
12552 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 12, DECEMBER 2019

Harmonic Transfer-Function-Based Impedance
Modeling of a Three-Phase VSC for Asymmetric

AC Grid Stability Analysis
Chen Zhang , Marta Molinas , Member, IEEE, Atle Rygg , Jing Lyu , and Xu Cai

Abstract—Impedance modeling and stability analysis of a grid-
voltage source converters (VSC) system under symmetric ac grids
have been extensively discussed in the literature, where the dq do-
main impedances are usually adopted. As for asymmetric ac grids,
impedance modeling is no longer straightforward in the dq domain
due to the presence of negative sequence components, where the lin-
earization will result in a linear-time-periodically-varying system,
making the frequency-domain analysis intractable. One way to ad-
dress this issue would be the harmonic-transfer-function (HTF)
approach. Although this method is conceptually clear, its applica-
tion to the stability analysis of an unbalanced grid-VSC system is
still challenging and an effective model is missing here, therefore
this paper aims to bridge this gap. First, the sequence impedances
of an unbalanced grid-VSC system is modeled in the HTF frame-
work. Then the HTFs are truncated into four-by-four matrices by
exploiting the property of frequency couplings. Based on this, the
equivalent source and load model for Nyquist-based analysis are
established, and they are thoroughly verified by impedance mea-
surements as well as the accuracy on stability analysis. Finally,
several stability concerns of the unbalanced grid-VSC system, as
well as the feasibility of symmetric models for asymmetric ac grid
stability analysis are discussed and clarified.

Index Terms—Converter, impedance, Nyquist-criterion, stabil-
ity, time-varying, unbalance.

I. INTRODUCTION

VOLTAGE source converters (VSCs) have been widely
utilized in the grid-integration of renewable energies,

e.g., wind and solar [1], as well as the interconnection of
asynchronous ac grids by means of high-voltage-dc (HVDC)
technologies [2]. Recently, it has been identified that VSCs are
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susceptible to oscillate if the ac grid is weak [3], and they have
been reported not only in wind farms [4] but also in photovoltaic
power plants [5]. To study this, both the state-space-based ([6]–
[8]) and the impedance-based methods can be applied. In this
study, the impedance-based method is preferred, since most of
the oscillations are caused by port-interactions, for which the
input–output characteristic is analyzed.

Analytical impedance modeling is a useful tool for stability
assessment, as reported in [9] by Wang and Blaabjerg, where dif-
ferent impedance-modeling techniques are overviewed. Among
them, the dq-impedance and the sequence-impedance are usu-
ally applied for stability analysis. Under symmetric ac-grid
conditions, a framework for the dq-impedance modeling with
constant-power-load (CPL) of VSCs and associated stability
criteria was established in [10] by Belkhayat. Afterward, more
detailed impedances models including the phase-locked-loop
(PLL) and other control loops are developed, e.g., in [11] by
Wen et al. and in [12] by Harnefors et al.

Since the linear-time-invariant (LTI) property holds for the
dq-domain models under symmetric three-phase conditions, cor-
responding impedances can be easily obtained by applying the
Laplace transform on the linearized systems in dq-domain. If
the VSC is directly linearized in the phase-domain (i.e., abc
frame), the resulting model will be linear-time periodically vary-
ing (LTPV) because of the periodically time-varying operating
points. Unlike the LTI system, translating an LTPV system into
the frequency domain is no longer straightforward due to the
presence of frequency couplings. One way to address this is-
sue is to apply the harmonic linearization method of sequence
components (overviewed by Sun [13] ), by which the sequence
impedances can be obtained, e.g., [14] and [15].

Interestingly, both the dq and the sequence impedance devel-
oped under three-phase symmetric conditions are two-by-two
matrices, implying some bindings between them. This motivates
the formation of other impedance modeling methods with differ-
ent perspectives, e.g., a complex-vector-based ([16] and [17]), a
modified-sequence-domain-based ([18] and [19]), and a phasor-
based [20], from them the frequency-domain properties of VSCs
can be better revealed, e.g., the mirror frequency coupling (MFC)
[18] effect. It should be noted that a sound understanding of
the frequency-domain properties is crucial and beneficial for
impedance modeling, in particular, the model reductions. This
resembles the importance of multi-time-scale property to the
power system dynamic modeling and analysis.
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On the other hand, if the system is three-phase asymmetric,
multiple frequency-couplings will present if it is perturbed.
Therefore, a more general modeling method is required for
mapping such LTPV systems into frequency-domain. In this
respect, the harmonic-state-space (HSS) [21] and the harmonic-
transfer-function (HTF) [22] method are applicable. The HSS
method utilizes the so-called exponentially modulated periodi-
cal (EMP) signals (e.g., est ·∑m Umejmω1t) [21] to achieve a
state-space-like model, however, in the frequency domain, e.g.,
snXn =

∑
m An−m ·Xm+

∑
m Bn−m ·Um, Xn is the nth

Fourier coefficients of state-vector x. Due to this resemblance,
a clarification of different state-space notations is necessary and
presented in [23] by Kwon et al. Clearly, the larger the number
of harmonics considered, the more accurate approximation of
the HSS model will be. Applications of the HSS approach in
harmonic modeling and resonance analysis of VSCs are studied
in [23] and [24], it is shown that the HSS model is able to
capture the harmonic dynamics up to switching frequency by
choosing the number of harmonics sufficiently large. Whereas
in [25] a relatively low-harmonic order is considered since
the objective is to identify the control interactions between
the modular-multilevel-converter (MMC) and the wind farm.
On the other hand, although transforming an HSS model into
transfer-functions is conceptually clear, it is difficult to achieve
analytically due to the large model dimensions. In this regard,
the HTF method can be an alternative since it is known as a gen-
eralized operator for directly mapping an LTPV system into the
frequency domain. Due to this benefit, it is intuitive to applied
to single-phase VSCs [26]. As for three-phase VSCs, since the
three phases are tightly coupled through converter controls, the
complexity is drastically increased even under symmetric con-
ditions [27]. A numeric-based analysis as presented in [28] can
be a choice, where the converter is viewed as a black/gray box.
However, without the analytical model, insights of impedance
characteristics and their effects on stability are hard to
acquire.

In overall, the HTF approach lays a theoretical foundation for
the frequency-domain modeling of LTPV systems. Although
this method is conceptually clear, its application to the stability
analysis of an unbalanced grid-VSC system is still challeng-
ing and a useful model is missing, therefore this paper aims to
bridge this gap. First, in Section II, an unbalanced grid-VSC
system is modeled in the HTF framework and then transformed
into the sequence-domain. Since the HTFs are of infinite di-
mensions, they cannot be used for analysis directly, an order-
reduction (i.e., model truncation) by exploiting the property of
frequency-couplings is presented in Section III, where only the
frequency components relevant to control dynamics are retained
and extracted from the HTFs. Section IV further derives an
equivalent source and load model for Nyquist-based stability
analysis, its effectiveness is verified by frequency-sweeping as
well as the accuracy in stability assessments. Section V provides
more impedance validations under grid-voltage asymmetry con-
ditions. Also, the feasibility and performance of two types of
symmetric impedance models on asymmetric ac-grid stability
analysis are discussed and clarified. Finally, Section VI draws
the main conclusions.

Fig. 1. Typical two-level and three-phase grid-tied VSC system.

II. SEQUENCE IMPEDANCE MODELING OF AN UNBALANCED

GRID-VSC SYSTEM IN THE HTF FRAMEWORK

Fig. 1 presents a typical grid-tied VSC system, which is
mainly composed of a three-phase and two-level VSC, a
Thevenin equivalent ac grid and a step-up transformer. The dc
voltage is assumed constant in this study, whereas the current
control loop and the PLL will be modeled in detail.

A. Brief Introduction of the HTF Approach

The EMP signal is introduced to the HTF framework for prop-
erly capturing all the possible frequency couplings [21]

u (t) = est ·
∑

m
Umejmω1t (1)

where ω1 is the fundamental frequency of the grid, s is the
Laplace variable, and Um denotes the mth Fourier coefficient. If
represents the signal Um · est as an implicit function of s, one
may obtain its spectrum: Um(s). In this way, the EMP signal is
related to a vector of spectra [22] as

Uhtf (s) =
[ · · · U−1 (s) U0 (s) U+1 (s) · · · ]T (2)

where Uhtf(s) denotes the vector of spectra, and the compo-
nents within it, e.g., Um(s) is regarded as the spectrum at mth
frequency band (FB), or more illustratively speaking the infor-
mation stored in the mth FB.

According to the HTF approach [22], an LTPV system in the
frequency domain is formulated as
⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

...

Y−1
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Y+1

...
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⎥
⎥
⎥
⎥
⎥
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⎢
⎣

. . .
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. .
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. . .
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⎥
⎥
⎥
⎥
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⎢
⎢
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⎥
⎥
⎥
⎥
⎥
⎥
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(3)
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where Hhtf(s) is referred to as the HTF. The component e.g.,
H(n,m)(s) describes the coupling between inputUm(s) and out-
put Yn(s) at different FBs. Besides, the element, e.g.,H(n,m)(s)
if written explicitly is Hn−m(s+ j ·mω1).

In what follows, two types of frequently used HTFs will
be introduced. For LTI systems, the off-diagonals in the HTF
matrix will be zeros due to the nonexistence of frequency
couplings, i.e., H(m,n)(s) = 0,m �= n. E.g., a passive filter
Zf (s) = sLf +Rf in the HTF format will be

Zhtf
f (s) = diag (. . . , Zf (s− jω1) , Zf (s), Zf (s+ jω1) , . . .)

(4)

clearly, it is a diagonal matrix with elements that are frequency-
shifted copies of each other.

For a memoryless LTPV system, the HTF model can be rep-
resented by a Toeplitz matrix [21]

Ahtf =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

. . .
. . .

. . .

. . . A0 A−1 A−2

. . . A+1 A0 A−1
. . .

A+2 A+1 A0
. . .

. . .
. . .

. . .

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(5)

where An is the Fourier coefficient of nth harmonic. Under
asymmetric ac grids, the operating points in dq frame should
have both dc and second-order harmonics due to the pres-
ence of negative sequence component, e.g., the converter cur-
rent: Id0 + In0cos (2ω1t+ φ), according to the definition, the
nonzero elements of the Toeplitz matrix are: A0 = Id0, A+2 =
0.5In0e

jφ, and A−2 = 0.5In0e
−jφ.

Based on the above-introduced fundamentals, the grid-VSC
model in the HTF framework can be established as follows.

B. HTF-Based Modeling of the VSC

1) HTF Modeling of the dq Transformation: The dq transfor-
mation is essentially a memoryless LTPV system with multiple
inputs and multiple outputs (MIMO). Hence, its HTF model is
a collection of Toeplitz matrices

T htf
abc/dq =

2

3

[
Ahtf

cosa Ahtf
cosb Ahtf

cosc

−Ahtf
sina −Ahtf

sinb −Ahtf
sinc

]

(6)

where Ahtf
cosa,A

htf
cosb, and Ahtf

cosc represent the Toeplitz matrices
of components: cos θ1, cos(θ1 − 2

3π), and cos(θ1 +
2
3π). They

can be derived from the knowledge of (5). For example, the
nonzero elements of Ahtf

cosbare A+1 = a∗
2 , A−1 = a

2 with a =

ej
2
3π . Ahtf

sina,A
htf
sinb, and Ahtf

sinc are obtained similarly, e.g., the
nonzero elements of Ahtf

sinb are: A+1 = a∗
2j , A−1 = −a

2j .
Likewise, the inverse dq transformation is obtained

T htf
dq/abc =

[
Ahtf

cosa Ahtf
cos b Ahtf

cosc

−Ahtf
sina −Ahtf

sinb −Ahtf
sinc

]T

. (7)

For brevity, the notation T htf
cos and T htf

sin will be adopted in the
later analysis, for representing the first and the second row of
(6) respectively.

2) HTF Modeling of the PLL: The input of the PLL is the
q axis voltage at the PCC (as shown in Fig. 1), its linearized
equation in the time domain is

ugq (t) = −ud0 (t) ·Δθpll + T sin (θ1)

⎡

⎢
⎣

uga (t)

ugb (t)

ugc (t)

⎤

⎥
⎦ (8)

where ∂T sin

∂θpll
|θpll=θ1(t) · [Uga0(t), Ugb0(t), Ugc0(t)]

T = −ud0

(t). ud0(t) is time-varying due to the grid asymmetry, e.g.,
ud0(t) = Ud0 + Un0cos (2ω1t+ φu), where the negative
sequence component Un0e

jφu is present.
According to HTF approach, (8) can be transformed into the

frequency domain as

uhtf
gq (s) = −Uhtf

d0 Δθhtf
pll (s) + T htf

sin

⎡

⎢
⎣

uhtf
ga (s)

uhtf
gb (s)

uhtf
gc (s)

⎤

⎥
⎦ (9)

where Uhtf
d0 is a Toeplitz matrix with nonzero elements as A0 =

Ud0, A2 = 0.5Un0e
jφu , and A−2 = 0.5Un0e

−jφu . It is noted
that all the variables are vectors of spectra according to (2), e.g.,
uhtf
gq (s) = [. . . , ugq(−1)(s), ugq(0)(s), ugq(+)(s), . . .]

T .
Substituting the HTF model of the PLL forward gain:

Δθhtf
pll (s) = Ghtf

pll (s) · uhtf
gq (s) into (9), yields

Δθhtf
pll (s) =

(
I +Ghtf

pll (s)U
htf
d0

)−1
Ghtf

pll (s)
︸ ︷︷ ︸

T htf
pll (s)

·T htf
sin

⎡

⎢
⎣

uhtf
ga (s)

uhtf
gb (s)

uhtf
gc (s)

⎤

⎥
⎦

(10)

where

Ghtf
pll (s)

= diag

(

. . . ,
Hpll(s− jω1)

s− jω1
,
Hpll(s)

s
,
Hpll(s+ jω1)

s+ jω1
, . . .

)

is obtained via frequency shifting of the component Hpll(s)
s ,

Hpll(s) is the PLL controller as shown in Fig. 1.
3) HTF Modeling of the Current Controller: Similar to (9),

the HTF model of the dq current feedbacks is

[
ihtfcd (s)

ihtfcq (s)

]

=

[
Ihtf
cq0

−Ihtf
cd0

]

Δθhtf
pll (s) + T htf

abc/dq

⎡

⎢
⎣

ihtfca (s)

ihtfcb (s)

ihtfcc (s)

⎤

⎥
⎦ (11)

where Ihtf
cd0 is a Toeplitz matrix with nonzero elements: A0 =

Id0, A2 = 0.5In0e
jφi , and A−2 = 0.5In0e

−jφi . Similarly, Ihtf
cq0

is also a Toeplitz matrix with nonzero elements:A0 = Iq0,A2 =
0.5jIn0e

jφi , and A2 = −0.5jIn0e
−jφi . In0ejφi is the negative

sequence current.
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Similarly, the outputs of the current controller in HTF format
can be derived

T htf
dq/abc

[
uhtf
cd (s)

uhtf
cq (s)

]

+

⎡

⎢
⎣

Uhtf
c⊥a0

Uhtf
c⊥b0

Uhtf
c⊥c0

⎤

⎥
⎦Δθhtf

pll (s) =

⎡

⎢
⎣

uhtf
ca

uhtf
cb

uhtf
cc

⎤

⎥
⎦ . (12)

where Uhtf
c⊥a0,U

htf
c⊥b0,U

htf
c⊥c0 are from the Toeplitz matrix of

∂Tdq/abc

∂θ1
·
[
Ucd0(t)
Ucq0(t)

]

, e.g. Uhtf
c⊥a0 = − [Ahtf

sina Ahtf
cosa

]
[
Uhtf

cd0

Uhtf
cq0

]

,

besides, since this study focuses on the control interactions and
associated stability issues, fast dynamics related to switching
will be ignored, thus the output voltages of the converter are
assumed equal to the controller outputs.

Substituting (11) and (12) into the current controller Hc (s)
yields (15) shown at the bottom of this page, where Hhtf

c (s) are
frequency-shifted copies of Hc(s).

Next, the voltage equation of the ac filter in HTF format is

⎡

⎢
⎣

uhtf
ca (s)

uhtf
cb (s)

uhtf
cc (s)

⎤

⎥
⎦ = diag

(
Zhtf

fa ,Z
htf
fb ,Z

htf
fc

)

⎡

⎢
⎣

ihtfca (s)

ihtfcb (s)

ihtfcc (s)

⎤

⎥
⎦+

⎡

⎢
⎣

uhtf
ga (s)

uhtf
gb (s)

uhtf
gc (s)

⎤

⎥
⎦.

(13)

Substituting (10) and (13) into (15) finally yields the VSC–
HTF admittance model in (16) shown at the bottom of this page.

In (16), the Laplace variable s is omitted for brevity, and the
conditionZhtf

fa = Zhtf
fb = Zhtf

fc = Zhtf
f is assumed in this study.

C. HTF- Modeling of the Asymmetric AC Grid

According to the above analysis, the Grid–HTF model is ob-
tained in (14)

ZHTF
Grid (s) = diag

(
Zhtf

ga (s),Z
htf
gb (s),Z

htf
gc (s)

)
(14)

where the elements within the HTF, e.g.,Zhtf
ga (s) are frequency-

shifted copies of Zga(s) = sLg +Rg.
In this study, the grid asymmetry is primarily interpreted

as the grid impedance imbalance of three phases, hence
Zga(s), Zgb(s), and Zgc(s) are not necessarily the same.

D. Symmetrical Components of the HTF Models

In power system analysis, symmetrical decomposition is a
useful tool for analyzing an unbalanced three-phase system via
three independent components [29], i.e., the positive sequence,
negative sequence, and the zero sequence (ZS), where the ZS
can be omitted if there are no paths for ZS currents to flow.

The symmetrical decomposition is straightforward if applied
to one set of three-phase periodical signals. As for the EMP
signals, multiple harmonics should be decomposed consistently.
This is fulfilled by decomposing the three-phase signals of each
frequency bands one-by-one.

Taking the +1 FB (i.e., + f1) as an example, the three-phase
variables in this FB are: Ua(+1)(s), Ub(+1)(s), Uc(+1)(s). Ac-
cording to the typical decomposition method, the symmetric
components of this FB are [27]

[
UP (+1)(s)

UN(+1)(s)

]

=
1

3

[
1 a a∗

1 a∗ a

]
⎡

⎢
⎣

Ua(+1)(s)

Ub(+1)(s)

Uc(+1)(s)

⎤

⎥
⎦ (17)

where a = ej
2
3π . It should be noted that the Laplace variable s if

written explicitly is: s = jω, ω > 0, where the frequency should
be positive according to the definition.

Then, applying this method to all the FBs yields the symmetric
components of an HTF model

[
Uhtf

P (s)

Uhtf
N (s)

]

=
1

3

[
I a a∗

I a∗ a

]
⎡

⎢
⎣

Uhtf
a (s)

Uhtf
b (s)

Uhtf
c (s)

⎤

⎥
⎦ (18)

where I = diag(. . . , 1, 1, 1, . . .), a = diag(. . . ,a∗,a,a, . . .).
Consequently, the VSC–HTF model, i.e., (16) is transformed
into sequence domain as

−
[
ihtfcP (s)

ihtfcN (s)

]

=
1

3

[
I a a∗

I a∗ a

]

Y HTF
VSC (s)

⎡

⎢
⎣

I I

a∗ a

a a∗

⎤

⎥
⎦

[
uhtf
gP (s)

uhtf
gN (s)

]

.

(19)

⎡

⎢
⎣

uhtf
ca (s)

uhtf
cb (s)

uhtf
cc (s)

⎤

⎥
⎦ =

⎛

⎜
⎝

⎡

⎢
⎣

Uhtf
c⊥a0

Uhtf
c⊥b0

Uhtf
c⊥c0

⎤

⎥
⎦− T htf

dq/abc

[
Hhtf

c (s)Ihtf
cq0

−Hhtf
c (s)Ihtf

cd0

]
⎞

⎟
⎠Δθhtf

pll (s)− T htf
dq/abc

[
Hhtf

c (s) 0

0 Hhtf
c (s)

]

T htf
abc/dq

⎡

⎢
⎣

ihtfca (s)

ihtfcb (s)

ihtfcc (s)

⎤

⎥
⎦

(15)

Y HTF
VSC (s) =

(

diag
(
Zhtf

fa ,Z
htf
fb ,Z

htf
fc

)
+ T htf

dq/abc

[
Hhtf

c 0

0 Hhtf
c

]

T htf
abc/dq

)−1

×

⎧
⎪⎨

⎪⎩
I +

⎛

⎜
⎝T htf

dq/abc

[
Hhtf

c Ihtf
cq0

−Hhtf
c Ihtf

cd0

]

−

⎡

⎢
⎣

Uhtf
c⊥a0

Uhtf
c⊥b0

Uhtf
c⊥c0

⎤

⎥
⎦

⎞

⎟
⎠T htf

pll · T htf
sin

⎫
⎪⎬

⎪⎭
(16)
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Likewise, the sequence domain Grid-HTF model is obtained
from (14) as

[
uhtf
gP (s)

uhtf
gN (s)

]

=
1

3

[
I a a∗

I a∗ a

]

ZHTF
Grid (s)

⎡

⎢
⎣

I I

a∗ a

a a∗

⎤

⎥
⎦

[
ihtfgP (s)

ihtfgN (s)

]

(20)

where the inputs and outputs are still vectors of spec-
tra, e.g., ihtfgP = [. . . , iP (−1)(s), iP (0)(s), iP (+1)(s), . . .]

T , and
ihtfgN = [. . . , iN(−1)(s), iN(0)(s), iN(+1)(s), . . .]

T .
So far, the HTF model of an unbalanced grid-VSC system is

achieved, where the HTFs are infinitely dimensional matrices
characterizing all the possible frequency couplings. Therefore,
they cannot be used for analysis directly, and proper model trun-
cation is required. Since this study aims at acquiring an analyti-
cal model for control-related stability analysis, this implies that
only a few frequency components of the HTFs are crucial for this
study. To this consideration, a method for truncating the HTFs
will be shown in the next section.

III. PROPERTIES OF THE FREQUENCY COUPLINGS AND

FORMULATION OF THE FIRST COUPLING CYCLE MODEL

A. Properties of the Frequency Couplings Relevant to Controls

In a previous analysis [18], the MFC effect of the VSC is
identified, i.e., if a positive sequence perturbation at a frequency
e.g., fp + f1, is applied, the current responses of the VSC will
show up two frequency components, one is fp + f1 and the
other is −fp + f1, or illustratively speaking ±fp at +1 FB [see
Fig. 2(a), the 1st MFC]. This phenomenon is caused by the un-
equal regulation effects of VSC controls on the d and q-axis
variables, e.g., the PLL effect. Further, since the grid-VSC forms
a closed-loop system, the outputs of the VSC are the inputs of
the grid. As a result, if the grid impedance is three-phase sym-
metric, then the voltage responses (as vectors) will be of the
same frequency and direction as the perturbation inputs, i.e.,
±fp + f1. Therefore, the number of frequency-couplings is fi-
nite for three-phase symmetric cases, which is two. This also
explains why the impedance models of VSCs (three-phase and
two-level) regardless of domains are two-by-two matrices under
symmetrical grids.

However, if the grid-impedance is three-phase asymmetric,
it is known that the output voltages across the three-phase
impedances will be unbalanced even if the input currents are
balanced. In sequence domain, this feature is equivalent to the
change of input directions, e.g., a positive sequence current flow-
ing into the unbalanced the grid will additionally produce a neg-
ative sequence voltage. Based on this property, the inputs of the
grid at ±fp + f1 (i.e., the 1st MFC current-outputs of the VSC)
will result in two new responses at ∓fp − f1. This process, in

Fig. 2. Qualitative study of the frequency coupling properties with the pres-
ence of grid asymmetry (in (a), a fast VSC control is employed for illustration,
and the phase C impedance is 10% of phase A and B). (a) Current responses
of a typical VSC under an asymmetric ac grid. (b) Illustration of the frequency
coupling and the first coupling cycle.

this study, is denoted as the sequence domain coupling (SDC)
effect of the grid. As shown in Fig. 2(a), the magnitudes of three-
phase currents (e.g., at 70 Hz) are no longer equal, indicating the
existence of SDC [in Fig. 2(a), the steady-state operating points
are removed from the spectra to acquire a clear illustration of
the small-signal propagations].

After this first coupling cycle (FCC), composed of 1st MFC
and 1st SDC) completes, the VSC will initiate the 2nd MFC,
creating new responses at ±fp + 3f1 [see Fig. 2(a), the 2nd
MFC, and a more illustration in Fig. 2(b)]. Clearly, this process
resembles a “chain reaction” that starts from the injection at
fp + f1 but never ends, one may refer to [30] for a more general
discussion on the infinite many frequency couplings.

Since the MFC effects are primarily dependent on the VSC
controls, which are bandlimited signals in general, hence this
“chain reaction” can be approximately ended at a point where the
MFC effects become weak and negligible. In this study, the 2nd
MFC is chosen as the “end point” due to its negligible responses,
see the comparison of 1st and 2nd MFC effects in Fig. 2(a).

In summary, only the dynamics relevant to the FCC is of most
concern and should be modeled in detail. Next, the HTFs will
be truncated into lower dimensions based on this criterion.

−

⎡

⎢
⎢
⎢
⎢
⎣

icP (s− jω1)

icP (s+ jω1)

icN (s− jω1)

icN (s+ jω1)

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

Y htf
cPP =

[
a(s) b∗ (−s)

b(s) a∗ (−s)

]

Y htf
cPN (s) =

[
c(s) 0

0 c∗ (−s)

]

Y htf
cNP (s) =

[
d(s) −d(s)

−d∗ (−s) d∗ (−s)

]

Y htf
cNN (s) =

[
e(s) 0

0 e∗ (−s)

]

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

ugP (s− jω1)

ugP (s+ jω1)

ugN (s− jω1)

ugN (s+ jω1)

⎤

⎥
⎥
⎥
⎥
⎦

(21)
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TABLE I
TRANSFER FUNCTIONS OF THE VSC-FCC MODEL

B. Derivation of the VSC and the Grid FCC Model

According to the above analysis, there are only four frequency
components involved in the process of FCC, thereby a four-by-
four matrix is expected for modeling their dynamics and inter-
actions. This is fulfilled by extracting relevant frequency com-
ponents from the HTF models.

1) Derivation of the VSC-FCC Model: The VSC-FCC
model (21) shown at the bottom of this page, is developed by
extracting the frequency components ∓fp ± f1 from its HTF
model (19), the transfer-functions of (21) are listed in Table I. It
should be noted that the symmetry condition: G∗(−s) = G (s)
may not hold generally if the transfer-functions [e.g., a, (s)] are
of complex-valued coefficients.

Also, it is worth clarifying that, a straightforward way for
representing the components ±fp + f1 is to adopt the complex-
vector notation as presented in [16]. This means the positive
and negative sequence component are unified by defining the
Laplace variable s of a function can be either positive or neg-
ative, e.g., ic(s+ jω1), s = ±jωp. However, by definition, the
employed symmetrical decomposition method regards the vari-
able s as positive. Hence, the complex-vector notation has to
be separated by icP (jωp + jω1) and icP (jωp − jω1), where
icP (jωp − jω1) is the conjugation of icP (−jωp + jω1). Sim-
ilarly, icN (s− jω1) and icN (s+ jω1) are obtained from the
complex-vector ic(s− jω1) with s = ∓jωp.

Based on this notation, the submatrix Y htf
cPP of the VSC-

FCC model is correlated to the modified sequence domain
VSC model in [18], where a∗(−s) → Ypp(s), a(s) → Ynn(s),
b(s) → Ypn(s), b∗(−s) → Ynp(s) (the lower case “pn” denotes
the frequency notation of the modified sequence domain, where
the base-frequency of complex vectors is+ω1). In turn, the FCC
model can be regarded as an extension to the typical (modified)
sequence domain model.

2) Derivation of the Grid-FCC Model: Similar to the deriva-
tion of the VSC-FCC model, the grid-FCC model is developed
in (22) shown at the bottom of this page, by extracting the same
frequency components from (20).

In (22), m(s) = Zg(s− jω1), where the three-phase asym-
metry is introduced as the imbalance among grid impedances,

TABLE II
PARAMETERS OF k1 AND k2 WITH DIFFERENT VALUES OF kz

i.e., Zga = Zgb �= Zgc. Meanwhile, the asymmetry factor
is defined as: kZ = Zgc/Zga. Given by this definition,
k0 = 1 +

√
3j, leaving k1, k2 are two additional constants

related to kZ , see Table II for the values of grid asymmetry
under this definition.

3) Characteristics and Interpretations of the VSC-FCC and
the Grid-FCC Model: This section aims to acquire a qualitative
understanding of the FCC models regarding the characteristics
and interpretations of the components. For better illustration,
the magnitude responses of the VSC-and grid-FCC model are
plotted in Fig. 3, the main parameters are listed in Table III.

It is seen that the respective off-diagonal submatrices of
the VSC-FCC and the grid-FCC model are evident, indicat-
ing the existence of SDC effect. It is easily accepted that
the grid is sequence-domain coupled since the three-phase
impedance of this study is imbalanced, and the coupling
strength can be qualitatively evaluated from the magnitudes of
|Zhtf

gPN (s)|, |Zhtf
cNP (s)|. As for the VSC, one may argue that the

SDC should not be present since it is assumed three-phase sym-
metric in this study. In fact, Y htf

cPN (s),Y htf
cNP (s) are correlated

with the negative sequence components of steady states [see
the models in Table I, e.g., c(s) and d(s)], which are existent
due to the asymmetric ac grid. If the grid is symmetric, then
Y htf

cPN (s),Y htf
cNP (s) will not exist. Therefore, the SDC effect

of the VSC, in this analysis, could be roughly interpreted as the
consequence of grid asymmetry.

Furthermore, it is seen that the off-diagonals of the diago-
nal submatrices, i.e., Y htf

cPP (s),Y
htf
cNN (s), are related with the

⎡

⎢
⎢
⎢
⎢
⎣

ugP (s− jω1)

ugP (s+ jω1)

ugN (s− jω1)

ugN (s+ jω1)

⎤

⎥
⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎣

Zhtf
gPP = k1

[
m(s) 0

0 m∗ (−s)

]

Zhtf
gPN = k2

[
k0m(s) 0

0 k∗0m
∗ (−s)

]

Zhtf
gNP = k2

[
k∗0m(s) 0

0 k0m
∗ (−s)

]

Zhtf
gNN = k1

[
m(s) 0

0 m∗ (−s)

]

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

igP (s− jω1)

igP (s+ jω1)

igN (s− jω1)

igN (s+ jω1)

⎤

⎥
⎥
⎥
⎥
⎦

(22)
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Fig. 3. Magnitude responses of the VSC- and the grid-FCC models.

MFC effect of VSC. In which, the off-diagonals of Y htf
cPP (s)

is already well-understood, i.e., typical MFC effect under sym-
metric grid conditions [18]. Also, notice that the off-diagonals
of Y htf

cNN (s) are null, this is because the frequency compo-
nents: ∓fp − f1 are mirror-frequency coupled with compo-
nents: −(∓fp − f1) + 2f1 = ±fp + 3f1, which are outside the
scope of the FCC [i.e., 2nd MFC in Fig. 2(b)].

IV. EQUIVALENT SOURCE AND LOAD MODEL FOR THE

NYQUIST-BASED STABILITY ANALYSIS

As the grid-FCC and the VSC-FCC model are four-by-four
matrices, impedance verification can be lengthy since four sets of
data are required for each measurement. Considering the model-
ing purpose is for stability analysis, which is essentially a closed-
loop issue that can be studied by the impedance-ratio of a source
and load system [31]. A previous study in [19] has explored in
this respect and proposed a method to convert the two-by-two
matrix model into single-input and single-ouput (SISO) equiv-
alents in the (modified) sequence domain, which drastically re-
duced the complexity in analysis and verification.

TABLE III
MAIN PARAMETERS OF THE GRID-VSC SYSTEM

Fig. 4. Derivation of the equivalent source and load circuit.

Fig. 5. Flowchart for impedance measurement in simulation.
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Fig. 6. Impedance model validation under various system configurations. (a) Case1 (“sim 1” denotes Icq0 = 0.5 p.u., “sim 2” denotes. Icq0 = −0.5 p.u.,
Icd0 = 0.5 p.u., CC = 200 Hz, PLL = 20 Hz, SCR = 4, kZ = 0.1.). (b) Case 2 (“sim 1” denotes PLL = 20 Hz, “sim 2” denotes PLL = 40 Hz. Icd0 = 0.5 p.u.,
Icq0 = 0 p.u., CC = 300 Hz, SCR = 2, kZ = 0.1.).

According to that analysis, if the grid-VSC system is
perturbed by an independent perturbation of positive se-
quence [see Fig. 4(a), uptb], then the SISO-based equiva-
lent source and load models can be found as: ZS

eq(s)i
c
p =

ug
p and −icp = Y L

eq(s)u
c
p. Moreover, it is identified that

the marginally stable/unstable conditions of the SISO-
based and the two-by-two matrix-based model are iden-
tical, because of the condition det(−1 + ZS

eqY
L
eq)SISO =

det(−I2×2 +ZGrid
pn Y VSC

pn )MIMO = 0 holds simultaneously.
This condition conveys a fact that the SISO-based models,
though with lower dimensions, have the same accuracy as the

MIMO models in terms of stability. Therefore, this method will
be applied to the FCC model to find its lower dimensional source
and load equivalents for stability analysis.

A. Derivation of the Equivalent Source and Load Models
From the FCC Model

In this analysis, a similar closed-loop system as Fig. 4(a) can
be constructed, except that the grid and VSC models (two-by-
two matrices) are replaced with corresponding FCC models.
As a result, the positive and negative sequence circuit based on
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the FCC models can be drawn as Fig. 4(b), where the indepen-
dent perturbations of +f1 FB are applied.

Under this configuration, the equivalent source and load mod-
els (illustratively, the pseudo-SISO model due to the concept and
method) can be derived similarly as [19] by solving the coupled
sequence circuits. After some circuit operations, the equivalent
load model, defined as −ihtfcP (s) = Y L

eq(s) · uhtf
cP (s) is obtained

in (23) shown at the bottom of the next page, where uhtf
cP =

[ucP (−1)(s), ucP (+1)(s)]
T , ihtfcP = [ icP (−1)(s) icP (+1)(s) ]

T .
Likewise, the equivalent source model defined as: uhtf

gP (s) =

ZL
eq(s) · ihtfgP (s) is obtained in (24) shown at the bottom of

the next page, where ihtfgP = [igP (−1)(s), igP (+1)(s)]
T , uhtf

gP =

[ugP (−1)(s), ugP (+1)(s)]
T .

Finally, an equivalent source and load system (i.e., the pseudo-
SISO model) is established in Fig. 4(c), based on which the
impedance validation and the Nyquist-based stability analysis
will be performed. Notice again, although the equivalent mod-
els are of lower dimensions, the accuracy on stability analy-
sis will not be sacrificed due to the identical marginal stability
condition.

B. Model Verification by Measured Frequency Responses

In this section, Y L
eq(s) and ZS

eq(s) will be verified through
frequency-scanning. Benefit from the low-model dimension,
only two sets of data are required for the impedance measure-
ment of a single frequency point, and the main process is shown
in see Fig. 5, in general, it resembles the dq or the modified
sequence impedance measurements.

It should be noted that, due to the significant nonlinearities,
analytical calculation of the system’s steady states is intractable,
thereby simulation data are employed in this analysis. Also, un-
der asymmetric cases, control parameters will greatly affect the
operating points, which means they are not valid for a wide span
of parameter changes. Hence, for more accurate impedance vali-
dation and stability analysis, it is suggested to update the operat-
ing points once a large change of control parameters is registered.

In Fig. 6(a) Case 1, two types of reactive current injections
are considered to address the effects of operating points. Over-
all, Y L

eq(s) is consistent with measurements, whereas ZS
eq(s)

only achieves the consistency on the diagonals. The discrep-
ancy appeared at the off-diagonals could be the consequence of
either the model truncation or the unmodeled high-frequency
components. However, overall, they are small compared to the
diagonals, thereby negligible effects on stability is anticipated.
This remark is qualitatively justified by inspecting the eigenloci,

Fig. 7. Nyquist-based stability analysis and verification in simulations.
(a) Nyquist plots (Icd0 = 0.5 p.u.CC = 200 Hz, PLL = 40 Hz, SCR = 4).
(b) Time domain simulations (at 2 s PLL is changed from 20 to 40 Hz).

for which the following equation:

λ2 −
(
ZS
eq(2,2) + ZS

eq(1,1)

)
λ + ZS

eq(2,2)Z
S
eq(1,1)

− ZS
eq(1,2)Z

S
eq(2,1) = 0 (25)

Y L
eq(s) =

[
I2×2 + Y htf

cPN

(
I2×2 +Zhtf

gNNY htf
cNN

)−1
Zhtf

gPN

]−1

·
[
Y htf

cPP − Y htf
cpn

(
I2×2 +Zhtf

gNNY htf
cNN

)−1
Zhtf

gNNY htf
cNP

]

(23)

ZS
eq(s) = Zhtf

gPP −Zhtf
gPN

(
I2×2 +

(
Y htf

cNN − Y htf
cNP

(
Y htf

cPP

)−1
Y htf

cPN

)
Zhtf

gNN

)−1

×
[(

Y htf
cNN − Y htf

cNP

(
Y htf

cPP

)−1
Y htf

cPN

)
Zhtf

gNP − Y htf
cNP

(
Y htf

cPP

)−1
]

(24)
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Fig. 8. Experimental system setup and verification method. (a) Schematic of the experimental system. (b) Experimental layout. (c) A flowchart for experimental
verification.

is solved. Due to the small amplitudes of ZS
eq(1,2) and

ZS
eq(2,1), the last term in the characteristic equation is second-

order smaller, i.e., |ZS
eq(1,2)Z

S
eq(2,1)| � |ZS

eq(2,2)Z
S
eq(1,1)| holds.

Therefore, the dominant characteristic of the equivalent source
is determined by the diagonals. A further study on the stability
effects will be shown in the next section.

Next, Fig. 6(b) Case 2 further considers two sets of PLL band-
widths to show the control effects. It is observed that the ana-
lytical models are consistent with the measurements except for
some discrepancies on the off-diagonals of the equivalent source
model. As addressed before, since these discrepancies remain
small, the former justification on stability effects is still valid.
On the other hand, from the load model, it is also seen that the
larger the PLL bandwidth the greater the MFC effect due to the
enlarged magnitudes of the off-diagonals.

C. Nyquist-Based Stability Analysis and Validation

This section will perform the validation and analysis
in terms of Nyquist-based stability. For which, the eigen-
loci are first calculated from the characteristic equation:
det(λI2×2 −ZS

eqY
L
eq) = 0, and then stability is assessed ac-

cording to the generalized Nyquist criterion [32].
In what follows, two asymmetric conditions: kZ = 0.5 and

kZ = 0.1 are considered for stability assessment, the Nyquist
plots are plotted and compared in Fig. 7(a). It is seen that the
Nyquist plots with a small kZ (i.e., kZ = 0.1) indicate a stable
system, whereas the ones with a larger kZ (i.e., kZ = 0.5) con-
clude a marginally unstable system. In Fig. 7(b), time-domain
simulations under these two cases are shown respectively, where
small-signal dynamics are invoked by changing the PLL band-
width at 2 s. It is identified that the case with kZ = 0.1 is stable,
whereas the one with kZ = 0.5 is unstable, proving the stability
results of the Nyquist-based analyses are correct.

For further model validation, particularly the accuracy on
marginally stable/unstable states predictions (i.e., the critical
condition), experiments on a downscaled grid-tied VSC system
are conducted. The experimental system setup is illustrated in

TABLE IV
MAIN CIRCUIT PARAMETERS OF THE EXPERIMENTAL SYSTEM

Fig. 8(a) and (b), and the main circuit parameters of the experi-
mental system are listed in Table IV.

To fulfill this target, the control parameters from the Nyquist-
based analysis and the experiments at which the critical
condition occurs will be compared. In which, the theoretical
control parameters of the critical condition are first calculated,
denoted as the “theoretical results”. A brief illustration of this
process is shown in Fig. 8(c). It is seen that the critical con-
trol parameters are detected by iteratively calling the Nyquist-
based stability tests, and checking if it is approaching (−1, 0 j).
Also, notice that the steady-state operating points are updated
once a large change of control parameters is recorded. Once
the critical parameters are obtained, they will serve as the ref-
erence for the experiments, however, with some modifications
until the critical oscillation of the experimental system occurs,
the resulting parameters are then denoted as the “experimental
results.”

Based on this method, two sets of critical control parame-
ters under kz = 0.4 (i.e., Case1) and kz = 0.25 (i.e., Case2)
conditions are compared in Table V. It is seen that, though the
theoretical and experimental results are not perfectly consistent,
in general, the discrepancies are small and satisfactory.

Further, Fig. 9 shows the current waveforms and spectra in
accordance with the aforementioned analysis of the critical sta-
bility condition. From the current spectra, one may clearly ob-
serve that the mirror 1st MFC effect is evident for both cases,
whereas the 2nd MFC effects are almost invisible. This find-
ing justifies the FCC assumption is feasible for control-related
stability analysis. Besides, other frequency components except
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Fig. 9. Experimental current waveforms and spectra analysis. (a) Case 1: kz = 0.4 (left side: current waveforms, right side spectra). (b) Case 2: kz = 0.25 (left
side: current waveforms, right side spectra).

TABLE V
COMPARISON OF THE EXPERIMENTAL AND THEORETICAL RESULTS

for those related to MFC are also captured in Case 2. They are
existent mainly because the oscillating waveforms create quasi-
steady periodical operating points at ±fosc + f1, fosc = 8 Hz,
and these new components will interact with the fundamental
and the switching frequency, resulting in infinite many frequency
couplings, typically they are small and of high orders [30].

In overall, the Nyquist-based analysis and verification show
that the proposed model is effective for asymmetric ac-grid
stability analysis. This justifies a former remark that the off-
diagonals of the equivalent source model have negligible effects
on stability. By comparing those stability cases, another inter-
esting observation that can be found is that it seems the system
exhibits a greater capability of maintaining stability if the grid is

more asymmetric. A qualitative but straightforward understand-
ing of this finding from the grid-FCC model is that a “strong
grid effect” is captured as kZ reduces. More analysis on sta-
bility, along with a clarification on the feasibility of symmetric
models for asymmetric ac-grid analysis will be discussed in the
next section.

V. DISCUSSIONS ON THE GRID VOLTAGE ASYMMETRY AND

THE FEASIBILITY AND PERFORMANCE OF SYMMETRIC MODELS

Previously, the “grid asymmetry” is primarily defined as the
imbalance among three-phase grid impedances. Additionally,
grid voltage unbalance is also a sort of grid asymmetry. Hence, it
is interesting to see the performance of the proposed model under
such conditions. On the other hand, from foregoing analysis,
the FCC model is essentially an expansion of the (modified)
sequence domain model (i.e., the symmetric model). Hence, it
is worthful to clarify the feasibility of the symmetric models for
asymmetric ac-grid stability analysis.

A. Impacts of the Grid Voltage Imbalances

In the first place, the grid-voltage asymmetry is defined as the
ratio: kg = |UN/UP |, where UN and UP are the negative and
positive sequence voltage respectively. A comparative study of
a small and large grid-voltage asymmetry is shown in Fig. 10,
where the “sim 1” denotes the large one (i.e., kg = 0.15), and
“sim 2” denotes the small one (i.e., kg = 0.07).
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Fig. 10. Impedance validation with grid voltage asymmetry (Icd0 = 0.5 p.u.,
SCR = 2, CC = 300 Hz, PLL = 20 Hz, kZ = 0.5).

It is identified that the analytical models are still accurate un-
der such conditions (except the negligible mismatches on the
off-diagonals of the equivalent source model), which means the
proposed model can capture the major effects of grid asymme-
tries regardless of the sources (e.g., either three-phase impedance
or voltage imbalances). Besides, it is also observed that the

Fig. 11. Nyquist plots comparisons of the symmetric and asymmetric models.

extent of grid-voltage asymmetry only has a small impact on
the impedance characteristics (see the comparison between
kg = 0.15 and kg = 0.07), mainly due to the change of oper-
ating points.

B. Symmetric Models for Asymmetric Grid Stability Analysis

In this section, two types of symmetric models will be
introduced, and they are compared with the asymmetric
model (i.e., the equivalent source and load model) in terms of
Nyqusit plots and stability margin. First, the typical symmetric
model is introduced and defined as: Y L

sym_typ = Y htf
cPP and

ZS
sym_typ = diag(Zg(s− jω1), Zg(s+ jω1)). However, this

model is too simplified since all the asymmetry effects are
ignored. A simple improvement can be done by multiplying
ZS

sym_typ with the factor k1, from which a modified symmetric
source model is obtained: ZS

sym_mod = k1Z
S
sym_typ = Zhtf

gPP ,
and the modified symmetric load model is unchanged, which
is Y L

sym_typ. It is easily validated that the loop gains of the
typical and modified symmetric model have this relationship:
k1Lsym_typ(s) = k1Z

htf
gPPY

htf
cPP (s) = Lsym_mod(s).

First, in Fig. 11, a comparative study in terms of Nyquist
plots is presented (only the dominant eigenloci are shown). It
is seen that the typical symmetric model (i.e., Lsym_typ(s)) is
valid only if kz is large (i.e., a small extent of grid asymmetry).
As the grid becomes more asymmetric (e.g., kz = 0.5), evident
discrepancies between the typical symmetric and the asymmet-
ric model are shown. As a result, in general, this model is not
suitable for asymmetric ac grid stability analysis.

The modified symmetric model (i.e., Lsym_mod(s)) indeed
improves the accuracy to a certain level, the evident error only
presents at which the grid asymmetric is severe (e.g., kZ < 0.5).
Therefore, this model is valid for a certain range of grid asym-
metry. On the other hand, the discrepancy betweenLsym_mod(s)
and Lasym(s) also implies that the SDC effect cannot be over-
looked if grid asymmetry is large.

Based on the Nyquist plots comparison, it is known that both
the typical and the modified symmetric model are conservative
in terms of stability, particularly the former one. To check if
this pessimism holds for a certain range of parameter change,
phase margins are evaluated from the Nyquist plots. As a result,
a full picture of the stability trends regarding various system
configurations is acquired.

In Fig. 12, for a small grid asymmetry (i.e., kZ = 0.9), both
the typical symmetric and the modified symmetric model are
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TABLE VI
A SUMMARY OF STABILITY MARGIN AND MODEL ACCURACY ANALYSIS

Fig. 12. Analysis of the phase margin under various system configurations.

very close to the asymmetric model in terms of stability margin
and trend, particularly the modified symmetric model. How-
ever, as the grid asymmetry enlarges (see the comparison under
kZ = 0.5 and kZ = 0.1), the typical symmetric model exhibits
evident error on the stability margins, and generally lower than
the prediction of the asymmetric model. As for the modified
symmetric model, this pessimism on stability margin still holds,
however, the accuracy (i.e., the extent of pessimism) is improved.

In summary, from those comparisons, it is identified that this
pessimism on stability holds consistently for a relatively wide
range of parameter variation. Therefore, the effective boundaries

of the symmetric models for asymmetric ac-grid analysis can be
roughly obtained, i.e., the typical symmetric model is valid for
kZ ≤ 0.1, and the modified symmetric model is valid for kZ ≤
0.5. Last, Table VI is formulated to summarize this comparative
stability analysis of different models.

VI. CONCLUSION

This study developed an analytical impedance model of an
unbalanced grid-VSC system for asymmetric ac-grids-stability
analysis. The proposed models have a clear physical interpreta-
tion in frequency-domain, reflecting the interactions between the
VSC controls (i.e., MFC effect) and the asymmetric ac grid (i.e.,
SDC effect). The proposed model is thoroughly validated within
the frequency range of interest (i.e., the FCC related to control
dynamics), whereas the high-frequency range outside this scope
is not modeled (e.g., switching and digital delays). Therefore,
in theory, the harmonic unstable phenomenon characterized as
high-frequency dynamics may not be effectively justified by this
model, which are worth being explored in future studies.

On the other hand, several significant concerns on the stabil-
ity and the feasibility of symmetric models for asymmetric grid
analysis are discussed and clarified. It turns out that the typical
symmetric model is not suitable for asymmetric grid stability
analysis, whereas the modified typical model has some improve-
ments but still only valid for a certain range of grid asymmetry.
Overall, they are over-pessimistic on stability assessments. An-
other finding from the stability analysis could be interesting is
that the grid-VSC system exhibits a greater capability of main-
taining stability if the grid asymmetry is more severe.
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