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Modeling of a Magnetic Coupler Based on Single-
and Double-Layered Rectangular Planar Coils With
In-Plane Misalignment for Wireless Power Transfer
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Abstract—This article proposes an analytical model that pro-
vides accurate self-inductance and mutual inductance calculations
for two mutually coupled rectangular, planar, and spiral coils with
an air core, which are equal and parallel, including the possibility
of a lateral misalignment. Both single- and double-layered coil
geometries were modeled by considering an arbitrary number of
turns with a circular cross section per layer. The model equations,
which can be readily implemented in software, are the results
of a systematic approach that starts from the equations for the
self-inductance of a wire and the mutual inductance of two parallel
and misaligned wires that lie on the same plane. Accuracy is
guaranteed by considering all the magnetic interactions among the
individual turns in the two coils, while the simplifications involve
only the calculations made at the corners of the coils. The model
was validated by taking as reference experimental measurements
carried out on a rectangular and a square magnetic coupler. A
second analytical model, based on equivalent single-turn coils, was
also tested for comparison purposes. The validation was extended
with finite-element analysis tools by considering a wide range of coil
side lengths, air gaps, number of turns, and lateral misalignments.
The proposed model can, therefore, be regarded as a reliable tool to
aid in the design of rectangular-shaped air-core magnetic couplers
with applications in the contactless transfer power that are not
necessarily limited to vehicle electrification.

Index Terms—Analytical model, electric vehicle (EV), inductive
coupling, magnetic coupler, misalignment, mutual inductance,
rectangular coils, self-inductance, wireless power transfer.

I. INTRODUCTION

INDUCTIVE power transfer (IPT) has, in recent years, be-
come an increasingly popular wireless technology for the
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recharging of a wide range of electrical battery-powered goods.
A large variety of IPT systems have been developed for a number
of diverse branches of industry, such as consumer electronics,
biomedical devices, LED lighting, robotics, or electric vehicles
(EVs) [1]–[5]. In the case of the automotive sector, the increase
in greenhouse gas emissions and the depletion of fossil fuels are
causing a growing interest in the development of EVs.

Although the only technology that was initially available for
the battery charging of EVs was limited to wired chargers, in-
ductive charging, which is characterized by a galvanic isolation
between the user and the charger, is gradually taking place owing
to a safer and more comfortable charging environment [6]–[8].

The operating principle of an IPT system is based on the cou-
pling of magnetic flux between the two windings of a contactless
magnetic coupler when they are sufficiently close to each other.
The magnetic coupler design can be aided by a combination of
purely analytical formulations and finite-element analysis (FEA)
software tools. In the case of air-core magnetic couplers, the
design is sometimes carried out using only analytical models.
However, ferrite cores and even aluminum plates are sometimes
part of the magnetic coupler, in an attempt to boost the fraction
of the magnetic flux that is linked to the secondary side while
shielding the magnetic field. Sophisticated magnetic couplers of
this type have been reported in some high-efficiency IPT designs
for EV chargers in recent years. Unfortunately, in these cases,
proposing analytical methods for designing couplers becomes
significantly more complex, and consequently, such analytical
approaches are usually replaced with FEA models [9], [10].
Note, however, that purely analytical methods can still play a
significant role, at least in the early design stages of magnetic
couplers, even for EV applications: in spite of the computational
power and the reliability that are characteristic of advanced FEA
tools, it should be pointed out that the numerous modifications
undergone by a given FEA model during the iterative design
process of a physical system are normally user-intensive, since
the model needs to be constantly updated. On the contrary, if the
magnetic coupler design relies on a sound analytical formulation
whose equations can be implemented in software, not only are
the results equally reliable, but also any change in the design
parameters implies little effort for the user.

A number of previous works describe a variety of approaches
whose objective is to determine both the self-inductances and the
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mutual inductance of a pair of mutually coupled coils. Several
simplified self-inductance calculations for coils featuring vari-
ous geometries were provided by Thomson [11], while Wheeler
proposed equations for circular and square coils based on el-
liptical integrals [12]. In the work by Hurley et al., numerical
methods were applied in order to solve an integral formula [13],
while Bueno and Assis proved the equivalence of the formu-
lations developed by Neumann, Weber, Maxwell, and Graneau
as regards solving the self-inductance of a closed circuit [14]
and also proposed a method for inductance calculations [15].
The analysis carried out by Luo and Wei employed the Fourier–
Bessel transformation and the dual Fourier transformation for
square and circular coils [16], while Grover presented a set
of equations adapted to work with tabular data, along with
some formulae that rely solely on the geometrical features of
the coils [17]. The issue of misalignment between coils has
already been addressed by some authors, such as Dehui et al.,
who focused on the modeling of the mutual coupling between
rectangular spiral coils with lateral misalignment in air [18], or
Raju et al. who approached the problem of the misalignment
between square coils by assuming that they are circles with
scaled diameters [19]. Soma et al. developed expressions based
on elliptic integrals considering two circular coils with planar
and angular misalignments [20]. Fotopoulou and Flynn provided
analytical expressions for the efficiency, avoiding the treatment
of the mutual inductance and considering lateral and angular
misalignments [21].

This article proposes an accurate analytical model, whose pur-
pose is to perform inductance calculations on a magnetic coupler
composed of two magnetically coupled rectangular, planar, and
spiral coils that are wound with wire of a circular cross section.
The influence of extra elements added to the magnetic coupler
such as aluminum shields or ferrite plates is, therefore, out of the
scope of the proposed model. The model, which was developed
for single- and double-layer coils that are equal and parallel, re-
sults in practical expressions for both the self-inductance and the
mutual inductance, in addition to covering the case of in-plane
misalignment. The approach chosen to build the model was,
on the one hand, inspired by some of Rosa and Grover’s early
works that derived analytical expressions for the self-inductance
and the mutual inductance of single-turn square and rectangular
ideal circuits [22], [23]. It was, on the other hand, inspired by the
self-inductance calculations made by Greenhouse [24] for spiral
and planar coils featuring multiple turns. The case of angular
misalignment was ruled out, since the starting equations from
which the model was built are not suitable to simultaneously
consider lateral and angular misalignments. One of the main
advantages of the proposed model equations is that they can be
easily programmed in a high-level programming language, as
opposed to certain other formulas reported in the literature that
involve awkward integral expressions. This was accomplished
by taking as a starting point the basic equations that yield the
self-inductance of a straight wire and the mutual inductance of
two equal, parallel, and misaligned wires located on the same
plane. Considering that each turn in either of the two rectangular
coils can be split into four straight wires joined by their edges,
the model takes into account every single interaction between

a given straight wire in one of the two rectangular coils and
the remaining wires in both coils. Simplifications involve only
the calculations performed on the corners of the coils, thus
contributing to the accuracy of the final equations. A further
advantage of the model is that it yields analytical expressions that
involve only geometrical parameters of the magnetic coupler,
signifying that it can be useful in any IPT design, regardless of
its size.

The initial equations on which the proposed model is built are
presented in Section II. The expressions for the self-inductance
of a rectangular single-layer coil and for the mutual inductance
of two mutually coupled, equal, and coaxial single-layer coils
are thoroughly derived in Section III, whereas the extension to
double-layer coils follows in Section IV. Section V is devoted
to the generalization of the model in order to include the case of
in-plane misalignment for rectangular single-layer coils. A sim-
plified analytical approach based on the reduction of a square coil
to an equivalent single-turn coil is then described in Section VI
in order to compare it with the proposed model. A setup of the
FEA tool is described in Section VII. The degree of accuracy
attained by both analytical models is assessed in Section VIII
by using experimental and FEA results. The performance of
the proposed model with different coil arrangements is assessed
in Section IX, while a summary of its strengths is outlined in
Section X. Section XI gives the conclusion.

II. INITIAL EQUATIONS FOR L AND M

The two initial equations from which the model is built
yield the self-inductance of a straight conductor and the mutual
inductance of two equal and parallel straight filaments that lie
on the same plane and are misaligned, assuming in both cases
that the cross-sectional area of the wires is circular and that
the surrounding medium is the free space. The change in the
magnetic permeability μ is negligible if the medium is air rather
than a vacuum. SI units will be used throughout the formulation.

The self-inductanceLof a straight round copper wire of length
l and radius ρ, either in a vacuum with a magnetic permeability
μ0 or in air, is given by [22], [23]

L(l, ρ) =
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4π
2
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In turn, the mutual inductance M for the general case, in
which two straight conductors of lengths l and m lie on the
same plane, are a distance d apart, and are displaced from each
other by a distance Δ, as shown in Fig. 1, obeys the following
expression [23]:
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Fig. 1. Geometry of two misaligned conductors that allows their mutual
inductance M to be calculated.

where

α = l +m+Δ
β = l +Δ
γ = m+Δ. (3)

Note that (1) and (2) are strictly valid for wires of a circular
cross section. For other cross-sectional shapes, (1) is to be
replaced with the appropriate expression, whereas (2) can still be
applied, provided the separation d is replaced with the geometric
mean distance of the cross sections of the conductors [23].

The mutual inductance equation when the cross section of the
coil is small compared with its length (which covers the majority
of cases) are sensibly the same as those of their central filaments.

If both filaments are of equal length l, which is the case of
interest for the proposed model, the parameters α, β, and γ
become

α = 2l +Δ
β = γ = l +Δ. (4)

By using (4), (2) adopts the following simplified form:

MΔ(l, d,Δ) =
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4π
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d
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In the particular case of filaments that are not only equal, but
are also perfectly aligned with each other (that is, Δ = −l), α,
β, and γ are

α = l
β = γ = 0. (6)

In this case, (5) is further simplified to

M(l, d) =
μ0

4π
2
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]
. (7)

By using

sinh−1(x) = ln
(
x+

√
x2 + 1

)
(8)

(5) and (7) can be expressed in logarithmic form as follows:

MΔ(l, d,Δ) =
μ0

4π

[
α ln

(
α+

√
α2+d2

d

)
−
√

α2+d2

− 2β ln

(
β+
√

β2+d2

d

)
+2
√
β2+d2

+Δ ln

(
Δ+

√
Δ2+d2

d

)
−
√

Δ2+d2
]

(9)
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III. MODELING OF TWO SINGLE-LAYER COUPLED COILS

This section describes the formulation that results in the model
equations for the self-inductance of a single-layer rectangular
coil and the mutual inductance of two single-layer rectangular
coils that are equal, coaxial, and parallel.

The major assumptions observed during the modeling are
listed as follows.

1) The medium in which the coils are placed is air, so the
magnetic permeability of the medium corresponds with
that of the vacuum, μ0.

2) The two coils have the same shape and size.
3) All the wires in a given coil side have the same averaged

length for the calculation of the mutual inductance.
4) The cross-sectional area of the coil wire is circular.
5) The current flowing through a cross-sectional area of the

coil is uniformly distributed.
6) The operating frequency of the IPT system is well below

the self-resonant frequency of the coil.
The uniform current distribution over the cross section of the

wire can be ensured by the use of Litz wire with a strand radius
smaller than the current penetration at the frequency of opera-
tion. Furthermore, the insulation around every single strand in
the wire narrows down the current displacements to the cross
sections of the individual strands, which are always very small
in this kind of wire. Therefore, the influence of external fields on
the current distribution is strongly limited when choosing Litz
wire. Note that inductance calculations based on high-frequency
models would be necessary only in the case of operating the
coils at a frequency high enough to have the skin effect play a
major role on the current distribution. On the other hand, the
assumption that the frequency of operation must be well below
the self-resonant frequency of the coils is necessary in order to
minimize the influence of the stray capacitance that exists in
parallel with the coil inductance on the inductive behavior of
an ideal coil. Previous models obtained accurate results in this
context, provided that the frequency of operation is kept below
half the self-resonant frequency [25].

A. Geometrical Features of the Magnetic Coupler

Considering the shape of vehicles, rectangular-shaped coils
are a suitable choice for the magnetic coupler of an IPT system
designed for wireless EV charging [6]. Also, Raju et al. stated
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Fig. 2. Cross-sectional view of two equal, coaxial, and parallel single-layer coils with N turns per coil wound with the wire of circular cross section.

Fig. 3. Top view of a planar, spiral, and rectangular-shaped multiturn coil.

that the mutual inductance of a square coil is (4/π)2 times
larger than that of a circular coil inscribed in the square [19].
In addition, Luo and Wei pointed out that the field distribution
generated by rectangular coils is more uniform than that of
circular coils, which results in a smaller coupling coefficient
variation when misalignment occurs [26]. The proposed model
applies to two equal, coaxial, and parallel rectangular-shaped
coils in air with N turns per layer and outer sides a and b, which
are separated by an air gap h, as depicted in Figs. 2 and 3. Note
that the first turn has been labeled with 0 rather than 1. This is
not an arbitrary choice, since the formulation relies heavily on
calculating the distance between individual turns in a number of
cases, and the resulting expressions are far simpler when starting
the numbering with 0.

The model parameters, a, b, and h can be obtained exper-
imentally, as they are measured from the outer surface of the
turns, whereas a0, b0, and h0 are derived from them, as they
are all taken from the centers of their corresponding turns.
The fact that a, b, and h can be accurately measured on an
actual prototype contributes to perform a reliable experimental
validation of the model. Equations (11)–(13) show that both sets
of parameters relate to each other through the use of Ω, which

Fig. 4. Definition of the turn gap δxy and the distance Dxy between adjacent
wires on the xy plane. Ω and ρ represent the diameter of the wire with and
without insulation, respectively.

represents the diameter of the cable, including the insulation and
the conduction core

a0 = a− Ω (11)

b0 = b− Ω (12)

h0 = h+Ω. (13)

The formulation adds versatility to the model by considering
the possibility that adjacent turns can be separated by a certain
gap. The turn gap δxy shown in Fig. 4 is, therefore, defined. The
distance between the centers of adjacent wires, denoted by Dxy ,
is related to the turn gap by means of Ω as

Dxy = Ω+ δxy. (14)

B. Self-Inductance of a Rectangular-Shaped Coil

The self-inductanceLcoil of a rectangular coil withN turns can
be calculated on only two of its four sides by taking advantage
of the symmetrical geometry of the rectangle

Lcoil = 2 (Lside_a + Lside_b) . (15)

Lside_a and Lside_b represent the contribution of each of the
sides with lengths a and b, respectively, to the total self-
inductance of the coil. In turn, Lside_a is made up of three contri-
butions that result from applying the superposition principle to
any of the two coil sides of length a: the self-inductance of the
N straight wires present on one of these sides (Lw), the mutual
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Fig. 5. Magnetic field lines around two equal and parallel straight conductors
that lie on the same plane, when (a) the currents flow in the same direction and
(b) the currents flow in opposite directions.

inductance among the N wires that lie on the same side (Mss),
and the mutual inductance among each of these N wires and the
N wires that lie on the opposite side Mos. Lside_b results from
applying the same principle to the two coil sides of length b. As
the expressions for Lside_a and Lside_b share equivalent terms,
they can be merged into a single common expression that is
valid to calculate both

Lside = Lw +Mss −Mos. (16)

Note that no additional terms are necessary in (16), since the
mutual inductance of perpendicular coil sides is negligible [15].
Furthermore, when the currents flow in the same direction (i.e.,
the wires belong to the same coil side), the magnetic fields
around each wire add up, as shown in Fig. 5(a), and both the total
magnetic field and the self-inductance Lside increase owing to
the positive sign ofMss. On the contrary, when the currents flow
in opposite directions (in this case, the wires necessarily belong
to opposite coil sides), the magnetic fields tend to compensate
each other, as depicted in Fig. 5(b), causing a decrease in the
total magnetic field and in the self-inductance Lside owing to the
negative sign of Mos.

For the calculation of Lw, the coil was divided at its corners
for convenience, as shown in Fig. 6. The total self-inductance of
the N wires of any of the coil sides a and b results from adding
up the following N individual contributions according to (1):

Lw =
N−1∑
i=0

L(li, ρ). (17)

Taking the outer turn (numbered 0) as a reference, the length
li of the straight ith wire on the sides of lengths a and b is,

Fig. 6. Partitioning of a multiturn rectangular coil at its corners.

Fig. 7. Lengths li and li+1 of two adjacent straight wires. Note that li+1 =
li − 2Dxy .

according to Fig. 7, given by

li_a = a0 − 2iDxy

li_b = b0 − 2iDxy.
(18)

With regard to the derivations of Mss and Mos, the use of
(2), which is valid for wires of unequal lengths, was ruled out
as it would add excessive complexity to the model. A tradeoff
between accuracy and manageability was chosen by applying
(10) instead. This approach prevents the model from becoming
too intricate, without compromising accuracy to a great extent.
A requirement that must be met prior to using (10) for the
derivation of either Mss or Mos is that all the wires involved
in the calculation must be of equal length. This simplification,
therefore, affects the calculations performed on only the corners
of the coil. Two new averaged parameters, ā and b̄, were conse-
quently defined as the corresponding side lengths of the wires
located at the midpoints of the coil sides a and b. For illustration
purposes, the averaged coil side ā is depicted in Fig. 8. The
averaged sides ā and b̄ obey the following expressions that can
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Fig. 8. Graphical definition of the average side length ā.

be deduced from an inspection of Figs. 7 and 8:

ā = a0 − (N − 1)

2
· 2Dxy = a0 − (N − 1)Dxy

b̄ = b0 − (N − 1)

2
· 2Dxy = b0 − (N − 1)Dxy. (19)

Prior to determining each interaction among the N wires that
lie on a given coil side, it is necessary to know the distance
among their centers. The distance between any two of these N
wires, termed as i and i′, can be expressed as

di−i′ =

{
(i− i′)Dxy, i > i′

(i′ − i)Dxy, i < i′.
(20)

Mss is obtained for both side lengths by considering all the
interactions among a given wire and the other N − 1 wires that
share the same coil side. The total number of contributions,
therefore, amounts to N · (N − 1)

Mss_a =

N−1∑
i=0

N−1∑
i′=0;i′ �=i

M(ā, di−i′)

Mss_b =

N−1∑
i=0

N−1∑
i′=0;i′ �=i

M(b̄, di−i′). (21)

The averaged side lengths ā and b̄ are again utilized in the
derivation ofMos. Figs. 2 and 3 show the layout and the notation
chosen to address the wires located on opposite sides of coil 1.
For the sake of clarity, these two coil sides will henceforth be
identified with the indexes that they carry, i and j. The distance
between a straight wire located on side i and another wire on
side j is, for a and b, respectively

dij_a = a0 − (i+ j)Dxy

dij_b = b0 − (i+ j)Dxy.
(22)

An expression for Mos that distinguishes between both side
lengths follows upon the addition of the N2 magnetic inter-
actions existing among all the wires that lie on the sides i

and j:

Mos_a =

N−1∑
i=0

N−1∑
j=0

M(ā, dij_a)

Mos_b =
N−1∑
i=0

N−1∑
j=0

M(b̄, dij_b). (23)

Upon gathering together the previous derivations forLw ,Mss,
and Mos, (15) is expressed as follows:

Lcoil = 2

⎡
⎣N−1∑

i=0

(L(li_a, ρ) + L(li_b, ρ))

+

N−1∑
i=0

N−1∑
i′=0;i′ �=i

(
M(ā, di−i′) +M(b̄, di−i′)

)

−
N−1∑
i=0

N−1∑
j=0

(
M(ā, dij_a) +M(b̄, dij_b)

)⎤⎦ . (24)

C. Mutual Inductance for Two Single-Layer Rectangular Coils

The wire arrangement on which the derivation of the mutual
inductance between coils 1 and 2 relies is depicted in Fig. 2.
The notation based on the indexes utilized previously to unam-
biguously identify the opposite sides in the coil 1 will also be
employed for coil 2.

Once again taking advantage of the symmetry, the derivation
is reduced to the calculation of the mutual inductance of only
two of the four sides of the rectangle, Mside_a and Mside_b. The
mutual inductance of the two coils can thus be written as

Mcoil = 2 (Mside_a +Mside_b) . (25)

In turn,Mside_a andMside_b result from two contributions each,
M1 and M2, which must be calculated separately for a and b

Mside = M1 −M2. (26)

M1 accounts for the mutual inductance between the side i of
coil 1 and the corresponding side of coil 2 that lies closest to it
(that is, the side k). In turn, M2 expresses the mutual inductance
between the side i of coil 1 and the side of coil 2 that lies furthest
from it, which is t. Note that the signs in (26) depend on the
direction of the currents. Assuming that the currents through the
sides i and k flow in the same direction, it follows that M1 has a
positive sign. The currents through the sides i and t, therefore,
have necessarily opposite directions, and M2 is thus negative.

The derivation of M1 and M2 for a and b is shown in the
following. The distance between the centers of two wires located
on the sides i and k is common for both side lengths

dik =
√

((i− k)Dxy)2 + h2
0. (27)

When combining (10) and (27), M1 is given by

M1_a =
N−1∑
i=0

N−1∑
k=0

M(ā, dik)

M1_b =
N−1∑
i=0

N−1∑
k=0

M(b̄, dik). (28)
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Fig. 9. Cross-sectional view of two equal, coaxial, and parallel double-layer coils with N turns per layer. The mutual inductance between two wires that belong
to different coils is represented with the prime and the double prime symbol in order to distinguish those wires that are closest to and furthest from each other,
respectively.

The distance between the centers of two wires located on the
opposite sides i and t is calculated with different expressions for
a and b as

dit_a =
√

(b0 − (i+ t)Dxy)2 + h2
0

dit_b =
√

(a0 − (i+ t)Dxy)2 + h2
0. (29)

Upon combining (10) and (29), M2 is given by

M2_a =

N−1∑
i=0

N−1∑
t=0

M(ā, dit_a)

M2_b =
N−1∑
i=0

N−1∑
t=0

M(b̄, dit_b). (30)

When gathering together the previous derivations of M1 and
M2, (25) is expressed as follows:

Mcoil = 2

[
N−1∑
i=0

N−1∑
k=0

(
M(ā, dik) +M(b̄, dik)

)

−
N−1∑
i=0

N−1∑
t=0

(
M(ā, dit_a) +M(b̄, dit_b)

)]
. (31)

The previous derivation is valid for coils with an equal number
of turns. For the more general case of coil couplers with a
nonunity turns ratio, the additional interactions corresponding
to the extra turns could be easily evaluated by following the
outlined derivation.

Note that the conditions under which (10) strictly applies limit
the scope of the previous derivation to the case of perfectly
aligned coils. If a noticeable misalignment occurs, the model
equation (31) will fail to yield reliable figures for the mutual
inductance. In this case, the model must be built from the more
general equation (9).

Fig. 10. Definition of the turn gap δz and the distance Dz between adjacent
wires along the z-axis.

IV. MODELING OF TWO DOUBLE-LAYER COUPLED COILS

The self-inductance and mutual inductance derivations car-
ried out for single-layer coils can be extended to coils with
multiple layers. For coils with p layers, the total number of
interactions among layers that must be taken into account in
the calculation increases rapidly with p, amounting to 2p− 1
for the self-inductance and to 2p2 for the mutual inductance.
The case for equal coils featuring a top layer and a bottom layer,
both with N turns, is solved in this section. The formulation is
based on the coil arrangement depicted in Fig. 9.

The second layer present in the coil arrangement requires that
both the turn gap and the distance between wires defined in Fig. 4
along the x and y coordinates for the single layer case also be
considered along the z-axis. Fig. 10 represents the corresponding
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parameters, where

Dz = Ω+ δz. (32)

A. Self-Inductance of a Double-Layer Rectangular Coil

The derivation employed to obtain the self-inductance of a
rectangular coil with two equal layers, one of which is piled up
on top of the other, begins by adding two new terms to (16).
One of them, M ′

ss, accounts for the mutual inductance of the N
wires that lie on the bottom layer of the side i and the N wires
that are on the top layer of the same side (which is the added
layer). The second term, M ′

os, represents the mutual inductance
of the N wires that lie on the bottom layer of the side i and the
N wires located on the top layer of the opposite side, j. The
signs of the added terms are consistent with the direction of the
current flowing through the coil. Moreover, since the two layers
in the coil are identical, the calculation is reduced in order to
compute the interactions among one of the sides in a layer and
the other three sides. Upon adding up the two new contributions,
Lside is expressed as

Lside = 2 (Lw +Mss +M ′
ss −Mos −M ′

os) (33)

where the symmetry of the double-layer structure justifies the
factor 2.

The derivation of M ′
ss and M ′

os is shown in the following.
The distance between a wire on the bottom layer of the side
i and another wire on the top layer of the same side obeys an
expression that is general for a and b

di−i2 =
√

((i− i2)Dxy)2 +D2
z . (34)

When combining (10) and (34), the splitting of M ′
ss into the

corresponding equations for a and b results in

M ′
ss_a =

N−1∑
i=0

N−1∑
i2=0

M(ā, di−i2)

M ′
ss_b =

N−1∑
i=0

N−1∑
i2=0

M(b̄, di−i2). (35)

Furthermore, the distances between a wire on the bottom layer
of the side i and another wire on the top layer on the opposite
side are

di−j2_a =
√

(b0 − (i+ j2)Dxy)2 +D2
z

di−j2_b =
√

(a0 − (i+ j2)Dxy)2 +D2
z . (36)

Upon combining (10) and (36), M ′
os is written as

M ′
os_a =

N−1∑
i=0

N−1∑
j2=0

M (ā, di−j2_a)

M ′
os_b =

N−1∑
i=0

N−1∑
j2=0

M(b̄, di−j2_b). (37)

B. Mutual Inductance of Two Double-Layer Rectangular Coils

The initial expression employed to derive the mutual induc-
tance for the double-layer magnetic coupler is (26). If the extra
terms corresponding to the interactions M ′

1, M ′′
1 , M ′

2, and M ′′
2 ,

which are necessary to account for the influence of the new layer
and are represented by arrows in Fig. 9, are added to (26), Mside

is calculated for any of the sides a and b using

Mside = M1 + 2M ′
1 +M ′′

1 −M2 − 2M ′
2 −M ′′

2 . (38)

The distances involved in the derivations of M ′
1 and M ′

2 for
a and b are obtained by adding Dz to (27) and (29), as follows:

d′ik =
√

((i− k)Dxy)2 + (h0 +Dz)2 (39)

dit_a =
√

(b0 − (i+ t)Dxy)2 + (h0 +Dz)2

dit_b =
√

(a0 − (i+ t)Dxy)2 + (h0 +Dz)2. (40)

Upon combining (39) and (40) with (10), M ′
1 and M ′

2 are
written as

M ′
1_a =

N−1∑
i=0

N−1∑
k=0

M(ā, d′ik)

M ′
1_b =

N−1∑
i=0

N−1∑
k=0

M(b̄, d′ik) (41)

M ′
2_a =

N−1∑
i=0

N−1∑
t=0

M(ā, d′it_a)

M ′
2_b =

N−1∑
i=0

N−1∑
t=0

M(b̄, d′it_b). (42)

In the case of the mutual inductances M ′′
1 and M ′′

2 , the
corresponding distances are affected by the factor 2Dz

d′′ik =
√

((i− k)Dxy)2 + (h0 + 2Dz)2 (43)

d′′it_a =
√

(b0 − (i+ t)Dxy)2 + (h0 + 2Dz)2

d′′it_b =
√

(a0 − (i+ t)Dxy)2 + (h0 + 2Dz)2. (44)

When combining (43) and (44) with (10), M ′′
1 and M ′′

2 are
written as

M ′′
1_a =

N−1∑
i=0

N−1∑
k=0

M(ā, d′′ik_a)

M ′′
1_b =

N−1∑
i=0

N−1∑
k=0

M(b̄, d′′ik_b) (45)

M ′′
2_a =

N−1∑
i=0

N−1∑
t=0

M(ā, d′′it_a)

M ′′
2_b =

N−1∑
i=0

N−1∑
t=0

M(b̄, d′′it_b). (46)

V. CASE OF IN-PLANE MISALIGNMENT

A lateral offset between the two coils of the magnetic coupler
is to be expected, depending on the application. This is the case
of contactless EV charging, in which some sensing systems
have been reported to aid the vehicle alignment, as in [27]. The
previous formulation is suitable for EV applications, provided
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Fig. 11. Layout of a rectangular magnetic coupler with misaligned coils,
showing the numbering of the coil sides and the lateral offsets x0 and y0.

that the charging station is equipped with an alignment sensing
system. However, if such a system is not available, it is desirable
to extend the proposed formulation and cover a more realistic
charging scenario in which lateral misalignment on the xy plane
occurs.

For the sake of brevity, the modeling of misalignment ap-
plies to single-layer coils only. The in-plane misalignment is
taken into account by using (9) rather than (10). According
to the layout of the magnetic coupler depicted in Fig. 11, in
which lateral offsets x0 and y0 are introduced, the parameter
Δ that was defined in Fig. 1 for a unidimensional case can be
expressed as follows, in order to distinguish between the a and b
coil sides:

Δa = −(a− y0) = y0 − a
Δb = −(b− x0) = x0 − b. (47)

Unlike in the previous sections, in which it was possible to
simplify derivations owing to the symmetry of the rectangle, the
presence of an in-plane lateral offset between the coils obliges
us to consider the magnetic interactions on all four sides of the
rectangle no two by two, but individually. Mcoil is, therefore,
expressed as follows:

Mcoil = M1 −M2 =
4∑

n=1

M1,n −
4∑

n=1

M2,n (48)

where the index n runs from 1 to 4 and refers to each of the
rectangle sides, as shown in Fig. 11. The distances among wires
must be recalculated to account forx0 and y0. With regard toM1,
the calculation can be simplified by considering that only two
distances are required, since M1,1 = M1,3 and M1,2 = M1,4

dik_1 =
√

((i− k)Dxy + x0)2 + h2
0

dik_2 =
√

((i− k)Dxy + y0)2 + h2
0. (49)

Combining (9) and (49), M1 is written as

M1 = 2

N−1∑
i=0

N−1∑
k=0

(
MΔ(ā, dik_1,Δa)+MΔ(b̄, dik_2,Δb)

)
. (50)

However, all four M2,k are different, and the calculation for
M2, therefore, involves the four following distances, as follows
from an inspection of Fig. 10:

dit_1 =
√

(b0 − (i+ t)Dxy − x0)2 + h2
0

dit_2 =
√

(a0 − (i+ t)Dxy − y0)2 + h2
0

dit_3 =
√

(b0 − (i+ t)Dxy + x0)2 + h2
0

dit_4 =
√

(a0 − (i+ t)Dxy + y0)2 + h2
0. (51)

Upon combining (9) and (51), M2 is written as

M2 =

N−1∑
i=0

N−1∑
t=0

(
MΔ(ā, dit_1,Δa) +MΔ(b̄, dit_2,Δb)

+MΔ(ā, dit_3,Δa) +MΔ(b̄, dit_4,Δb)

)
. (52)

Fig. 12 shows a flowchart in which the decision tree used by
the model in the inductance calculations is illustrated.

VI. INDUCTANCE CALCULATIONS BASED ON THE REDUCTION

TO A SINGLE-TURN COIL

The double-layer coils modeled with the formulation de-
rived previously can alternatively be modeled using a differ-
ent method. This second approach relies on expressions that
were not purposely deduced for an actual coil with its own
geometrical features, as is the case of the proposed model, but
for an ideal circuit instead. Keeping in mind that the proposed
model will be experimentally validated using square-shaped
coils, the alternative formulation that follows applies to a square
geometry.

Although the calculations involved are relatively straightfor-
ward, we shall show that the accuracy obtained is, to some
extent, compromised. The underlying idea that allows us to
apply this alternative formulation to actual square coils relies
on the reduction of an actual coil to an imaginary single-turn
coil that can be regarded as an equivalent square turn whose
radius and side length are determined from geometrical features
of the original coil. In order to illustrate the reduction process,
Fig. 13(a) shows the transformation of a double-layer coil with
three turns per layer and an outer side length a into an imaginary
equivalent coil formed of a single turn with a finite wire radius
ρeq and an average side ā, where ā is the distance between the
centers of opposite coil sides. Furthermore, the distance between
the two mutually coupled coils, d, is taken at their middle
points, as depicted in Fig. 13(b). The equivalent radius ρeq of
the imaginary coil is calculated by assuming that the resulting
cross-sectional area matches the total area of the six original
turns [see Fig. 13(c)].
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Fig. 12. Flowchart with the decision tree followed by the proposed model.

Fig. 13. Reduction process of a double-layer coil with three turns per layer to an equivalent single-turn coil. (a) Definition of the average side ā of the single turn
coil. (b) Distance b between the centers of the two double-layer coils. (c) Definition of the equivalent radius ρeq.
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For an actual double-layer coil with 2N turns and a cross-
sectional area per turn S, the equivalent turn radius of the
imaginary coil is

ρeq =

√
2NS

π
. (53)

Upon using the previously defined parameters, the expression
for the self-inductance Leq of the imaginary coil, which is
assumed to be equivalent to the double-layer square coil under
consideration, can be readily adapted from [23] and is given by
the following expression:

Leq =
μ0

4π
(2N)28ā

(
ln

(
ā

ρeq

)
− 0.77401 +

μ

4

)
(54)

where μ is the permeability of the wire material. For the usual
case of nonmagnetic materials, μ = 1. The equivalent mutual
inductance of the two imaginary coils, Meq, can be expressed
as [17]

Meq =
μ0

4π
(2N)28

[
ā ln

( √
d2 + ā2 + d2 + ā2

d · ā+ d · √d2 + 2ā2

)

+
√
2ā2 + d2 − 2

√
ā2 + d2 + d

]
. (55)

Although this simplified approach is not expected to provide
an outstanding accuracy, it was tested with acceptable results
for the case of Meq and a separation between two double-layer
square coils of 125 and 150 mm [28], [29]. Both air gaps are of
practical interest in IPT systems for light-duty EVs.

VII. SETUP OF THE FEA MODELS

A set of simulation models was set up in order to test the
behavior of the analytical model in a wide range of situations
without the need of winding additional coils with different fea-
tures. The piece of software selected for the three-dimensional
(3-D) electromagnetic modeling of the magnetic coupler is EMS
(by EMWORKS), which works as a plug-in for Solidworks. For
the whole set of simulation models presented in this article,
an iterative solver based on the Newton–Raphson numerical
method was used. In order to achieve a good matching between
experimental and simulation results, a relative residual error of
1 × 10−6 was set up for every simulation run. This means that a
given simulation will continue until the deviation between two
consecutive iterations falls below that error.

Fig. 14 shows the magnetic coupler in the Solidworks envi-
ronment. There are two concentric spheres around the coupler in
order to model the surrounding medium of the coils, which is air.
The outer sphere defines the boundaries of the model, whereas
the inner sphere is necessary to reach the required accuracy in
the field distribution around the coils. For the case of long coil
sides (up to 500 mm), an iterative process results in diameters of
1250 and 2500 mm for the inner and outer spheres, respectively.
For small coil sides (up to 50 mm), the corresponding diameters
are 150 and 300 mm. Once the model geometry is defined, a
3-D mesh formed by tetrahedral elements was built in order to
generate the nodes for the solver. In a further step, the optimal

Fig. 14. Air-core magnetic coupler in EMS.

TABLE I
MAXIMUM MESH SIZE (IN MILLIMETERS) OF THE DIFFERENT

ELEMENTS IN THE FEA MODEL

mesh size of every element in the model, shown in Table I, was
determined after a convergence process. As can be seen, while
the maximum mesh size of the inner sphere is a parameter of the
user settings, the corresponding mesh size of the outer sphere
can optionally be set automatically by the software to a value
greater than that of the inner sphere, considering that the field
intensity decays considerably with the distance to the coils.

Coils are modeled as a solid that has the same section as the
entire coil side. By using the wound coil option of EMS, a coil
with a given number of turns that is wound with a wire of a certain
diameter can be simulated. After entering these settings, the
software distributes the total wire section over the cross section
of the solid coil and set the remaining surface as a dielectric
nonmagnetic material. The arrows shown in Fig. 14 show the
direction of the current flow in each coil.

VIII. EXPERIMENTAL VALIDATION

The degrees of accuracy attained with the proposed model, the
alternative model (which will henceforth be referred to as the
single-turn model), and the simulation model were evaluated
using experimental measurements carried out on two air-core
magnetic couplers constructed with different dimensions for
comparison and validation purposes. One of them features two
double-layered coaxial square coils with 11 turns per layer,
whose turns were wound using Litz wire formed by 800 strands
of 0.1 mm of diameter with a circular cross-sectional area of
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Fig. 15. Two views of one of the magnetic couplers, featuring double-layered
square coils, utilized for the validation of the proposed model. (a) Top view.
(b) Side view.

6.28 mm2. This magnetic coupler, which is shown in Fig. 15 for
illustration purposes, is the core of a 2-kW IPT prototype with
a switching frequency of 18.65 kHz designed for the wireless
charging of EVs whose performance and modeling can be found
in [30] and [31], respectively. The second magnetic coupler
is smaller and features two single-layered coaxial rectangular
coils with ten turns per layer, using Litz wire formed by 400
strands of 0.1 mm of diameter and a circular cross-sectional
area of 3.14 mm2. Though the frequency of operation of a given
IPT system varies with the application, the nominal switching
frequency, f , is 85 kHz in the case of wireless charging of
light-duty EVs according to the SAE-J2954 standard. Taking
this frequency as a reference value and using (56) to determine
the skin depth δ [32], where σ is the metal conductivity, the
value obtained for δ in the conductor is 0.226 mm, which is
above the strand diameter of the Litz wire used in any of the
two coil designs. Therefore, both the skin effect and the current

TABLE II
EXPERIMENTAL CHARACTERIZATION OF THE TWO

MAGNETIC COUPLERS UNDER TEST

M and k correspond to an air gap of 125 mm.

displacement are negligible, and a uniform current distribution
can safely be assumed in both cases

δ =
1√

πfμ0σ
. (56)

The self-inductances of the primary and secondary coils,
L1 and L2, were measured with an Agilent 4294 A precision
impedance analyzer. For validation purposes, the coupling coef-
ficient k was obtained experimentally for seven air gaps between
coils in the range of 50–200 mm, taken at 50-mm intervals. For
each air gap, k was calculated from four voltage measurements
carried out on the inductive coupler following the voltage ratio
method described in [33]. In this method, one of the coils is fed
with a sinusoidal voltage, and the induced voltage across the
other coil is measured. In a second step, the coils are swapped
before repeating the voltage measurement. The coupling co-
efficient can be readily obtained once the ratios between the
induced and the applied voltages are calculated in both cases. For
accuracy reasons, it is convenient to select a driving voltage with
a high amplitude and frequency. The peak-to-peak amplitude for
each voltage signal was averaged 1000 times in order to filter out
electrical noise. Further details of this method when applied to
an initial prototype of the square magnetic coupler under study
for the three air gaps of 125, 150, and 175 mm can be found
in [31]. Once L1, L2, and k are known, M can be calculated
using the following expression:

M = k
√

L1L2. (57)

The experimental values of L1, L2, k, and M are shown in
Table II, in which M and k were obtained for the air gap of
125 mm. This intermediate gap was chosen in order to provide
the parameters entered in the models that follow below, along
with a comparison of the numerical results obtained with them.

A. Accuracy of the Proposed Model

As the primary and secondary coils of each magnetic coupler
were wound manually, their corresponding dimensions do not
exactly match (though they are quite similar). Some of the
geometrical parameters utilized to validate the proposed model
consequently correspond to averaged values measured on the
four sides of the coils. Table III shows the set of parameters that
are common to both coils for each magnetic coupler, whereas
Tables IV and V contain the averaged values that are slightly
different for each coil. WhileΩ is an experimental measurement,
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TABLE III
COMMON PARAMETERS TO BOTH COILS OF EACH MAGNETIC

COUPLER, FOR VALIDATION PURPOSES

TABLE IV
PARAMETERS THAT DIFFER BETWEEN THE COILS OF THE SQUARE

MAGNETIC COUPLER, FOR VALIDATION PURPOSES

TABLE V
PARAMETERS THAT DIFFER BETWEEN THE COILS OF THE RECTANGULAR

MAGNETIC COUPLER, FOR VALIDATION PURPOSES

TABLE VI
CHARACTERIZATION OF THE TWO MAGNETIC COUPLERS UNDER TEST

PROVIDED BY THE PROPOSED MODEL FOR AN AIR GAP OF 125 mm,
INCLUDING DEVIATIONS FROM THE EXPERIMENT

ρ was deduced from the cross-sectional area of the Litz wire
provided by the manufacturer.

The values for L1, L2, k, and M that result from applying
the proposed model with the geometrical parameters shown in
Tables III–V are grouped in Table VI, along with the relative
errors εr that were calculated taking the experimental measure-
ments shown in Table II as a reference. Note that the value of k
results from combining the analytical value of M provided by
the model with the experimental measurements of L1 and L2,
and it is for this reason that the corresponding relative errors are
equal.

As can be seen in Table VI, the deviations that appear between
the values provided by the model and by the experiment are
remarkably low in all cases. Note that the model behaves slightly
better as regards determining the mutual inductance than in the
case of any of the two self-inductances. The ability of the model
to, on the one hand, take into account every interaction among

TABLE VII
PARAMETER SET USED TO TEST THE SINGLE-TURN MODEL

all the turns and to, on the other, include the tiny separation
between adjacent turns that inevitably arise owing to the manual
winding of the wire justifies the good agreement found between
the experimental and the analytical results.

B. Accuracy of the Single-Turn and FEA Models, and
Comparison With the Proposed Model

Table VII shows the parameters entered in the single-turn
model. The FEA modeling was carried out with the values shown
in Tables III–V. The inductance values obtained with these sets
of parameters and the corresponding relative errors that result
upon comparison with the experiments are shown in Table VIII.

It is apparent that the single-turn model is not suitable to
calculate the self-inductances L1 and L2 correctly, since it fails
to yield reliable values (the relative errors are above 30% in
both cases). These large-error figures result from the limitations
inherent to (54) when this expression is utilized to model an
actual coil, as it was derived for an ideal closed circuit. The
numerous interactions among all the turns in an actual coil are
not evaluated individually with (54); instead, the added factor
(2N)2 is a rough attempt to account for the multiplicity of
turns present in the actual arrangement. Moreover, the separation
between adjacent turns is not considered in the model, which
adds up to the sources of error.

With regard to M , the deviation from the experimental value
is remarkably lower than in the case of the self-inductances.
This can be explained by taking into account that not every ge-
ometrical coil feature exerts the same influence on the coupling
coefficient k [34]–[36]: while neither the separation between
adjacent turns nor the radius of the wound wire have a major
influence on k, both the inner and the outer side lengths of the
coils, which determine the coil width, do greatly influence k.
It was, therefore, convenient to define the side length ā of the
equivalent single-turn coil as the length of the middle turn in
the actual coils, since it can be regarded as an averaged value
between the outer and the inner turn lengths. Note, however, that
the agreement with the experimental value, while acceptable, is
not as good as that attained with the proposed model.

Fig. 16(a) extends the previous validation study by repre-
senting, on the same plot, the calculated coupling coefficient
k obtained with the three models and their experimental coun-
terparts for the seven measurements available, restricted to the
coils with square geometry. Upon inspecting the plot, it follows
that, although the deviation found with either of the three models
with respect to the experimental data are small, especially for
larger air gaps, the proposed model performs noticeably better
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TABLE VIII
CHARACTERIZATION OF THE TWO MAGNETIC COUPLERS UNDER TEST PROVIDED BY THE FEA AND SINGLE-TURN

MODELS FOR AN AIR GAP OF 125 mm, INCLUDING DEVIATIONS FROM THE EXPERIMENT

Fig. 16. Coupling coefficient k for several air gaps between coils in the case
of the square magnetic coupler. (a) Comparison between experimental and
predicted results. (b) Relative errors that result from predictions of the different
models.

than the single-turn model in all cases. The same conclusion is
reached when representing the relative errors with respect to the
experiment, which are always below 4% for the proposed model,
as Fig. 16(b) shows. As can be seen in Fig. 17, the behavior of the
proposed and the FEA models is also satisfactory when applied
to the rectangular coils. In this case, the relative errors are always
below 5%. This allows us to assess the validity of the proposed
model for accurate inductance calculations on both rectangular
and square geometries. It should be pointed out that the small
deviations from the experiment found with the FEA model
demonstrate its reliability to be used with some other cases
described in Section IX that cannot be verified experimentally.

Fig. 17. Coupling coefficient k for several air gaps between coils in the case
of the rectangular magnetic coupler. Comparison between experimental and
predicted results.

C. Accuracy of the Proposed Model With In-Plane
Misalignment

A total of five sets of experimental measurements were carried
out to determine the influence on the coupling coefficient k of a
lateral offset of one coil with respect to the other in one and two
dimensions for the square and the rectangular coils. Both cases
will be analyzed separately in the following.

Fig. 18 shows the setup for the case of an in-plane misalign-
ment between the square coils along the x and y axes depicted
in Fig. 11.

A first set of 12 measurements was taken for a 1-D lateral
offset x0 along the x-axis, which ranged from 0 to 300 mm. A
second set was measured for a series of equal lateral offsets x0

and y0 along the x and y axes simultaneously. This gave rise to
12 (x0, y0) displacements following the diagonal line common
to both coils, starting in (0, 0) and ending in (300, 300) mm,
which represents a 70% of the outer side length of the coils. In
all cases, the air gap h was set to 123 mm.

The experimental results and their theoretical and FEA coun-
terparts are represented in Fig. 19(a). As can be seen, the models
satisfactorily predict the decreasing trend of k found as the mis-
alignment increases for both cases. This nonlinear decreasing
trend coincides with that shown in other works [36]–[38]. It
should be noted that for sufficiently large 2-D misalignments
(around 300 mm), the coupling coefficient k is negative. An
experimentally detected phase shift of 180◦ between the voltage
signals on the primary and secondary sides is in agreement
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Fig. 18. Setup employed to perform in-plane misalignment measurements on
the square coils.

Fig. 19. Coupling coefficient k for lateral offsets in one and two dimensions
for square coils. (a) Comparison with experimental results. (b) Relative errors.

with the change of sign. This effect was previously observed
in [18] and [39]. Moreover, it is apparent from an inspection
of Fig. 19(b), which shows the relative errors, that they are
reasonably low except when the coupling coefficient is very
small (k < 0.05). This supports the validity of the model, even
for lateral offsets that are a significant fraction of the side length
of the coils. Note that, despite the moderate deviations from the

Fig. 20. Coupling coefficient k for lateral offsets in one and two dimensions
for rectangular coils. (a) x-axis misalignment. (b) y-axis misalignment.

experiment found in all cases, the relative errors tend to become
large in the very low range of coupling factors. This is not a sign
of model malfunction; it is rather a consequence of expressing
the deviations by means of relative errors.

The three remaining sets of measurements were taken for the
rectangular coils. The third and fourth sets correspond to lateral
offsets x0 and y0 ranging from 0 to 200 mm along the x and y
axes, respectively. The fifth set was obtained from simultaneous
(x0, y0) displacements measured from (0, 0) to (240, 240) mm.
This represents a 94.5% of the outer side length of the coils along
the x-axis, and a 74.5% along the y-axis. The air gap h was set
to 115 mm.

The results are shown in Fig. 20. Note that the 2-D case is
repeated in Fig. 20(a) and (b) along with the two corresponding
1-D misalignments for convenience, since this representation
facilitates the interpretation of the results: it follows from the
plots that k decreases faster when the misalignment occurs along
the axis corresponding to the shortest coil side [see Fig. 20(a)].
The threshold for negative values of k is reached around 200 mm
for the 2-D misalignment, falling well below zero for the extra
values taken at 240 mm. As regards the relative errors, they are
5.68% for a two-axis misalignment of 120 mm (k > 0.05) and
20.57% for 160 mm (k < 0.05).

IX. MODEL PERFORMANCE UNDER DIFFERENT COIL

ARRANGEMENTS

The experimental validation for the analytical model carried
out in Section VIII was restricted to a magnetic coupler of square
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TABLE IX
LIST OF PARAMETRIC STUDIES WITH THE SET OF CHOSEN VALUES FOR EACH ANALYSIS

geometry. This section investigates further the accuracy of the
model under a number of different rectangular arrangements
with the aid of some extra FEA models, especially constructed
for extending the scope of validation. Each of the proposed para-
metric studies focuses on the variation of a single geometrical
feature: coil side length, number of turns, air gap, and in-plane
misalignment. Furthermore, the variation of the side length is
analyzed for both large and small coils, in an attempt to cover
the whole range of sizes that can be encountered in the numerous
applications of IPT systems, from EV wireless charging to radio
frequency identification technology. The set of values chosen
to carry out all the parametric studies is gathered together in
Table IX.

Unlike the experimental validation, in which the measured
coupling coefficient was the parameter selected to characterize
the strength of the magnetic coupling, in this article, the param-
eter chosen to assess the accuracy of the model is the mutual
inductance, which is provided by both the analytical and the
FEA model.

Fig. 21 shows the self- and mutual-inductance values obtained
with both the proposed model and the FEA simulation tool for
the parametric study A (variation of side length for large coils).
The deviation found for the self-inductance is below 15μH in all
cases except for b=100 mm. This reveals that the accuracy of the
proposed model is compromised mainly for short coil lengths.
However, the behavior of the proposed model is considerably
better in the case of the mutual inductance, since the predictions
are very accurate in the whole range of side lengths considered:
the largest deviation in this case, that corresponds to b= 500 mm,
is 0.8 μH.

Similar results are obtained in the parametric study B (vari-
ation of side length for small coils). As can be seen in Fig. 22,
the agreement is better for the mutual inductance than for the
self-inductance. Overall, the deviations are slightly larger for
small coils than for large coils.

The influence of the number of turns is analyzed in the
parametric study C. Again, the deviations are larger for the
self-inductance than for the mutual inductance in the range
of coil turns under study. In this case, the deviations show an
increasing trend with the number of turns for both the self- and
the mutual inductance (see Fig. 23).

The comparison that results from the parametric study D
(variation of air gap) is represented in Fig. 24. Note that

Fig. 21. Parametric study A (see Table IX): Predicted values for (a) self- and
(b) mutual inductances.

changes in the air gap affect only the mutual inductance, while
the self-inductance remains unaltered. The corresponding self-
inductance values for the selected coil dimensions are 256.62
and 245.78μH, computed with the proposed model and the FEA
tool, respectively. The absolute error amounts thus to 10.84 μH.
It is apparent from the results that the prediction of the proposed
model is rather accurate, regardless of the air gap. The deviations
are always below 1.2 μH, which corresponds for an air gap of
h = 50 mm.

Finally, the influence of a variable in-plane misalignment is
considered in the parametric study E. The coil geometry is the
same as in the previous study. As can be seen in Fig. 25, the
predictions of the proposed model are rather accurate in the
whole range of 2-D offsets.
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Fig. 22. Parametric study B (see Table IX): Predicted values for (a) self- and
(b) mutual inductances.

Fig. 23. Parametric study C (see Table IX): Predicted values for (a) self- and
(b) mutual inductances.

Fig. 24. Parametric study D (see Table IX): Predicted values for the mutual
inductance.

Fig. 25. Parametric study E (see Table IX): Predicted values for the mutual
inductance.

X. KEY STRENGTHS OF THE PROPOSED MODEL

As mentioned in the introduction, a number of works have
already approached the problem of the magnetic interaction be-
tween two mutually coupled coils with an air core from different
perspectives and varied geometries, most of them in the context
of the wireless transfer of power. This section summarizes
the strengths of the proposed model in terms of the following
aspects: simplicity of the formulation, accuracy in comparison
with both experimental results and FEA simulations, and time
of execution.

Unlike other models, which rely on integral expressions or
complex transformations, the equations involved in the proposed
model can be solved by computing simple operations such as
logarithms and square roots, which allows the model to be
easily programmed without the need of additional libraries or
algorithms.

The behavior of the model has proved satisfactory for a
wide range of geometrical arrangements. The deviations found
from both the experimental results and the FEA simulations are
within reasonable limits in all cases. Previous works by other
authors have shown similar correlations between experimental
and predicted values [18], [19], [25]. Furthermore, the close-
ness of agreement between the proposed and the FEA model
allows us to regard them as complementary software tools. The
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TABLE X
EXECUTION TIME OF THE MODEL AND FEA TOOL (EMS) CORRESPONDING TO THE EXPERIMENTAL SQUARE COILS SEPARATED BY 125 mm

deviations found between both models in the calculation of
self-inductances, though moderate, are somewhat larger than
in the case of the mutual inductance.

The execution times achieved with the proposed model, even
in the case of running a parametric analysis, are usually in the
range of milliseconds. Computational times in the same order
of magnitude were reported in [18] and [25]. Simulation results
delivered by optimized FEA models require much longer times,
in the order of several minutes or even hours. The computer
utilized in this work is characterized by an Intel i7 CPU with a
clock rate of 3.40 GHz, 8 GB of RAM, and a SATA 3 hard disk
drive. Some examples of execution times running the proposed
model and the EMS FEA tool are shown in Table X for illustra-
tion purposes. These values refer to the models constructed as a
replica of the experimental square coils for a separation h equal
to 125 mm.

Owing to its fast execution times, the proposed model can
contribute to speed up the design process during its early
stages, when the sizing and the main geometrical features of
the magnetic coupler are still to be defined. At a later stage,
CAD tools can provide a complementary characterization of
magnetic couplers based on, for example, a thermal analysis or
the magnetic flux distribution around the coils.

The comparison between simulation and proposed models
shows that the deviation in the calculation of self-inductance
is higher than in mutual inductance. However, the deviations
are lower enough to think that proposed and simulation models
can complement each other. Due to its lower execution time,
proposed model can assist the FEA tool by the realization of
a parametric analysis during its early stages, when the sizing
and the main geometrical features of the magnetic coupler are
still to be defined. At a later stage, CAD tools can provide a
complementary characterization of magnetic couplers based on,
for example, a thermal analysis or the magnetic flux distribution
around the coils.

XI. CONCLUSION

This article provides a thorough description of an analyti-
cal model whose objective is the accurate calculation of the
self-inductances and the mutual inductance of two mutually
coupled rectangular coils. The model considers all the individual

interactions present among the different turns, and the simpli-
fications made are limited to the calculations performed on the
corners of the coils.

These coils on which the model was built are equal, parallel,
share a planar geometry, and feature either one or two equal
layers of turns per coil. For comparison purposes, an alternative
simplified model that relies on the reduction of the coupled coils
to equivalent single-turn coils was also tested for the particular
case of coaxial square-shaped coils. The proposed model was
experimentally validated by means of measurements performed
on both square and rectangular magnetic couplers.

The comparison of the results provided by the proposed model
with the self-inductance and mutual inductance values obtained
from experimental measurements taken with an air gap between
coils of 125 mm allows us to conclude that there is a noticeable
agreement. In the case of the square coupler, the relative errors
found for that air gap amount to 3.38% for the self-inductance
L1 (worst case) and to 1.76% for the mutual inductance, while
in the rectangular coupler these errors are 6.00% and 1.39%,
respectively. The model also behaved satisfactorily for other air
gaps in the range of 50–200 mm, as the deviations from the
experimental results are small in all cases, particularly in the
case of larger air gaps.

The single-turn model also agreed reasonably well with the
experiment, but only as regards the mutual inductance calcula-
tions, for which the relative error attained was 3.25%. However,
the error was above 30% for the two self-inductances. The
proposed model, which relies on a more complex formulation
than the single-turn model, yielded better results in both cases,
which reinforces its reliability.

The behavior of the proposed model when there is some
degree of in-plane misalignment between the two coils is also
satisfactory. The largest relative errors for the corresponding
offsets in one and two dimensions found with the square coils
are 3.18% and 6.22%, being 5.69% and 7.00% in the case of the
rectangular coils, when k is above 0.05 in both cases.

The extension of the experimental validation carried out with
the aid of additional FEA models contributed to support the
validity of the proposed model under a number of varied coil
arrangements. Overall, the degree of agreement was satisfactory,
being always better for the mutual inductance than for the self-
inductance calculations.
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magnetic design for inductive power transfer coils,” in Proc. 28th Annu.
IEEE Appl. Power Electron. Conf. Expo., Mar. 2013, pp. 1812–1819.

[36] Z. Li, C. Zhu, J. Jiang, K. Song, and G. Wei, “A 3-kW wireless power
transfer system for sightseeing car supercapacitor charge,” IEEE Trans.
Power Electron., vol. 32, no. 5, pp. 3301–3316, May 2017.

[37] P. Tan, C. Liu, L. Ye, and T. Peng, “Modeling and experimentation of
multi-coil switching coupler for wireless power transfer systems,” in Proc.
IEEE Energy Convers. Congr. Expo., Oct. 2017, pp. 2579–2583.

[38] C. Liu, S. Ge, Y. Guo, H. Li, and G. Cai, “Double-LCL resonant compen-
sation network for electric vehicles wireless power transfer: Experimental
study and analysis,” IET Power Electron., vol. 9, no. 11, pp. 2262–2270,
2016.

[39] J. Acero, C. Carretero, I. Lope, R. Alonso, O. Lucia, and J. M. Burdio,
“Analysis of the mutual inductance of planar-lumped inductive power
transfer systems,” IEEE Trans. Ind. Electron., vol. 60, no. 1, pp. 410–420,
Jan. 2013.

Francisco Javier López-Alcolea (Member, IEEE)
received the four-year bachelor’s degree in industrial
electronics and control engineering from the Uni-
versity of Castilla–La Mancha, Ciudad Real, Spain,
in 2017. He is currently working toward the mas-
ter’s degree with a focus on research in electrical,
electronics, and industrial control engineering with
the Universidad Nacional de Educación a Distancia,
Madrid, Spain.

He is currently a Researcher with the University
of Castilla–La Mancha. His current research interests

include wireless power transfer systems, control, and power electronics.



LÓPEZ-ALCOLEA et al.: MODELING OF MAGNETIC COUPLER BASED ON SINGLE- AND DOUBLE-LAYER RECTANGULAR PLANAR COILS 5121

Javier Vázquez del Real received the M.Sc. degree
in physics from the University of Valencia, Valencia,
Spain, in 1992, the master’s degree in telecommuni-
cations from the Polytechnic University of Madrid,
Madrid, Spain, in 2001, and the Ph.D. degree from
the University of Castilla–La Mancha, Ciudad Real,
Spain, in 2006.

After obtaining predoctoral grants to work with the
Research Centre for Optoelectronic Devices, Alcatel,
Stuttgart, Germany, and with the Valencian Institute
for Agricultural Research, Valencia, he held engineer-

ing positions in multinational corporations, such as Bosch and Valeo. In 2001,
he joined the University of Castilla–La Mancha, where he is currently a Lecturer
in electronics. He has participated in postdoctoral visits to Newcastle University,
Newcastle upon Tyne, U.K., and to the IK4-Research Alliance, Basque Country,
Spain. His research interests include power electronics and sensors.

Pedro Roncero-Sánchez (SM’14) received the Ph.D.
degree in industrial engineering from the University
of Castilla–La Mancha, Ciudad Real, Spain, in 2004.

From 2006 to the end of 2007, he carried out
postdoctoral research with the University of Glas-
gow, Glasgow, U.K., in the field of the control of
power electronic converters for the amelioration of
power quality. Since 2012, he has been an Associate
Professor with the School of Industrial Engineering,
University of Castilla–La Mancha, where he conducts
several R&D projects. His research interests include

the control of power electronic converters, power quality, renewable energy
systems, energy storage devices, and wireless power transfer systems.

Alfonso Parreño Torres received the M.Sc. degree
in electronic engineering from the University of
Valencia, Valencia, Spain, in 2006, and the Ph.D.
degree from the University of Castilla–La Mancha,
Ciudad Real, Spain, in 2016.

He is currently with the Castilla–La Mancha Sci-
ence and Technology Park, Albacete, Spain, and with
the University of Castilla–La Mancha as a Part-Time
Assistant Professor. His research interests include
control, power electronics, power quality, and signal
processing algorithms for electrical power systems.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


