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Switching-Sequence Control of a Higher Order
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Abstract—In a conventional linear-control design of a higher or-
der power-electronic system (PES), the gains of the control laws
are typically determined by small-signal analysis of the averaged
model of the PES. The closed-loop control of such a PES (driving
a pulsating load that periodically shifts the equilibrium) using its
small-signal model is often found to be unsatisfactory with regard
to the overall stability and performance. To address the challenges
in control design for a PES driving such a nonlinear time-varying
pulsating load, this paper delineates an optimal switching-
sequence-based control (SBC) scheme, which applies stability-
bound switching sequence(s) to the PES. A novel method has been
formulated to ensure the reachability of the PES dynamics based
on its switching sequence in terms of the time horizon of the switch-
ing sequence and the allocation of this time among the switching
states of the same switching sequence. This is ascertained by mod-
eling the PES and the pulsating load as a nonlinear map and then
using this map and multiple Lyapunov functions determined by
solving a set of linear-matrix inequalities corresponding to each of
the switching states of a given switching sequence. It has been fur-
ther shown that the knowledge of the stability bounds of a reachable
switching sequence helps in reducing the online computation time
for optimal SBC associated with solving the optimization problem
by reducing the overall search space. Finally, to validate the opti-
mal SBC, an experimental GaN-FET-based 100-kHz Ćuk-PES has
been fabricated and tested on a pulsating load. The overall SBC is
implemented on a low-cost TMS320F28335 DSP, which also imple-
ments an observer to preclude the need for plurality of sensors for
the higher order Ćuk-PES. The overall performance of the SBC is
found to be satisfactory under varied dynamical conditions.

Index Terms—Control, estimator, GaN FET, Lyapunov, map,
nonlinear, online, optimal, pulsating load, switching sequence.

I. INTRODUCTION

H IGHER order power-electronic systems (PESs) that sup-
ply nonlinear pulsating loads with higher temporal scales

[1], [2] require careful attention in control design since
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Fig. 1. Illustration of the PES response using a nonlinear controller [3] feeding
a pulsating load with a repetition rate of 1 kHz. The upper and lower traces
show instabilities in the scaled output voltage and the input inductor current,
respectively. The results are for a Ćuk PES described in Section IV. The figure
highlights inability of the controller to give desired performance.

large-signal variations in voltages and currents may lead to sta-
bility and power-quality issues. For such a PES, typical linear
controllers (that are designed to operate in the vicinity of the
system equilibrium) as well as several nonlinear controllers are
often unable to ensure large-signal stability and satisfactory per-
formance. Fig. 1 illustrates the performance of one such recently
outlined nonlinear control law [3] for a Ćuk PES feeding a 1 kHz
pulsating load (the pulsating frequency is so chosen, such that
resonance due to the presence of poles and zeros of the PES in
the vicinity of 5 kHz are not excited). The control law failed to
regulate the output voltage of the PES at such higher temporal
scales as shown in Fig. 1. This is primarily because the gains
of the nonlinear controller synthesized using a reduced-order
slow-scale model of the PES are pushed to the limits causing
instability. This implies that, for such a pulsating-load appli-
cation, control strategy that uses model of PES encompassing
wider temporal scales is needed so that satisfactory large-signal
stability of the PES is ensured while exhibiting fast dynamic
response.

Advanced sliding-mode controllers [4], [5] may yield robust
closed-loop PES feeding such nonlinear time-varying pulsating
loads. Notwithstanding, for a higher order PES, efforts leading to
computation of the explicit control action based on a Lyapunov
function is non-trivial. Backstepping- and passivity-based con-
trol laws [6], [7] use smooth averaged models for control for-
mulation that mitigate the range of temporal scales. Dynamic
feedback linearization [8] may be a possibility as well; however,
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Fig. 2. Illustration of (a) SBC scheme for PES and (b) a conventional linear control scheme. SBC precludes the need for a PWM modulator.

for a higher order non-minimum phase PES driving a nonlinear
pulsating load determining the convergence of the zeroth-order
dynamics is challenging.

Optimal controllers, based on multiscale discontinuous
models of the PES, demonstrate promise. In that regard, model-
predictive-control (MPC) laws solve the underlying optimal-
control problems by controlling the switching states of a PES.
As a result, the resulting switching sequence in an MPC when
applied to a PES may result in satisfactory performance but
the stability of the PES is not always guaranteed [9]. This
becomes an issue of importance for PES supplying a pulsat-
ing load exhibiting wide and fast temporal scales. In contrast,
optimal switching-sequence-based control (SBC) achieves op-
timality by directly controlling the stability-bound switching
sequence(s) that yields robust performance of the PES even when
it is driving a fast-switching pulsating load. Fig. 2 delineates the
distinction between a conventional linear-control modulator, as
illustrated in [10] and [11].

The work in [12]–[18] outlines how the modern optimal con-
trollers, that underlie SBC, have evolved as attractive solutions
for controlling PES that go beyond simple regulation to superior
spectral shaping and switching-loss mitigation [12]. The work in
[11], [19] focuses on optimization techniques for high-frequency
PESs so that the optimal solutions can be obtained online.

Optimal controllers for lower order non-minimum phase PES
have been previously discussed in [15]–[19]; however, they do
not take into consideration nonlinear loads for a higher order
PES operating at high frequency. The work in [20]–[22] pri-
marily show deteriorated PES behavior with nonlinear reduced
damped loads and the challenges in control formulation. How-
ever, for pulsating loads, most of the existing literatures delin-
eate hardware modifications of PESs in terms of increased en-
ergy storage. The work in [28] delineates topological advances
required in a PES structure to power nonlinear pulsating loads,
and the work in [29] further adds on how to reduce pulsating load
impacts on microgrids. The work in [30] uses coupled magnetics
to improve PES dynamic response for pulsating loads. Similarly,
the work in [31] depicts modulation technique for a PES power-
ing a pulsating load. In [1], aircraft generating systems supplying

pulsating loads and their design guidelines, in terms of topology
and control, have been outlined. The work in [32] describes high-
power pulsating-load applications, where large magnetics have
been used for energy storage to deliver power to the load. Such
systems operate at low pulse-repetition frequencies as reiterated
in [33]. Similarly, the work in [2] uses compensating devices for
intermittent energy storage to improve PES dynamic response.
The work in [34] also talks about using enhanced storage de-
vices and simpler control techniques to supply pulsating load
applications. Using minimal storage capabilities, the work in
[35] presents a neural-network (NN)-based control framework
to address problems related to pulsating loads in shipboards,
but such systems operate at low switching frequencies which
make the use of NN techniques feasible. Also, the work in [36]
delineates advanced controllers to mitigate the effects of pulsed
power loads, but the prediction models used are linearized about
operating points and implemented in high-end processors that
does not encompass online time savings in low-end digital pro-
cessors.

This paper delineates an optimal SBC approach to mitigate the
challenges associated with control design of a higher order non-
minimum-phase isolated Ćuk PES supplying a higher frequency
pulsating load. The optimal SBC directly maneuvers the dura-
tion of switching states in a switching sequence of the Ćuk PES
through minimization of an appropriate cost-function. A novel
methodology to analyze the reachability of the PES dynamics
in terms of the time horizon of a switching sequence has also
been provided. The approach delineated in this manuscript may
benefit solution of problems related to (but not limited to) elec-
tromagnetic launch systems [37], motor-drives with pulsating
current loads [38], and design of controllers for linear induction
motors [39] having pulsating current levels that can be used in
launch systems.

Overall, SBC involves three broad steps. Section II outlines
the first step regarding the discrete modeling of the PES feed-
ing the pulsating load. Subsequently, Section III provides the
method for reachability analysis of the PES in terms of its
switching sequence. In the final step, outlined in Section IV,
optimization of the PES using one or more of these reachable
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Fig. 3. Illustration of the kth and (k + 1)th switching sequence of a PES comprising h and h1 switching states, respectively.

switching sequence(s) to ensure desired performance optimality.
This section also provides the generalized framework for SBC
architecture for a PES. Subsequently, Section IV-A delineates
the online optimal SBC synthesis for a specific Ćuk PES, which
includes the description of the discrete prediction model of the
PES, the performance index for the control, and the observer
design that precludes full-sensor-feedback requirement for the
higher order PES. The results have been discussed in Section V,
while conclusions have been drawn in Section VI.

II. MODELING OF THE PES DRIVING A PULSATING LOAD

SBC is a closed-loop optimal policy, where given akth switch-
ing sequence with switching states, its time horizon (Tkw) and
the allocation (αk1, . . . ., αkh) of this time among each of its
switching states are computed on the fly. Fig. 3 portrays two
such switching sequences of a PES, to explain the point, hav-
ing time horizon Tkw and T(k+1)w, respectively, along with
the time allocation [(αk1, . . . ., αkh) for the first sequence and
(αk+11 , . . . ., αk+1h1

) for the second sequence] amongst the
switching states (h switching states in the first switching se-
quence and h1 switching states in the second switching se-
quence). The optimal values of these sets of parameters in SBC
are determined in two steps. Initially, the outer limits of these
two sets of parameters are determined using a Lyapunov-based
reachability analysis. This is detailed in Section III, which re-
quires a hybrid nonlinear model of the PES driving the pulsat-
ing load. Subsequently, the optimal values of these two sets of
parameters from the above set are determined in real time by
solving an optimization problem outlined in Section IV. In this
section, the nonlinear model of the PES driving a pulsating load
is outlined.

Fig. 4 depicts a pulsating load with the dynamics defined by
the following harmonic series:

iload (t) =
1

2
iload1 +

∞∑

m=1

{am cos (wmt) + bm sin (wmt)}

(1a)

1

2
iload1 = average (iload (t)) (1b)

am =
sin (2mπDload)

mπ
Δiload (1c)

Fig. 4. Illustration of a pulsating load with transition level denoted byΔiload,
duty cycle denoted byDload, and the switching time period of the pulse denoted
by Tload.

bm =
1− cos (2mπDload)

mπ
Δiload. (1d)

The physical meaning of the symbols in (1a) are depicted in
Fig. 4, where Dload denotes the duty cycle of the pulsating load,
Δiload denotes the magnitude of the load transition, and Tload

denotes the time period of the load pulse. Inverse of Tload gives
the pulsating load frequency fload.

For a practical pulsating load with finite slew rate

˙̂x (t) = Âknx̂ (t) + B̂kn +
1

2
iload1

++
∞∑

m=1

{am cos (wmt) + bm sin (wmt)} (2)

where Âkn and B̂kn are matrices that describe the PES without
the pulsating load and have been defined in [3]. Equation (2) is
rewritten in a compressed form as follows:

ẋ (t) = Aknx (t) +Bkn (3)

where Akn and Bn are functions of the pulsating-load dynamics
and defined in the Appendix for a particular PES.

Next, (3) is translated to error coordinates using e(t) =
x(t)− x∗, where e(t) represents the error vector, while x∗

represents the steady-state values of the PES states. In the error
coordinate, (3) is modified as follows:

ė (t) = Akne (t) +Bkn (4)

where Bkn = −(Bkn +Aknx
∗). Discretizing (4), one obtains

the following expression for the jth discrete sample

e (j + 1) = Aknde (j) +Bknd (5)
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where

Aknd =

2h∏

n=1

expAknTkwαk(2h−n+1) (6a)

Bknd =

⎛

⎝
2h∏

n�=1

expAk(2h−n+1)Tkwαk(i)

⎞

⎠

× (expAk1Tkwαk1 − I
)
A−1

k1Bk1

+

⎛

⎝
2h∏

n�=1,2

expAk(2h−n+1)Tkwαk(i)

⎞

⎠

× (expAk2Tkwαk2 − I
)
A−1

k2Bk2 + · · ·
+
(
expAk2hTkwαk2h − I

)
A−1

k2hBk2h. (6b)

III. PES STABILITY ANALYSIS

The work in [9] delineates the theory behind computation
of the reachability analysis of a switching sequences of a PES.
However, the theory does not explicitly consider the time horizon
of the switching sequence. The reachability analysis that is laid
forth, apart from creating a set of reachable switching sequences
for the PES, helps in determining the range of the time alloca-
tion of the nth switching state in the kth switching sequence
(i.e., αkn) and the length of time horizon of the kth switching
sequence (i.e., Tkw) that aids in real-time execution of SBC. For
the kth switching sequence illustrated in Fig. 3, with h switching
states satisfying 0 ≤ αkn ≤ 1,

∑h
n=1 αkn = 1, and Pkn = PT

kn

being positive-definite matrices, a piecewise-discrete (multiple)
Lyapunov function Vk(j) =

∑h
n=1 e(j)

TPkne(j) is used to ob-
tain the gradient of the multiple Lyapunov function

∇Vk (e) = Vk (j + 1)− Vk (j)

=

h∑

n=1

αkn

(
e(j + 1)TPkne (j + 1)

−e(j)TPkne (j)
)
. (7)

∇Vk (e) =

h∑

n=1

αkn

(
e (j)

1

)T

×
[
(AT

kndPkn Aknd − Pkn) AT
kndPkn Bknd

BT
kndPkn Aknd BT

kndPkn Bknd

]

×
(
e (j)

1

)
. (8)

According to the Lyapunov-method of stability analysis for
a discrete system, the PES state trajectories converge to (i.e.,
reach) an orbit if ∇Vk(e) < 0 which results in the following

Fig. 5. Flowchart of PES stability analysis methodology.

linear matrix inequality (LMI):

h∑

n=1

αkn

[
(AT

kndPkn Aknd − Pkn) AT
kndPkn Bknd

BT
kndPkn Aknd BT

kndPkn Bknd

]
< 0

(9)

which is formulated as a feasibility problem and solved using the
LMI tool in MATLAB. The flowchart shown in Fig. 5 delineates
how the LMIs are solved to get αkn and Tkw that ensure PES
reachability (i.e., orbital existence) given a range of pulsating
load dynamics. To ensure periodic orbital stability, the range of
Tkw should always include Tkwmin = Ts, where Ts denotes the
switching frequency of the PES. The bounds on Δiload, fload,
and Dload, denoted by Δiloadmax, floadmax, and Dloadmax, re-
spectively, come directly from hardware limitations which will
be discussed in Section V.

IV. SBC SCHEME

Fig. 6 delineates the entire SBC scheme for a PES. The steps
incurred in the SBC synthesis are delineated as follows.

1) Initially, depending on the PES topology and its switching
behavior, a set of feasible switching sequences for the PES
is determined following [9].

2) Subsequently, a comprehensive discontinuous dynamical
model of the PES that incorporates the dynamics of the
PES and the pulsating load is developed, as outlined in
Section II.
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Fig. 6. Illustration of the SBC scheme for the PES driving a pulsating load.

3) Subsequently, using the feasible switching sequences
in “1,” the model in “2,” the PES parameters and the
pulsating-load parameters (i.e., Δiload,fload,Dload), a
subset of reachable switching sequences (that ensure the
convergence of the PES dynamics) is determined of-
fline using the stability-analysis methodology outlined in
Section III. The goal of this analysis is to determine the
bounds on αkn and Tkw for the reachable switching se-
quences that are used for the online execution of SBC for
optimally controlling the performance of the PES.

Subsequently, for fast real-time execution of the SBC, an
online prediction model of the PES is synthesized that closely
matches the dynamics of the model in “2.” The prediction
model is synthesized using a discrete map of the PES, which is
obtained by patching together the individual maps correspond-
ing to each switching state. If the PES has h switching states
in a reachable switching sequence, the prediction model can be
synthesized as in (10), where Âknd and B̂knd have been defined
in (11a) and (11b)

x̂ (j + 1) = Âkndx̂ (j) + B̂knd (10)

Âknd =
2h∏

n=1

expÂknTkwαk(2h−n+1) (11a)

B̂knd =

⎡

⎢⎣

⎛

⎝
2h∏

n�=1

expÂk(2h−n+1)Tkwαk(n)

⎞

⎠

×
(
expÂk1Tkwαk1 − I

)
Â−1

k1 B̂k1

+

⎛

⎝
2h∏

n�=1,2

expÂk(2h−n+1)Tkwαk(n)

⎞

⎠

×
(
expÂk2Tkwαk2 − I

)
Â−1

k2 B̂k2 + · · ·

+
(
expÂk2hTkwαk2h − I

)
Â−1

k2hB̂k2h. (11b)

4) Next, a cost function, denoted by C(αkn, Tkw) is formu-
lated and an online optimal control problem is solved on-
line to perform online performance control of the PES.
The online optimization problem can be summarized as
to determine αkn and Tkw that minimizes the following
cost function:

C (αkn, Tkw) = (x̂∗ − x̂ (j + 1))TP (x̂∗ − x̂ (j + 1))
(12)

given the constraints on PES states and bounds on αkn

and Tkw. In (12), P is a positive-definite matrix that pro-
vides scaling of the terms in the cost function. As shown in
Fig. 6, the optimization problem yields reachable switch-
ing sequences with optimal values of αkn and Tkw (i.e.,
αknopt

, Tkwopt
) that are fed to the PES power stage.

5) Finally, and if full-state feedback is not possible to pre-
clude the need for large number of sensors in a higher
order PES, a closed-loop state observer is synthesized
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as follows:

x̂ (j + 1) = Âkndx̂ (j) + B̂knd (13)

Âknd =
2h∏

n=1

expÂknTkw(αk(2h−n+1)+Δ(αk(2h−n+1)))

(14a)

B̂knd =

⎛

⎝
2h∏

n�=1

expÂk(2h−n+1)Tkw(αk(n)+Δαk(n))

⎞

⎠

×
(
expÂk1Tkw(αk1+Δαk1) − I

)
Â−1

k1 B̂k1

×
⎛

⎝
2h∏

n�=1,2

expÂk(2h−n+1)Tkw(αk(n)+Δαk(n))

⎞

⎠

×
(
expÂk2Tkw(αk2+Δαk2) − I

)
Â−1

k2 B̂k2 + · · ·

+
(
expÂk2hTkw(αk2h+Δαk2h) − I

)
Â−1

k2hB̂k2h.

(14b)

where the correction terms, denoted by Δ, have been discussed
for a PES in Section IV-A. Fig. 7 shows a flowchart as used for
the implementation of SBC online. To be precise, the algorithm
minimizes, for a given set of reachable switching sequences,
the cost functionC(αkn, Tkw) with respect to αkn and Tkw. For
Tkw > Tkwmin , both αkn and Tkw are optimized which ensures
convergence of the PES dynamics from an initial condition to
an orbit [9] using reachable switching sequence(s). Whenever
Tkw ≤ Tkwmin, we consider Tkw = Tkwmin = Ts and only αkn

has to be optimized, which ensures convergence to the periodic
orbit [9] or steady state.

A. Case Illustration: Synthesizing SBC for a Ćuk DC/DC PES
(Ćuk-PES) Following Sections II–IV

To realize the SBC scheme online, a GaN-FET-based
100-kHz Ćuk-PES is fabricated and tested. The online SBC
scheme for the Ćuk-PES, as shown inFig. 8, which constitutes of
an online prediction model synthesis, followed by cost function
formulation and lastly, the observer design, is discussed below.

1) Prediction Model: The higher order isolated Ćuk-PES op-
erates in the continuous-conduction-mode (CCM) of operation.
The modes of operation have been shown in the Appendix to
ease comprehension. For the fundamental switching sequence
of the Ćuk-PES, ifAk1 andBk1 andAk2 andBk2 are matrices in
successive switching states having time allocations of αk1 and
αk2, respectively, and Tkw be the time horizon of the fundamen-
tal switching sequence, then by stacking together the following
equations:

x̂ (j′) = eAk1αk1Tkw x̂ (j) +
(
eAk1αk1Tkw − I

)
A−1

k1Bk1

(15)

Fig. 7. Flowchart for online implementation of the SBC.

Fig. 8. Schematic of the Ćuk PES with GaN-FET-based switches S1 and S2.

x̂ (j + 1) = eAk2αk2Tkw x̂ (j′) +
(
eAk2αk2Tkw − I

)
A−1

k2Bk2

(16)

one obtains the following nonlinear map:

x̂ (j + 1) = eAk1αk1Tkw+Ak2αk2Tkw x̂ (j)

+ eAk2(αk2)Tkw
((
eAk1αk1Tkw − I

)
Ak1

−1Bk1

)

+
(
eAk2αk2Tkw − I

)
Ak2

−1Bk2 (17)

where x̂(j′) and x̂(j + 1) denote the system states after time
evolution αk1Tkw and αk1Tkw + αk2Tkw, respectively, from
initial value x̂(j). The system dynamics satisfy αk1 + αk2 = 1.



1102 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 35, NO. 1, JANUARY 2020

Fig. 9. Error in the prediction of the PES states based on the nonlinear Ćuk-
PES model (18) and the approximated nonlinear model (19). The legends from
top to bottom represent the input and output inductor currents, blocking capacitor
and output voltage. The y-axis denotes both voltage and current (a value of 0.25
corresponds to both –0.25 V and 0.25 A).

The exponential terms in (17) is simplified using first-order Eu-
ler’s approximation to form the following nonlinear prediction
model:

x̂ (j + 1) = (I +Ak1αk1Tkw +Ak2αk2Tkw) x̂ (j)

+ (Ak2αk2Tkw + I) (αk1TkwBk1)

+ αk2TkwBk2. (18)

Given any set of initial conditions from the sensors/observers,
this approximation is found to be viable for high sampling rates,
as depicted in the first 100 switching cycles of the system in
Fig. 9, sampled at 100 kHz. The first 50 switching cycles encom-
pass system start-up and hence the approximation is viable for
both start-up and steady-state. The schematic of the Ćuk-PES,
as shown in Fig. 8, includes more passive elements including the
magnetizing and leakage inductance of the transformer, which
have not been incorporated in the prediction model for reasons
described in the Appendix.

2) Cost Function: The generalized framework for the dis-
crete cost function of the non-minimum phase Ćuk-PES as a
current regulation problem has been outlined as follows:

C (αk1, Tkw) = δ1(1/ILref)
2∗(ILref − iL1 (j))

2

+ γ1∗(αk1 (j)− αk1 (j − 1))2

+ γ2∗(Tkw (j)− Tkw (j − 1))2 (19a)

ILref = Gp (Vref − Vout (j))

+GI

∑

j

(Vref − Vout (j))Tkw + Iff

(19b)

where ILref and Vref are the references for the input inductor
current iL1(j), and the output voltage Vout(j), both defined at
the jth discrete sample. The last two terms in C(αk1, Tkw) help
in mitigation of control input chattering between two succes-
sive discrete samples. The terms Gp and GI , along with the
feedforward term Iff , help in mitigation of steady-state error
quickly. The cost function has been designed based on the prin-
ciples mentioned in [4], [21], [40], and [41]. The terms δ1, γ1,

and γ2 effectively maneuver the control bandwidth and transient
response, and their tuning process has been discussed in [32]
and [42].

3) Observer Design: SBC when implemented on a higher
order PES may necessitate a state observer to reduce the cost
associated with full-state feedback. A state observer for the Ćuk-
PES is created using (17). Notwithstanding, the actual system
dynamics may not precisely match the prediction of model (17)
due to the parasitic, transformer nonlinearity, and switching dead
time. Hence, a correction mechanism is needed to ensure that
the error between the observed and the actual system dynamics
converges to zero. The equation of the observer is as follows:

x̂ (j + 1) = eAk1(αk1+Δαk1)Tkw+Ak2(1−(αk1+Δαk1))Tkw x̂ (j)

+ eAk2(1−(αk1+Δαk1))Tw

×
((

eAk1(αk1+Δαk1)Tkw − I
)
Ak1

−1Bk1

)

+
(
eAk2(1−(αk1+Δαk1))Tkw − I

)
Ak2

−1Bk2.

(20)

x̂(j + 1) denotes the observed system states after time evolu-
tion Tkw +Δαk1Tkw, whereΔαk1 = Kp(Vout(j )− x̂4(j)) +

KI

∑
j (Vout(j)− x̂4(j))Tkw, Vout(j) is the sampled output

voltage of the hardware Ćuk-PES at the jth discrete instant, and
x4(j) is the output voltage of the observer at the same time in-
stant. The observer takes Vout(j) and Vin(j) as the inputs and
Kp and KI are proportional and integral gains. Parameters αk1

and Tkw are varied across the operating range and the values
of the closed-loop gains are computed taking into consideration
large-signal stability of the observer.

V. RESULTS

The section has been organized as follows. The hardware set-
up, along with the higher order Ćuk-PES experimental proto-
type, as shown in Fig. 10(a) and (b), is discussed first. Next, the
analytical-stability results for the system and how it helped in
SBC execution online have been delineated with experimental
results.

The SBC algorithm is implemented on a TMS320F28335 dig-
ital signal processor (DSP) using code composer studio version
3.3, and the switching sequence, with the allocated switching
states (αk1 and αk2) and time horizon (Tkw), is used to drive
the GS66508B GaN-FET-based Ćuk-PES operating at switching
frequency (fs = 1/Ts) of 100 kHz. The power-stage parame-
ters used are provided in Table I. The detailed hardware design
has been discussed in [43]. The dc electronic load 6050A from
HP has been used to emulate the pulsating load, while hall cur-
rent sensor TCP312A (30 A) with TCPA300 amplifiers (both
two) from Tektronix have been used for current measurements.
Agilent 6030A dc power supply has been used as regulated in-
put power supply for the PES, while a bench power supply from
Tenma has been used as control supply. Isolated four-channel os-
cilloscope TPS 2024B from Tektronix has been used to capture
experimental results for the PES.
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Fig. 10. (a) Entire experimental platform has been shown. The components
are (1) dc electronic load, (2) current sensor, (3) oscilloscope, (4) the control
supply, (5) the PC running code composer studio version 3.3, (6) the input dc
power supply, and (7) the experimental hardware PES. (b) The PCB realization
(top view) of the GaN-FET-based Ćuk-PES.

TABLE I
POWER-STAGE-PARAMETERS FOR THE ĆUK-PES

Load-transition level (Δiload) of up to 5 A and load duty cy-
cle (Dload)of up to 90% is considered as they can be realized
in the Ćuk-PES hardware prototype. The Bode plot of the open-
loop transfer function from αk1 to Vout is shown in Fig. 11; it
shows resonant poles and zeros of the higher order Ćuk-PES
located below 5 kHz. As such, to avoid the excitation of sys-
tem resonance, an upper limit of fload is considered to be well
below 5 kHz. Since fload of 2 kHz can be safely realized in hard-
ware prototype, the reachability analysis derived in Section III is
restricted toΔiload ≤ 5 A, fload ≤ 2 kHz, and Dload ≤ 90%.

The importance of the stability-criterion in the form of LMI is
twofold. Considering the fundamental switching sequence of the

Fig. 11. Illustration of open-loop Bode plot of V̂out/α̂k1 of the Ćuk-PES,
where fload denotes the pulsating load frequency, where V̂out and α̂k1 are the
perturbed small-signal variables.

Fig. 12. Region of reachable operation of the PES.

Ćuk-PES (with αk1 and αk2 representing the time allocation of
switching states in the sequence, Tkw as the time horizon of the
switching sequence and given the constraint αk1 + αk2 = 1),
the analysis aids in the following:

1) Investigation of the impacts of Δiload ≤ 5 A, fload ≤
2 kHz, andDload ≤ 90% on the reachability of the system
dynamics;

2) Determination of the allowable ranges of αk1 and Tkw

that stabilize the Ćuk-PES across Δiload ≤ 5 A, fload ≤
2 kHz, and Dload ≤ 90%.

All analytical results are for Vin = 30 V and Vout = 50 V.
Using the aforementioned values of pulsating-load dynamics in
the LMIs defined by (9), reachable ranges of αk1 and Tkw are
computed for Δiload ≤ 5 A, fload ≤ 2 kHz, and Dload ≤ 90%
that are used for real-time execution of SBC.

The impacts of load variations on the reaching conditions
of the Ćuk-PES are investigated by solving (9). The region on
the contour in Fig. 12 represents operating conditions that en-
sure reachability of the system dynamics. The region of reach-
ability denotes that there existsαk1 and Tkwwith variation of
Dload, Δiload, and fload for which system dynamics can be
stabilized. Fig. 12 shows that for the Ćuk-PES, while the re-
gion of reachable operation does not change with pulsating load
magnitudes lower than Δiload = 2.5 A for lower pulsating fre-
quencies, forΔiload > 2.5 A at higher pulsating frequencies, the
region of reachable operation keeps on diminishing. As such,
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progressively reduced pulsating duty cycles are attainable and
further beyondΔiload = 4 A, fload = 2 kHz, andDload = 65%,
there exists no αk1 and Tkw that can make the system dynamics
reachable.

The aforementioned theoretical analysis precludes control
law formulation. However, to investigate whether the experi-
mental results match the theoretical predictions, an SBC law, due
to its fast-transient response and seamless control formulation
has been used and operation within and outside the reachabil-
ity contour are investigated. For validation of operation within
the reachable contour, Fig. 13(a) shows the Ćuk-PES response
for the operating condition Δiload = 1 A, fload = 0.2 kHz, and
Dload = 50%. The system exhibits stable response as the operat-
ing point defined by fload,Dload, andΔiload lie on the reachable
region in Fig. 12.

Fig. 13(b) shows the Ćuk-PES response at Δiload = 1A,
fload = 0.2 kHz, and Dload = 50% when an electrolytic capac-
itor of 1 mF is placed at the input. At increased input capac-
itance, the pulsating input current (shown by the green trace)
gets smoothed off, which leads to uncorrupted input dc sup-
plies. Fig. 13(c) shows system response for the more strin-
gent operating condition Δiload = 2.5 A, fload = 1 kHz, and
Dload = 90%, which lies on the boundary of the reachable
region in Fig. 12 as well. Fig. 13(d) shows system response
for the operating condition Δiload = 4 A, fload = 2 kHz, and
Dload = 65% which also lies on the boundary of the reachable
region.

Finally, for further validation of operation within the reach-
able contour, a case illustration has been demonstrated, where
the load-step (Δiload) and duty cycle (Dload) have been kept
at the value imitating the worst-case scenario, and only the pul-
sating frequency has been gradually changed, and whether the
proposed SBC could achieve satisfactory performance has been
verified in Fig. 14. SBC provided satisfactory performance given
the limited computational capabilities of the low-end microcon-
troller used for implementation.

For validation of operation outside the reachable contour,
Fig. 15 shows the response of the Ćuk-PES for operating points
that do not lie on the reachable contour in Fig. 12. Operat-
ing the system beyond the reachable region at Δiload = 5 A,
fload = 2 kHz, and Dload = 65% yields an unstable system re-
sulting in oscillatory currents and voltages. The oscillations
eventually lead to distorted output voltage and currents in the
unstable system. The onset of the oscillations has been high-
lighted in Fig. 15(a), where the Ćuk-PES is regulating its out-
put voltage to 50 V before operation beyond the reachable
regime. The analysis in Fig. 12 also shows that forΔiload = 1A,
fload = 0.2 kHz, and Dload = 50%, operating the system for
Tkw > 20μs results in instability. In Fig. 15(b), the Ćuk-PES is
operated by setting Tkw = 26μs (> 20μs) which, as predicted,
yields an unstable system.

Now that the region of reachable operation, as shown in
Fig. 12, has been experimentally validated, we explore the fol-
lowing: if the Ćuk-PES has to operate at a certain Δiload, fload,
and Dload, the ranges of αk1 and Tkw that would ensure the PES
reachability at everyΔiload, fload, andDload can be determined.
Fig. 16 shows the maximum allowableαk1 for the Ćuk-PES with

Fig. 13. In (a)–(d), the traces from top to bottom represent input and
output voltages and input and output currents of the system. (a) Ćuk-PES
response for Δiload = 1 A,fload = 0.2 kHz, and Dload = 50%. (c) PES re-
sponse forΔiload = 2.5 A, fload = 1 kHz, and Dload = 90%, respectively.
(d) Ćuk-PES response for Δiload = 4 A, fload = 2 kHz, and Dload = 65%.
(b) By increasing the input capacitance to 1 mF, the pulsation in the input ripple
current in (a) (i.e., for Δiload = 1 A, fload = 0.2 kHz, and Dload = 50%) is
mitigated.
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Fig. 14. In (a)–(d), the traces from top to bottom represent input and output
voltages and input and output currents of the system. The Ćuk-PES response for
Δiload = 4 A, Dload = 65% and (a) fload = 1.5 kHz, (b) fload = 1 kHz, (c)
fload = 0.5 kHz, and (d) fload = 0.2 kHz. The pulsating load frequency has
been changed from the worst-case load condition.

Fig. 15. (a) Ćuk-PES response for Δiload = 5 A,fload = 2 kHz, and
Dload = 65% at the onset of instability. In (a) the traces from top to bottom rep-
resent input current, output voltage, and output current. (b) Unstable operation
of the Ćuk-PES is captured for operation at Δiload = 1 A, fload = 0.2 kHz,
and Dload = 50% at Tkw = 26μs(> 20μs). The traces from top to bottom
represent output voltage, output current, and input current.

Fig. 16. Variations ofαk1 withTkw forΔiload = 1 A, fload = 0.2 kHz, and
Dload = 50% and Δiload = 4 A, fload = 2 kHz, and Dload = 65%.

respect to Tkw. Increasing the Tkw limits the maximum duty cy-
cle available to ensure reachability. Fig. 16 shows the limits on
αk1 and Tkw for extreme cases of the pulsating-load dynamics.
Using this analysis, a bound on αk1 and Tkw is obtained for
the PES operation. Operation beyond the limit of αk1 and Tkw

obtained may lead to unstable PES behavior.
The bounds on αk1 (which also set the bounds for αk2) and

Tkw help in saving computation time for online execution in
SBC, which enables implementation using low-cost hardware
realizable without the need for sophisticated algorithms in the
high-frequency Ćuk-PES. Fig. 16 shows that for loads with
relatively slower scales of Δiload ≤ 1A, fload ≤ 0.2 kHz, and
Dload ≤ 50%, the maximum αk1 is capped at 0.61 and max-
imum Tkw is capped at 18 μs. Hence, any optimization algo-
rithm to solve the online optimal SBC must look for values of
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Fig. 17. (a) Experimentally obtained online SBC execution time, with and
without offline reachability analysis for number of iterations of Tkw for loads
below Δiload = 1A,fload = 0.2 kHz, and Dload = 50%. (b) Experimental
comparative study of the online SBC execution time forΔiload = 4 A, fload =
2 kHz, and Dload = 65% as a function of number of iteration of Tkw .

0 < αk1 ≤ 0.61 and Tkw ≤ 18μs. The minimum value of Tkw

is dictated by the Ćuk-PES switching time Ts which is 10 μs
leading to 10 ≤ Tkw ≤ 18μs. For a simple brute-force search
using resolution of αk1 to be 0.02, and Tkw to be 1 μs, Fig. 17(a)
shows the saving in computation time for real-time execution of
SBC.

For the Ćuk-PES operating at Δiload = 4 A, fload = 2 kHz,
and Dload = 65%, the maximum allowable time horizon is
Tkw

∼= 13μs beyond which there exists noαk1 for which the sys-
tem can reach an output voltage of 50 V for an input voltage of 30
V. Hence, for Δiload = 4 A, fload = 2 kHz, and Dload = 65%,
the online optimal SBC has to look for values of 0 < αk1 ≤ 0.9
and 10 ≤ Tkw ≤ 13μs, as shown in Fig. 16. Fig. 16, hence,
shows that the blue trace which corresponds to Δiload = 4 A,
fload = 2 kHz, and Dload = 65% stops at 13μs which proves
that no αk1 can provide reachability for Tkw ≥ 13μs. Although
the upper limit of αk1 has increased for this case, the range of
Tkw has decreased, which saves online execution time for SBC.
Hence, looking for admissible values of αk1 and Tkw yields a
computation time of 59.2μs, as shown in Fig. 17(b). If the bound
onTkw is not obtained, then the search time to execute the online
SBC increases considerably.

Next, it is investigated whether online execution of the SBC
by limiting the ranges of Tkw and αk1, ascertained using the
reachability analysis, deteriorates the performance of the Ćuk-
PES. Fig. 18(a) and (b) show the Ćuk-PES performance variation
at Δiload = 1A, fload = 0.2 kHz, and Dload = 50%, with and
without bounds on αk1 and Tkw, respectively. Fig. 18(c) and
(d) show the same PES performance variation at Δiload = 4 A,
fload = 2 kHz, and Dload = 65%, with and without bounds on

Fig. 18. (a) and (b) start-up response of the PES for Δiload = 1A, fload =
0.2 kHz, and Dload = 50% without and with bounds on αk1 and Tkw , re-
spectively. The horizontal scale is 500μs/div in the subplots in (a) and (b).
(c) and (d) Ćuk-PES start-up response without and with bounds on αk1 and
Tkw , respectively, for Δiload = 4 A, fload = 2 kHz, and Dload = 65%. The
channels 2, 3, and 4 represent αk1, output current, and output voltage, respec-
tively in (a)–(d).

αk1 and Tkw, respectively. The start-up response shows no
significant deterioration of the Ćuk-PES performance in the two
cases. Thus, the savings in the computation time of SBC is real-
ized without tangible performance degradation at the prediction
extremities.

Fig. 19(a) and (b) further validate the fact that computational
time savings does not come at much reduced PES performance
by plotting the convergence time of the output voltage to its
steady-state value after the load-transition event has occurred
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Fig. 19. (a) Comparative study of the experimental convergence time of
the output voltage after load transition has occurred at fload = 0.2 kHz and
Dload = 50% for gradually increasing load transition levels. (b) Comparative
study of the experimental convergence time of the output voltage after load
transition has occurred at fload = 2 kHz and Dload = 65% for gradually in-
creasing load-transition levels.

for fload = 0.2 kHz and Dload = 50% and fload = 2 kHz and
Dload = 65%. At the extreme load conditions possible for the
Ćuk PES of fload = 2 kHz, Dload = 65%, and Δiload = 4 A,
there is delay of as low as 20μs considering the high switching
frequency of the PES. It is a tradeoff for implementing such
computationally intensive control at low-end processors at high
switching frequency. Due to limited computational capability of
the low-cost industrial DSP used, the resolution of the control
commands Tkw and αk1 has been fixed in the experiment to
be 1μs and 0.02, respectively. Hence, both the results with and
without bounds have been obtained at fixed resolution. However,
the resolution of the control inputs can be further increased along
with modifications of the coefficients (γ1 and γ2) in the cost
function, to bridge the gap in convergence times, as shown in
the comparative study in Fig. 19.

VI. CONCLUSION

Control of a higher order PES driving a pulsating load using
SBC, which solves an underlying optimal-control problem using
pre-determined reachable switching sequences of the PES, has
been delineated in this paper. Initially, using a nonlinear map of
the PES, feeding a pulsating load, a discrete multiple-Lyapunov-
function-based methodology to ascertain the reachability of the
PES dynamics, in terms of its switching sequence and the time
duration of the sequence and the allocation of that time among
the switching states of the same sequence, is determined. Sub-
sequently, an online optimal SBC formulation is outlined that
uses these pre-determined limits on the reachable-switching-
sequence duration and its distribution among the switching states
of the same sequence. By doing so, the overall computation time
for online SBC execution is expected to be reduced without af-
fecting the overall control performance of the PES.

Subsequently, the theoretical predictions are experimentally
validated executing an online SBC on a GaN-FET-based higher
order high-frequency non-minimum-phase Ćuk-PES. To begin
with, time-domain experimental results that validate the offline
reachability predictions of the Ćuk-PES, in terms of the fre-
quency, duty cycle, and magnitude of a pulsating load, are con-
ducted by carefully choosing multiple operating points. Next, it
is shown experimentally, how the theoretical predictions of the
reachability analysis for the Ćuk-PES enable tangible reduction
in computation time for online execution of the SBC without
any appreciable compromise in system performance and conver-
gence time. Overall, the outlined work has broader ramifications.
First, the nonlinear-map-based reachability-analysis approach in
terms of a switching sequence of a PES is extendable to other
PESs driving pulsating and other type of loads. Second, the re-
duction in online computation of the SBC, using stability-bound
reachable switching sequences, implies that lower cost proces-
sor can be used while retaining quality large-signal response
expected of optimal controllers.

The SBC approach outlined in this paper is generalizable. A
PES is typically designed for CCM, boundary control mode,
or discontinuous-conduction mode (DCM). For the first two
cases, the methodology outlined in this paper and explained
for the specific Ćuk-PES applies as is. If, however, the PES
is designed only for DCM, then, the modeling outlined in
Section II will simply include an additional switching state cor-
responding to inductor-current invariance. The reachability anal-
ysis remains the same as outlined in Section III with the excep-
tion that the search for the time allocation of the switching states
of a switching sequence will involve an additional search space
to assess the impact of duration inductor current discontinuity
or invariance on PES reachability. Optimization methodology
in Section IV remains the same with the exception that an ad-
ditional constraint corresponding to inductor-current invariance
needs to be added.

APPENDIX

The matrices Âkn and B̂kn for the two switching states of
the Ćuk-PES, expressed as Âkn1 and B̂kn1 and Âkn2 and B̂kn2,
respectively, are defined below, where the symbols of the passive
components have been defined in Fig. 8

Âkn1 =

⎡

⎢⎢⎢⎢⎢⎣

0 0 0 0

0 0 1
L1

(
2 + C1

2 C2

)
−1
L2

0 −2
C1

0 0

0 1
Cout

0 − 1
RCout

⎤

⎥⎥⎥⎥⎥⎦
,

B̂kn1 =

⎡

⎢⎢⎢⎢⎢⎣

Vin

L1

0

0

0

⎤

⎥⎥⎥⎥⎥⎦
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Âkn2 =

⎡

⎢⎢⎢⎢⎢⎣

0 0 1
L1

(
−1− C1

4C2

)
0

0 0 0 −1
L2

1
C1

0 0 0

0 1
Cout

0 − 1
RCout

⎤

⎥⎥⎥⎥⎥⎦

B̂kn2 =

⎡

⎢⎢⎢⎢⎢⎣

Vin

L1

0

0

0

⎤

⎥⎥⎥⎥⎥⎦
.

The pulsating load dynamics are incorporated into the system
state-space to form the matrices Akn and Bkn for a switching
state. The pulsating load dynamics are expressed as harmonic
series as in (1). The states of the dynamics of the mth harmonic
component can be expressed as follows:

ym1 = {am cos (wmt) + bm sin (wmt)} (A1)

dym1

dt
= {−amwm sin (wmt) + bmwm cos (wmt)}

= ym2 (A2)

dym2

dt
= {−wmamwm cos (wmt)− wmbmwm sin (wmt)}

= −w2
mym2. (A3)

Using (A2) and (A3), the states of the harmonic components
are combined with Âkn and B̂kn to form the state-space for
the entire system. Matrices Akn and Bkn for the two switching
states of the system, expressed as Akn1 and Bkn1 and Akn2 and
Bkn2, respectively, have been written below, where m can vary
from 1 to ∞

Akn1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Âkn1 1 0 . . 1 0

0 0 0 . . 0 0

0 −w2
1 0 . . 0 0

. . . . . . .

. . . . . . .

0 0 0 . . 0 1

0 0 0 . . −w2
∞ 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Bkn1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B̂kn1 +
(
1
2

)
iload1

0

0

0
.

.

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Akn2 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Âkn2 1 0 . . 1 0

0 0 0 . . 0 0

0 −w2
1 0 . . 0 0

. . . . . . .

. . . . . . .

0 0 0 . . 0 1

0 0 0 . . −w2
∞ 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Bkn2 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

B̂kn2 + (1/2) iload1

0

0

0
.

.

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The derivation of (8) starting with (7) is delineated in detail
as follows:

∇Vk (e) =

h∑

n=1

αkn

(
(Aknde (j) +Bknd)

T

× Pkn (Aknde (j) +Bknd))− e(j)TPkne (j)
)

=
h∑

n=1

αkn

((
e(j)TAT

knd +BT
knd

)

× Pkn (Aknde (j) +Bknd))− e(j)TPkne (j)
)

=

h∑

n=1

αkn

((
e(j)TAT

kndPkn +BT
kndPkn

)

× (Aknde (j) +Bknd))− e(j)TPkne (j)
)

∇Vk (e) =

h∑

n=1

αkn

(
e(j)TAT

kndPknAknde (j)

+ e(j)TAT
kndPkn Bknd +BT

kndPkn Aknde (j)

+BT
kndPkn Bknd)

)− e(j)TPkne (j)
)

∇Vk (e) =

h∑

n=1

αkn

(
e(j)T (AT

kndPkn Aknd − Pkn)e (j)

+ e(j)TAT
kndPkn Bknd +BT

kndPkn Aknde (j)

+BT
kndPkn Bknd

)

∇Vk (e) =

h∑

n=1

αkn

(
e (j)

1

)T

×
[
(AT

kndPkn Aknd − Pkn) AT
kndPkn Bknd

BT
kndPkn Aknd BT

kndPkn Bknd

]

×
(
e (j)

1

)
. (A4)
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Fig. 20. (a) and (b) Modes of operation of the Ćuk-PES.

Fig. 21. Comparison of (a) the open-loop Bode plot of V̂out/α̂11 and (b) the
output voltage predicted by the reduced-order model with that by Saber software
simulation.

The modes of operation of the isolated Ćuk converter, which is
the PES under consideration (i.e., Ćuk-PES), has been discussed
here succinctly. There are primarily two modes of operation,
namely modes 1 and 2, which are highlighted next.

Mode 1: In mode 1, the primary switch of the Ćuk-PES is
turned ON. The current flowing through the primary side inductor
L1 increases and it stores energy. The capacitor C1 discharges
through the primary side switch resulting in a transfer of energy
from the primary to the secondary side of the transformer. The
energy stored in the capacitor C2 is discharged to the circuit
formed by L2, Cout and the load R. Fig. 20(a) shows mode 1 of
operation.

Mode 2: In mode 1, the primary switch of the Ćuk-PES is
turned OFF and the secondary side switch is turned ON. The pri-
mary inductor discharges to the primary and secondary blocking
capacitors. The output inductor which was charged in mode 1

relinquishes the charge to the output capacitor and the load R.
Fig. 20(b) shows mode 2 of operation.

The high-frequency transformer in the Ćuk-PES has a finite
leakage of 300 nH referred to the primary side and a magne-
tizing inductance of 150μH, which are not incorporated in the
prediction model. The leakage inductance is neglected given
that it is significantly smaller compared to the series input in-
ductance of the system. To test the efficacy of the reduced-order
model used for prediction that does not encompass the magne-
tizing inductance (Lm), we compare the open-loop Bode plot of
the prediction model with that obtained using Saber, which is a
powerful system circuit simulator. A detailed simulation model
using all the non-idealities, as shown in Fig. 8, is constructed in
Saber and the responses are compared. The responses, shown
in Fig. 21, almost match one another within the bandwidth of
interest, thereby proving the efficacy of the prediction model.
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