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Load Transient Response Analysis of Constant
On-Time DC–DC Converters Using a

State-Variables Approach
Federico Bizzarri , Senior Member, IEEE, Paolo Nora, and Angelo Brambilla , Member, IEEE

Abstract—In the design of constant-on-time buck converters,
prediction of the onset of subharmonics, at steady-state working
conditions, and prediction of the saturation of the controller, i.e.,
the occurrence of at least one switching cycle at minimum OFF-time,
after a dynamic step variation of the load are relevant aspects.
By starting from the design parameters of a constant-on-time
buck converter and grounding on a state-variables approach, we
consider these aspects and develop a reliable and efficient ap-
proach to determine both limits. The proposed approach, despite
having rigorous mathematical basis, is sufficiently simple. Thus
it can be easily applied to predict results in designing constant-
on time buck converters. The accuracy and effectiveness of the
proposed approach is tested versus experimental results. This
article is accompanied by a MATLAB live script that allows the
reader to reproduce the proposed results and create new case
studies.

Index Terms—Constant ON-time buck converter (COT),
equivalent series resistance (ERS), load transient, pulse bursting.

I. INTRODUCTION

CONSTANT ON-time dc–dc converters have gained much
popularity for point-of-load (POL) regulation [1], [2].

Their potentially excellent dynamic response makes constant
ON-time (COT) POL regulators an attractive choice for powering
demanding, high-speed digital loads such as FPGAs, ASICs, and
CPUs. Existing technical literature often deals with small-signal
analysis and modeling of COTs or emphasizes the achievable
dynamic response due to the ease of control saturation [3].
However it often fails to provide an analytical method to predict
large-signal system dynamics, and especially the output voltage
deviation under a given large-signal load transient stimulus
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[4]–[7]. This article attempts to fill this gap, by resorting to a
state-variables approach, providing a two-fold contribution.

1) We derive a sufficient condition to avoid the onset of
the pulse-bursting phenomenon or subharmonics [8]–[11].
This condition is valid not only when the COT works in
steady state but also during transient evolutions. Literature
already reports condition on COT parameters that avoids
these drawbacks [10], [11]. The condition described in this
article is more articulated and considers several design
parameters of the COT converter, for example the input
power supply voltage, the value of the inductor and output
capacitor, the equivalent series resistance (ESR) of the
output capacitor.

2) We derive a sufficient condition to check if the COT
converter saturates the controller when the load resistance
is instantaneously reduced. This corresponds to a duration
of the OFF-phase that reaches its minimum allowed value.
Instantaneous reduction models the worst-case condition
on load increase. This is a very important data-point from
practical design perspective, because it tells the designer
that from that point on the dynamics of the inductor current
and in particular its rate-of-rise starts to be determined
only by the ratio of ΔtON to Δtmin

OFF, the input and output
voltages, and the inductor value itself [12].

The condition on saturation of the controller can be
exploited with two different perspectives. To check if
saturation occurs viz., the COT converter is able to work at
its maximum speed performance when the load undergoes
its maximum designed power step. To check if saturation
does not occur, if one is interested in guaranteeing that the
regulation of the output voltage is not lost.

We focus on a COT dc–dc converter architecture (a typical one
is shown in Fig. 1) that, despite being simplified, sounds to be
still very relevant from the practical viewpoint. Simplification,
which is necessary to achieve a state-space model of the COT
converter allowing simple but significant considerations on its
dynamical behavior, is related with the management of the
equivalent inductor current ripple waveform that, superimposed
to the feedback signal, plays a significant role in typical COT
control methods. Here it is assumed to act on the equivalent
inductor-current ripple waveform only by means of the Re ESR
resistance (see Fig. 1) and a discussion in support of this choice
is provided in Section II-A.
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Fig. 1. Schematic of COT converter. The Ca and Cf capacitors together with
the Rf resistance will be neglected in our theoretical study. They are typically
used to provide the capacitorCo with a “virtual” ESR higher than theRe built-in
one.

The article is organized as follows. In Section II, after a
detailed discussion concerning the approach adopted here to
control the equivalent inductor-current ripple waveform of the
COT converter, the state-space model of the circuit is derived
taking into account the switching rules set by its controller block.
Moreover, the typical structure of its steady state trajectories is
discussed. Sections III and IV are devoted to derive and discuss
the two above-mentioned conditions. In Section V simulation
results and experimental measurements are presented to validate
our approach. Finally, some conclusions are drawn.

II. MODELING THE COT CONVERTER DYNAMICS

The schematic of the COT converter considered in this article
is shown in Fig. 1.

A. On the Equivalent Inductor-Current Ripple Waveform

In this section, the mechanisms to provide equivalent
inductor-current ripple are discussed. This is relevant since,
for instance, many POL dc–dc converters often use standard
multilayer ceramic capacitors (MLCCs) in the output filter. Due
to the low ESR of MLCCs, the output voltage waveform by
itself may not have enough inductor current equivalent ripple,
or the inductor current equivalent ripple might be too small in
comparison to its capacitive counterpart. This in turn generates
instability phenomena [10], [11]. To overcome this issue, an
artificial ramp, which is in phase with the inductor current ripple,
is often added to the feedback signal.

Several methods of external and internal ripple injection were
proposed [13], [14]. One example of ripple injection network in
a commercial COT converter [15] is shown in Fig. 1. TheCf and
Ca capacitors and the Rf resistor are used to provide additional
ripple to the feedback waveform, such that the capacitor Co

appears to have a “virtual” ESR Re higher than the physical
one.

Other methods include the increase of the series resistance
of the output capacitor, either by using available capacitors
with higher ESR, or by physically adding a series resistor [16].

This method was often considered incompatible with the power
supply requirements of modern high-speed electronics. How-
ever, output impedance analysis [17] indicates that the low and
poorly controlled ESR of standard MLCCs may generate an
output impedance profile which is prone to the rogue wave
phenomenon [18]. This should be avoided for risk mitigation
purposes, especially when it comes to powering demanding
high-speed digital devices whose load current pattern is hardly
predictable. Also because of this reason, MLCC and high-
performance digital device vendors have increasingly been fo-
cusing on the use of better controlled-ESR, low-ESR ceramic
capacitors [19], [20]. In such cases, artificial ripple injection may
not even be necessary because the output capacitors already have
enough ESR. Furthermore, the increased switching-frequency
ripple due to higher series resistance of the output capacitor
can be balanced against smaller output voltage deviations in
load transient. Especially for high-speed digital loads, any de-
viation of the output voltage must be bounded within specified
limits, regardless if it is contributed by a steady state repetitive
perturbation—such as switching-frequency ripple—or by a load
transient response [21].

In this article, the artificial ripple injection components Rf ,
Cf , andCa will be neglected, thus obtaining ıL ≡ ı̃ and reducing
the state variables of the circuit to ıL and vC only. The ripple is
only created by means of a series resistance Re rather than by a
ripple injection network. In light of the considerations mentioned
above, this simplified approach is still very relevant from the
practical viewpoint.

Furthermore, the considered load is purely resistive (see the
Ro resistor in Fig. 1). This choice is justified since we are
mainly interested in strongly dynamic, fast modern digital loads.
Power dissipation of CMOS logic, working in its currently narrow
operating range, is well modeled by a purely resistive load
equivalent [22]. The power delivered by the COT converter
is proportional to the square of the (almost constant) applied
voltage divided by the load equivalent resistance.

B. Controller and the Switching Rules

This section is devoted to the COT converter control algorithm
implemented in thecntr block. It can be summarized as follows.

• Step 1: Any time vr − vm gets positive, the output of
the comparator becomes positive, the controller catches the
positive edge of this signal and the S switch is closed for
the ΔtON fixed time interval (ON-phase).

• Step 2: At the end of the ON-phase, S is opened and
is kept open for the Δtmin

OFF fixed time interval (minimum
OFF-phase).

• Step 3: At the end of the ΔtON +Δtmin
OFF time inter-

val, the controller checks the output of the comparator.
If vr − vm < 0, the S switch remains open (OFF-phase)
until the condition at Step 1 becomes true. Otherwise,
if vr − vm > 0, i.e., the output of the comparator is still
positive, the S switch is closed again and a new ON-phase
starts immediately. The overall duration of the OFF-phase
is ΔtOFF ≥ Δtmin

OFF.
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Fig. 2. Basic geometrical elements on the (ıL, vC) state plane.

Δtmin
OFF is necessary in practical designs for various reasons,

which include, for example, reliable implementation of anticross
conduction control of the power switches, the recharge of the
bootstrap capacitor in N-channel high-side topologies, or the
acquisition of the current signal during the OFF-phase for circuit
protection purposes.

The role of theD diode in Fig. 1 is to avoid a negative ı̃ current.
Actually, in modern architectures, such as synchronous buck
converters, to enhance converter efficiency the diode is replaced
by a low-side MOSFET which is operated as a synchronous
rectifier. Consequently, “diode” D – that actually works as a
controlled switch in perfect “diode emulation” is modeled as a
piecewise-linear ideal component with ıD = 0 for vD ≤ 0 and
vD = 0 for ıD ≥ 0. Furthermore, acting on the limitation of the
reverse current of this device, it is possible to have ı̃ ≥ ıζ with
ıζ ≤ 0. Without loss of generality, boundary ıζ can be set to very
negative values if reverse current limit is not implemented by the
low-side synchronous rectifier switch.

A resistor Rp (not shown in Fig. 1) is used to model both the
ON-state resistance of the S high-side switch and the D low-side
switch.

In the (ıL, vC) state plane (shown in Fig. 2) the vr − vm = 0
switching condition induced by the cntr block leads to the
straight line

ρS(ıL, vC) : vr − RbRo(ıLRe + vC)

RabRe + (Rab +Re)Ro
︸ ︷︷ ︸

vm

= 0 (1)

where Rab = Ra +Rb. The normal vector to ρS is

η = (1, Re)
T (2)

and in the following it will play a significant role in determining
a sufficient condition to avoid steady state solutions made up
of more than a single ON-phase and OFF-phase (subharmon-
ics). The effect of the D low-side switch defines ρD(ıL, vC) :
ıL − ıζ = 0.

C. State-Space Model

The state equations governing the dynamics of the vC voltage
and the ıL current (for ıL > ıζ) are

v̇C =
RabRoıL − (Rab +Ro)vC

Co(RabRe + (Rab +Re)Ro)

ı̇L = − RabRovC
Lo(RabRe + (Rab +Re)Ro)

− (RabReRo+(RabRe+(Rab+Re)Ro)Rp)ıL
Lo(RabRe + (Rab +Re)Ro)

+ ξ
E

Lo

(3)

where ξ = 1 in the ON-phase and ξ = 0 in the OFF one. Equation
(3) describes a switched affine dynamical system that admits the
two

Pξ =

(

ERabRoξ

RabRo + (Rab +Ro)Rp
,

E(Rab +Ro)ξ

RabRo + (Rab +Ro)Rp

)

(4)
different equilibria for ξ ∈ {0, 1} (see Fig. 2). P0 and P1 repre-
sent, respectively, the equilibrium points reached if the OFF and
the ON phases would last forever. Hence the generic orbit of
(3) is attracted by either P1 or P0, during the ON-phase or the
OFF-phase, respectively and it visits the Rm ∪RM region (see
Fig. 2). The Rm (resp. RM ) subregion of the state-space is
made up of those points lying both at the right of the ρD line
and below (resp. above) the ρS line. Rm and RM are separated
by the half-line σS ⊂ ρS that originates in ζ.

D. On the Structure of the Steady State Solutions

This section is devoted to the geometry of the steady state
solution of a “well behaving” COT converter. The existence of
subharmonic regimes is discussed too and the continuous current
mode (CCM) and discontinuous current mode (DCM) operation
conditions are introduced.

According to the very definition of the cntr block, a
generic orbit of the COT converter is made up of a sequence
of Γ(k)

ON − Γ
(k)
OFF segments being k = 1, . . . ,K with K ≥ 1. At

(periodic) steady state, the last point ofΓ(K)
OFF equals the first point

of Γ(1)
ON. In Fig. 3 two examples of closed orbits can be observed.

Each one of these orbits is made up of two segments. The orbit
passing through the αk points (for k = 1, . . . , 4) includes the
segments Γ(1)

ON − Γ
(1)
OFF and Γ

(2)
ON − Γ

(2)
OFF. The former goes from

α1 to α3 through α2, whereas the latter goes from α3 to α1

through α4. In principle the K OFF-phases are characterized by
different durations and at least one of the Γ(k)

ON − Γ
(k)
OFF segments

is originated on σS (see Fig. 3). In the following, a limit cycle
made up of only one Γ

(1)
ON − Γ

(1)
OFF segment is referred to as

single-segment limit cycle.
If the limit cycle is born from a generic point on σS\{ζ} and

in the OFF-phase the orbit does not hits σD, then the system is
operating in CCM, without engaging negative inductor current
limitation.

The σON half-line in Fig. 3 is the locus of points that are
reached inΔtON (at the end of the ON-phase) by orbits originated
on σS. Once σON is hit, the orbits continue their evolution and
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Fig. 3. Half-line σON is the locus of points reached at the end of the fixed-
duration ON-phase by orbits originated on σS . The half-line σmin

OFF is the locus
of points reached in Δtmin

OFF by orbits originated on σON. The orbit from σON

reaching σmin
OFF in χ corresponds to the OFF-phase with the minimum allowed

duration. The points βk (k = 1, . . . , 4) identify a CII two-segment limit cycle.

in Δtmin
OFF (i.e., during the mandatory portion of the OFF-phase)

they come to the σmin
OFF half-line. Both σmin

OFF and σON can be
computed analytically. A single-segment limit cycle is minimum
if ΔtOFF = Δtmin

OFF. In this case χ = σmin
OFF ∩ σS , corresponds to

the origin of the Γ
(1)
ON − Γ

(1)
OFF segment.

Two-segment steady state solutions can be of two different
types. A first class, say CI, is made up of limit cycles whose
Γ
(1)
ON − Γ

(1)
OFF segment originates on σS but its last point lies in

Rm. In this case, according to Step 3 of the cntr block, the
OFF-phase lasts Δtmin

OFF, a second ON-phase is originated in Rm,

the trajectory reaches RM and the last point of the Γ(2)
ON − Γ

(2)
OFF

segment closes the limit cycle on σS . The duration of this last
segment is generically greater than Δtmin

OFF. The CII second class
of two-segment steady state solutions exhibits a first segment
that originates on σS and reaches again σS (from RM ) in a
point not corresponding to its first one. As a consequence a
further pair of ON-phase and OFF-phase is started that ends on
the initial point of the limit cycle (see the trajectory passing
through the βk points in Fig. 3 for k = 1, . . . , 4). The orbits in
CI and CII lead to typically undesirable subharmonic regimes
[8], [10]. We thus consider only Γ

(1)
ON − Γ

(1)
OFF limit cycles, and

define operative conditions to guarantee the existence of such a
dynamical behavior.1

If in the ON-phase the limit cycle is born from ζ and in the
OFF-phase the orbit hits σD, the limitation of the reverse current
of the low-side MOSFET is reached. If the limitation value is set to
0, this condition is equivalent to the onset of DCM. In this case
the evolution of the system trajectory in the state space becomes
more complex since it also depends on the particular protection
strategy against excessive negative current. In many practical

1The structure of the described limit cycles can be generalized thus consider-
ing more generic cases forK > 2. Nevertheless it is not particularly meaningful
since typically a COT converter is assumed to properly work at steady state
if it exhibits a nonminimum single-segment limit cycle. Multisegments limit
cycles are highly undesirable since they will cause an increase in the ripple
of the inductor current and of the output voltage, with significant efficiency
degradation.

Fig. 4. In the left panel, a DCM steady-state trajectory hitting σD and sliding
on it obtained by setting ıζ1 = 0. In the right panel, a CCM steady state trajectory
obtained by setting ıζ2 < ıζ1 .

cases, the low-side switch will be turned OFF, thus causing the
inductor current to decay (down to 0 or just for some amount
of time) by discharging its energy on the input supply voltage
E through the body-diode of the high-side MOSFET. This also
implies a topological change of the circuit. Since the dynamics
is very much dependent on the particular circuit implementation
and it is only activated in abnormal operating conditions, it will
not be considered in the following discussion.

The structure of the system trajectory are certainly less in-
volved in the classic DCM case, where the low-side MOSFET

works as a simple diode, since in this case it can be reasonably
assumed that once the trajectory hits σD it immediately slides
on it till ζ is reached. This situation is reported in the left panel
of Fig. 4 where the DCM steady state trajectory passing through
ζ1 and the γk points (for k ∈ {1, 2}) is shown. In the following,
when referring to DCM, only the ıζ = 0 case will be considered.
When the trajectory slides on σD, (3) reduces to

v̇C = − (Rab +Ro)vC
Co(RabRe + (Rab +Re)Ro)

ı̇L = 0.

The boundary between CCM and DCM, often referred to as
critical conduction mode, is observed in the limit case when the
limit cycle is born from ζ and ends in ζ but in the OFF-phase the
orbit does not visit σD. It is possible to identify the limit value
RCrCM

o such that for Ro < RCrCM
o CCM steady-state behavior

is guaranteed. To identify RCrCM
o , as it has been done in the

MATLAB live script accompanying this article, it is possible to
setup a nonlinear optimization problem in two variables, i.e., Ro

andΔtOFF. TheΓ(1)
ON − Γ

(1)
OFF segment originated in ζ is computed

for an initial guess of both Ro and ΔtOFF. The distance between
the last point of Γ(1)

ON − Γ
(1)
OFF and ζ is then computed and the

value of Ro and ΔtOFF is properly updated by the fsolve
MATLAB function. In other words, the optimization problem
aims at minimizing the distance between the last point of Γ(1)

ON −
Γ
(1)
OFF and ζ as a function of Ro and ΔtOFF.
If we assume to be able to set ıζ 	 0 then the system can

be assumed to always work in CCM even in the case of large
negative inductor currents. It is exemplified in the right panel of
Fig. 4 where ıζ2 < ıζ1 = 0 and the CCM steady-state trajectory
passing through the εk points (for k = 1, . . . , 3) is represented.
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This is often referred to as forced-pulsewidth modulation
(PWM) (FPWM) mode of operation, which is particularly
interesting in applications requiring a high-performance
load-transient response and/or a more predictable switching
frequency as load varies.

III. MORE ON THE COT DYNAMICS:
TRANSIENT AND STEADY STATE

A. Engaging Minimum OFF-Phases

In this section, a limit value for Ro is derived such that every
regular OFF-phase, i.e., originated on σON, is guaranteed to be
not minimum (ΔtOFF > Δtmin

OFF).
A COT converter ensuring that at steady stateΔtOFF > Δtmin

OFF
can be designed by resorting to well known rules available in
the literature, however existing design techniques do not provide
guidelines to predict the onset of transient minimum OFF-
phases as the applied load current step increases in magnitude.
This behavior marks the onset of control saturation since the con-
troller begins to be no longer able to act on ΔtOFF. This is a very
important data-point from practical design perspective, since it
tells the designer that the dynamics of the inductor current, and in
particular its rate-of-rise, starts to be determined only by the ratio
ofΔtON toΔtmin

OFF, the input and output voltages, and the inductor
value itself. For example the onset of this condition tells the
designer that the COT converter correctly saturates for a given
step variation of the load equivalent resistance, i.e., the COT
converter “reacts by jumping” at its maximum designed speed.
On the other hand the designer can use the same information in
a different way, determining what is the maximum load power
step variation above which the COT controller saturates loosing
load voltage control.

As far as we know, it was not possible to determine the step
variation of Ro ensuring that every OFF-phase orbit, which is
originated by definition onσON returns onσS inΔtOFF > Δtmin

OFF.
In CCM, this can be safely done by imposing that the δ origin of
σmin

OFF , i.e., the point that the trajectory originated in ζ (see Fig. 3)
reaches after ΔtON +Δtmin

OFF, lies in RM . The limit condition
χ ≡ δ ∈ σS , which results in Ro ≡ Rδχ

o can be, in principle,
analytically determined. In particular, it is possible to find the
[ıL(ΔtON), vC(ΔtON)] solution of (3) at t = ΔtON, having as-
sumed ξ = 1 and the (ıζ , vζ) initial condition at t = 0. Equation
(3) is solved once more to derive [ıL(Δtmin

OFF), vC(Δtmin
OFF)], by

choosing ξ = 0 and the [ıL(ΔtON), vC(ΔtON)] initial condition
at t = 0.2 Finally, the constraint ρS(ıL(Δtmin

OFF), vC(Δtmin
OFF)) =

0 is imposed [see (1)]. This relation depends on the COT
converter parameters. It is possible to identify the value of one
of those (having fixed the others) so that the relation itself is
satisfied. If this is done w.r.t. Ro, then Rδχ

o can be achieved.3

2Note that (3) models an autonomous dynamical system and consequently we
can choose t = 0 also to evaluate the evolution in the OFF-phase.

3As far as CRCM and DCM are concerned, the calculation of the boundary
value of Ro is of no practical interest and it will be neglected. As a matter of
fact, if CRCM or DCM occur within a Δtmin

OFF during a load step increase, this
implies that the inductor current is reset to zero before or exactly at Δtmin

OFF. This
can only occur under very unsuitable choices of design parameters which are
not found in practical examples.

Fig. 5. Geometrical representation of the constraint provided by (5). A trajec-
tory originated at a generic point on σS at the beginning of the ON-phase [ξ = 1
in (3)] is governed by the vector field (v̇C , ı̇L|ξ=1)(vC ,ıL)∈σS

charaterized by
a nonnull component orthogonal to σS .

B. Avoiding Pulse-Bursting: The Bouncing Condition

In this section, a sufficient condition to ensure that the COT
converter operates without pulse bursting is derived [8]. To
avoid the existence of two-segment (or more) limit cycles, it is
important to realize that they can exist only if the orbit originated
in σS is allowed to visit Rm. This is trivial for what concerns
CI whereas for CII it is necessary to recall that, for a fixed
value of ξ, (3) models an autonomous dynamical system and
consequently its orbits can not intersect. With this in mind, by
observing the sketches in Fig. 3, we should conclude that the
closed trajectory originated inα1 is not allowed since the dashed
orbits, that would be solutions of (3) with ξ = 0, do intersect.
On the contrary, the closed trajectory originated in β1 does not
exhibit any intersections neither of the dashed orbits nor of the
solid ones. This is possible since theβ1 − β2 segment visitsRm.
Therefore we introduce the condition

ηT ·
(

v̇C , ı̇L|ξ=1

)

(vC ,ıL)∈σS

> 0 (5)

that forces the vector-field in (3), computed for any point onσS at
the beginning of the ON-phase, to “push” the state of the system
in RM [η has been defined in (2)]. A geometrical representation
of this constraint, which is a standard in the realm of hybrid
dynamical systems [23], is shown in Fig. 5. In other words, if
a generic orbit in RM is seen as the trajectory of a particle
moving in a planar subspace, σS is a reflective boundary that
allows neither penetration (towards Rm) nor sliding on it. In
terms of the vo output voltage of the COT converter, if (5) holds
we have vo ≥ Rabvr

Rb
during the ON-phase. If (5) is satisfied for

any point of σS when generically applied to transient ON-phase
orbits, in particular it is valid at steady state. Consequently it
allows to avoid CII solutions.

(5) leads to

ı̄LRoΞ− Lo(Rab +Ro)vr + CoReRo(ERb −Rabvr)

CoLoRbRo
> 0

(6)
where Ξ = Rb(Lo − CoReRp) and ı̄L = ıL|(vC ,ıL)∈σS

. This is
one of the two relevant results presented in this article.

A more restrictive condition not depending on ı̄L is obtained
assuming Ξ ≥ 0.4 Under this assumption, being ıζ ≤ 0 ≤ ı̄L,

4To assume Ξ ≥ 0 is realistic since ideally one would like to have Rp → 0.
Obviously this is not feasible but nevertheless it is easy to haveLo > CoReRp.
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Fig. 6. In both panels it is assumed that the load-transient starts when the
steady state trajectory is in ε3 ∈ σmin

OFF (R
old
o ). In the left panel Rnew

o < Rold
o

and σnew
S moves above σold

S whereas in the right panel Rnew
o > Rold

o and
σnew
S moves below σold

S .

(6) is tightened and reduces to

Ro >
LoRabvr

ıζΞ + CoERbRe − (Lo + CoRabRe)vr
≡ Rlim

o . (7)

Condition (7) is valid in both CCM and DCM since it is related
to the ON-phase; in DCM, the condition becomes exact since the
steady-state trajectory visits σS in ı̄L = ıζ = 0 only.

In the Appendix B, we show how the popular 2CoRe > ΔtON

stability condition can be derived from (6) [6], [10].

IV. PREDICTING CONTROL SATURATION IN LOAD TRANSIENTS

By varying the value of the Ro output resistance, the σS

manifold is vertically shifted in the (ıL, vC) plane keeping its
normal vector η unchanged [see (2)]. In particular, if Ro → 0,
the intersection of σS with the vC axis goes to infinity, whereas
if Ro → ∞, it goes to vr (Rab+Re)/Rb.

The load-transient analysis is carried out by considering an
instantaneous step variation of the output resistance Ro from
its current value, say Rold

o , to the new Rnew
o value. This is

critical in predicting the saturation of the controller of the COT
converter.

By defining σold
S ≡ σS(R

old
o ) and σnew

S ≡ σS(R
new
o ), it is

possible that the latter moves over so far from the former that
the cntr block, at Step 3, starts a new ON-phase at the end
of the ΔtON +Δtmin

OFF time interval. This does not happen if
Rnew

o > Rold
o since σnew

S moves below σold
S . The first situation

is sketched in the left panel of Fig. 6, assuming for simplicity
that the load variation takes place exactly at the end of the
ΔtON +Δtmin

OFF time interval when the CCM trajectory is in
ε3. Since the cntr block locates the trajectory below σnew

S ,
the periodic steady state is abandoned and transient evolution
begins. In this case, it has been assumed that after ΔtON the
trajectory is above σnew

S in δ1. In the right panel of Fig. 6, the
σnew
S half-line is moved below σold

S when the load is changed
once more at the end of the ΔtON +Δtmin

OFF time interval. In this
case, the completion of the OFF phase in δ2 is feasible.

Analogous considerations can be done if we assume that the
load variation takes place at a generic t̃ in the ΔtON +Δtmin

OFF
time interval. In this case, since Ro is changed, the periodic
steady state is abandoned right at t̃ and transient evolution
begins. Even in this case, to determine the onset of transient
control saturation it is necessary to ensure that at the end of the

minimum OFF-phase the trajectory is aboveσnew
S . It is easy to see

that, if the load variation occurs once the minimum OFF-phase is
completed, the control is not saturated in the current ON-phase
and OFF-phase cycle.

To derive a sufficient condition to detect control saturation
in load transients, at first, it is necessary to ensure that control
saturation does not occur at steady state. This can be done by
following the strategy presented in Section III-A.

By introducing the (Rold
o , Rnew

o ) plane, it is possible to iden-
tify the Q safe region in which both the current and the new
value of Ro fulfill the bouncing condition (7) (i.e., Ro > Rlim

o ),
and Ro > Rδχ

o with Rδχ
o < RCrCM

o .
To determine the onset of control saturation in load transients,

it is sufficient to guarantee that the trajectory of the COT
converter, at the end of the minimum OFF-phase, lies above σnew

S

whatever the t̃ time instant in the ΔtON +Δtmin
OFF time interval at

which there was theRold
o → Rnew

o transition. The locus of points
on the (Rold

o , Rnew
o ) plane such that (ıL, vC) ∈ σnew

S once the
minimum OFF-phase is completed should be computed for any
value of Rold

o ∈ Q and for any point of the steady state orbit in
the ΔtON +Δtmin

OFF time interval. To do that one should compute
the γ(Rold

o ) steady state solution of the COT converter for all
of such Rold

o values. To reduce numerical burden, given Rold
o

it is possible to focus on the trajectory originated in ζ and find
out the limit Rnew

o value such that δ(Rnew
o , Rold

o , t̃ ) ∈ σnew
S (see

Fig. 3). Note that δ depends on the current and next value of Ro

and the time instant at which the load is changed. According to
the piecewise linear nature of the vector field in (3), the structure
of the trajectory is such that it is sufficient to compute the limit
value of Rnew

o for t̃ at the beginning of the ON-phase and at the
end of the minimum OFF-phase only. Intermediate values of t̃
correspond to intermediate values of Rnew

o .
The use of the trajectory originated in ζ instead of γ(Rold

o )
yields a more restrictive but easier to compute constraint on
Rnew

o . For t̃ at the end of the minimum OFF-phase, the limit
value ofRnew

o can be derived analytically. This is not true for t̃ at
the beginning of the ON-phase but, in any case, the computation
of the orbit from ζ to δ(Rnew

o , Rold
o , t̃) does not require any

iterative method or long-lasting transient simulations that in turn
are needed to derive γ(Rold

o ).
The strategy discussed above does not work if Rold

o < Rδχ
o ,

since in this case, the orbit from ζ arrives by definition in δ
after a minimum OFF-phase. In order to avoid the computation
of γ(Rold

o ), it is possible to derive an analogous condition
considering the trajectory originated from χ as the reference
one. For Rold

o < Rδχ
o , the χ point is the one on σS characterized

by a minimum OFF-phase. If the choice of Rnew
o ensures that,

given t̃, the trajectory originated inχ belongs to σnew
S this occurs

for all the point belonging to σS at the right of χ. Obviously this
condition is no longer a sufficient condition to detect the onset
of control saturation in load transients since the Rold

o value does
not guarantee it in and of itself. This condition should then be
handled with care and basically only if one is able to estimate the
intersection of γ(Rold

o ) with σS (ε1 in Fig. 6). In fact, assuming
that the load transient causes a transient dynamics not “too far”
from γ(Rold

o ), the condition is as much safe as much that point
is far from χ.
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TABLE I
COT CONVERTER CIRCUIT PARAMETER VALUES

Fig. 7. Upper trace: Comparator output. Lower trace: The vo(t) output
voltage.

Fig. 8. ρζON and ρζOFF represent the limit value of Rnew
o as a function of Rold

o ,
that have been obtained with a load variation occurring at the beginning of the
ON-phase and at the end of the minimum OFF-phase, respectively.

V. CASE STUDY

A. Numerical Simulations

To focus on a practical example, we consider a well behaving
COT converter with the parameter values reported in Table I.
To force the onset of subharmonics, we modify the values to
Co = 35.3μF/3, Re = 12.3 mΩ/3 obtaining 2CoRe ≈ 96.49 ns and
Rlim

o ≈ 2.463Ω. We determine the steady-state solution of the
COT with Ro = 1.8Ω < Rlim

o . The results are shown in Fig. 7,
subharmonics are clearly visible.

We now consider the original value of COT parameters and
check the onset of a minimum off cycle. For this configuration
we have Rlim

o ≈ 0.272Ω, Rδχ
o ≈ 0.630Ω, RCrCM

o ≈ 2.04Ω, and
2CoRe = 868.38 ns > Δton. The Q region in Fig. 8 is bounded
by the constraints Rold

o > Rδχ
o and Rnew

o > Rδχ
o .

The ρζON and ρζOFF curves in Fig. 8 represent the limit value of
Rnew

o as a function of Rold
o , that have been obtained with a load

variation occurring at the beginning of the ON-phase and at the

Fig. 9. Left panel:Rold
o = 1Ω andRnew

o = 0.85Ω. Right panel:Rold
o = 0.5Ω

and Rnew
o = 0.47Ω.

Fig. 10. Left panel: Rold
o = 1Ω and Rnew

o = 0.75Ω. Right panel: Rold
o =

0.5Ω and Rnew
o = 0.43Ω.

end of the minimum OFF-phase, respectively. As an example, we
consider three variations fromRold

o = 1Ω toRnew
o equal to 0.85 ,

0.75 , and 0.65Ω. In the first case (see Fig. 9, left panel) the points
δ and πζ are above σnew

S , being the former the last point of the
trajectory originated in ζ and computed assuming Ro ≡ Rold

o

(viz. the load is varied in δ at the end of the minimum OFF-
phase) and the latter the trajectory originated in ζ and computed
assumingRo ≡ Rnew

o (viz. the load is varied in ζ at the beginning
of the ON-phase). If the γ(Rold

o ) limit cycle is considered, also
δν ∈ σmin

OFF and πν , i.e., the last point of the trajectory originated
in ν and computed assuming Ro ≡ Rnew

o , are above σnew
S too.

This is not true for Rnew
o = 0.75Ω as it can be seen in Fig. 10

(left panel). In this case, δ and πζ are respectively above and
below σnew

S . This means that the 1 → 0.75Ω load variation,
according to the sufficient condition that we derived, will cause
control saturation if it is applied at the beginning of the ON-phase.
This is coherent with the position of the (1, 0.75) point on
the (Rold

o , Rnew
o ) plane (see Fig. 8): It lies in between ρζON and

ρζOFF. Actually, since δν and πν in Fig. 10 lie above σnew
S , as

anticipated in Section IV, the sufficient condition that we are
considering is restrictive. Nevertheless it provides a significant
design condition since it can be applied without deriving ν, viz.
the γ(Rold

o ) limit cycle.
If Rnew

o = 0.65Ω, (see Fig. 11, left panel) both δ and πζ are
below σnew

S and consequently, the 1 → 0.65Ω load variation
is certainly causing control saturation. By considering δν and
πν it can be realized that actually control saturation will not
happen if the load variation is applied at the end of the minimum
OFF-phase, but it will occur if load variation is applied at the
beginning of the ON-phase.
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Fig. 11. Left panel: Rold
o = 1Ω and Rnew

o = 0.65Ω. Right panel: Rold
o =

0.50Ω and Rnew
o = 0.35Ω.

Let us now consider Roff
o = 0.5Ω, i.e., an initial load value

not belonging to the Q safe region. As it can be noticed from
Fig. 9 (right panel), the δ point lies below σmin

OFF and consequently
ζ can not be used to estimate the effect of load variations.
For this purpose, the χ and the associated δχ and πχ points
are considered, being the former and the latter the last point
of the trajectory originated in χ with Ro equal to Rold

o and
Rnew

o , respectively. As an example, in Fig. 9 (right panel), the
0.5 → 0.47Ω transition is considered. Both δχ and πχ are above
σnew
S and this is coherent with the position of the (0.5, 0.47)

point above ρχON and ρχOFF (see Fig. 8). Hence this load transition
does not imply the saturation of the controller provided that in
transient the orbit of the COT converter does not visit σS in
between ζ and χ. In Fig. 10 (right panel), Rnew

o = 0.43Ω and
the πχ point is below σnew

S . This does not occur for πν . For
Rnew

o = 0.35Ω (see Fig. 11, right panel), δχ, πχ, δν , and πν are
all below σnew

S and the controller is saturated.
For both Rold

o = 1.0Ω and Rold
o = 0.5Ω we derived in sim-

ulation the limit load transition (applied at the beginning of
the ON-phase) implying the saturation of the controller (i.e.,
πν ∈ σnew

S ) and we obtained Rnew
o = 0.71Ω and Rnew

o = 0.41Ω,
respectively. With respect to these values, the (conservative)
estimates derived by our approach is almost 10% larger.

To investigate how the derived conditions vary as a func-
tion of the circuit parameters, Rlim

o , Rδχ
o , and RCrCM

o have
been derived by varying Co in the [20μF, 60μF] interval and
L ∈ [450 nH, 1500 nH]. The results are reported in Fig. 12. The
variations of Rlim

o , Rδχ
o , and RCrCM

o when Co is fixed at 35.3μF
as in Table I, and L is varied in the aforementioned interval can
be observed following the white dashed lines in Fig. 12.

The ρζON and ρζOFF curves (parametrized by L) have been
derived. The results are reported in Fig. 13 for four suitable
values of L listed in the figure caption. It can be noticed that,
as L increases, the distance between ρζON and ρζOFF increases
too. This implies that applying an Rold

o → Rnew
o transition at the

beginning of the ON-phase becomes more critical w.r.t. doing it at
the end of the minimum OFF-phase if one wants to avoid control
saturation. On the contrary, if one wants to exploits the maximum
performance of COT converter in terms of speed, to apply the
load variation at the beginning of the ON-phase becomes more
and more convenient. Analogous results can be obtained as far
as the ρχON and ρχOFF curves are concerned.

Fig. 12. Rlim
o , Rδχ

o , and RCrCM
o as a function of Co and L. White dots (at the

intersection between black solid and white dashed lines) have been computed
for Co and L as in Table I.

Fig. 13. ρζON (solid gray) and ρζOFF (dashed gray) curves parametrized by

L. ρζON,j and ρζOFF,j have been computed for Rold
o ∈ [Rδχ

o,j , R
CrCM
o,j ] (j =

1, . . . , 4). The inductance value for j = 1, . . . , 4 is 450, 700, 975, and 1250 nH,
respectively.

B. Experimental Results

The experimental results in this section have as target to show
that the Δtmin

OFF prediction when there is a step increase of load
is reliable and adequately accurate.

As benchmark we used the evaluation board of the MIC4950
COT converter by MICROCHIP TECHNOLOGY INC. The parame-
ters of the COT converter are still those in Table I. The values
and derating of parameters of some elements, such as the ESR
and Co capacitance were measured with the AGILENT E4980A

impedance meter. The load is varied by connecting a resistor
(that we refer to as Rx) in parallel to Ro. One terminal of Rx is
connected to Ro and the other terminal to the drain of a MOSFET

(Mx), whose source is connected to ground. The gate is driven by
a 6V square waveform at 1 kHz. The MOSFET turn-ON connects
Rx in parallel to Ro.

By referring to the Q region of Fig. 8, we performed a step
variation of Ro from 1.01 to 0.857Ω (both measured). Our
approach predicts that there is not any cycle at Δtmin

OFF. The
experimental results are shown in Fig. 14.
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Fig. 14. Experimental waveform related to the 1.01 to 0.857Ω step variation
of the Ro. The set up of the measure is in the figure itself. Trace 1: Driving
signal of the COT converter. Trace 2: Output voltage (AC coupling). Trace 3:
Drain voltage of the Mx MOSFET.

Fig. 15. Experimental waveform related to the 1.01 to 0.690Ω step variation
of Ro. Traces have the same meaning as those in Fig. 14.

All waveforms are recorded with the TEKTRONIX MDO3024
oscilloscope. The trace 3 shows the drain voltage of the Mx

MOSFET. We see that it drops in 40 ns, i.e., sufficiently faster than
Δton. It is thus reasonable to assume that the load undergoes
a step variation. The step (falling front of trace 3) is applied
inside the Δton time interval which corresponds to the upper
limiting curve in Fig. 8. The full application of the step ends
before the beginning of the Δtmin

OFF cycle. The first ΔtOFF cycle
after the application of the step variation lasts 318 ns > Δtmin

OFF
as predicted by our approach.

We then varied Ro from 1.01 to 0.690Ω that we predict will
cause at least one cycle at Δtmin

OFF. The new load value is below
the dashed curve in Fig. 8. Note that we choose Ro values that
are very close to the upper and lower curves in Fig. 8 to show
the accuracy of the proposed approach.

The experimental results are shown in Fig. 15.
The application of the step variation ends once more inside

Δton. We clearly see that the first cycle of the COT converter
after the step variation of the load lasts exactly Δtmin

OFF = 177 ns
as predicted.

We did other experiments with different sets of parameters of
the COT converter; results always confirmed predictions.

VI. CONCLUSION

We have considered a commercial COT converter, i.e., the
MIC4950 by MICROCHIP TECHNOLOGY INC., and after suitable
but reasonable simplifications we have applied fundamentals of
nonlinear dynamics to derive boundary expressions to check
the onset of subharmonic oscillations and the saturation of the
COT converter controller. We derived the value of the Ro output
resistance below which the unwanted onset of subharmonics
during the steady state working of the COT converter is observed.
The limit value (7) is derived as a function of the other values
of the design parameters such as, for example, the inductance
value, the output capacitance value, and the input voltage. We
also derived conditions that show if after a step variations of
the load there is at least one subsequent working cycle of the
COT converter at minimum off-time, i.e., with the controller
saturated. As far as we know, this is a novel result extremely
useful to designer never before presented in the literature. The
proposed approach was tested versus experimental results, that
always confirmed predictions.

APPENDIX A
NOMENCLATURE DESCRIPTION LIST

Δtmin
OFF Minimum duration of the OFF-phase.

ΔtOFF Overall duration of the OFF-phase.
ΔtON Duration of the ON-phase.
ρS Manifold induced by the COT converter control

block, reached by trajectories at the end of the
OFF-phase.

η Normal vector to ρS .
ρD Manifold induced by the D low-side switch.
ıζ Lower limit of ıL ruled by the reverse current

limit implemented for the low-side synchronous
rectifier switch.

ζ ζ = ρS ∩ ρD is the origin of the σS , σD half-
lines.

σON Locus of points reached in ΔtON (at the end of
the ON-phase) by orbits originated on σS.

σmin
OFF Locus of points reached in Δtmin

OFF (end of the
minimum OFF-phase) by orbits originated onσON.

δ Origin of the σmin
OFF half-line reached in ΔtON +

Δtmin
OFF by a trajectory originated in ζ.

Rm Locus of points lying both at the right of the ρD
line and below the ρS line.

RM Locus of points lying both at the right of the ρD
line and above the ρS line.

Γ
(k)
ON − Γ

(k)
OFF k−th segment of a generic orbit of the COT

accounting for the k−th ON-phase (Γ(k)
ON) and the

k−th OFF-phase (Γ(k)
OFF).

χ χ = σmin
OFF ∩ σS exists iff the trajectory from ζ

reaches σS in Δtmin
OFF.

CI Two-segment steady-state solution whose Γ(1)
ON −

Γ
(1)
OFF segment originates on σS and ends in Rm.

CII Two-segment steady-state solution whose Γ(1)
ON −

Γ
(1)
OFF segment originates and ends in two different

points of σS .
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RCrCM
o Limit value of Ro fixing the boundary between

CCM and DCM.
Rlim

o Sufficient limit value of Ro to avoid pulse burst-
ing.

Rδχ
o Limit value of Ro such that χ ≡ δ ∈ σS .

Rold
o , Rnew

o Ro values before and after the load transition.
γ(Ro) Single-segment steady state orbit for a given Ro.
ν ν = γ ∩ σON is the starting point of the ON-phase

and the ending point of the OFF-phase of γ(Ro).
πζ , πν , πχ Points reached in ΔtON +Δtmin

OFF by a trajectory
originated in ζ, ν, χ with Ro ≡ Rnew

o .
δν , δχ Points reached in ΔtON +Δtmin

OFF by a trajectory
originated in ν, χ with Ro ≡ Rold

o .
ρζON, ρζOFF For a given value Rlim

o < RCrCM
o < Rold

o of the
output resistance, Rnew

o = ρζON,OFF(R
old
o ) is the

sufficient limit value of load variation occurring
either at the beginning of the ON-phase or at the
end of the minimum OFF-phase implying transient
control saturation.

ρχON, ρχOFF For a given valueRlim
o < Rold

o RCrCM
o of the output

resistance,Rnew
o = ρζON,OFF(R

old
o ) is the estimated

limit value of load variation occurring either at
the beginning of the ON-phase or at the end of the
minimum OFF-phase implying transient control
saturation.

APPENDIX B
ON THE PULSE-BURSTING CONDITION

The very simple 2CoRe > ΔtON condition used to ensure
that the COT converter does not suffer of the pulse-bursting
drawback can be derived from the more detailed (6) condition.

By setting Ra = 0 and Rb → +∞, the vm voltage in Fig. 1
equals vo, i.e., the voltage partitioner is completely removed.
Setting in (6) ıζ = 0, vr = vo and defining τ = CoRe, we
obtain Ro > Lovo

τ(E−vo)
. We compute the ΔıL current during

the ΔtON time interval by assuming that the vo voltage re-
mains constant L0

ΔıL/ΔtON = E − vo, from which we have
L0/(E−vo) = ΔtON/ΔıL. In the CCM condition the ıo = vo/Ro

output current can be assumed equal to the average value of
ıL, which is a positive constant (it is null in CRCM), plus ΔıL/2.
We can now write vo/Ro ≥ ΔıL/2, where the equality applies in
CRCM. At the end we obtain

CoRe ≡ τ ≥ Lo

E − vo

vo
Ro

≥ ΔtON

ΔıL

ΔıL
2

=
ΔtON

2
. (8)

In DCM, the (8) condition is incorrect; since vo/Ro < ΔıL/2
while the (6) condition is still valid even when useless; since
in general Ro is very large and greater than Rlim

o .
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