or 3 (see ZoHN2d and ZoHN2e,
ZoHN3d, and ZoHN3e).
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Fig. 16. Bode of Zop|Zpcc and Zo−con under different fb. (Im = 12A, SCR
= 3.82). (a) Bode of Zop|Zpcc under different fb. (b) Bode of Zo−con under
different fb.

Fig. 17. Bode ofZoHN |Zpcc with the number n increased from 1 to 3 (Lpcc =
1.95mH, fb = 220Hz). Dashed-line: Case d, Im1 = Im2 = Im3 = 12A,
solid-line: Case e, Im1 = 16A, Im2 = 8A, Im3 = 12A.

2) The n-parallel system stability is challenged by the in-
creasing number, and the n-times amplification of the
PCC impedance in the parallel system is satisfied only for
one special inverter with the average grid current Iavg. In
other words, the stability identified by ZoHN |Zpcc/Zpcc is
equivalent to that identified by Zop|(n·Zpcc,Iavg)/n · Zpcc.
For example, when n = 2, the PM corresponding to the
intersected frequency 256 Hz of the magnitude-frequency
curves ZoHN2d and Zpcc is 14° in Fig. 17, which is

Fig. 18. Flowchart of the proposed design procedure of the bandwidth fb.

identical to the PM at the intersected frequency of Zop2

and Zpcc in Fig. 14(a).
The abovementioned two phenomena comply with the theo-

retical analyses in Section V-B.

VII. DESIGN GUIDELINE OF THE PLL BANDWIDTH

It is illustrated in Section VI that the stability of the single-
phase grid-tied inverters is challenged by the PCC impedance
Zpcc, the current reference Im, the number n, and the PLL band-
width fb. Since Zpcc and n depends on the system configuration,
and the inverter is required to operate stably under the full-load
condition (i.e., Im is set as the peak value of In), a probable
way to guarantee the system stability under the weak grid is to
optimize the selection of the PLL bandwidth fb. Therefore, the
design guideline of fb with the anticipated PM ϕa is elaborated
in this section, which is illustrated as a flowchart in Fig. 18.

Step 1: Configure the system parameters, Zpcc = sLpcc +
Rpcc, n, Im, and predefine the variation range of
the PCC inductance as (Lpccmin, Lpccmax), wherein
Lpccmin is used as the initialized value of Lpcc. If
n · Lpcc belongs to the predefined impedance range,
go to step 2. If not, step 4 is carried out.

Step 2: Derive the equivalent system Geq (the impedance ratio
of Zop|(n·Zpcc,Im)/n · Zpcc) in MATLAB.

Step 3: Calculate the PM ϕ of Geq with fb swept in a prede-
fined frequency range. Increase Lpcc and go back to
step 1.

Step 4: The graph of the PM ϕ versus to fb and n · Lpcc is
plotted as a 3-D figure.

Step 5: Choose the appropriate fb from the graph based on the
working condition of the inverter and the anticipated
PM ϕa.

According to the design procedure of fb, a design example
is provided in Fig. 19, which illustrates the relationships among
the inverter-grid system PM ϕ, the bandwidth fb, and n · Lpcc.
The X, Y, Z axes are ϕ, nLpcc, fb, respectively. The contour line
thatϕ equals 40° is also plotted and projected on the X-Y plane to
give an intuitive illustration. In this case, three-parallel inverters
whose parameters are provided in Table I are connected to the
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Fig. 19. Graphical illustration of ϕ under the variation of fb and n · Lpcc.

Fig. 20. Bode of ZoHN |Zpcc with n increased from 1 to 3, (Im = 16A,
Lpcc = 1.95mH, fb = 67Hz).

grid with 1.95 mH + 0.4 Ω. By setting the anticipated PM ϕa

as 40° (n · Lpcc = 5.85mH), the PLL bandwidth fb is thereby
chosen as 67 Hz based on the point A in Fig. 19. The output
impedances of the 3-parallel system with n increased from 1
to 3 are plotted in Fig. 20 for verification. It is found that the
PM is 40° when three inverters are paralleled to the grid, which
complies with the design procedure.

VIII. EXPERIMENTAL VERIFICATIONS

A. Illustration of the Experimental Setup

To verify the correctness of the theoretical analyses and the
proposed impedance model, experiments are conducted on a
scaled-down multiparallel inverter system, whose parameters
are listed in Table I. Fig. 21(a) shows the circuit configuration,
where each inverter is independently controlled by the digital
signal processor TMS320F28335. The input of the inverter is
decoupled from the dedicated three-phase rectified dc source by
the bulky electrolytic capacitors, and the output of the inverter
are paralleled and connected to the utility through a stepup
transformer T1. The PCC impedance Zpcc is lumped with the
inserted inductor Lser (for impedance modification) and the
parasitic impedance of the transformer and the utility.

As shown in Fig. 21(a), the output impedance of the paralleled
inverters is measured by sweeping the frequency of the injected
small perturbance of the ac voltage source from 10 to 15 kHz,

Fig. 21. Illustration of the experimental setup. (a) Circuit principle of the
experimental setup. (b) Photograph of the experiment setup of the inverter-grid
system.

which is generated by the Venable Linear Amplifier VLA1500
together with the isolation transformer T2. The sensed grid
current ig and the PCC voltage upcc are sent to the frequency
response analyzer Venable 3120. Therefore, the ratio of upcc1

to ig is supposed to be the single-frequency output impedance,
and the ratio of upcc2 to −ig is deemed to be Zpcc.

Fig. 21(b) shows the photograph of the experimental setup
of 3-parallel single-phase grid-tied inverters. The experimen-
tal impedance results are recorded by the specialized Venable
software and exported to the workspace of the MATLAB for
comparing with the theoretical curves of Zop|(Zpcc, Im). The
experimental waveforms are screened by the oscilloscope
KeySight DSOX3024T.

B. Stability Verification with the PCC Impedance Variation

To reveal the influence of the PCC impedance on the stability
of the single-phase grid-connected inverter in Section VI-A,
Fig. 22(a)–(c) shows the waveforms of the inverter connected
to different PCC impedances. The control parameters and Zpcc

are set to be consistent with the cases (case a1–a3) in Fig.
14. It is worth noting that large harmonics around 150 and
250 Hz (other than 305 Hz predicted by Zo−con) are excited
in the case a2 in Fig. 22(b), which is in accordance with the
intersected frequency (f21, f22) of the gain curve of Zop2 and
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Fig. 22. Waveforms of the inverter with varied Zpcc, (Im = 12A, fb =
220Hz). (a) Case a1: Zpcc = 1.95mH + 0.4Ω. (b) Case a2: Zpcc =
3.85mH + 0.4Ω. (c) Case a3: Zpcc = 5.85mH + 0.4Ω.

Zpcc in Fig. 14(a). Fig. 22(c) shows that the inverter-grid system
turns unstable when Zpcc further increases. When the inverter
finishes the soft start at the instant t2, the grid current starts
to resonate severely and triggers the protection at t3. The main
resonant frequencies (128 Hz, 228 Hz) again match well with
the intersected frequencies f31 and f32 in Fig. 14(a) and Table II.

Further on, to validate the developed output impedance model,
the experimental measurements of the inverter output impedance
in corresponding with case a1 and case a2 are recorded as
Zop−m (m means the measurement), and are marked with “o” in
Fig. 23(a) and (b), respectively. As the case a3 in Fig. 14(c) is
predicted to be unstable, it is hence impossible to measure the
output impedance of the inverter, and is thereby not provided.
From Fig. 23(a) and (b), it is found thatZop−m matches well with
theoretical curves Zop, which validates the proposed impedance
model described by (30). More importantly, the phenomenon
that the output impedance depends not only on the inverter itself
but also on the PCC impedance is verified, which means that
attention should be paid to the impact of the FCE on the inverter
output impedance.

C. Stability Verification with Different Im and fb

Fig. 24 shows the waveforms of the inverter with different
current references in corresponding with the case b1 and case b3.
It can be found that the quality of the grid current ig in Fig. 24(a)
is better than that of the case b2 (case a2, b2, c2 are the identical)
in Fig. 22(b), since the amplitude of Im is much lower in Fig.
24(a). When Im is set as 1 p.u. in Fig. 24(b), the system diverges
gradually from the instant t2 (the soft start finishes), and finally
the protection is triggered at t3, which means that the case b3 in
Fig. 15(a) is unstable, other than the stable case predicted by the
impedance Zo−con in [27] and [28]. The resonant frequencies
are also well predicted by Zop3 in Fig. 15(a).

Fig. 23. Experimental measurement of the inverter output impedance under
different grid impedance. (a) Case a1 in Fig. 14(a): Zpcc = 1.95mH + 0.4Ω.
(b) Case a2 in Fig. 14(a): Zpcc = 3.85mH + 0.4Ω.

Fig. 24. Waveforms of the inverter with different Im. Lpcc = 3.85mH.
(a) Im = 8A (0.5 p.u.), fb = 220Hz, case b1 in Fig. 15(a). (b) Im = 16A
(1 p.u.), fb = 220Hz, case b3 in Fig. 15(a).

Fig. 25 shows the waveforms of the inverter with different
PLL bandwidths in corresponding with the case c1 and case c3.
It can be found that the quality of the grid current ig in Fig. 25(a)
is better than that in Fig. 22(b), since the PLL bandwidth is
lower. When the bandwidth increases to 380 Hz in Fig. 25(b),
the system diverges gradually from the instant t2 (the soft start
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Fig. 25. Waveforms of the inverter with different fb. Lpcc = 3.85mH.
(a) fb = 100Hz, Im = 12A, case c1 in Fig. 16(a). (b) fb = 380Hz, Im =
12A, case c3 in Fig. 16(b).

Fig. 26. Experimental measurement of the inverter output impedance with a
lower current reference in Fig. 16(a) (case b1).

finishes), and finally the protection is triggered at t3. The unstable
case c3 is confirmed by the experimental waveform, and the
dominant harmonics (150 Hz, 250 Hz) are indicated by Zop3 in
Fig. 16(a).

Similarly, the measurement of the inverter output impedance
in Figs. 24(a) and 25(a) are performed, and the results are marked
with “o” in Figs. 26 and 27, respectively. It is observed that
the theoretical curves match well with the experimental mea-
surements, which again verifies the correctness of the proposed
impedance model.

D. Stability Verification in 3-Parallel Systems

To verify the impedance model ZoHN |Zpcc for the parallel
system, experiments on a 3-parallel system are conducted.

Fig. 28(a) and (b) provides the waveforms of the parallel
system of the case d and the case e in Fig. 17, respectively.
First, both of the 3-parallel systems are stable when n = 2 (itot
= 24 A), and unstable when n = 3 (itot = 36 A). Therefore, the
conclusion that the characteristics of two systems are similar

Fig. 27. Experimental measurement of the inverter output impedance with a
lower bandwidth in Fig. 17(a) (case c1).

Fig. 28. Waveforms of 3-parallel system with different configurations of Im.
fb = 220Hz, Zpcc = 1.95mH + 0.4Ω. (a) Case d in Fig. 17, Im1 = Im2 =
Im3 = 12A. (b) Case e in Fig. 17, Im1 = 16A, Im2 = 8A, Im3 = 12A.

if the number and the total grid current are the same is exper-
imentally verified. Second, the harmonic stability in Fig. 28 is
similar to that in Fig. 22(c), and the stability of the parallel
system with the increasing n is identical to the special inverter
connected to the grid with n · Zpcc. Therefore, the conclusion in
Section VI-C that the parallel system stability can be identified
by Zop|(n·Zpcc,Iavg)/n · Zpcc is verified.

Fig. 29(a) and (b) further shows the experimental measure-
ment of the output impedance for the two cases in Fig. 28(a)
and (b), respectively. It is found that the impedance measure-
ments match well with the theoretical curves of the proposed
impedance model ZoHN , which complies with the theoretical
analysis in Section VI-C. The curves ZoHN−m with n = 2 are
similar in Fig. 29(a) and (b), which again verifies the conclusion
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Fig. 29. Output impedance measurements of 3-parallel system with different
configurations of Im. (a) Case d in Fig. 17, Im1 = Im2 = Im3 = 12A. (b)
Case e in Fig. 17, Im1 = 16A, Im2 = 8A, Im3 = 12A.

Fig. 30. Waveforms of 3-parallel system with the designed fb. fb = 67Hz,
Zpcc = 1.95mH + 0.4Ω, Im = 16A (1.0 p.u.).

(a) in Section VI-C that the output impedances of two systems
are identical if n and itot are the same.

To verify the correctness of the proposed design procedure of
the bandwidth fb in Section VII, the experimental waveforms
of a three parallel system are shown in Fig. 30. It is found
that the parallel system operates stably when the inverter is
connected to the PCC one by one, and the total injected current
itot keeps sinusoidal with the increasing n, which means that
the selection of fb is reasonable in the parallel system under
the weak grid. Moreover, the output impedance of the 3-parallel
system is measured, and it is shown in Fig. 31. It is found that
the measurement result matches well with the theoretical curves
with the increasing n, which again verifies the correctness of the

Fig. 31. Output impedance measurements of the 3-parallel system the
designed fb. fb = 67Hz, Zpcc = 1.95mH + 0.4Ω, Im = 16A (1.0 p.u.).

proposed impedance model for the parallel system. Since the
injected power is relatively high when n = 3, the perturbance
gain of the Venable power amplifier needs to be decreased
to avoid the overload operation at the frequencies lower than
100 Hz, which leads to slight difference between ZoHN−m and
ZoHN in the frequency range 10–100 Hz.

IX. CONCLUSION

The output impedance modeling of the single-phase grid-tied
inverters with capturing the FCE of the PLL is presented.
A 3 × 3 MAM and a developed single-frequency output
impedance are proposed to precisely assess the harmonic sta-
bility of the inverter-grid system. It is found that the FCE is
contributed by the interactions between the PLL and the grid
impedance, which may cause the inverter output impedance to
vary along with the grid impedance. Extension of the proposed
impedance model in the n-parallel inverter system reveals that
the output impedances of two n-parallel homogeneous-inverter
systems are identical if the number and the total injected current
are the same, and the system stability is indicated by the ratio 1

n
Zop|(n·Zpcc, Iavg)/Zpcc. Further on, the design procedure of the
PLL bandwidth is elaborated, which guides the selection of the
bandwidth with the anticipated PM. Analyses of the influence
of different PCC impedances, PLL bandwidths, current refer-
ences, and n have been performed with the proposed impedance
model. The close correlations between the theoretical analyses
and the experimental results verify that the correctness of the
proposed impedance model and the design procedure of the PLL
bandwidth. Synthesis of the dc dynamics of the dc-link voltage
control to reveal the impedance behavior below the fundamental
frequency needs further study.
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