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Abstract—The widespread use of the LLC converter in dc–dc ap-
plications has increased the importance of small-signal modeling to
control the converter below- to above-resonant frequency. The anal-
ysis of LLC converters is complicated, since they process the elec-
trical energy through a high-frequency resonant tank that causes
excessive nonlinearity. As a result of this complexity, small-signal
modeling of the LLC converter is traditionally performed using em-
pirical methods, iterative simulation approaches, or theory limited
to the vicinity of the resonant frequency. Often, such approaches
may lead to limited insight (just empirical trends) or low accuracy
below and above resonance. This article proposes a new average
small-signal modeling technique for the LLC converter, and it is
performed in the time domain. The proposed technique is based
on the analysis of the homopolarity cycle and accurately predicts
not only the small-signal dynamic behavior of the LLC converter
at resonance, but also below and above resonance. By using the
homopolarity cycle, the theoretical analysis of the LLC converter
is significantly simplified to a level that the small-signal dynamic
behavior of the LLC converter is expressed by two second-order
circuit models. Experimental and simulation results of a 650-W
LLC converter are provided to verify the theoretical analyses and
accuracy of the circuit models. The results have shown that the
proposed small-signal circuit models can accurately predict the
small-signal dynamic behaviors of the LLC converter from below-
to above-resonant operations.

Index Terms—Behavioral analysis, homopolarity cycle, LLC,
small-signal model.

I. INTRODUCTION

THE insistence on gaining higher efficiency and power den-
sity and reduced electromagnetic interference has caused

LLC converters to achieve popularity in dc–dc power conversion
applications, such as battery chargers for electric vehicles, fuel
cell and solar panel energy systems, and LED drivers [1]–[4].
As shown in Fig. 1(a), LLC converters transfer energy through
a high-frequency resonant tank, behaving as a bandpass filter.
The components of the resonant tank have zero mean voltage
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Fig. 1. (a) Circuit schematic of the half-bridge LLC converter. (b) Gain-
frequency diagram, illustrating that the LLC converter can operate in three
regions, and that most of the traditional small-signal modeling techniques are
performed in the vicinity of the resonant frequency.

and current values in a switching cycle, and therefore, unlike
pulsewidth modulation converters, traditional averaging tech-
niques cannot be directly used for small-signal modeling of
LLC converters [6]. Therefore, more complicated techniques are
required for the analysis and modeling of LLC converters [5].

Generally, the first step in obtaining the small-signal model
of LLC converters is the analysis of their large-signal dynamic
behavior. The large-signal dynamic behavior of LLC converters
can be expressed through a set of nonlinear discrete state-space
equations [7]. Discrete state-space equations are nonlinear, and
they must be linearized first before they are used for small-signal
modeling. Linearization of the discrete state-space equations
can be conventionally performed either by Taylor or Fourier
expansion around the equilibrium point and most of times in
the vicinity of the resonant frequency [8]–[20]. Usually, lin-
earization through the Taylor expansion produces high-order
equations, and this makes the derivation of the analytical small-
signal transfer function complicated [8]–[13]. Therefore, empir-
ical/numerical methods are commonly employed to obtain the
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small-signal transfer function [13]. Extended describing func-
tion (EDF) small-signal modeling techniques, on the other side,
linearize the nonlinear state-space equations using the Fourier
expansion [14]–[20]. In EDF methods, the Fourier expansion can
be performed by considering only the first harmonic; however, if
a higher accuracy is needed, higher order harmonics can be taken
into consideration. Traditional EDF techniques usually result in
high-order transfer functions, which are represented by a set of
matrices rather than an equivalent circuit. In more advanced EDF
techniques, the small-signal transfer function is simplified and
represented by an equivalent circuit [21], [22]. This is enabled
by the analysis of signal envelopes.

Small-signal modeling of LLC converters can also be per-
formed using the communication theory [23]. In this method, the
effects of the first, third, and seventh harmonics on the dynamic
behavior of the LLC converter are separately analyzed, and then,
their effects are superposed. In some applications, the switching
frequency of LLC converters is kept fixed, and the voltage
regulation is obtained by a switched capacitor. In this type of
LLC converters, the amplitude modulation technique, which
is based on analyzing the dynamic behavior of the switched
capacitor, has to be used for extracting the small-signal model
[24]. In the frequency domain, the load can be modeled as a
time-varying resistor. The magnitude and phase of the time-
varying resistor are obtained through an iterative procedure and
require empirical implementation. Based on the time-varying re-
sistor model, the small-signal transfer function using conversion
matrix techniques can be obtained [25]. Another small-signal
modeling technique, addressed in the literature, is performed
through the obtainment of the lumped parameter equivalent
circuit, describing the linearized behavior of switched tank
elements [26]. Recently, time-domain low-frequency modeling
of resonant converters, including LLC and series-resonant con-
verters, operating at resonance, has been reported in literature
[27]–[30]. Besides the fact that simplification is achieved via the
time-domain analysis, the models obtained are accurate when the
LLC converter operates at resonance. Therefore, the accuracy of
the models degrade below and above resonance.

As shown in Fig. 1(b), LLC converters are required to operate
below, at, and above resonance in order to provide voltage regu-
lation. As discussed, most of the current small-signal modeling
techniques for LLC converters are mainly based on empirical ap-
proaches or performed in the vicinity of the resonant frequency
(Fr). As a result, the accuracy of those models degrades when
the switching frequency (Fsw) as the control signal is not equal to
the resonant frequency. Therefore, the opportunity to introduce
a new analytical time-domain small-signal modeling technique,
which is accurate below, at, and above resonance and reduces
the complexity of the analysis, is still open.

This article proposes a new small-signal modeling technique
for LLC converters, which is based on the analysis of the ho-
mopolarity cycle in the time domain. As shown in Fig. 1(b),
unlike most of the traditional techniques, which model the dy-
namic behavior of the LLC converter around the resonance, the
proposed technique accurately models the small-signal dynamic
behavior of the LLC converter not only at resonance, but also
below and above resonance, while reducing the complexity

Fig. 2. Comparison of properties: the proposed, first harmonic approximation,
and empirical-based small-signal modeling techniques.

of the analysis. The below-, at-, and above-resonant dynamic
behaviors are represented by two second-order circuit models,
and no simulation, numerical computing, or programming soft-
ware packages are required to analyze the proposed models and
obtain their transfer functions. The circuit representation is an
advantage as it helps designers/engineers to more effectively
understand the small-signal nature of the LLC converter. To
highlight the advantages of the proposed small-signal model-
ing technique, in Fig. 2, it is conceptually compared with the
traditional small-signal modeling techniques. The homopolarity
cycle mathematically explains the relationship between the po-
larities of the inverter voltage vinv and secondary voltage/current
(vsec or isec) and will be discussed in detail in Section II.
The theoretical analyses are validated through experimental and
simulation results of a 650-W LLC converter. The results have
shown that the proposed second-order circuit models predict the
small-signal dynamic behavior of the LLC converter with high
accuracy from below- to above-resonant operations.

II. VOLTAGE GAIN, HOMOPOLARITY CYCLE, AND SWITCHING

FREQUENCY RELATIONSHIP

In order to address the complexity and accuracy concerns
when deriving the small-signal model of the LLC converter in
all operating regions (i.e., below, at, and above resonance), the
homopolarity cycle can be introduced to time-domain equations
of the LLC converter. The homopolarity cycle describes the
volt–amp–second balance principle and simplifies the theoreti-
cal analysis in such a way that two second-order circuit models
are obtained to illustrate the small-signal dynamic behavior of
the LLC converter.

In this section, the dc voltage gain of the LLC converter as
a function of the homopolarity cycle and switching frequency
is obtained. The homopolarity cycle is defined as follows: the
ratio of a period of time during which the polarities of the inverter
voltage and vsec or isec are the same to half a switching period.
The resonant tank of the LLC converter is made of two inductors
and one capacitor. In the steady state, the volt–second and amp–
second balance conditions are satisfied for the resonant inductors
and capacitor, respectively. Therefore, if the resonant tank is
considered as a component with two terminals, the volt–amp–
second balance condition is satisfied for the resonant tank, in the
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Fig. 3. Half-bridge LLC converter. (a) Key time-domain waveforms below
resonance. (b) Corresponding circuit schematics to the first two operating
intervals.

steady state. The homopolarity cycle mathematically explains
the volt–amp–second balance principle in LLC converters.

The analysis performed in this article is mainly focused
on the half-bridge LLC converter; however, it can be easily
extended to the full-bridge LLC converter. In the steady state,
the resonant capacitor of the LLC converter has a dc voltage
offset of Vin/2. The analysis of the LLC converter in the time
domain requires understanding the operating intervals. Design
of the LLC converter and time-domain analysis of intervals are
already discussed in literature [31], [32]. Therefore, by knowing
that the fundamental concepts of designing and analyzing the
time-domain intervals are already available, this article mainly
focuses on small-signal modeling for the LLC converter in the
time domain.

In order to analyze the LLC converter steady-state operation,
the following assumptions are taken into consideration.

1) All the parasitic elements are negligible.
2) All the components are ideal.
3) The below-resonant magnetizing current variation in In-

terval II is very small and can be neglected.
In order to more effectively explain the derivation of the dc

voltage gain for each operating region, this section is divided
into three subsections.

A. Voltage Gain Below Resonance

The LLC converter, working below resonance, has four oper-
ating intervals in a switching cycle. Since the operation of the
LLC converter is symmetrical in a switching cycle, the analysis
of the first two operating intervals suffices. The key time-domain
waveforms and circuit schematics corresponding to the first
two operating intervals of the LLC converter, operating below
resonance, are shown in Fig. 3. As shown in this figure, from tB0

to tB1, vinv − (Vin/2) and vsec or isec have the same polarity (both
are positive). When the LLC converter operates below resonance,
the homopolarity cycle is defined as follows:

Hb :=
tB1 − tB0

Tsw/2
(1)

where Tsw is the switching period.

The circuit schematic corresponding to the below-resonant
operation of the LLC converter in Interval I is shown in Fig. 3(b).
The differential equation expressing the below-resonant opera-
tion of the LLC converter in Interval I is given as follows:

Vin − nVO = Lr
diLr(t)

dt
+ vCr(t). (2)

Integrating (2) from tB0 to tB1 results in the following
equation:

(Vin − nVO)Hb
Tsw

2
= Lr[iLr(tB1)− iLr(tB0)]

+

∫ tB1

tB0

vCr(t)dt. (3)

The circuit schematic corresponding to the below-resonant
operation of the LLC converter in Interval II is shown in Fig. 3(b).
The differential equation expressing the below-resonant opera-
tion of the LLC converter in Interval II is given as follows:

Vin = Lr
diLr(t)

dt
+ vCr(t) + Lm

diLm(t)

dt
. (4)

Integrating (4) from tB1 to tB2 results in the following
equation:

Vin(1−Hb)
Tsw

2
= Lr[iLr(tB2)− iLr(tB1)] +

∫ tB2

tB1

vCr(t)dt

+ Lm[iLm(tB2)− iLm(tB1)]. (5)

The resonant current is periodic. Therefore, iLr(tB2) =
−iLr(tB0) and iLr(tB2)− iLr(tB0) = ΔILmb. Also,
iLr(tB2) ≈ iLr(tB1). Therefore, adding (3) to (5) results
in the following equation:

(Vin − nVO)Hb
Tsw

2
+ Vin(1−Hb)

Tsw

2

= LrΔILmb +

∫ tB2

tB0

vCr(t)dt. (6)

From tB0 to tB1, nVO drops acrossLm and linearly increases
iLm. In this time period, iLm can be calculated using the
following equation:

iLm(t) =
nVO
Lm

(t− tB0)− ΔILmb

2
(tB0 < t < tB1). (7)

Below resonance, tB1 − tB0 = Tr/2. Tr is the series-
resonant period and can be calculated using 2π

√
LrCr. There-

fore, ΔILmb can be obtained using the following equation:

ΔILmb =
nVOTr
2Lm

. (8)

Below resonance, LrΔILmb +
∫ tB2

tB0
vCr(t)dt ≈ (VinTsw)/4.

Therefore, (6) can be rewritten as follows:

(Vin − nVO)Hb
Tsw

2
+ Vin(1−Hb)

Tsw

2
=
Vin

2

Tsw

2
. (9)

Manipulating the above equation results in an equation ex-
pressing the dc voltage gain of the LLC converter operating
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below resonance as a function of Hb

VO
Vin

=
1

2nHb
. (10)

According to Fig. 3(a), the conduction time period of the rec-
tifier in half a switching cycle equalsHbTsw/2. This conduction
time when the LLC converter operates below resonance is half
a series-resonant period (Tr/2). Therefore, (HbTsw)/2 = Tr/2.
The ratio of the series-resonant frequency Fr to the switching
frequency Fsw is called Kf and is defined as follows:

Kf :=
Fr

Fsw
=
Tsw

Tr
. (11)

By applying (11) to (10), the relationship between the below-
resonant voltage gain, homopolarity cycle, and switching fre-
quency is obtained as

VO
Vin

=
1

2nHb
=
Kf

2n
. (12)

In the following, the conditions under which the below-
resonant voltage gain equation given by (12) remains accurate
is discussed. While deriving the below-resonant voltage gain
equation of the LLC converter, it was assumed that the variation
in the magnetizing current is negligible in Interval II, and that the
converter has four operating intervals in a switching cycle. To
guarantee that the variation in the magnetizing current in Interval
II is negligible, the resonant period (Trb) of the resonance
occurred in Interval II in the below-resonant operation must
be much larger than the largest period that the LLC converter
remains in Interval II. Below resonance, from tB1 to tB2, the
LLC converter is in Interval II. According to the above discus-
sion, tB2 − tB1 = (1−Hb)(Tsw/2). The largest period within
which the LLC converter operates below resonance in Interval
II happens when the LLC converter is required to produce
the largest voltage gain. According to (12), the largest voltage
gain is achieved when the switching frequency is minimum.
If the switching frequency is minimum, the below-resonant
homopolarity cycle Hb is minimum as well. The minimum
below-resonant homopolarity cycle Hb−min can be calculated
by using the following equation:

Hb−min =
Fsw−min

Fr
. (13)

The resonant period of the resonance that occurs in Interval
II in the below-resonant operation can be calculated through the
following equation:

Trb = 2π
√

(Lr + Lm)Cr. (14)

In order to guarantee the accuracy of the below-resonant
voltage gain, even at the minimum switching frequency, the
following condition must be satisfied:

(1−Hb−min)
1

2Fsw−min
<< 2π

√
(Lr + Lm)Cr. (15)

As illustrated in Fig. 1(b), as long as the above condition
is satisfied, and the quality factor Q is smaller than Qmax (full
instructions to calculateQmax is provided in [32]), in the below-
resonant operation, from Fsw−min to Fr, the voltage gain curves

Fig. 4. Half-bridge LLC converter. (a) Key time-domain waveforms at res-
onance. (b) Corresponding circuit schematic of the first operating interval at
resonance.

converge to each other, and this is expressed by the proposed
below-resonant voltage gain equation given by (12). If the above
conditions are satisfied, this phenomenon can also be seen in
other works, such as the one presented in [33].

B. Voltage Gain at Resonance

The LLC converter, working at resonance, has two operating
intervals in a switching cycle. Since the operation of the LLC
converter is symmetrical in a switching cycle, the analysis of
the first operating interval suffices. The key time-domain wave-
forms and circuit schematic corresponding to the first operating
interval of the LLC converter, at resonance, are shown in Fig. 4.
As shown in this figure, from tR0 to tR1, vinv − (Vin/2) and
vsec or isec have the same polarity (both are positive). Since
tR1 − tR0 = Tsw/2, the homopolarity cycle equals 1 when the
LLC converter operates at resonance.

The circuit schematic corresponding to the LLC converter,
operating at resonance and in Interval I, is shown in Fig. 4(b).
The differential equation expressing the resonant operation of
the LLC converter in Interval I is given as by (2). Integrating (2)
from tR0 to tR1 results in the following equation:

(Vin − nVO)
Tsw

2
= Lr[iLr(tR1)− iLr(tR0)] +

∫ tR1

tR0

vCr(t)dt.

(16)
Since Lr[iLr(tR1)− iLr(tR0)] = nVO(Lr/Lm)(Tsw/2),∫ tR1

tR0
vCr(t)dt = {(Vin/2)− [nVO(Lr/Lm)]}(Tsw/2), and

Lr < Lm, (16) can be simplified as follows:

(Vin − nVO)
Tsw

2
=
Vin

2

Tsw

2
. (17)

Manipulating the above equation results in an equation, ex-
pressing the dc voltage gain of the LLC converter, operating at
resonance

VO
Vin

=
1

2n
. (18)
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Fig. 5. Half-bridge LLC converter. (a) Key time-domain waveforms above
resonance. (b) Circuit schematics corresponding to the first half cycle in the
above-resonant operation.

C. Voltage Gain Above Resonance

The LLC converter, working above resonance, has four oper-
ating intervals in a switching cycle. Since the operation of the
LLC converter is symmetrical in a switching cycle, the analysis
of the first two operating intervals suffices. The key time-domain
waveforms and circuit schematics corresponding to the first
two operating intervals of the LLC converter, operating above
resonance, are shown in Fig. 5. As shown in this figure, from tA0

to tA1, vinv − (Vin/2) and vsec or isec have the same polarity (both
are positive). When the LLC converter operates above resonance,
the homopolarity cycle is defined as follows:

Ha :=
tA1 − tA0

Tsw/2
. (19)

The circuit schematic corresponding to the above-resonant
operation of the LLC converter in Interval I is shown in Fig. 5(b).
The differential equation expressing the operation of the LLC
converter in Interval I is given by (2). Integrating (2) from tA0

to tA1 results in the following equation:

(Vin − nVO)Ha
Tsw

2
= Lr[iLr(tA1)− iLr(tA0)]

+

∫ tA1

tA0

vCr(t)dt. (20)

The corresponding circuit schematic to the above-resonant
operation of the LLC converter in Interval II is shown in Fig. 5(b).
The differential equation expressing the operation of the LLC
converter in Interval II is given as follows:

−nVO = Lr
diLr(t)

dt
+ vCr(t). (21)

Integration the above equation from tA1 to tA2 results in the
following equation:

−nVO(1−Ha)
Tsw

2
= Lr[iLr(tA2)− iLr(tA1)]

+

∫ tA2

tA1

vCr(t)dt. (22)

Adding (20) to (22) results in the following equation:

(Vin − nVO)Ha
Tsw

2
− nVO(1−Ha)

Tsw

2

= LrΔILma +

∫ tA2

tA0

vCr(t)dt (23)

where ΔILma = (nVOTsw)/2Lm and (2/Tsw)
∫ tA2

tA0
vCr(t)

dt = 0.5Vin + VO[(1/Kf )− 1]/[8nFswCrRL]− Lr(nVOTsw)
/2Lm. Therefore, (23) can be rewritten as follows:

(Vin − nVO)Ha
Tsw

2
− nVO(1−Ha)

Tsw

2

=

{
Vin

2
+
VO[(1/Kf )− 1]

8nFswCrRL

}
Tsw

2
. (24)

Manipulating (24) results in the following equation, express-
ing the dc voltage gain of the LLC converter operating above
resonance:

VO
Vin

=
Ha − 0.5

n+
(1/Kf )−1
8nFswCrRL

. (25)

The above equation shows that the voltage gain of the LLC
converter depends not only on the switching frequency (the
control signal), but also on the above-resonant homopolarity
cycle Ha and load. Since Ha is indeed a consequence and
cannot be controlled directly, it has to be calculated. To calculate
the output voltage or voltage gain, the input voltage, load, and
switching frequency are considered as known parameters. The
unknowns areHa andVO. To compute the unknowns, in addition
to (25), another equation as a function of the same unknowns is
required.

Ideally, it can be said thatPO = Pin, wherePO andPin are the
output and input powers, respectively. As a result, the following
equation can be written as:

VO
Vin

=
Iin

IO
(26)

where Iin and IO are the average input and output currents,
respectively.

As illustrated in Fig. 5, the input voltage is connected to
the circuit in Interval I, and in this interval, the input current
equals the current through the resonant inductor iLr. Iin can be
calculated through the following equation:

Iin =
1

Tsw

∫ tA1

tA0

iLrdt =
1

Tsw

∫ tA1

tA0

1

n
iradt+

∫ tA1

tA0

iLmdt.

(27)
From tA0 to tA1, iLm(t) = (nVO/Lm)(t− tA0)− (ΔILma

/2). As discussed later in this article, ΔILma = nVO/2LmFsw.
According to the discussion made in Section III-B and Fig. 8,

above resonance and in Interval I, ira = Ipasin(ωrt). Ipa is
given by (60). By solving (27), the following equation is
obtained:

Iin =
Ipa

2πnKf
[1− cos(πKfHa)] +

nVOHa(Ha − 1)

4LmFsw
. (28)
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By applying (28) and (60) to (26), and considering that
VO/IO = RL, the following equation is obtained:

VO
Vin

=
1− cos(πKfHa)

2n[1− cos(πKfHa)] + 0.5(1−Ha)sin(πKfHa)

+
nRLHa(Ha − 1)

4LmFsw
. (29)

By using (29) and (25), the LLC converter voltage gain and
Ha can be calculated.

Equations (12), (18), and (25) can all be unified in one
equation. In general, the dc voltage gain of the LLC converter,
homopolarity cycle, and switching frequency can all be calcu-
lated using the following equation:

VO
Vin

=

⎧⎪⎪⎨
⎪⎪⎩

1
2nHb

=
Kf

2n , fsw < f0
1
2n , fsw = f0

Ha−0.5

n+
(1/Kf )−1

8nFswCrRL

, fsw > f0.
(30)

III. BEHAVIORAL AVERAGE EQUIVALENT CIRCUIT:
FIRST STAGE

In order to accurately predict the small-signal dynamic be-
havior of the LLC converter from below to above-resonant
operations, and to reduce the complexity of the analysis, the
homopolarity cycle was introduced in Section II. As it will be
discussed in the following, by using the homopolarity cycle, the
theoretical analysis is simplified to a level that the small-signal
dynamic behavior of the LLC converter can be expressed by two
second-order circuit models.

Now that the homopolarity cycle is defined, and the dc voltage
gain, switching frequency, and homopolarity cycle relationships
are formulated, the process of extracting the average small-
signal model (ASSM) of the LLC converter can be started. The
process of obtaining the ASSM of the LLC converter, using
the homopolarity cycle concept, has three stages. The first two
stages are involved in the obtainment of two behavioral average
equivalent circuits. In the third stage, small-signal perturbations
are applied to the signals of the LLC converter in order to
theoretically obtain the small-signal model of the LLC converter.
In this section, the focus of the analysis is on the first stage, in
which the order of the LLC converter is reduced to three from
four using the behavioral averaging technique, enabled by the
homopolarity cycle concept.

A. Below-Resonant Third-Order Behavioral Average
Equivalent Circuit

The small-signal model of the LLC converter can be obtained
by average behavioral modeling of the elements. In this section,
the first element that is behaviorally modeled is the magnetiz-
ing inductor Lm. The behavioral modeling of the magnetizing
inductor requires discussion on its below-resonant voltage and
current waveforms. The process of modeling Lm is based on
obtaining the average values of the magnetizing voltage and
current in half a switching cycle. As it will be discussed later
in this section, in half a switching cycle, the average current
throughLm is a function of nVO, and nVO is indeed the average

voltage over Lm in half a switching cycle. Therefore, below
resonance and in half a switching cycle, it can be concluded
that Lm behaves similar to a voltage-dependent current source,
on average. Since the current of the voltage-dependent current
source depends on its average voltage, it can be simply modeled
by a resistor.

If it is considered that the LLC converter is operating in the
steady state and below resonance, as shown in Fig. 3(a), nVO
drops across the magnetizing inductor Lm from tB0 to tB1 and
causes iLm to linearly increase. In interval I (tB0 < t < tB1),
iLm can be calculated using (7). According to this equation,
iLm(tB0) = −ΔILmb/2. In Section II, it was discussed that
tB1 − tB0 = Hb(Tsw/2) = Tr/2. Therefore, at t = tB1, the
current through the magnetizing inductor becomes ΔILmb/2.
This means that iLm(tB1)− iLm(tB0) = ΔILmb. ΔILmb is
already calculated using (8).

In Interval II, as shown in Fig. 3(a), the variation in the
magnetizing current (diLm/dt) is almost zero. This means that
from tB1 to tB2, the amplitude of iLm remains almost constant
at ΔILmb/2. The average current through the magnetizing in-
ductor in half a switching period can be calculated using the
following equation:

iLm−avg =
2

Tsw

{∫ tB1

tB0

[
nVO
Lm

(t− tB0)− ΔILmb

2

]
dt

+

∫ tB2

tB1

ΔILmb

2
dt

}
. (31)

In the above equation,
∫ tB1

tB0
[(nVO/Lm)(t− tB0)−

(ΔILmb/2]dt = 0. Since tB2 − tB1 = (1−Hb)(Tsw/2),
(31) results in the following equation:

iLm−avg =
nVO(1−Hb)

4LmFr
. (32)

Below resonance and in Interval I, nVO drops across Lm. In
Interval II, diLm/dt ≈ 0. Therefore, the average voltage over
Lm in half a switching cycle from tB0 to tB2 equals HbnVO.
By dividing the average voltage of the magnetizing inductor by
its average current, Lm can be modeled by a resistor whose
resistance is given by the following equation:

RLmb =
4HbLmFr

1−Hb
. (33)

According to (12), Hb = 1/Kf . Therefore, another way to
write (33) is given as follows:

RLmb =
4LmFr

Kf − 1
. (34)

The latter form to mathematically express RLmb is more ap-
propriate because the actual control signal in the LLC converter
is the switching frequency, and Kf = Fr/Fsw.

The differential equation, describing the below-resonant be-
havior of the LLC converter in Interval I, is given by (2).
The below-resonant rectifier current, irb, in Interval I can be
calculated using the following equation:

irb = n(iLr − iLm). (35)
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Fig. 6. Actual and equivalent rectifier current of the LLC converter, operating
below resonance.

By applying (35) to (2), the following differential equation is
obtained:

Vin − nVO =
Lr

n

dirb(t)

dt
+ Lr

diLm(t)

dt

+
1

nCr

∫ t

tB0

irb(t)dt+
1

Cr

×
∫ t

tB0

iLm(t)dt+ vCr(tB0). (36)

In Interval I, nVO drops across Lm. Therefore, we have

diLm(t)

dt
=
nVO
Lm

. (37)

By applying (37) to (36), the following differential equation
is obtained:

d4ir(t)

dt4
+

1

LrCr

d2ir(t)

dt2
= 0. (38)

The characteristic equation of the above differential equation
is S4 + [1/(LrCr)]S

2 = 0. The roots associated with the char-
acteristic equation are 0 and±j1/√LrCr. Therefore, irb, below
resonance and in Interval I, can be mathematically expressed in
the time domain as follows:

irb(t) =
1

n

× Vin − vCr(tB0)− [1 + (Lr/Lm)]nVO
Zr

sin(ωr(t− tB0))

(39)

where

ωr =
1√
LrCr

(40)

Zr =

√
Lr

Cr
. (41)

From tB1 to tB2, irb = 0. The waveform of the below-
resonant rectifier current is shown in Fig. 6 in red. In the steady
state, the load current IO equals the mean value of irb. Therefore,
the pick current of irb can be simply calculated as πIO/(2Hb).
This simply states that the coefficient of sin(ωr(t− tB0)) in (39)
equals πIO/(2Hb) or πIOKF /2. Therefore, we have

irb(t) =
πKF

2
IOsin(ωr(t− tB0)). (42)

Below resonance, as shown in Fig. 6, irb has discontinuity.
This creates nonlinearity. In order to obtain the third-order
behavioral average equivalent circuit of the LLC converter,
operating below resonance, the next step is to solve this discon-
tinuity. This can be performed by adjusting the parameters of the
LLC converter in such a way that the dashed green waveform
represents the rectifier current below resonance. The dashed
green waveform in Fig. 6 is called the below-resonant equivalent
rectifier current (irbe). In order for this to be correct, the area
under irb from tB0 to tB2 must be equal to the area under irbe
in the same period of time. This guarantees the transfer of the
same energy to the load side in half a switching cycle. The area
under irb from tB0 to tB2 is called A and calculated as follows:

A =

∫ tB2

tB0

irb(t)dt =

∫ tB1

tB0

πKF

2
IOsin(ωr(t− tB0))dt.

(43)
The above equation results in the following:

A =
πKF

2
IO

1

ωr
[1− cos(πKF )]. (44)

The area under irb equals the area under irbe, in half a
switching cycle, only if ωr and irb = n(iLr − iLm) are divided
by Kf or alternatively multiplied into Hb. If ωr is divided by
Kf , a new angular frequency, calledωrab, is obtained as follows:

ωrab =
1

Kf

√
LrCr

. (45)

The above process does not change Zr in (39). Therefore, by
using (45), it can be concluded that Lr and Cr are multiplied
into KF . Therefore, the below-resonant equivalent resonant
inductance and capacitance can be calculated using the following
equations:

Lrab := KfLr (46)

Crab := KfCr. (47)

The current through the output capacitor equals irb − IO.
Therefore, the pick-to-pick variation in the output voltage (ΔVO)
of the LLC converter, operating below resonance, can be calcu-
lated using the following equation:

ΔVO =
1

CO

∫ tB1

tB0

(
π

2Hb
− 1

)
IO sin (ωr(t− tB0))dt

− 1

CO

∫ tB2

tB1

IOdt. (48)

The result of the above equation is given as follows:

ΔVO =
1

CO

(
π

2Hb
− 1

)
IO
ωr

[
1− cos

(
ωrHb

Tsw

2

)]

− 1

CO
IO(1−Hb)

Tsw

2
. (49)

As discussed, A equals B only if ωr and irb are divided by
Kf or equivalently multiplied into Hb. Therefore, by applying
(45) to the above equation, the following is obtained:

ΔVO =
Hb

CO

(π
2
− 1
) 2IO
ωrb

− Hb

CO
IO
Tsw

2
. (50)
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Fig. 7. Below-resonant third-order behavioral average equivalent circuit of
the LLC converter, in half a switching cycle.

From the above equation, it is clear that the equivalent output
capacitance when the LLC converter operates below resonance
equals CO/Hb or equivalently KfCO. Therefore, the below-
resonant equivalent output capacitor can be defined as follows:

COb := KfCO =
CO

Hb
. (51)

All the above discussions result in a third-order behavioral
average equivalent circuit, as shown in Fig. 7. This equivalent
circuit represents the linear high- and low-frequency steady-state
and dynamic behaviors of the LLC converter, operating below
resonance, in half a switching cycle.

B. Above-Resonant Third-Order Behavioral Average
Equivalent Circuit

If it is considered that the LLC converter is operating in the
steady state and above resonance, according to Fig. 5(a), nVO
drops across the magnetizing inductor Lm from tA0 to tA2 and
causes iLm to linearly increase. Therefore, the current through
the magnetizing inductor can be calculated using the following
equation:

iLm(t) =
nVO
Lm

(t− tA0)− ΔILma

2
, (tA0 < t < tA2). (52)

Since tA2 − tA0 = Tsw/2,ΔILma can be calculated using the
following equation:

ΔILma =
nVO

2LmFsw
. (53)

The average current through the magnetizing inductor of the
LLC converter, operating above resonance, in half a switching
cycle can be calculated using the following equation:

2

Tsw

∫ tA2

tA0

iLm(t)dt =
2

Tsw

∫ tA2

tA0

[
nVO
Lm

(t− tA0)− ΔILma

2

]
dt.

(54)
Solving the above equation reveals that the average current

through Lm in half a switching cycle, above resonance, is zero.
The differential equation, describing the above-resonant be-

havior of the LLC converter in Interval I, is given by (2).
As shown in Fig. 5(b), ira = n(iLr − iLm). By applying this
current relationship to (2), the following equation is obtained:

Vin − nVO =
Lr

n

dira(t)

dt
+ Lr

diLm(t)

dt
+

1

nCr

∫ t

tA0

ira(t)dt

+
1

Cr

∫ t

tA0

iLm(t)dt+ vCr(tA0). (55)

Fig. 8. Actual and equivalent rectifier current of the LLC converter, operating
above resonance.

By considering the fact thatdiLm/dt = nVO/Lm, solving the
above equation gives the rectifier current of the LLC converter,
operating above resonance in Interval I:

ira(t) =
1

n

× Vin − vCr(tA0)− [1 + (Lr/Lm)]nVO
Zr

sin(ωr(t− tA0)).

(56)

In Interval II, the following differential equation describes
the dynamic behavior of the LLC converter, operating above
resonance:

−nVO =
Lr

n

dira(t)

dt
+ Lr

diLm(t)

dt
+

1

nCr

×
∫ t

tA1

ira(t)dt+
1

Cr

∫ t

tA1

iLm(t)dt+ vCr(tA1).

(57)

Solving the above equation results in the rectifier current in
Interval II

ira(t) =
1

n

−vCr(tA1)− [1 + (Lr/Lm)]nVO
Zr

sin(ωr(t− tA1)).

(58)
By using (56) and (58), the actual waveform of rectifier current

is illustrated by red in Fig. 8. As shown in this figure, the load
current IO equals the average of the above-resonant rectifier
current in half a switching cycle. Therefore, IO can be calculated
using the following equation:

IO =
2

Tsw

[∫ tA1

tA0

Ipa sin (ωr(t− tA0))dt

+ Ipa(1−Ha)
Tsw
2

sin

(
ωrHa

Tsw

2

)]
(59)

where Ipa is the pick current of the actual above-resonant recti-
fier current. By using the above equation, Ipa can be calculated
as follows:

Ipa =
IO

1
Kfπ

[1− cos(KfHaπ)] +
1
2 (1−Ha)sin(KfHaπ)

.

(60)
According to Fig. 8, the actual rectifier current shows non-

linearity. The above-resonant rectifier current waveform can
be modeled by a linear current waveform that guarantees the
transfer of the same amount of energy to the output in half a
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Fig. 9. Circuit seen from the right-hand side port of the resonant tank when
the LLC converter operates above resonance.

switching cycle. The waveform of the above-resonant equivalent
rectifier current (irae) is shown by green in Fig. 8. As illustrated
in this figure, the pick current of the equivalent rectifier current
equals πIO/2. irae is an equivalent to ira if the area under the
actual rectifier current (C) equals the area under irae (D) in
half a switching cycle. This condition is satisfied only if ωr is
divided by Kf . In this case, a new angular frequency, called
ωrab, already given by (45), is obtained.

Since this equalization does not have any effect on Zr in (56)
and (58), it is concluded that Lr and Cr of the LLC converter,
operating above resonance, are both multiplied into Kf . The
above-resonant equivalent resonant inductance and capacitance
can be calculated using (46) and (47), respectively.

The voltage gain of the LLC converter, operating above reso-
nance, is given by (25). This equation can be rewritten as follows:

Vin(Ha − 0.5) = VO

[
n+

(1/Kf )− 1

8nFswCrRL

]
. (61)

As shown in Fig. 1(a), the resonant tank of the LLC converter
has two ports. One port is connected to the inverter and another
to the rectifier. According to (61), the average voltage applied to
the left-hand side port of the resonant tank is VinHa − 0.5Vin. As
discussed in the beginning of Section II, the resonant capacitor
of the LLC converter has a dc voltage offset of Vin/2. Therefore,
VinHa − 0.5Vin means that the input voltage source is scaled by
Ha and then is subtracted by the dc voltage offset of the resonant
capacitor. If the average voltage, applied to the right-hand side
port of the resonant tank, is shown by VY 12, according to (61),
VY 12 equals VO[n+

(1/Kf )−1
8nFswCrRL

]. By factoring out n, VY 12 can
be rewritten as follows:

VY 12 = nVO

[
1 +

(1/Kf )− 1

8FswCrn2RL

]
. (62)

The above equation explains that nVO is a fraction of VY 12.
Fig. 9 illustrates how nVO is related to VY 12. As shown in
this figure, this relationship can be simply explained by using
a resistive voltage divider. In this case, the resistive network is
made of the reflected resistor from the secondary to primary side
of the transformer (Rprim) and a series resistor with the resonant
tank, calledRa. By considering (62) and the configuration shown
in Fig. 9, Ra can be calculated using the following equation:

Ra =

1
Kf

− 1

8FswCr
. (63)

All the above discussion results in a third-order behavioral
average equivalent circuit that explains the steady-state and high-

Fig. 10. Above-resonant third-order behavioral average equivalent circuit of
the LLC converter, in half a switching cycle.

Fig. 11. Unified third-order behavioral average equivalent circuit of the LLC
converter, in half a switching cycle. This model is valid below, at, and above
resonance.

and low-frequency small-signal dynamic behavior of the LLC
converter, operating above resonance, in half a switching cycle.
This equivalent circuit is shown in Fig. 10.

C. Unified Third-Order Behavioral Average Equivalent Circuit

In this section, the third-order behavioral average equivalent
circuits of the LLC converter, operating below, at and above
resonance are obtained. Instead of working with two equivalent
circuits, shown in Figs. 7 and 10, it is more convenient to unify
them. The unified third-order behavioral average equivalent
circuit of the LLC converter valid below, at, and above resonance
is shown in Fig. 11. By considering the discussions made in this
section and Section II, the parameters of the unified third-order
behavioral average equivalent circuit are given as follows:

Lur = KfLr (64)

Cur = KfCr (65)

CuO = [Kfu(Kf − 1) + u(1−Kf )]CO (66)

Rua =
(1/Kf )− 1

8FswCr
u(1−Kf ) (67)

RuLmb =
4LmFr

Kf − 1

1

u(Kf − 1)
(68)

nuo =

[
1

Kf
u(Kf − 1) + u(1−Kf )

]
n (69)

nui = [u(Kf − 1) +Hau(1−Kf )]n (70)

where u(x) is the step function, defined as follows:

u(x) =

{
1, x > 0
0, x < 0.

(71)

Depending on the operating region of the LLC converter, x
can be either Kf − 1 or 1−Kf .
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Fig. 12. Unified second-order behavioral average equivalent circuit of the LLC
converter. This model is valid below, at, and above resonance.

IV. BEHAVIORAL AVERAGE EQUIVALENT

CIRCUIT: SECOND STAGE

For decades, the focus in the LLC converter modeling has been
reducing the order of the small-signal model while maintaining
the accuracy. The key to gaining more simplified small-signal
models for the LLC converter is to perform the analysis in the
time domain. Before, the analysis of LLC converters in the time
domain was very difficult; however, after the introduction of the
homopolarity cycle, the analysis is simplified to a degree that
the small-signal dynamic behavior of the LLC converter can be
expressed by two second-order circuit models.

As discussed, the process of obtaining the ASSM of the LLC
converter has three stages. The first two stages are involved
in the obtainment of two average equivalent circuits, using the
behavioral averaging technique. The first stage was addressed
in Section III, where the unified third-order behavioral average
equivalent circuit of the LLC converter below, at, and above
resonance was developed. In this section, the analysis is fo-
cused on the second stage, in which the unified second-order
behavioral average equivalent circuit is obtained. Using this
second-order equivalent circuit, two circuit models, representing
the small-signal dynamic behavior of the LLC converter below,
at, and above resonance, are later obtained.

In Section III, the operation of the LLC converter below,
at, and above resonance was linearized in a half switching
cycle, and a unified third-order behavioral average equivalent
circuit was developed to illustrate this linear behavior. This
equivalent circuit demonstrates both high- and low-frequency
average dynamic behaviors of the LLC converter. From control
point of view, the high-frequency dynamic behavior is not of
interest, and linear compensators are designed based on the
low-frequency dynamic behavior of a power converter. Gener-
ally, linear compensators are designed to achieve a closed-loop
bandwidth approximately ten times smaller than the switching
frequency of power converters, including LLC converters, in
order to guarantee a stable closed-loop operation [34]. In most
practical applications, having an accurate and straightforward
model of the converter up to one-tenth to one-fifth of the switch-
ing frequency is enough to design proper compensators. As it
will be discussed later in this section, the average response of the
LLC converter operating in the quiescent area to small changes
can be modeled with a second-order system, as shown in Fig. 12.
According to the basic concepts governing the electrical circuit
theory, the dynamic response of a linear circuit in the steady state,
fed by a dc source, can be obtained by analyzing its response to
a step input while considering that all the initial conditions are

zero from the step input point of view. The output of the LLC
converter and consequently of the unified third-order equivalent
circuit can be connected to any type of load, such as a resistor,
current source system, etc.

If a step inputvs with an amplitude ofVS is applied to the third-
order behavioral average equivalent circuit in the beginning of a
switching cycle, the following differential equation, called ψ1,
can be defined:

ψ1 := −nuiVS + Lur
diLur

dt

+
1

Cur

∫
iLurdt+RuLmbiRmb = 0. (72)

Since RLmbiRmb = (Rua/nuo)iur + nuovO, the above def-
inition can be rewritten as follows:

ψ1 := −nuiVS + Lur
diLur

dt

+
1

Cur

∫
iLurdt+Rua

iur
nuo

+ nuovO = 0. (73)

The limit of ψ1 as Kf approaches 1 is given as follows:

lim
Kf→1

ψ1 :=−VS+Lur
diLur

dt
+

(
1

Cur
+
n2uo
CuO

)∫
iLurdt = 0.

(74)
Since CuO >> Cur, the coefficient of the integral in the

above equation can be simplified as 1/Cur. Therefore, solving
the above differential equation results in the following equation:

iLur =
VS
Zu

sin(ωut) (75)

where

Zu =

√
Lur

Cur
(76)

ωu =
1√

LurCur

. (77)

The average of (75) in its half a switching period is given as
follows:

īLur =
4VSCur

Tur
(78)

where Tur = 2π
√
LurCur.

If the same step input vs with an amplitude of VS is applied to
the second-order behavioral average equivalent circuit, shown
in Fig. 12, in the beginning of a switching cycle, the following
differential equation, called ψ2, can be defined:

ψ2 := −VSnui + Luam
diam
dt

+Rua(iam − iRmb) + nuovO = 0. (79)

The limit of ψ2 as Kf approaches 1 is given as follows:

lim
Kf→1

ψ2 := −VS + Luam
diam
dt

+
n2uo
CuO

∫
iamdt = 0. (80)
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Solving the above differential equation results in the following
equation:

iam =
VS
Zam

sin(ωamt) (81)

where

ωam =
nuo√

LuamCuO

(82)

Zam = nuo

√
Luam

CuO
. (83)

By averaging the above equation in half a period of (75), the
following equation is obtained:

īam =
2VSCuO

n2uoTr

[
1− cos

(
πnuo

√
LurCur

LuamCuO

)]
. (84)

If the circuit shown in Fig. 12 is a model of the third-order
behavioral average equivalent circuit, (78) must be equal with
(84). By using this condition, Luam can be calculated using the
following equation:

Luam =
n2uoCur

CuO

π2Lur[
cos−1

(
1− 2n2

uoCur

CuO

)]2 . (85)

V. AVERAGE SMALL-SIGNAL MODEL

Through the analysis of the homopolarity cycle, two sim-
ple second-order circuit models, representing the small-signal
dynamic behavior of the LLC converter, below, at, and above
resonance, can be obtained. The process of obtaining the two
circuit models has three stages. So far, the first two stages
are covered, and a second-order behavioral average equivalent
circuit, demonstrating the low-frequency dynamic behavior of
the LLC converter, is developed. In this section, the focus of the
analysis is on the third stage, in which perturbations are applied
to the signals of the LLC converter in order to obtain the ASSM
of the LLC converter below, at, and above resonance.

A. Below-Resonant ASSM

When the LLC converter operates below resonance, according
to the definition of u(x), provided by (71), u(1−Kf ) = 0 and
u(Kf − 1) = 1. Therefore, according to (64)–(70), the second-
order behavioral average equivalent circuit is simplified to the
circuit shown in Fig. 13(a). In order to obtain the ASSM of
the LLC converter, the following perturbations are added to the
parameters of the system:

fsw = Fsw + f̂sw (86)

vin = Vin + v̂in (87)

vO = VO + v̂O (88)

iam = Iam + îam. (89)

According to Fig. 13(a), the differential equations, express-
ing the small-signal dynamic behavior of the LLC converter,

Fig. 13. LLC converter, operating below resonance. (a) Second-order behav-
ioral average equivalent circuit. (b) Below-resonant average small-signal circuit
model, through which the small-signal transfer function is obtained.

operating below resonance, can be written as follows:

diam
dt

=
1

Luam

(
vin − Vin

2
− n

Kf
vO

)
(90)

dvO
dt

=
1

KfCO

{
n

Kf
iam −

[(
n

Kf

)2
1

RuLmb
+

1

RL

]
vO

}
.

(91)

By applying the perturbations given by (86)–(89) to (90) and
(91), neglecting the second-order perturbations, and consider-
ing that Iam = (Kf/n)(VO/RL) + (n/Kf )(VO/RuLmb) and
Kf = Fr/Fsw, the following equations are obtained:

dîam
dt

=
1

Luam

[
Vin

2
+ v̂in − n

Kf
(VO + v̂O)− nVO

Fr
f̂sw

]

(92)

dv̂O
dt

=
1

KfCO

{
n

Kf
(Iam + îam)−

[(
n

Kf

)2
1

RuLmb
+

1

RL

]

(VO + v̂O) +

[(
n

Kf

)2
1

RuLmb
+

1

RL

]
VO

f̂sw

Fsw

}
.

(93)

The above equations describe the ASSM of the LLC converter,
operating below resonance, and can be translated to the circuit
shown in Fig. 13(b).

By using the circuit representation of the below-resonant
ASSM, shown in Fig. 13(b), the control-to-output and input-
to-output transfer functions are given as follows:

v̂o

f̂sw

=
K2bKf

n LuamS −K1b

Kf

n LuamS

[
SKfCO + 1

RL
+
(

n
Kf

)2
1

RuLmb

]
+ n

Kf

(94)

v̂o
v̂in

=
1

Kf

n LuamS

[
SKfCO + 1

RL
+
(

n
Kf

)2
1

RuLmb

]
+ n

Kf

(95)
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Fig. 14. LLC converter, operating above resonance. (a) Second-order behav-
ioral average equivalent circuit. (b) Above-resonant average small-signal circuit
model, through which the small-signal transfer function is obtained.

where

K1b =
nVO
Fr

(96)

K2b =

[(
n

Kf

)2
1

RuLmb
+

1

RL

]
VO
Fsw

. (97)

B. Above-Resonant ASSM

When the LLC converter operates above resonance, according
to the definition of u(x), provided by (71), u(1−Kf ) = 1 and
u(Kf − 1) = 0. Therefore, according to (64)–(70), the second-
order behavioral average equivalent circuit is simplified to the
circuit shown in Fig. 14(a). In order to obtain the ASSM of the
LLC converter, the perturbations given by (86)–(89) are added
to the signals of the converter.

According to Fig. 14(a), the differential equations, express-
ing the small-signal dynamic behavior of the LLC converter,
operating above resonance, can be written as follows:

diam
dt

=
1

Luam

(
Havin − Vin

2
−Ruaiam − nvO

)
(98)

dvO
dt

=
1

CuO

(
niam − 1

RL
vO

)
. (99)

By applying the perturbations given by (86)–(89) to (98) and
(99), neglecting the second-order perturbations, and considering
that Iam = (1/n)(VO/RL) and Kf = Fr/Fsw, the following
equations are obtained:

dîam
dt

=
1

Luam

[
Ha(Vin + v̂in)− Vin

2

−
[(
Ha − 1

2

)
Vin − nVO

]
f̂sw

Fsw
−Rua(̂iam + Iam)

− KfRuaVO
n(1−Kf )RL

f̂sw

Fr
− n(VO + v̂o)

]
(100)

Fig. 15. Pole and zero displacement of the below- and above-resonant small-
signal transfer functions.

dv̂O
dt

=
1

CuO

[
n(Iam + îam)− 1

RL
(VO + v̂O)

]
. (101)

The above equations describe the ASSM of the LLC converter,
operating above resonance, and can be translated to the circuit
shown in Fig. 14(b).

By using the circuit representation of the above-resonant
ASSM, shown in Fig. 14(b), the control-to-output and input-
to-output transfer functions are given as follows:

v̂o

f̂sw

= − K1a +K2a

1
n (LuamS +Rua)

(
1

RL
+ SCuO

)
+ n

(102)

v̂o
v̂in

=
Ha

1
n (LuamS +Rua)

(
1

RL
+ SCuO

)
+ n

(103)

where

K1a =
1

Fsw
[(Ha − 0.5)Vin − nVO] (104)

K2a =
KfRuaVO

n(1−Kf )RLFr
. (105)

The denominators of (94) and (95), and those of (102) and
(103), are the same. Moreover, in the control point of view,
the control-to-output transfer function is the most important
transfer function that linear controllers are often designed based
on. Therefore, discussing the poles and zeros of the control-to-
output transfer functions suffices. Fig. 15 illustrates the concep-
tual pole and zero displacements of (94) and (102). The system
displays a double pole that moves depending on the switching
frequency. As shown in the figure, at different operating points,
the system shows different damping ratios and natural frequen-
cies. There is a right-half-plane zero (RHPZ) at below-resonant
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TABLE I
SPECIFICATIONS OF THE LLC CONVERTER

frequency operation. The position of the zero is far from the
imaginary axis, and it increases when the switching frequency
is increased. Therefore, the effect of the RHPZ in the range of the
frequency that a linear controller is designed is not significant
and can be neglected.

VI. EXPERIMENTAL AND SIMULATION RESULTS

In order to reduce the complexity of the analysis and to achieve
high accuracy in small-signal modeling of the LLC converter,
below, at, and above resonance, the homopolarity cycle can be
introduced to the time-domain equations of the LLC converter.
The analysis of the homopolarity cycle and average behavior of
the converter results in two simple second-order circuit models,
which demonstrate the small-signal dynamic behavior of the
LLC converter. In order to validate the theoretical analyses, in
this section, simulation and experimental results of a 650-W LLC
converter are provided. The specifications of the LLC converter
are given in Table I.

A. Steady-State Validating Experimental Results

In Section II, the homopolarity cycle concept was defined, and
the voltage gain, homopolarity cycle, and switching frequency
relationships were obtained. Since the process of obtaining of
the ASSM of the LLC converter is based on the homopolarity
cycle, first, the accuracy of the analysis performed in Section II,
especially that of the unified voltage gain equation given by (30)
must be validated. In Figs. 16 and 17, the theoretical, simulation,
and experimental homopolarity cycle and normalized voltage
gain diagrams obtained from the homopolarity cycle and first
harmonic approximation (FHA) analysis versus the switching
frequency are compared against each other. As shown in these
figures, (30) predicts the voltage gain of the LLC converter
below, at, and above resonance and under different loading
conditions with high accuracy. As anticipated, when the switch-
ing frequency moves away from Fr, the accuracy of the FHA
analysis degrades. In order to plot the FHA voltage gain curves,
the equation introduced by [32] is used.

In Fig. 18, the time-domain experimental waveforms of the
LLC converter, operating below resonance under full- and half-
loading conditions, are shown. In this case, the switching fre-
quency equals 80 kHz. As shown in Fig. 18(a) and (b), the
period of time during which the polarities of vinv and vsec,
in half a switching period, are both the same equals 5.2 μs.

Fig. 16. (a) and (b) theoretical, simulation, and experimental below-resonant
normalized gain diagrams. The theoretical curves obtained from the analysis of
the homopolarity cycle align well with the experimental and simulation curves.
The accuracy of the FHA curves degrades when the switching frequency moves
away from the resonant frequency.

Fig. 17. (a) and (b) theoretical, simulation, and experimental above-resonant
normalized gain diagrams. The theoretical curves obtained from the analysis of
the homopolarity cycle align well with the experimental and simulation curves.
The accuracy of the FHA curves degrades when the switching frequency moves
away from the resonant frequency.
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Fig. 18. Below-resonant time-domain experimental waveforms of the LLC converter. These waveforms validate the accuracy of the steady-state theoretical
analysis. (a) Full-loading condition. (b) Half-loading condition.

Fig. 19. Resonant time-domain experimental waveforms of the LLC converter. These waveforms validate the accuracy of the steady-state theoretical analysis.
(a) Full-loading condition. (b) Half-loading condition.

According to the definition of the homopolarity cycle, this time
period isHbTsw/2. The resonant frequency of the LLC converter
is 96 kHz, and therefore, half the resonant period (Tr/2) equals
5.2 μs. Therefore, as theoretically predicted in Section II,
HbTsw/2 = Tr/2. In Fig. 18(a) and (b), it is also shown that
under the full- and half-loading conditions, the output voltage
remains the same. According to (12), in this scenario, the output
voltage must be equal to 59.5 V. As shown in Fig. 18, the output
voltage of the LLC converter was measured as 59 V under full-
and half-loading conditions. Therefore, the theoretical analysis
performed in Section II-A is validated.

In Fig. 19, the time-domain experimental waveforms of the
LLC converter, operating at resonance under full- and half-
loading conditions, are shown. In this case, the switching fre-
quency equals the resonant frequency. As shown in Fig. 19(a)
and (b), the period of time during which the polarities of vinv

and vsec, in half a switching cycle, are both the same equals
5.2 μs. According to the definition of the homopolarity cycle,
this time period is Tsw/2. The resonant frequency of the LLC
converter is 96 kHz, and therefore, half the resonant period
(Tr/2) equals 5.2 μs. Therefore, as theoretically predicted in
Section II, Tsw/2 = Tr/2. In Fig. 19(a) and (b), it is also shown
that under the full- and half-loading conditions, the output
voltage remains the same. According to (18), in this scenario, the
output voltage must be equal to 50 V. As shown in Fig. 19, the
output voltage of the LLC converter was measured as 50 V under

full- and half-loading conditions. Therefore, the theoretical anal-
ysis performed in Section II-B is validated.

In Fig. 20, the time-domain experimental waveforms of the
LLC converter, operating above resonance under full- and half-
loading conditions, are shown. In this case, the switching fre-
quency equals 120 kHz. As shown in Fig. 20(a), the period
of time during which the polarities of vinv and vsec, in half a
switching cycle, are both the same equals 3.85 μs. According
to the definition of the homopolarity cycle, this time period is
HaTsw/2. The voltage gain of the LLC converter can be theoreti-
cally calculated using (25). According to (25), the output voltage
of the converter under the full-loading condition must be 40 V.
The output voltage of the LLC converter under the full-loading
condition was measured 40 V. As shown in Fig. 20(b), the period
of time during which the polarities of vinv and vsec, in half a
switching cycle, are both the same equals 3.95 μs. According to
(25), the output voltage of the converter under the half-loading
condition must be 42 V. The output voltage of the LLC converter
under the half-loading condition was measured 42 V. Therefore,
the theoretical analysis performed in Section II-C is validated.

B. Frequency-Domain Experimental and Simulation Results

In this article, it was theoretically discussed that the ASSM
of the LLC converter, below, at, and above resonance, can be
obtained by using the homopolarity cycle concept and through
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Fig. 20. Above-resonant time-domain experimental waveforms of the LLC converter. These waveforms validate the accuracy of the steady-state theoretical
analysis. (a) Full-loading condition. (b) Half-loading condition.

Fig. 21. Below-resonant experimental, simulation, and theoretical Bode diagrams of the proposed small-signal model and LLC converter. These Bode diagrams
validate the accuracy of the theoretical dynamic analysis, with and without the discretization and time-delay effects: (a) under 5.5-Ω resistive load and (b) under
10-Ω resistive load. The discretization and time-delay effects are due to the digital implementation of the modulation system.

a three-stage process. All the theoretical analyses have resulted
in two circuit models, shown in Figs. 13 and 14. These circuit
models describe the small-signal dynamic behavior of the LLC
converter below, at, and above resonance. In order to validate
the accuracy of the proposed ASSMs and their relative transfer
functions, the Bode diagram analysis, under different frequency
and loading conditions, is required. This is performed by using
an experimental setup and a simulation software.

In Figs. 21–23, the comparative theoretical, simulation, and
experimental control-to-output Bode diagrams of the LLC con-
verter, operating below, at, and above resonance, under 5.5−
and 10-Ω resistive loads are shown. In these figures, the dashed
light blue, orange, dark green, and dark blue diagrams repre-
sent the Bode diagrams of the proposed ASSM (theoretical),
simulated LLC converter without the discretization effect, sim-
ulated ASSM with the discretization effect, and experimentally

implemented LLC converter with discretization effect, re-
spectively. The discretization and time-delay effects happen
when the modulation system of a converter is digitally imple-
mented. In the LLC converter, experimentally implemented, the
TMS320F2835 DSP is used to generate the control signal, which
is the switching frequency. In order to apply the perturbation
and perform the Bode diagram analysis, the frequency analyzer
Venable Model 3120 is used. The perturbing signal, generated
by the frequency analyzer, is applied to the analog-to-digital
converter (ADC) of the DSP. In order to keep the experimental
tests reliable, the sampling time of the DSP ADC is synchronized
with the control signal. Therefore, two phenomena happens:
discretization and time delay. Discretization occurs due the fact
that the ADC is indeed a sample-and-hold system and converts
an analog signal to a discrete one. The time-delay effect is
seen because the ADC is synchronized with the control signal.
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Fig. 22. Resonant experimental, simulation, and theoretical Bode diagrams of the proposed small-signal model and LLC converter. These Bode diagrams validate
the accuracy of the theoretical dynamic analysis, with and without the discretization and time-delay effects: (a) under 5.5-Ω resistive load and (b) under 10-Ω
resistive load. The discretization and time-delay effects are due to the digital implementation of the modulation system.

Fig. 23. Above-resonant experimental, simulation, and theoretical Bode diagrams of the proposed small-signal model and LLC converter. These Bode diagrams
validate the accuracy of the theoretical dynamic analysis, with and without the discretization and time-delay effects: (a) under 5.5-Ω resistive load and (b) under
10-Ω resistive load. The discretization and time-delay effects are due to the digital implementation of the modulation system.

This means that at the beginning of every switching cycle, the
ADC starts the conversion, and also, the switching frequency
of the control-signal is updated. Since at the beginning of a
switching cycle, the ADC just starts the converting process, the
control signal is updated with the last switching frequency value
remained in the memory of the ADC. Therefore, a time delay
equal to the period of a switching cycle (Tsw) is created. Looking

at the comparative Bode diagrams shown in Figs. 21–23, it
is evident that the proposed ASSM accurately predicts the
small-signal dynamic behavior of the LLC converter, operating
below, at, and above resonance and under different loading con-
ditions. As expected, the discretization and time-delay effects
can be seen in the experimental Bode diagrams. If the effects of
discretization and time delay are considered in the theoretical
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control-to-out transfer functions, the dark green diagrams in
Figs. 21–23 are obtained. These diagrams are identical to their
relative experimental Bode diagrams.

As earlier mentioned, this article mainly focuses on charac-
terizing the LLC converter low-frequency small-signal dynamic
behavior. The reason of this approach is that accurate small-
signal models are desired for the design and implementation of
linear compensators. If the compensator gain at the switching
frequency is too large, then these switching harmonics are ampli-
fied by the compensator and can disrupt the operation of the fre-
quency modulator. Therefore, the compensator network should
contain poles at a frequency less than the switching frequency.
This consideration typically restricts the crossover frequency
to be less than approximately 10% of the converter switching
frequency [34]. As a result, in most practical applications, having
an accurate and straightforward model of the converter up to
one-tenth to one-fifth of the switching frequency is enough to
design proper compensators.

As shown in Figs. 21 and 22, the accuracy of the proposed
small-signal circuit models is validated at a frequency 20 kHz,
which is sufficient for designing linear compensators. 20 kHz
is one-fifth of the resonant frequency (96 kHz). Therefore, the
proposed second-order circuit models are accurate enough in the
range of interest.

VII. CONCLUSION

Due to the complexity, small-signal modeling for LLC
converters has been traditionally performed using empiri-
cal/simulation methods (yielding limited insight into the dy-
namic behavior) or in the vicinity of the resonant frequency
(suffering from low accuracy below and above resonance). In
this article, a new average small-signal modeling technique,
based on the homopolarity cycle concept, for LLC converters
was proposed. The analysis of the homopolarity cycle in the time
domain showed that high accuracy, low complexity, and small-
signal circuit representation from below- to above-resonant
operations can all be achieved when deriving the small-signal
model of LLC converters. It was also shown that no simulation,
numerical computing, or programming software packages are
required to obtain the proposed average small-signal circuit
models and their small-signal transfer functions. In order to
validate the theoretical analyses, a 650-W LLC converter was
practically implemented. Both the steady-state and dynamic
operations were justified through experimental and simulation
results. The results showed that the proposed circuit models
predict the small-signal dynamic behavior of the LLC converter
with high accuracy from below- to above-resonant operations.
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