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Abstract—Nine-arm modular multilevel converter (9A-MMC)
can be applied in many medium-/high-voltage applications with
two sets of three-phase terminals, such as medium-voltage dual-
motor drives and unified power flow controller, to replace two
conventional modular multilevel converters for reducing the vol-
ume and cost. This article thoroughly investigated the operational
principle of 9A-MMC, and proposed a unique operational mode
that the number of submodules in each arm can be a variable.
The mathematical model of 9A-MMC and steady-state analyses of
capacitor voltage fluctuations and circulating current were studied
in this article as well. Subsequently, a complete control scheme
of 9A-MMC, including capacitor voltage balancing control and
circulating current suppression control is systematically presented.
Finally, the simulation and experimental results verified the perfor-
mance of 9A-MMC and the effectiveness of the presented control
methods.

Index Terms—Capacitor voltage fluctuations, circulating cur-
rent, nine-arm modular multilevel converter (9A-MMC), variable
submodule (SM) number.

I. INTRODUCTION

MODULAR multilevel converter (MMC) has become
the most attractive multilevel topology in medium-/

high-voltage applications, such as high-voltage direct current
transmission systems [1]–[3], flexible ac transmission systems
[4]–[6], medium-voltage motor drives [7], [8], etc., since it was
first proposed in [9] and [10], due to its prominent advantages
of modularity, scalability, and superior harmonic performance.

In medium-/high-voltage applications, there are some appli-
cations including two sets of three-phase terminals, such as
medium-voltage dual-motor drives, unified power flow con-
troller, where two conventional MMCs are usually employed
[6], [11]. Fortunately, it is possible to integrate two MMCs into
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one compact nine-arm MMC (9A-MMC) with dual ports to
minimize the system footprint and cost [12]–[15], being similar
to the integration principle of nine-switch converter [16], [17].

9A-MMC was first proposed in [12], where the dc side of
submodules (SMs) was replaced by dc sources to simplify
the control scheme design. So, the circulating current suppres-
sion control (CCSC) and capacitor voltage balancing control
(CVBC), which are two critical issues in MMC, were not
considered in [12]. In [13]–[15], 9A-MMC was applied to
power medium-voltage six-phase induction motors. The control
scheme of 9A-MMC in [13] and [15] is a simple open-loop
control, and only CVBC realized by sorting methods was in-
cluded, while the CCSC for 9A-MMC was not investigated.
Although circulating current suppression was considered in [14],
the method of attenuating circulating current is realized by
adding extra hardware devices (two parallel resonant filters for
each leg) and only second-order harmonics of circulating current
was suppressed. It is obvious that this method is at the expense of
increased component counts and system losses. Moreover, only
the operation state that the amplitude of two output terminals
is equal and phase shift between two terminals is fixed at 30°
or 60° was taken into account in [13]–[15]. And the number of
SMs in each arm of 9A-MMC presented in [12]–[15] is equal
and invariable, which is identical to the design of conventional
MMC, where the upper and lower arms are symmetrical [18].

However, the upper, middle, and lower arms of 9A-MMC
do not have to be symmetrical in implementation, because the
amplitudes and relative phase angle of upper and lower output
terminals in 9A-MMC can be different. Such unique opera-
tional principle has so far not been reported and investigated.
So, this article first fully studies the operational principle and
mathematical model of 9A-MMC and then proposes a complete
control scheme for 9A-MMC. Simulation and experimental
results verified the theoretical findings.

II. TOPOLOGY AND MATHEMATICAL MODEL OF 9A-MMC

A. Topology of 9A-MMC

As illustrated in Fig. 1, the conventional solution for the
medium-/high-voltage applications with two sets of three-phase
terminals is to assume two three-phase MMCs, which are com-
posed of six legs, where each leg consists of two arms and each
arm comprises N series-connected half-bridge SMs and a series
inductor Larm. The SMs in each arm can be individually and
selectively controlled to generate the desired sinusoidal voltage
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Fig. 1. Topology of the conventional modular multilevel converters (MMC)
for powering two loads.

and the arm inductor can suppress the fault current rising rate
and the high-frequency components in arm current [19].

Comparatively, 9A-MMC can be deemed as a combination
of two conventional MMCs with double function middle arms,
and it is topologically similar to the nine-switch converter. As
shown in Fig. 2, 9A-MMC consists of three legs, and each leg is
formed by three arms, where k1, k2, and k3 represent the number
of SMs in upper, middle, and lower arms, respectively,Lu and Ll

are arm inductors in upper and lower arm with Lu = Ll, and the
half-bridge SM is also employed. Being different, the number
of SMs in upper, middle, and lower arms can be unequal, and
only upper and lower arms equip with arm inductors.

B. Mathematical Model of 9A-MMC

The simplified equivalent model of three-phase 9A-MMC is
shown in Fig. 3, where the SMs are considered as the controlled

Fig. 2. Topology of nine-arm modular multilevel converter (9A-MMC).

Fig. 3. Equivalent model of 9A-MMC.

voltage sources and the voltage of each arm is the combination
of these controlled voltage sources. According to the equivalent
model, the mathematical expression of upper, middle, and lower
arms’ voltages and currents in j (j = a, b, or c) phase can be
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obtained as follows:

uUj =
1

2
k1Uc − ujm (1)

uMj =
1

2
k2Uc + ujm − ujn (2)

uLj =
1

2
k3Uc + ujn (3)

iUj = izj +
1

2
(ij1 + ij2) (4)

iMj = izj − 1

2
(ij1 − ij2) (5)

iLj = izj − 1

2
(ij1 + ij2) (6)

where uUj , uMj , and uLj are the upper, middle, and lower arm
voltages of j phase, while iUj , iMj , and iLj are the upper, middle,
and lower arm currents of j phase, Uc is the rated SM capacitor
voltage, k1, k2, and k3 are the number of SMs in upper, middle,
and lower arms, ujm, ujn, ij1, and ij2 are the upper and lower
output voltages and currents of j phase, izj is the circulating
current of j phase. Based on (1)–(3), the relationships between
arm voltages and output voltages can be derived as follows:

ujm =
uMj + uLj − uUj

2
− k2 + k3 − k1

4
Uc (7)

ujn =
uLj − uMj − uUj

2
− k3 − k2 − k1

4
Uc. (8)

The dc-side voltage can be derived as follows:

Udc =
k1 + k2 + k3

2
Uc. (9)

According to (4) and (6), the circulating current of j phase can
be expressed as follows:

izj =
(iUj + iLj)

2
. (10)

C. Steady-State Analyses of Capacitor Voltage Fluctuations
and Circulating Current

Taking phase A as an example, the upper and lower output
phase voltages and currents of 9A-MMC can be assumed to be
as follows:

uam(t) = ua1 sin (ωt) (11)

uan(t) = ua2 sin (ωt+ θ) (12)

ia1(t) = ia1 sin (ωt− ϕ1) (13)

ia2(t) = ia2 sin (ωt+ θ − ϕ2) (14)

where ua1 and ua2 are the amplitude of upper and lower output
phase voltages, while ia1 and ia2 are the amplitude of upper and
lower output currents, θ is the phase shift between two output
voltages, ϕ1 and ϕ2 are the power factor angle of upper and
lower output terminals.

Ideally, izj only consists of dc component, and its ac compo-
nents should be effectively mitigated by CCSC. Then, substitut-
ing ia1 and ia2 in (4)–(6) by (13) and (14), the upper, middle,

and lower arm currents of phase A can be rewritten as follows:

iUa(t)=
1

3
Idc +

1

2
[ia1 sin (ωt− ϕ1) + ia2 sin (ωt+ θ − ϕ2)]

(15)

iMa(t)=
1

3
Idc − 1

2
[ia1 sin (ωt− ϕ1)− ia2 sin (ωt+ θ − ϕ2)]

(16)

iLa(t)=
1

3
Idc − 1

2
[ia1 sin (ωt− ϕ1) + ia2 sin (ωt+ θ − ϕ2)]

(17)

where Idc is the dc-side current. According to (1)–(3), (11)
and (12), and neglecting the high-frequency components of
switching function, the switching functions of upper, middle,
and lower arms can be defined as follows:

fUa(t) =
1

2
[1−M1 sin (ωt)] (18)

fMa(t) =
1

2

[
1 +

k1
k2

M1 sin (ωt)− k3
k2

M2 sin (ωt+ θ)

]
(19)

fLa(t) =
1

2
[1 +M2 sin (ωt+ θ)] (20)

whereM1 = 2ua1

k1Uc
andM2 = 2ua2

k3Uc
refer to the modulation ratios

of upper and lower output terminals.
The arm current will be coupled to the dc side of SMs by

switching actions. Then, the average capacitor currents in upper,
middle, and lower arms can be determined as follows:

ic_Ua(t) = fUa(t)iUa(t) = ic_Ua_dc + ic_Ua_1ω + ic_Ua_2ω

(21)

ic_Ma(t) = fMa(t)iMa(t) = ic_Ma_dc + ic_Ma_1ω + ic_Ma_2ω

(22)

ic_La(t) = fLa(t)iLa(t) = ic_La_dc + ic_La_1ω + ic_La_2ω

(23)

where ic_Ua_dc, ic_Ua_1ω , ic_Ua_2ω , ic_Ma_dc, ic_Ma_1ω ,
ic_Ma_2ω , ic_La_dc, ic_La_1ω , and ic_La_2ω are dc and ac compo-
nents of capacitor currents in upper, middle, and lower arms,
respectively. Their detailed expressions are demonstrated in
Appendix A.

The capacitor will be continuously charged or discharged by
the dc component of the capacitor current. Therefore, the dc
components of the capacitor current shown in (A1), (A4), and
(A7) should be equal to 0 during the steady-state operation,
otherwise the capacitor voltage will increase or decrease con-
tinuously. This also indicates that the transferred active power
between the dc-side and ac-side should be equal under steady
state. The dc-side current can then be expressed as follows:

Idc =
(k1 + k2)ia1M1 cos (ϕ1) + (k2 + k3)ia2M2 cos (ϕ2)

4k2

+
(k2−k3)ia1M2 cos (θ+ϕ1)+(k2−k1)ia2M1 cos(θ − ϕ2)

4k2
.

(24)

The capacitor voltage fluctuations can be easily calculated
by integrating corresponding ac components in the capacitor
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current, and the capacitor voltages in upper, middle, and lower
arms can then be calculated as follows:

uc_Ua(t) = Uc0 +
1

C

∫
ic_Ua(t) dt

= uc_dc + uc_Ua_1ω + uc_Ua_2ω (25)

uc_Ma(t) = Uc0 +
1

C

∫
ic_Ma(t) dt

= uc_dc + uc_Ma_1ω + uc_Ma_2ω (26)

uc_La(t) = Uc0 +
1

C

∫
ic_La(t) dt

= uc_dc + uc_La_1ω + uc_La_2ω (27)

where uc_Ua_1ω , uc_Ua_2ω , uc_Ma_1ω , uc_Ma_2ω , uc_La_1ω , and
uc_La_2ω are the capacitor voltage fluctuations in upper, middle,
and lower arms, respectively, whose detailed expressions are
shown in Appendix B.

In conventional MMC, fundamental-frequency capacitor volt-
age fluctuations in upper and lower arms are with the same ampli-
tude but opposite phase, while their double-frequency capacitor
voltage fluctuations are with the same phase and amplitude
[20], [21]. As shown in Appendix B, although capacitor voltage
fluctuations in 9A-MMC are still composed of fundamental-,
and double-frequency components, the same regularity as the
conventional MMC is no longer observed. In 9A-MMC, the
fundamental-frequency capacitor voltage fluctuations in upper
and lower arms are still with the opposite phase but differ-
ent amplitude, while their double-frequency capacitor voltage
fluctuations are with the same phase and different amplitude.
Besides the analysis for upper and lower arms, the capacitor
voltage fluctuations in middle arm are formed by fundamental-,
and double-frequency components as well.

The output voltage of SM can be obtained by multiplying the
corresponding capacitor voltage with switching function, and
the arm voltage is the summation of these SMs’ output voltages,
which can be given as follows:

uUa(t) = k1uSM_Ua(t) = k1fUa(t)uc_Ua(t) (28)

uMa(t) = k2uSM_Ma(t) = k2fMa(t)uc_Ma(t) (29)

uLa(t) = k3uSM_La(t) = k3fLa(t)uc_La(t) (30)

where uSM_Ua, uSM_Ma, and uSM_La are the output voltages of
SMs in upper, middle, and lower arms.

The voltage ripples of one leg in conventional MMC are the
difference between the voltage of one leg and dc-side, which can
generate the circulating current [21]. While, the voltage ripples
of one leg in 9A-MMC can be expressed as follows:

uunba(t) = [uUa(t) + uMa(t) + uLa(t)]− (k1 + k2 + k3)

2
Uc

= uleg_1ω + uleg_2ω + uleg_3ω (31)

where uleg_1ω , uleg_2ω , and uleg_3ω are the voltage ripples of
one leg in 9A-MMC, whose detailed expressions are shown in
Appendix C.

It has been proved that the voltage ripples of one leg in
conventional MMC consist of only even-frequency fluctua-
tion components, so its circulating current just consists of
even-frequency harmonics, in which the second-order negative-
sequence harmonic is the major component [20], [21]. As
expressed in (31), the voltage ripples of one leg in 9A-MMC
consist of fundamental-, double-, and triple-frequency compo-
nents. Therefore, there are fundamental-, double-, and triple-
frequency components in circulating current of 9A-MMC.

The aforementioned analyses are derived based on the ideal
condition that ac components of circulating current are neglected
and only dc component is considered. If the ac components of
circulating current are initially assumed to exist in arm current,
and repeating the above analysis process, it can be obtained
that circulating current in 9A-MMC contains both odd- and
even-frequency components, where the fundamental-, double-,
and triple-frequency harmonic components are dominant. The
nth-order harmonic components in circulating current can be
calculated by nth-order voltage ripple in one leg, which can be
expressed as follows:

inzj(t) =
un
unbj(t)

jnω2Larm
. (32)

Then, the whole circulating current in 9A-MMC can be ex-
pressed as follows:

izj(t) =
1

3
Idc +

+∞∑
n=1

i
(n)
zj sin (nωt+ ϕzn) (33)

where i
(n)
zj and ϕzn are the amplitude and phase angle of nth-

order harmonic circulating current.
The above analyses are established by assuming the operation

frequencies of two sets of output terminals are identical. When
9A-MMC operates under the different frequency mode, the ca-
pacitor voltage fluctuations and the voltage ripples of one phase
leg can still be derived by repeating the above analysis process,
whose detailed expressions are shown in Appendixes D and E,
respectively. It is shown that the capacitor voltage fluctuations
in upper arm contain ω1, ω2, 2ω1, and (ω2 ± ω1) frequency
components, the capacitor voltage fluctuations in middle arm
containω1,ω2, 2ω1, 2ω2, and (ω2 ±ω1) frequency components,
and the capacitor voltage fluctuations in lower arm contain ω1,
ω2, 2ω2, and (ω2 ± ω1) frequency components. As the voltage
ripples of one phase leg contain ω1, ω2, 2ω1, 2ω2, 3ω1, 3ω2,
(ω2 ± ω1), (ω2 ± 2ω1), and (2ω2 ± ω1) frequency components,
the harmonic components of circulating current would also
contain ω1, ω2, 2ω1, 2ω2, 3ω1, 3ω2, (ω2 ± ω1), (ω2 ± 2ω1),
and (2ω2 ± ω1) frequency components. Besides, the different
frequency operation mode will need more SMs for the middle
arm, which will make the advantage of 9A-MMC not obvious.
Therefore, the different frequency operation mode of 9A-MMC
will not be elaborated in this article.

III. OPERATIONAL ANALYSES OF 9A-MMC

The one phase configuration of 9A-MMC is shown in Fig. 4
for easy analysis, where identically constructed half-bridge SMs
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Fig. 4. Illustration of one phase 9A-MMC.

are used in each arm to generate the multilevel stepped wave-
forms. According to the operational principle of half-bridge SM,
its output voltage is either 0 or the capacitor voltage Uc, which
depends on the states of its upper and lower switches. The arm
voltage is formed by these SMs’ output voltage, so the range of
upper arm voltage is from 0 to k1Uc, the middle arm voltage is
from 0 to k2Uc, and the lower arm voltage is from 0 to k3Uc.

To generate the desired three-phase output voltage, the arm
voltage should be controlled to follow a proper reference volt-
age. By adopting the phase-shifted carrier-based pulsewidth
modulation (PSC-PWM), the number of SMs inserted into per
arm can be determined, and Fig. 5 demonstrates the change of
the activated SMs’ number and output voltage level with the
variations of arm reference voltage. For ease of understanding,
the case that k1 = k2 = k3 = 4 is considered. The modulation
ratios of upper and lower output terminal are set as 1.0 and 0.8,
and phase shift between two output terminals is fixed at 60°.

A. Operation Range Analyses of 9A-MMC

The upper, middle, and lower arm reference voltages can be
calculated by (1)–(3), and the normalized arm reference voltage
of phase A can be expressed as follows:

uUa(t) =
1

2
[1−M1 sin (ωt)] (34)

uMa(t) =
1

2

[
1 +

k1
k2

M1 sin (ωt)− k3
k2

M2 sin (ωt+ θ)

]

(35)

uLa(t) =
1

2
[1 +M2 sin (ωt+ θ)] . (36)

Fig. 5. (a) Modulation references and triangular signals with M1 = 1.0,
M2 = 0.8, θ = 60°, and N = 4. (b) Number of SMs inserted into upper, middle,
and lower arms. (c) Upper and lower output voltages.

According to the operational principle analyses of 9A-MMC,
the upper, middle, and lower arm voltages are unipolar, and they
are always positive. Hence, the arm reference voltage must be
positive at any time. If this condition is not abided, the transferred
active power between ac-side and dc-side will be unbalanced,
and the capacitor voltage will increase or decrease continuously.
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Fig. 6. (a) Relationships among maximum M1, M2, and θ. (b) Variations
between maximum M1 and M2 when θ is fixed at 80°. (c) Variations of maximum
M = M1 = M2 with θ changes from 0° to 180°.

Eventually, the normal operation of 9A-MMC will collapse.
Equations (34) and (36) are always positive at any instant,
because the range of both M1 and M2 is from 0 to 1. As for
standard 9A-MMC which uses the same number of SMs in each
arm, (35) is not always positive, and can be negative sometimes,
which depends on the value of M1, M2, and θ. This means that
the operation range of standard 9A-MMC will be limited.

To directly illustrate the reasonable operation range of stan-
dard 9A-MMC, the three-dimensional (3-D) curves of maxi-
mum M1, M2, and θ are shown in Fig. 6(a). For clarity, the
corresponding 2-D curves between maximum M1 and M2 is
shown in Fig. 6(b), when θ is set as 80°. Furthermore, to show
the influence of θ, the variations of maximum M = M1 = M2

and θ are shown in Fig. 6(c). As shown in Fig. 6, the values of
maximum M1, M2, and θ cannot be set arbitrarily, and there are
strict restrictions among them. However, considering the number
of SMs in three arms can be variable and different, the limitation
to the operation range of standard 9A-MMC can be eliminated.
Because, for specific M1, M2, and θ, (35) can always be positive
by elaborately selecting the value of k1, k2, and k3.

Fig. 7. Relationships among k1, k2, and k3 under the different phase shift θ.

B. Principle of Determining k1, k2, and k3

In principle, k1 depends on the amplitude of upper output
terminal and the rated voltage of SM capacitor, while k3 depends
on the amplitude of lower output terminal and the rated voltage
of SM capacitor. They can be calculated as follows:

k1 = ceil

[
2ua1

Uc

]
(37)

k3 = ceil

[
2ua2

Uc

]
(38)

where ceil is the top integral function. Being different, k2 de-
pends on not only the amplitude of both upper and lower output
terminals but also the phase shift between upper and lower
output. So, k2 can be expressed as follows:

k2 = ceil

[√
{k1M1 − k3M2 cos (θ)}2 + {k3M2 sin (θ)}2

]
.

(39)
For convenience of analysis, the case that the number of SMs

in upper and lower arms is equal to k is taken as a criterion, and
the 3-D curves of variations among k1, k2, and k3 under different
phase shift θ is shown in Fig. 7.

IV. CONTROL SCHEME OF 9A-MMC

The whole control diagram of 9A-MMC is illustrated in Fig. 8,
which is mainly composed of CVBC and CCSC. Moreover, the
decoupled voltage control is adopted to generate the fundamen-
tal modulation reference.

There are various modulation methods suitable for conven-
tional MMC. Among different modulation techniques, PSC-
PWM is developed to generate switching signals for 9A-MMC in
this article, due to its capacitor voltage self-balancing capability
and high effective switching frequency [22], [23]. In PSC-PWM
technique, each SM is controlled independently, and in total k1,
k2, k3 triangular carriers with phase shifted by 2π/k1, 2π/k2,
2π/k3 for upper, middle and lower arms are required, respec-
tively. Then, the comparison between SM modulation reference
and triangular carriers produces the corresponding SM switching
signals.
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Fig. 8. Whole control scheme of 9A-MMC.

A. Capacitor Voltage Balancing Control

Capacitor voltage balancing is the primary control objective
for normal operation of 9A-MMC, and CVBC in PSC-PWM
technique is usually separated into average voltage control and
balancing voltage control [24].

1) Average Voltage Control: The average capacitor voltage in
one leg can be calculated as follows:

U cj =
1

3(k1 + k2 + k3)

×
(

k1∑
i=1

uci_Uj +

k2∑
i=1

uci_Mj +

k3∑
i=1

uci_Mj

)
(40)

where uci_Uj , uci_Mj , and uci_Lj are the measured ith capacitor
voltage of upper, middle, and lower arm, respectively.

Average voltage control can regulate average capacitor volt-
age in one leg, which is realized by adjusting the dc component
in circulating current. As shown in Fig. 9(a), average voltage
control has two control loops, one is outer voltage control, and
another is inner current control. In specific, the outer voltage
control can minimize the error between capacitor voltage ref-
erence U ∗

c and average capacitor voltage of one leg by using a
proportional integral (PI) controller, then it gives the reference
of dc component in circulating current. The inner current control
can minimize the error between the command of dc component
in circulating current and the measured circulating current by
employing another PI controller, then it gives a compensating
signal, which will be added into the fundamental modulation
reference generated by the decoupled voltage control.

2) Balancing Voltage Control: The balancing voltage control
in PSC-PWM, which is mainly to balance the capacitor voltage
in the same arm, is usually implemented prior to the modulation
stage and distributed in each SM. As shown in Fig. 9(b), the error

Fig. 9. Block diagram of (a) average voltage control and (b) balancing voltage
control.

between the capacitor voltage reference U ∗
c and the measured

capacitor voltage is regulated by the PI controller, then the
compensation signal for each SM can be obtained. This compen-
sation signal will be also added into the modulation reference of
each SM. Besides, the polarity of the final compensation signal
depends on the polarity of arm current.

B. Circulating Current Suppression Control

The circulating current only flows through three-phase units
without impacting the dc-side current, and it is dominated
by the negative-sequence second-order harmonics current in
conventional MMC [25], [26]. Although circulating current
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Fig. 10. Block diagram of the circulating current suppression controller.

control can be regarded as secondary objective under normal
operation of MMC, if not suppressed, circulating current can
increase the peak value of arm current, which can lead to high
current stress, large converter losses, and large SM capacitor
voltage ripples [27]. Hence, the CCSC is usually included into
the whole control scheme, and CCSC in conventional MMC is
designed mainly to mitigate the second-frequency components
of circulating current. However, according to the previous
analyses, circulating current in 9A-MMC consists of both odd-
and even-frequency harmonics, where the fundamental-, double-
and, triple-frequency components are dominant. Besides,
zero-sequence components of circulating current can flow
through dc side and distort the dc-side current. Hence, CCSC
adopted in conventional MMC is no longer suitable for
9A-MMC unless several PI controllers in multiple rotating
reference frames or PR controllers in the stationary reference
frame are employed. However, such solution is complex and
will unavoidably increase the calculation burden. Therefore, a
novel CCSC method based on the proportional integral resonant
(PIR) controller is proposed to simultaneously suppress
multiple-frequency harmonic components in circulating current
of 9A-MMC. As shown in Fig. 10, the proposed CCSC method
consists of PI controller and third harmonic resonant controller.
Although resonant controller can be effectively used in the
stationary reference frame, it has the capability of compensating
two harmonics at the same time in rotating reference frames
[28]. Therefore, the PIR controller adopted in the proposed
CCSC method is plugged into rotating reference frames in order
to compensate both second-order and fourth-order harmonics.
According to the circulating currents analyses, the second-order
harmonic in circulating current is a negative-sequence current,
the third-order harmonic component is a zero-sequence current,
and the fourth-order harmonic component is a positive-sequence
current. Thus, if adopting a positive-sequence rotating reference
frames rotating at fundamental frequency, the first-order
harmonic in circulating currents can be transformed into dc
components, meanwhile second- and fourth-order harmonics

can be transformed into third-order harmonic components. So,
the designed PIR controller can synchronously suppress first-,
second-, and fourth-order harmonics in circulating current.
Another third harmonic resonant controller is used to suppress
third-order zero-sequence harmonic in circulating current.
Finally, the sum of compensation signals generated by PIR
controller only needs to be added into SM modulation reference
in upper and lower arm. Besides, because the quasi-resonant
controller can obtain wider bandwidth in the real application
in which the frequency deviation may happen [29], the quasi-
resonant controller is adopted in the proposed CCSC method.

In summary, the final modulation reference for each SM in
upper, middle, and lower arms can be expressed as follows:

ui_Uj =
1

2
− uj1_ref + ucj +Δuci_Uj −Δuzj (41)

ui_Mj =
1

2
+

k1
k2

uj1_ref − k3
k2

uj2_ref + ucj +Δuci_Mj (42)

ui_Lj =
1

2
+ uj2_ref + ucj +Δuci_Lj −Δuzj (43)

where uj1_ref and uj2_ref are the upper and lower output
voltage control commands determined by the decoupled voltage
control, respectively. ucj , Δuci_Uj , Δuci_Mj , and Δuci_Lj are
the compensation signals generated by CVBC, Δuzj is the
compensation signal generated by CCSC. The detailed control
diagrams of decoupled voltage control are shown in Fig. 11,
which are conventional and will not be further elaborated.

V. COMPARISONS BETWEEN 9A-MMC
AND CONVENTIONAL MMCS

The comparisons including the number of required SM, SM
capacitors, insulated gate bipolar transistors (IGBTs), diodes,
corresponding gate-drive circuits, and capacitor voltage sensors
between 9A-MMC and two conventional MMCs are investi-
gated in this section. To clearly demonstrate the advantage
of 9A-MMC for reducing components, Fig. 12 shows graphic
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Fig. 11. Block diagrams of the decoupled voltage control.

Fig. 12. Comparisons of components count between two conventional MMCs
and 9A-MMC when the modulation ratios of two sets of output terminals are
set as (a) 0.8 and 0.6, (b) 0.8 and 0.4.

comparisons of the required components between 9A-MMC and
conventional MMC under different output voltage amplitudes
and phase shift angles, where the number of required compo-
nents in two conventional MMCs is taken as the reference. In
specific, Fig. 12(a) and (b) display the comparisons when the
modulation ratios of two sets of three-phase terminals are set as
0.8 and 0.6, 0.8 and 0.4, respectively, and the phase shift angle
changes from 30° to 180°.

It is noted that the normalized comparisons shown in Fig. 12
can represent the comparative device counts of required SM,
SM capacitors, IGBTs, diodes, gate-drive circuits, or capacitor

Fig. 13. Comparisons of the maximum capacitor voltage ripple between
conventional MMC and 9A-MMC with the phase shift angle (i.e., the SM
numbers) variation.

voltage sensors. Obviously, the number of required components
in 9A-MMC can be dramatically reduced compared with two
conventional MMCs. Moreover, compared with two conven-
tional MMCs, the further reduction of required components
count in 9A-MMC can be obtained when the modulation ratios
of two sets of output terminals have the large difference.

In [21], the capacitor voltage ripples of conventional MMC
have been investigated in detail, which mainly consist of the
first- and second-order ripple components. While, the capacitor
voltage ripples of 9A-MMC can be calculated according to
(B1)–(B6) shown in Appendix B, which mainly consist of the
first- and second-order ripple components as well. Generally,
the SM capacitance is determined by the maximum capacitor
voltage ripple. Therefore, Fig. 13 shows the comparisons of the
maximum capacitor voltage ripple between conventional MMC
and 9A-MMC under different application scenarios, where only
the first- and second-order capacitor voltage ripples are taken
into account, and the maximum capacitor voltage ripple in
conventional MMC is used as the reference for comparison.

It is observed that the maximum capacitor voltage ripples of
upper and lower arms in 9A-MMC are reduced, but the maxi-
mum capacitor voltage ripple of middle arm is increased when
the modulation ratio of both upper and lower output terminal
is fixed as 0.8 and the phase shift angle between them (i.e., the
SM number) increases. Besides, the maximum capacitor voltage
ripple is constant in conventional MMC. While, the maximum
capacitor voltage ripple of 9A-MMC would be larger than that of
conventional MMC in some application scenarios as indicated in
Fig. 13. Therefore, to keep the same maximum capacitor voltage
ripple, the SM capacitance of 9A-MMC would be larger than
that of conventional MMC. This is because two sets of output
currents simultaneously flow through the arms of 9A-MMC,
however, the arm currents of conventional MMC only contain
one set of output currents.

VI. SIMULATION RESULTS

To verify the performance of 9A-MMC and the proposed con-
trol scheme, the simulation is carried out in MATLAB/Simulink
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TABLE I
SIMULATION PARAMETERS FOR 9A-MMC

Fig. 14. (a) Output voltages of upper and lower terminals. (b) Output currents
of upper and lower terminals.

to power two identical inductive loads with L = 5 mH and R
= 20 Ω. The dc side of 9A-MMC is connected to a pure dc
source. The key simulation parameters for 9A-MMC are listed
in Table I.

The simulation results under two different output targets
are sequentially presented. The first output target is that the
amplitude of upper and lower output terminal is respectively
set as 320 and 180 V, and the phase shift between them is set
as 60°. The second output target is that the amplitude of both
upper and lower output terminal is set as 320 V, and the phase of
lower output terminal is shifted by 80° behind the upper output
terminal. According to (37)–(39) in Section III, k1, k2, and k3
for the first output target are 4, 3, and 2, while k1, k2, and k3 for
the second output target are 4, 5, and 4.

1) Case 1. ujm = 320 V, ujn = 180 V, Δθ= 60°: The upper
and lower output voltages (uam, ubm, ucm and uan, ubn, ucn)
and currents (ia1, ib1, ic1 and ia2, ib2, ic2) are shown in Fig. 14(a)
and (b). It is obvious that the upper and lower output currents
are standard sinusoidal waveforms with the THD of 0.64% and
1.29%, respectively. Fig. 15 presents the upper, middle, and
lower arm voltages with k1 = 4, k2 = 3, k3 = 2. The circulating
currents (iza, izb, izc) without and with CCSC are shown in
Fig. 16(a), and the corresponding spectrum of circulating cur-
rents in phase A without and with CCSC are shown in Fig. 16(b).

Fig. 15. Upper, middle, and lower arm voltages with k1 = 4, k2 = 3, k3 = 2.

Fig. 16. (a) Circulating currents without and with CCSC. (b) Spectrum of
circulating currents in phase A without and with CCSC.

Comparing the circulating currents without and with CCSC
in Fig. 16(a), the peak-to-peak ripple of circulating current is
reduced from 15 to 1.3 A. And according to the spectrum of
circulating currents without CCSC shown in Fig. 16(b), the
fundamental-, double-, and triple-frequency components are
dominant in circulating currents, which is consistent with the
mathematical analyses. As shown in the bottom of Fig. 16(b),
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Fig. 17. Arm currents in phase A without and with CCSC.

Fig. 18. Capacitor voltages in upper, middle, and lower arm without and with
CCSC.

it is observed that the dominant harmonic components of cir-
culating current are suppressed effectively by the proposed
CCSC method. Fig. 17 displays the arm currents (iUa, iMa,
iLa) without and with CCSC. It can be seen that the distortion
of arm currents shown in the bottom of Fig. 17 is mitigated by
CCSC. Also, all capacitor voltages in upper, middle, and lower
arms shown in Fig. 18 are balanced at 200 V as expected, which
is benefited from the CVBC method in this article. The dc-side
current (Idc) without and with CCSC are shown in Fig. 19(a), and
the corresponding spectrum of Idc without and with CCSC are
shown in Fig. 19(b). Due to the existence of circulating currents,
Idc shown in the top of Fig. 19(a) is distorted. The spectrum
of Idc without CCSC shows that Idc consists of zero-sequence
circulating currents, such as 3th-, 6th-, and 9th-order harmonics,
while the distortion of Idc can be mitigated by the CCSC method
presented in this article as shown in Fig. 19(a) and (b).

2) Case 2. ujm = 320V, ujn = 320V, Δθ = 80°: Fig. 20(a)
records the upper and lower output voltages (uam, ubm, ucm

and uan, ubn, ucn), meanwhile Fig. 20(b) shows the upper and
lower output currents (ia1, ib1, ic1 and ia2, ib2, ic2). It is shown
that 9A-MMC can also output perfect waveforms under this
output target. The upper, middle, and lower arm voltages with
k1 = 4, k2 = 5, k3 = 4 are shown in Fig. 21. The circulating
currents (iza, izb, izc) without and with CCSC are displayed
in Fig. 22(a), and Fig. 22(b) presents the spectrum of the

Fig. 19. (a) DC-side current without and with CCSC. (b) Spectrum of dc-side
current without and with CCSC.

Fig. 20. (a) Output voltages of upper and lower terminal. (b) Output currents
of upper and lower terminal.

corresponding circulating current without and with CCSC. It can
be observed that the harmonics components of circulating cur-
rents are well suppressed. As shown in Fig. 23, the distortion of
arm currents (iU , iM , iL) with CCSC is significantly reduced due
to the absence of circulating current harmonic components. The
capacitor voltages in upper, middle, and lower arms are shown in
Fig. 24, and all capacitor voltages can be kept balanced around



QIN et al.: OPERATIONAL ANALYSES AND CONTROL SCHEME OF NINE-ARM MODULAR MULTILEVEL CONVERTER 3427

Fig. 21. Upper, middle, and lower arm voltage level with k1 = 4, k2 = 5,
k3 = 4.

Fig. 22. (a) Circulating currents without and with CCSC. (b) Spectrum of
circulating currents in phase A without and with CCSC.

capacitor voltage reference. The dc-side current Idc without and
with CCSC and its spectrum are presented in Fig. 25(a) and (b),
respectively. It is observed that the proposed control scheme can
work well under the above operation scenarios.

VII. EXPERIMENTAL RESULTS

As shown in Fig. 26, a scale-down three-phase prototype of
9A-MMC has been built to further validate the performance of
9A-MMC and the proposed control scheme. The control scheme

Fig. 23. Arm currents in phase A without and with CCSC.

Fig. 24. Capacitor voltages in upper, middle, and lower arm without and with
CCSC.

Fig. 25. (a) DC-side current without and with CCSC. (b) Spectrum of dc-side
current without and with CCSC.
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Fig. 26. Photograph of three-phase 9A-MMC prototype.

TABLE II
EXPERIMENTAL PARAMETERS FOR 9A-MMC

is implemented in a controller consisting of a TMS320F28335
DSP plus two XC3S500E-4PQG208C field programmable gate
arrays (FPGAs). The DSP is used to read external AD results
and perform most of calculation. Finally, it will provide the
modulation reference of each SM. Meanwhile, one FPGA is
used to control external AD to obtain the arm currents, capacitor
voltages and output status of 9A-MMC, and the other FPGA is
used to carry out modulation and send PWM signals for each
SM. The detailed experimental parameters are listed in Table II.

Fig. 27 displays the upper and lower output voltages and
currents in phase A under two different output targets. The first
output target is that the amplitude of upper output terminal is set
as 80 V, while the amplitude of lower output terminal is set as
60 V. The phase shift between upper and lower output terminal is
set as 60°. The second output target is that the amplitude of both
upper and lower output terminals is set as 70 V, and the phase of
lower output terminal is shifted by 80° behind the upper output
terminal. Besides, according to (37)–(39), k1, k2, and k3 for the
first output target are 4, 3, and 3, and k1, k2, and k3 for the second
output target are 3, 4, and 3. As shown in Fig. 27, 9A-MMC
can output the desired waveforms according to different output
targets.

Fig. 28 shows the capacitor voltages in upper, middle, and
lower arm and dc-side current. The waveforms in Fig. 28(a) is
under the first output target, and the waveforms in Fig. 28(b)
is under the second output target. As shown in Fig. 28, the
capacitor voltages in each arm can maintain balanced around

Fig. 27. Upper and lower output voltage and current in phase A under (a) the
first output target and (b) the second output target.

Fig. 28. Capacitor voltage in upper, middle, and lower arm and dc-side current
without and with CCSC under (a) the first output target and (b) the second output
target.

the capacitor voltage reference, and the harmonic components
of dc-side current are successfully mitigated by CCSC method
in this article.

Fig. 29 shows the currents in upper, middle, and lower arms
and circulating current in phase A. The waveforms under the
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Fig. 29. Currents in upper, middle, and lower arm and circulating current
without amd with CCSC under (a) the first output target and (b) the second
output target.

above output targets are respectively displayed in Fig. 29(a)
and (b). As shown in Fig. 29, the arm currents without CCSC
are distorted. It is obvious that the circulating current can be
effectively suppressed by the proposed CCSC method, and the
distortion of arm currents is reduced as well.

The experimental results of output voltages and currents
in phase A, arm voltages, capacitor voltages, and circulating
current are shown in Fig. 30(a)–(c), respectively, where the
converter output changes from one state that the amplitude of
both upper and lower output is 70 V and the phase shift angle
between them is 60° to another state that the amplitudes of upper
and lower output are set as 80 and 50 V, and the phase shift angle
between them is still 60°. Meanwhile, the SM numbers of upper,
middle, and lower arms change from 3, 3, and 3 to 4, 3, and 2.

In addition, for evaluating the dynamic output performance
of 9A-MMC, the amplitude of both upper and lower output
voltage is set as 70 V and the phase shift angle between them
is fixed as 60°, but the upper load changes from 30 to 20 Ω,
and the lower load remains unchanged. Fig. 31 presents the
experimental results of the output voltages and currents in phase
A, arm voltages, capacitor voltages, and circulating current,
respectively.

It is noted that the experimental results are consistent with the
theoretical analysis, and validate the unique operation modes of
9A-MMC and the proposed control scheme.

Fig. 30. Experimental results of (a) output voltages and currents in phase A,
(b) arm voltages of upper, middle, and lower arms, and (c) capacitor voltages
and circulating current when the output state changes.

Fig. 31. Experimental results of (a) output voltages and currents in phase A,
(b) arm voltages of upper, middle, and lower arm, and (c) capacitor voltages and
circulating current under load changing condition.
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VIII. CONCLUSION

The mathematical model and detailed operational analyses
of 9A-MMC are presented in this article. Furthermore, it is
found that the submodule counts in upper, middle, and lower
arms can be different in implementation, which is flexible under
different operation modes, being different from the standard
9A-MMC. Moreover, the steady-state analyses of capacitor volt-
age fluctuations and circulating current have been carried out,
which reveals that capacitor voltage fluctuations and circulating
current in 9A-MMC are different from the conventional MMC.
This article then proposes the complete control scheme for
9A-MMC including CVBC and CCSC. Finally, the simulation
and experimental results verified the performance of 9A-MMC
and the effectiveness of the proposed control scheme.

APPENDIX A

The detailed expressions of ic_Ua_dc, ic_Ua_1ω , ic_Ua_2ω ,
ic_Ma_dc, ic_Ma_1ω , ic_Ma_2ω , ic_La_dc, ic_La_1ω , and ic_La_2ω

are shown as follows:

ic_Ua_dc =
Idc
6

− ia1M1 cos (ϕ1)

8
− ia2M1 cos (θ − ϕ2)

8
(A1)

ic_Ua_1ω = −IdcM1 sin (ωt)

6
+

ia1 sin (ωt− ϕ1)

4

+
ia2 sin (ωt+ θ − ϕ2)

4
(A2)

ic_Ua_2ω =
ia1M1 cos(2ωt−ϕ1)

8
+

ia2M1 cos(2ωt+θ − ϕ2)

8
(A3)

ic_Ma_dc =
Idc
6

− k1ia1M1 cos (ϕ1)

8k2
+
k3ia1M2 cos(θ + ϕ1)

8k2

+
k1ia2M1 cos (θ − ϕ2)

8k2
− k3ia2M2 cos (ϕ2)

8k2
(A4)

ic_Ma_1ω =
k1IdcM1 sin (ωt)

6k2
− k3IdcM2 sin (ωt+ θ)

6k2

− ia1 sin (ωt− ϕ1)

4
+

ia2 sin (ωt+ θ − ϕ2)

4
(A5)

ic_Ma_2ω =
k1ia1M1 cos (2ωt− ϕ1)

8k2

− k3ia1M2 cos (2ωt+ θ − ϕ1)

8k2

− k1ia2M1 cos (2ωt+ θ − ϕ2)

8k2

+
k3ia2M2 cos (2ωt+ 2θ + ϕ2)

8k2
(A6)

ic_La_dc =
Idc
6

− ia1M2 cos (θ + ϕ1)

8
− ia2M2 cos (ϕ2)

8
(A7)

ic_La_1ω =
IdcM2 sin (ωt+ θ)

6
− ia1 sin (ωt− ϕ1)

4

− ia2 sin (ωt+ θ − ϕ2)

4
(A8)

ic_La_2ω =
ia1M2 cos (2ωt+ θ − ϕ1)

8

+
ia2M2 cos (2ωt+ 2θ − ϕ2)

8
. (A9)

APPENDIX B

The detailed expressions of uc_Ua_1ω , uc_Ua_2ω , uc_Ma_1ω ,
uc_Ma_2ω , uc_La_1ω , and uc_La_2ω are shown as follows:

uc_Ua_1ω =
1

6ωC
IdcM1 cos (ωt)− 1

4ωC
ia1 cos (ωt− ϕ1)

− 1

4ωC
ia2 cos (ωt+ θ − ϕ2) (B1)

uc_Ua_2ω =
ia1M1 sin(2ωt− ϕ1)

16ωC
+
ia2M1 sin(2ωt+θ−ϕ2)

16ωC
(B2)

uc_Ma_1ω = −k1IdcM1 cos (ωt)

6ωCk2
+

k3IdcM2 cos(ωt+ θ)

6ωCk2

+
ia1 cos (ωt− ϕ1)

4ωC
− ia2 cos (ωt+ θ − ϕ2)

4ωC
(B3)

uc_Ma_2ω =
k1ia1M1 sin (2ωt− ϕ1)

16ωCk2

− k3ia1M2 sin (2ωt+ θ − ϕ1)

16ωCk2

− k1ia2M1 sin (2ωt+ θ − ϕ2)

16ωCk2

+
k3ia2M2 sin (2ωt+ 2θ − ϕ2)

16ωCk2
(B4)

uc_La_1ω = −IdcM2 cos (ωt+ θ)

6ωC
+

ia1 cos (ωt− ϕ1)

4ωC

+
1

4ωC
ia2 cos (ωt+ θ − ϕ2) (B5)

uc_La_2ω =
ia1M2 sin (2ωt+ θ − ϕ1)

16ωC

+
ia2M2 sin (2ωt+ 2θ − ϕ2)

16ωC
. (B6)

APPENDIX C

The detailed expressions of uleg_1ω , uleg_2ω , and uleg_3ω are
shown as follows:

uleg_1ω

=

[
8(k3 + k2 − k1)− k1M

2
1 + k3M

2
2

]
ia1 cos (ωt− ϕ1)

64ωC
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+
(k21M

2
1 + k23M

2
2 )ia1 cos (ωt− ϕ1)

64ωCk2

+
k1k3M1M2ia2 cos (ωt− ϕ2)

64ωCk2

− [cos (ωt+ θ − ϕ1) + cos (ωt− θ − ϕ1)] ia1k1k3M1M2

64ωCk2

+

[
8(k3 − k2 − k1)−k1M

2
1 +k3M

2
2

]
ia2 cos (ωt+ θ − ϕ2)

64ωC

− (k21M
2
1 + k23M

2
2 )ia2 cos (ωt+ θ − ϕ2)

64ωCk2

+
ia2k1k3M1M2 cos (ωt+ 2θ − ϕ2)

64ωC
. (C1)

uleg_2ω = − (k1 + k2)Idck1M
2
1 sin (2ωt)

12ωCk2

+
3ia1k1M1 sin (2ωt− ϕ1)

16ωC

+
Idck1k3M1M2 sin (2ωt+ θ)

12ωCk2

− (k2 + k3)Idck3M
2
2 sin (2ωt+ 2θ)

24ωCk2

+
3ia2k3M2 sin (2ωt+ 2θ − ϕ2)

16ωC
. (C2)

uleg_3ω =
(k2 − k1)k1ia1M

2
1 cos (3ωt− ϕ1)

64ωCk2

+
ia1k1k3M1M2 cos (3ωt+ θ − ϕ1)

32ωCk2

+
(k1 + k2)ia2k1M

2
1 cos (3ωt+ θ − ϕ2)

64ωCk2

− (k2 + k3)ia1k3M
2
2 cos (3ωt+ 2θ − ϕ1)

64ωCk2

− ia2k1k3M1M2 cos (3ωt+ 2θ − ϕ2)

32ωCk2

+
(k2 + k3)ia2k3M

2
2 cos (3ωt+ 3θ − ϕ1)

64ωCk2
. (C3)

APPENDIX D

The detailed expressions of capacitor voltage fluctuations in
upper, middle, and lower arm under different frequency opera-
tion mode of 9A-MMC are shown as follows:

uc_Ua =
IdcM1 cos (ω1t)

6ω1C
− ia1 cos (ω1t− ϕ1)

4ω1C

− ia2 cos (ω2t+ θ − ϕ2)

4ω2C
+

ia1M1 sin (2ω1t− ϕ1)

16ω1C

+
ia2M1 sin (ω2t− ω1t+ θ − ϕ2)

8(ω1 − ω2)C

+
ia2M1 sin (ω2t+ ω1t+ θ − ϕ2)

8(ω1 + ω2)C
(D1)

uc_Ma =
ia1 cos (ω1t−ϕ1)

4ω1C
− ia2 cos (ω2t+ θ − ϕ2)

4ω2C

− k1IdcM1 cos (ω1t)

6ω1Ck2
+

k3IdcM2 cos (ω2t+ θ)

6ω2Ck2

+
k1ia1M1 sin (2ω1t− ϕ1)

16ω1Ck2

+
k3ia2M2 sin (2ω2t+ 2θ − ϕ2)

16ω2Ck2

− k1ia2M1 sin (ω2t− ω1t+ θ − ϕ2)

8(ω1 − ω2)Ck2

− k1ia2M1 sin (ω2t+ ω1t+ θ − ϕ2)

8(ω1 + ω2)Ck2

− k3ia1M2 sin (ω2t− ω1t+ θ − ϕ1)

8(ω1 − ω2)Ck2

− k3ia1M2 sin (ω2t+ ω1t+ θ − ϕ1)

8(ω1 + ω2)Ck2
(D2)

uc_La = −IdcM2 cos (ω2t+ θ)

6ω2C
+

ia2 cos (ω2t+ θ − ϕ2)

4ω2C

+
ia1 cos (ω1t− ϕ1)

4ω1C
+

ia2M2 sin (2ω2t+ 2θ − ϕ2)

16ω2C

+
ia1M2 sin (ω2t− ω1t+ θ − ϕ1)

8(ω1 − ω2)C

+
ia1M2 sin (ω2t+ ω1t+ θ − ϕ1)

8(ω1 + ω2)C
. (D3)

APPENDIX E

The detailed expression of voltage ripples of one phase leg
under different frequency operation mode of 9A-MMC is shown
as follows:

uunba(t) =

[
8(k3 + k2 − k1)− k1M

2
1

]
ia1 cos(ω1t− ϕ1)

64ω1C

+
k21M

2
1 ia1 cos(ω1t− ϕ1)

64ω1Ck2

+
(k2 + k3)k3M

2
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32(ω1 + ω2)Ck2

+
(k2 + k3)k3M

2
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+
k1k3M1M2ia2 cos(ω1t+ ϕ2)

32(ω1 − ω2)Ck2

+
k1k3M1M2ia2 cos(ω1t− ϕ2)

32(ω1 + ω2)Ck2

−
[
8(k1 + k2 − k3)− k3M

2
2

]
ia2 cos(ω2t+ θ − ϕ2)

64ω2C

− k23M
2
2 ia2 cos(ω2t+ θ − ϕ2)
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− (k2 + k1)k1M
2
1 ia2 cos(ω2t+ θ − ϕ2)
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+
(k2 + k1)k1M
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2 sin(2ω2t+ 2θ)

24ω2Ck2

+
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16ω2C

+
(k2 − k1)k1ia1M
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+
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2
2 cos (3ω2t+ 3θ − ϕ2)

64ω2Ck2

+
k1k3M1M2Idc sin(ω1t+ ω2t+ θ)

24ω1Ck2

+
k1k3M1M2Idc sin(ω1t+ ω2t+ θ)

24ω2Ck2

+
k1k3M1M2Idc sin(−ω1t+ ω2t+ θ)

24ω1Ck2

− k1k3M1M2Idc sin(−ω1t+ ω2t+ θ)

24ω2Ck2

+
k1k3M1M2ia1 cos(2ω1t+ ω2t+ θ − ϕ1)

64ω1Ck2

− k1k3M1M2ia1 cos(−2ω1t+ ω2t+ θ + ϕ1)

64ω1Ck2

− (k2 + k1)k1M
2
1 ia2 cos(−2ω1t+ ω2t+ θ − ϕ2)

32(ω1 − ω2)Ck2

+
(k2 + k1)k1M

2
1 ia2 cos(2ω1t+ ω2t+ θ − ϕ2)

32(ω1 + ω2)Ck2

− k1k3M1M2ia1 cos(−2ω1t+ ω2t+ θ + ϕ1)

32(ω1 − ω2)Ck2

+
k1k3M1M2ia1 cos(2ω1t+ ω2t+ θ − ϕ1)

32(ω1 + ω2)Ck2

− k1k3M1M2ia2 cos(ω1t+ 2ω2t+ 2θ − ϕ2)

64ω2Ck2

+
k1k3M1M2ia2 cos(−ω1t+ 2ω2t+ 2θ − ϕ2)

64ω2Ck2

− (k2 + k3)k3M
2
2 ia1 cos(−ω1t+ 2ω2t+ 2θ + ϕ1)

32(ω1 − ω2)Ck2

− (k2 + k3)k3M
2
2 ia1 cos(ω1t+ 2ω2t+ 2θ − ϕ1)

32(ω1 + ω2)Ck2

− k1k3M1M2ia2 cos(−ω1t+ 2ω2t+ 2θ − ϕ2)

32(ω1 − ω2)Ck2

− k1k3M1M2ia2 cos(ω1t+ 2ω2t+ 2θ − ϕ2)

32(ω1 + ω2)Ck2
.
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