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Abstract—Recent studies have shown the importance of consid-
ering the synchronization mechanism of a grid-connected converter
in its stability assessment. Moreover, it is often taken for granted
that synchronization units of grid-connected converters operating
nearby may interact with each other, but this topic has not yet
been deeply investigated in the literature. In this paper, the inter-
action between synchronization units of grid-connected converters
is investigated by means of impedance-based analysis. A multiple-
inputs multiple-outputs analysis is required and a stability margin
is introduced, based on the calculation of the norm of the equivalent
grid impedance and equivalent output admittance of the converter.
The sensitivity of the stability margin to parameter variations (e.g.,
grid impedance, bandwidth of the synchronization loop of each
converter) is assessed by means of Monte Carlo simulations. Time-
domain simulations as well as experimental results in a laboratory
environment using a power hardware-in-the-loop test bench are
performed so as to validate the presented frequency-domain anal-
ysis.

Index Terms—Infinity-norm, Monte Carlo (MC) simulations,
phase-locked loop (PLL) stability, stability margin, synchroniza-
tion issues.

I. INTRODUCTION

THE synchronization of power electronics converters with
the main utility grid has been investigated in the last

decades since the number of converter-connected distributed
energy resources (DERs) have increased noticeably. Synchro-
nization techniques have been proposed in the literature, both
for single-phase as well as for three-phase systems [1]–[5].
The commonly adopted solution is the use of a phase-locked
loop (PLL), and the synchronous reference frame (SRF)-PLL
is among the most widely proposed techniques in the literature
[6]. Although it provides excellent results under nominal-grid
conditions, its performance is strongly affected by imbalances
and background-harmonic distortion of grid voltages. Solutions
have been presented in the literature to partially overcome these
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issues at the cost of reducing the bandwidth of the PLL [2],
[3], [6]. The decrease of the PLL’s bandwidth has been con-
sidered a severe drawback, due to the fact that controllers for
modern power electronics converters are often implemented in
SRF coordinates [7], requiring accurate knowledge of the volt-
age angle to operate properly. Furthermore, new grid codes force
grid-connected converters to react almost instantaneously to grid
faults, in order to quickly inject the required amount of current
necessary for grid support purposes (fast fault current injection
or FFCI [8], [9]).

The load/source-impedance criterion presented by Middle-
brook [10], initially proposed for dc–dc converter applications,
has been proven to be very accurate also for ac three-phase
applications [11]–[13]. It enables the stability analysis of a
grid-connected voltage source converter (VSC) by simply
applying the Nyquist stability criterion to the ratio between
the equivalent output admittance of the converter Yout and the
equivalent grid admittance Ygeq calculated at its terminals. Some
works have investigated the interactions among control loops
of the converters and their output filters, neglecting the effects
of the PLL [12], [13]. In this case, the admittances of interests
are simply represented by single-input single-output (SISO)
transfer functions. Recent studies have shown the effects of
the PLL on the stability of grid-connected converters [14]. For
such analysis, formulation in an SRF [15] or decomposition
into positive and negative sequence [16] is needed. Either way,
the system requires a multiple-inputs multiple-outputs (MIMO)
analysis [17]. The generalized Nyquist criterion (GNC) could
be used for stability assessment [18], but other approaches
based on the calculation of the norms of the admittance Yout

and of the equivalent grid impedance Zgeq have been proposed,
which might suffer from excessive conservatism [19], but
enable calculating a stability margin.

The work presented in this paper, is an extension of [20],
where the stability of a system composed of two converters op-
erating in parallel and sharing the same point of common cou-
pling (PCC) has been investigated. It is shown that, in sight of
faster angle detection, it is not possible to increase the band-
width of a PLL above certain limits and such limitations are
strongly affected by the presence of other converters operating
nearby and by weaker grid conditions. Differently from [20], a
stability margin based on the norms of impedances is defined,
in order to evaluate sensitivity to parameters’ variations. In fact,
through the eigenvalue analysis performed in [20], it can be sim-
ply stated whether the system is stable or not, whereas the use of
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Fig. 1. System under study. (a) Scheme of the system and (b) simplified representation including the control loops for the case of two converters.

a stability margin also provides indications about the robustness
with respect to parameter variations. It is also shown that, for
the specific application, the defined margin does not suffer from
excessive conservatism. Parameters are varied using statistical
approaches and Monte Carlo (MC) simulations are performed
so as to evaluate their effects on system stability.

This paper is structured as follows. In Section II, the system
under study is presented. In Section III, a stability margin is
defined, proving its accuracy by means of electromagnetic tran-
sient (EMT) time-domain simulations. In Section IV, a statistical
approach based on MC simulations is used to assess sensitivity
against parameter variations. In Section V, experimental results
using a power hardware-in-the-loop (PHIL) test bench are pre-
sented, while Section VI is dedicated to the conclusions.

II. MODELING OF PARALLEL INVERTERS FOR STUDYING

SYNCHRONIZATION ISSUES

A. System Under Study

A scheme of the investigated system is reported in Fig. 1(a),
while in Fig. 1(b), a simplified representation of the system for
the case of only two converters is reported, also showing their
control loops. The case of a high-voltage grid is examined, and
it can be assumed that each converter represents an aggregated
model of many converters having the same characteristics. Since
the focus of this paper does not lie on the investigation of the
interactions between the PLL and the other control loops of the
converter (current control, dc-link voltage/active power control,
reactive power control, voltage feed-forward, etc.), which have
been already addressed in the literature [14], [15], [20], [21],
the converter is assumed to behave as a perfect current source,
whose output currents are calculated by transforming the refer-
ence currents from the dq to the abc reference frame using the
angle estimated by the PLL. This allows isolating the effects of
the PLL from the other control loops of the converter, focusing
on the interactions among synchronization units of converters
operating nearby. This simplification is justified by the differ-
ence between the bandwidths of the control loops in question.
In fact, the inner current control loop is usually designed so as
to be much faster than the synchronization loop, whereas the

Fig. 2. Equivalent system representation for impedance-based analysis.

outer power control loop is generally way slower. For exam-
ple, hysteresis-band current control (HCC) is among the current
control implementations cited in the literature for modeling the
performances of real industrial applications [22], which ensures
extremely high bandwidth (ideally infinite), whereas the sim-
plification of neglecting the outer control loops has also been
adopted in other works, as [12] and [13] among others, where the
interactions between inner current control loops and converter
output filter of converters operating nearby have been addressed.

It is not necessarily assumed that the converters share the same
PCC, but it is considered that they are connected to the same
network bus. The grid is therefore represented by its Thévenin
equivalent, seen from the bus, whose impedance can be var-
ied so as to emulate a weaker or stronger connection point.
The impedances Zc1 and Zc2, shown in Fig. 1(b), include the
impedance of the medium-voltage/high-voltage transformer of
each converter and one of the respective lines ZL1 and ZL2. The
impedance indicated as Zg in Fig. 1(b) accounts for the sum of
the high-voltage transformer impedance and the equivalent grid
impedance Zgeq.

B. Equivalent Output Admittance and Grid Impedance

The equivalent system model suitable for impedance-based
analysis is shown in Fig. 2. The linearization of the PLL equa-
tions has been reported in [20]. However, the calculation of the
equivalent grid impedance is slightly different, due to the pres-
ence of the impedances between converters. Defining Iref1 the
reference current of converter 1 and Vg the grid voltage, the
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expression of the output current of converter 1 is

Iinv1(s) = H(s)[Iref1 + Yout1(s)Vg] (1)

with

H(s) =
1

1 + Zgeq(s)Yout1(s)
. (2)

The equivalent grid impedance Zgeq(s) seen by converter 1
can be calculated as

Zgeq(s) = Zc1(s) +
1

1
Zg(s)

+ Yo2(s) + · · ·+ Yon(s)
(3)

where Yon(s) of the nth converter is obtained from Zcn(s) and
Youtn(s) as follows:

Yon(s) =
1

Zcn(s) +
1

Youtn(s)

. (4)

Neglecting the effects of the PLL as that in [12] and [13],
the impedances and admittances in (1)–(4) are represented by
SISO transfer functions. As in [14], the formulation in dq coor-
dinates is adopted in this paper, in order to consider the effects of
the synchronization unit in the analysis. The problem requires
a MIMO formulation, and therefore, the converter output ad-
mittance and the equivalent grid impedance are indicated in the
following using bold characters.

Considering only the PLL and neglecting the other control
loops of the converter, the output admittance is simply expressed
by the following equation [14]:

Yout(s) =

[
0 IqHPLL(s)

0 −IdHPLL(s)

]
(5)

with Id and Iq indicating, respectively, the d and q component
of the converter current Iinv1 at the operating point, and HPLL(s)
representing the transfer function of the detected angle ΔθPLL

according to a variation of the input q component of the voltage
ΔVq [14], and is derived as follows:

HPLL(s) =
ΔθPLL(s)

ΔVq(s)
=

LF(s)
s+ VdLF(s)

. (6)

Vd in (6) is the d-component of the voltage at the operating
point and LF(s) is the transfer function of the loop filter of the
SRF-PLL:

LF(s) = Kp +
Ki

s
(7)

with Kp and Ki proportional and integral gains, respectively.
The representation of a generic resistive–inductive impedance
in dq-coordinates is given as follows:

ZRL(s) =

[
sL+R −ωL

ωL sL+R

]
. (8)

III. NORM OF IMPEDANCES FOR STABILITY MARGIN

CALCULATION

In most of the literature dealing with impedance-based analy-
sis, the common approach used for assessing the stability of the
system is to apply the Nyquist stability criterion to the product

between the equivalent grid impedance Zgeq(s) and the output
admittance of the converter Yout(s) [12], [13]. However, when
the PLL equations are included, the system becomes MIMO,
and multivariable control system theory should be applied for
assessing system stability. The generalized Nyquist criterion has
been used for stability assessment [14], [15], [18], [23]. It pro-
vides a sufficient and necessary condition and does not suffer
from excessive conservatism. However, it does not provide an
indication about stability margin in the same way as it does for
SISO systems. Therefore, it is not suitable for design purposes
and instead, other methods have been proposed in the literature
[19], which define a stability margin based on the calculation of
the norms of Yout(s) and Zgeq(s). Although a problem formu-
lation suitable for design purposes can be achieved, the result-
ing margin might suffer from excessive conservatism. Indeed,
such methods provide only a sufficient condition and the sys-
tem might be stable even if their stability requirements are not
met. Such methods are based on the small-gain theorem [17],
[24]. In fact, the impedance-based stability criterion is based on
the observation that (2) resembles the closed-loop transfer func-
tion of a negative-feedback control system, where the forward
gain is unity and the feedback gain is the so-called return ratio
L(s) = Zgeq(s)Yout(s).

Indicating with σ the largest singular value, a compact for-
mulation of the small-gain theorem is reported in the following
[17].

Theorem 1 (Small-Gain Theorem): Consider a system with a
stable loop transfer function L(s). Then, the closed loop system
is stable if

‖L‖∞ = max
ω

σ(L(jω)) < 1. (9)

The proof of the theorem is omitted here for the sake of
brevity; it can be found in [24]. If (9) is satisfied, the eigen-
values of the return ratio L(s) will never encircle the point
(−1, j0) and system stability is guaranteed. Equation (9) pro-
vides a sufficient condition for stability but might be too conser-
vative in some cases; also, due to the fact that for any eigenvalue
λi of the return ratio, the following relation is valid [25]:

|λi(jω)| ≤ σ(L, ω) ∀ω ∈ [−∞,+∞]. (10)

A design-oriented formulation of (9) can be obtained accord-
ing to Cauchy’s inequality for norms:

‖L‖∞ = ‖ZgeqYout‖∞ ≤ ‖Zgeq‖∞‖Yout‖∞. (11)

In [19], a stability margin according to (11) has been proposed,
which is reported in the following for simplicity:

Sm1 = 20 log

(
1

‖Zgeq‖∞‖Yout‖∞

)
. (12)

Such a formulation noticeably increases the conservatism of
the calculation. This can be simply demonstrated by observ-
ing Fig. 3, where an example of the frequency behavior of the
largest singular value of Yout(s) for two different PLL band-
widths is shown, namely fc = 50 Hz and fc = 100 Hz. Here,
fc indicates the cutoff frequency of the PLL open-loop transfer
function according to [6]. It is evident that the variation of the
PLL bandwidth is simply shifting the curve but not modifying
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Fig. 3. Example of largest singular values of Yout varying PLL’s bandwidth.
Blue: fc = 50 Hz. Red: fc = 100 Hz.

the largest singular value maxω σ(Yout(jω)) = ‖Yout‖∞. This
implies that, no matter which PLL bandwidth is chosen, the sta-
bility margin of the converter will not be affected. This is not
realistic and the results might be too conservative.

A. Definition of the Proposed Norm

Let us define the following stability margin Sm2 as

Sm2 = 20 log

(
1

‖L‖∞

)
. (13)

In order to evaluate the conservatism of Sm2, Gerschgorin’s
theorem can be applied [19], [23]. The theorem provides a rela-
tion between the elements of a matrix and its eigenvalues and is
particularly useful for the case of diagonal or strictly dominant
diagonal matrices.

Theorem 2 (Gerschgorin’s Theorem): Given a square n × n
matrix A with entries aij ∈ { 1,..., n}, every eigenvalue λi of A
satisfies

|λi −Aii| ≤
n∑

j=1

j �=i

|Aij |. (14)

Again, the proof of the theorem is omitted here, but can be
found in [23]. Generally, eigenvalues are elements of the set of
complex numbers C. The theorem states that the ith eigenvalue
λi of the matrix is limited within a circle centered in the ith di-
agonal element Aii, whose radius does not exceed in magnitude
the sum of the non-diagonal entries in the ith row (Gerschgorin’s
discs). Expanding the expression of the return ratio L(s) yields
[19]

L(s) = Zgeq(s)Yout(s) =

[
Ldd(s) Ldq(s)
Lqd(s) Lqq(s)

]

=

[
Zgeqdd(s) Zgeqdq(s)
Zgeq qd(s) Zgeq qq(s)

] [
Youtdd(s) Youtdq(s)
Yout qd(s) Yout qq(s)

]
(15)

and applying Gerschgorin’s theorem toL(s)yields the following
inequality for the two eigenvalues λ1 and λ2:{

|λ1(jω)− Ldd(jω)| ≤ |Ldq(jω)|
|λ2(jω)− Lqq(jω)| ≤ |Lqd(jω)|.

(16)

Fig. 4. Graphical explanation of Gerschgorin’s theorem.

This means that if |Ldq(jω)| and |Lqd(jω)| in (16) are zero or
close to zero, the conservatism of Sm2 due to (10) is practically
nullified, since the calculated norm provides a real measure of
how far are the eigenvalues from the unit circle. This can be
easily understood by observing Fig. 4, where the aforementioned
discs are shown. For example, for eachω, the eigenvalue λ1(jω)
will be located inside a disc centered on Ldd(jω) and whose
radius does not exceed |Ldq(jω)| in magnitude at the respective
frequency. The lower the magnitude of |Ldq(jω)|, the closer will
be λ1(jω) to Ldd(jω).

B. Application of the Norm to the Case Under Study

In the following, the norm criterion presented in the previous
section is adopted to evaluate the stability of the system and the
results are compared to the eigenvalue analysis. Let us consider
the case of three converters and assume that initially the con-
verters operate in parallel. Each converter injects its rated active
power, whereas no reactive power is injected. The rated power
of each converter is calculated as follows:

Prated =
Ssc

Ninv SCR
(17)

where Ssc is the short-circuit power of the grid at the bus of
interest, SCR the short-circuit ratio and Ninv the number of in-
verters. Subsequently, additional impedances between the con-
verters and the connection bus are introduced, namely Zc1, Zc2,
andZc3 in Fig. 2, which are set to one-third of the corresponding
grid impedance Zg. The SCR of the grid and the bandwidth of
the first PLL are varied within the ranges SCR = [1.5 ; 3.5] and
fc1 = [50 ; 300], respectively, whereas the bandwidths of the
second and third PLL have been maintained constant to fc2 =
100 Hz and fc3 = 50 Hz. The results obtained from the analysis
are reported in Figs. 5 and 6. The maps shown in Figs. 5(a) and
6(a) have been obtained by observing the eigenvalues of (2). The
yellow areas represent stable operating regions, while the blue
areas are the unstable ones. In Figs. 5(b) and 6(b), the stability
margin calculated according to (13) is plotted. In Table I, the pa-
rameters for the simulations are shown, where impedances with
resistive–inductive behaviors have been considered.

It can be clearly seen that the borders between stable and
unstable operating regions match with both calculations. The
explanation for this accurate match can be obtained by observing
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Fig. 5. Converters in parallel. (a) Eigenvalue analysis: (yellow) stable operating points, (blue) unstable ones. (b) Stability margin according to (13).

Fig. 6. Converters with additional impedances. (a) Eigenvalue analysis: (yellow) stable operating points, (blue) unstable ones. (b) Stability margin according
to (13).

TABLE I
SIMULATION PARAMETERS

the return-ratio L(s) for the particular case under study. If only
the synchronization unit is considered for each converter, the
resulting Yout(s) is given by (5), and therefore,

L(s) =

[
0 Zgeqdd(s)Youtdq(s) + Zgeqdq(s)Yout qq(s)

0 Zgeq qd(s)Youtdq(s) + Zgeq qq(s)Yout qq(s)

]
.

(18)

Solving the characteristic equation of (18), it is evident that the
eigenvalues of the matrix are simply λ1 = 0 and λ2 = Lqq(s),
meaning that the solutions coincide with the diagonal elements

Fig. 7. Ldq and Lqq . Red dashed: without impedance between converters.
Continuous-blue: considering impedances between converters.

of L(s). In order to assess the conservatism of the norm cal-
culated in (13), Ldq(jω) and Lqq(jω) are shown in Fig. 7 for
the case with SCR = 3 and fc1 = 310 Hz, with and without
additional impedances. It can be noticed that the element of (18)
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Fig. 8. Simulation results: fc1 from 240 to 250 Hz at t= 0.4 s, fc2 = 100 Hz,
fc3 = 50 Hz, Zci = 0, SCR = 3. (a) Currents’ inverter 1. (b) Currents’ inverter
2. (c) Currents’ inverter 3.

with the largest magnitude is represented by Lqq(jω), whereas
|Ldq(jω)| is always limited below − 10 dB over the whole con-
sidered frequency range. The following equation yields from
(16): {

|Ldq(jω)| ≈ 0 ⇒ |λ1(jω)− Ldd(jω)| = 0

|Lqd(jω)| = 0 ⇒ |λ2(jω)− Lqq(jω)| = 0
(19)

and therefore, the peak of the largest singular value of L(s)
always corresponds to the infinity norm of Lqq(jω), and conse-
quently of λ2(jω)

‖L‖∞ = ‖Lqq‖∞ = ‖λ2‖∞. (20)

This proves that adopting (13) for the calculation of the sta-
bility margin of the system, always provides a real estimation
of the minimum distance between the only eigenvalue different
from zero and the unit circle over the whole frequency range of
interest, and precisely from the critical point (−1, j0), as can be
deduced from Fig. 7.

C. Simulation Results

In order to validate the performed analysis, the system under
study has been simulated in MATLAB/Simulink/PLECS. Ac-
cording to the results shown in Figs. 5 and 6, for SCR = 3 with
the converters operating in parallel, fc1 has to be increased to
approximately 310 Hz to cause instability, whereas when the
impedance between the converters is included, a value of fc1 >
250 Hz is already critical for the system. Fig. 8 shows simulation
results for the case when the converters are operating in parallel.
The PLL parameters of inverter 2 and 3 have been chosen such
that fc2 = 100 Hz and fc3 = 50 Hz. The current of each con-
verter is gradually increased until its rated value is reached and
at time t = 0.4 s, the parameters of the first PLL are modified
such that the resulting bandwidth switches from fc1 = 240 Hz to

Fig. 9. Simulation results: fc1 from 240 to 250 Hz at t= 0.4 s, fc2 = 100 Hz,
fc3 = 50 Hz, Zci �= 0, SCR = 3. (a) Currents’ inverter 1. (b) Currents’ inverter
2. (c) Currents’ inverter 3.

Fig. 10. Probability distribution functions of PLLs bandwidths. (a) Distribu-
tion 1. (b) Distribution 2. (c) Distribution 3.

fc1 = 250 Hz. In Fig. 8, simulated currents’ waveforms when the
converters are operating in parallel are shown, whereas in Fig. 9,
simulation results when the impedances are introduced are re-
ported. Time-domain simulations confirm the results predicted
by the frequency-domain analysis.

IV. MC ANALYSIS

In the previous section, a stability margin for a MIMO system
was defined, and it was demonstrated that for the particular sys-
tem under study, it does not suffer from excessive conservatism.
MC methods are probabilistic approaches based on simulations,
which represent an efficient way for sensitivity assessment. They
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Fig. 11. Simulation results. (a) SCR = 4. (b) = SCR = 3. Violet bars: only Inverter 1 in operation. Blue bars: pdf from Weibull distribution 1. Blue line: pdf fitting
from Weibull distribution 1. Red bars: pdf from Weibull distribution 2. Red line: pdf fitting from Weibull distribution 1. Green bars: pdf from Weibull distribution
3. Green line: pdf fitting from Weibull distribution 3.

explore the behavior of the system for a broad range of possible
scenarios. Furthermore, they are particularly suitable for investi-
gating possible interactions between system variables, which are
very complicated to assess analytically. This approach has been
extensively used in the literature for different purposes, both by
the power electronics community, for predicting the lifetime of
power electronics devices [26], [27], and by the power systems
community, to assess the risks of operation [28]. In this paper, an
MC analysis is applied to the system under study to investigate
the effects of parameters’ variations on system stability.

A. Simulation Results

In the following, we will focus on the interaction between
synchronization units of converters operating nearby varying
grid conditions and PLL bandwidths. This is done with a statis-
tical approach, defining probability density functions (pdfs) for
the bandwidths of the PLLs, while varying the SCR of the grid
to determined values. The Weibull distribution is very versatile
and is widely used in statistical analysis. Compared to a stan-
dard normal distribution, data are not necessarily symmetrically
distributed around the mean value. In Fig. 10, three Weibull dis-
tributions are shown, which will be used for the analysis. Their
pdfs are expressed as follows [28]:

f(x) =
b

a

(
x

a

)b−1

e−( x
a )b(0 ≤ x < ∞ ; a, b > 0) (21)

where a is the so-called scale parameter and b is the shape pa-
rameter. The scale parameter a is varied in order to shift the
distribution on the x-axis, while b is maintained constant. This
has the effect of shifting the mean value of the distribution, while
stretching out the pdf. The parameters of the three distributions
of Fig. 10 are reported in the respective plots, along with their
resulting average values. The red lines represent a fit of the re-
sulting pdfs using a kernel distribution.

TABLE II
MC SIMULATION PARAMETERS

The number of inverters is set to three, while X/R= 10.
Impedances between converters are also included, representing
those of the corresponding transformers plus connection lines
between the transformer and the network bus. For simplicity,
those values are maintained fixed and equal for the three in-
verters. Two cases with different SCR are considered, namely
SCR = 4 and SCR = 3. Random values are drawn from each
distribution and 200 simulations for each of the distributions
shown in Fig. 10 have been performed. The results are shown
in Fig. 11, while simulation parameters are reported in Table II.
The violet lines represent the calculated stability margin of the
system when only one converter is in operation, injecting its
rated power and with fc1 = 100 Hz, while it is assumed that the
other two converters are switched OFF. Subsequently, random
values out of the defined distributions are taken for the PLLs
of the other two converters, while fc1 = 100 Hz. In Fig. 11(a)
and (b), results for SCR = 4 and SCR = 3 are shown, respec-
tively. PDFs of the corresponding stability margins are shown
together with their average values. A curve fit of the result-
ing pdfs is also shown in Fig. 11, obtained using a Kernel
distribution.

The resulting pdfs have lower average values when increas-
ing the bandwidth of the PLLs in both cases. For SCR = 3, not
only the average value of the pdfs decreases, but each distribu-
tion is wider spread in the x-axis when compared to the case of
SCR = 4. This clearly shows that the effects of the interactions
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Fig. 12. (a) Scheme of the laboratory setup used for the tests. (b) Picture of
the laboratory setup.

between converters become more accentuated when increasing
the impedance of the grid.

V. EXPERIMENTAL RESULTS

A. Description Laboratory Setup

In order to validate the analysis presented in this paper, ex-
perimental tests have been performed. The laboratory setup
used for the tests is shown in Fig. 12. Two converters Dan-
foss Series FC-302, with 4 kVA rated power, operating with a
switching frequency of 10 kHz and equipped with an output in-
ductive filter have been used to emulate the current sources.
In order to reproduce conditions similar to the ones inves-
tigated in this paper, the current control of each converter
has been implemented using PI controllers, whose parame-
ters kpi and kii have been tuned according to the technical
optimum technique [2]. Furthermore, no voltage feed-forward
has been implemented and only an inductive filter has been
used.

TABLE III
PARAMETERS EXPERIMENTAL SETUP

TABLE IV
STABILITY LIMITS

Each converter is equipped with an additional transformer,
in order to provide galvanic isolation. The point of connec-
tion of each converter is defined as the voltage at the primary
side of the respective transformer. The control algorithms of the
two converters have been implemented in a dSPACE control
Desk DS1202 MicroLabBox. A 4-quadrant linear power ampli-
fier PAS 15000 from Spitzenberger & Spies (single-phase rated
power 15 kVA, total three-phase rated power 45 kVA) has been
used as a grid emulator. A virtual inductive–resistive grid has
been simulated in real time using a real-time digital simulator
(RTDS), which measures the total currents injected by the con-
verters and calculates the corresponding grid voltages of the
ideal grid with a time step of 50 μs. The simulated voltages in
RS-CAD (simulation software used by the RTDS simulator) are
then fed to the power amplifier, which produces the scaled value
of the simulated grid voltages at its terminal. Parameters of the
experimental setup are listed in Table III.

B. Experimental Results

Two different conditions have been tested. Each converter has
been controlled to inject only a d-component of the current Id =
7 A, corresponding to a value of P ≈ 3.4 kW. For each test, the
bandwidths of the PLLs were increased simultaneously until
instability was reached. In Table IV, the PLL cross-over fre-
quencies causing the instability in the two examined cases are
reported and compared to the ones obtained analytically. In the
first case, when only one converter is in operation, the bandwidth
needed to be increased to an incredibly high value over 1 kHz,
in order to cause instability. In the second case, in which the two
converters simultaneously inject the same amount of power, a
PLL tuning corresponding to fc≈ 600 Hz caused instability. The
critical PLL bandwidths calculated analytically show the same
trend as that measured experimentally. In Fig. 13, current wave-
forms during the transition from stable to unstable operation are
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Fig. 13. Oscilloscope measurements. Blue: phase a current of converter 1.
Cyan: phase a current of converter 2. (a) Case 1. (b) Case 2.

Fig. 14. Case 1: zoom transition from stable to unstable operation. Blue: mea-
surements. Red: simulations.

shown, whereas Fig. 14 shows the comparison between mea-
sured and simulated current waveforms of the converter during
the transition from stable to unstable operation in Case 1.

Simulation results have been carried out using the simulation
model implemented in MATLAB/Simulink/PLECS already uti-
lized in Section III-B for the plots in Figs. 8 and 9, adapting
system parameters to the laboratory setup. The critical fc for
the simulation as well as for the measurements correspond to
the values reported in Table IV.

Even though a perfect match between the two waveforms
shown in Fig. 14 is not achieved, the comparison demonstrates
that the instability effects observed in simulations have been
reproduced by means of the laboratory setup. Additionally, the

Fig. 15. Small-signal model of the inverter including the effects of the inner
current control loop with PI.

values reported in Table IV confirm the trend of the stability bor-
der between stable and unstable regions calculated analytically
assuming the perfect current source behavior of the converter,
namely the drastic reduction of the highest achievable bandwidth
of the PLL when the second converter is in operation.

C. Effects of the Inner Current Control Loop

Several control methods have been proposed in the literature,
in order to implement current control loops of power convert-
ers [29]. Beside the standard control techniques based on PI or
PR controllers, other non-linear control techniques have been
proposed. Those include the already mentioned HCC, which di-
rectly controls the states of the converter without the need of a
modulation signal, sliding mode control [30], or model-based
predictive control [29], [31], to name but a few. In this section,
the effects of the inner current control loop implemented by
means of PI controllers, as in the laboratory setup, are investi-
gated analytically. For this purpose, the approach presented in
[14] has been adopted and briefly explained in the following.

In Fig. 15, the small-signal model of the converter includ-
ing the effects of the PLL and of the inner current control loop
implemented using PI controllers is shown. Seven 2 × 2 trans-
fer function matrices appear in Fig. 15, namely Gi

PLL(s) and
Gd

PLL(s) accounting for the effects of the PLL on the measured
currents and on the duty-cycle, respectively, the matrices related
to the current control Gcc(s) and Gdec(s), the transfer function
matrix Gdel(s) reproducing the effects of the delay introduced
by the modulation and the digital control, the transfer function
matrix Gid(s) between the duty-ratio and the converter output
filter current, andYol(s) representing the effects of the converter
open-loop output admittance. The matrices are reported in the
following for sake of clarity, whereas their derivation has been
thoroughly described in [14], and therefore is not repeated here.

The transfer function matrix Gd
PLL(s) represents the effects

of the PLL on the duty-cycle of the converter and is defined as

Gd
PLL(s) =

[
0 −DqHPLL(s)

0 DdHPLL(s)

]
(22)

where HPLL(s) has already been reported in (6), and Dd and Dq

are the d and q components of the duty-ratio at the operating
point, respectively. Gi

PLL(s) corresponds to the matrix already
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defined in (5), representing in this case the effects of the PLL on
the measured converter currents. The transfer function matrices
Gcc(s) and Gdec(s) related to the current control are reported
as follows:

Gcc(s) =

[
sKpi+Kii

s 0

0
sKpi+Kii

s

]
(23)

Gdec(s) =

[
0 − 3ωLf

Vdc

3ωLf

Vdc
0

]
(24)

with ω representing the nominal grid frequency, Lf the filter
inductance, and Vdc the value of the converter dc-link voltage.
Defining Tdel = 1.5/fs, Gdel(s) is given by

Gdel(s) =

[ 1−s(Tdel/2)
1+s(Tdel/2)

0

0 1−s(Tdel/2)
1+s(Tdel/2)

]
. (25)

Yol(s) is defined as the open loop output admittance of the
converter without considering the control, namely

Yol(s) =
1

(sLf +Rf )2 + (ωLf )2

[
sLf +Rf ωLf

−ωLf sLf +Rf

]

(26)

with Lf and Rf representing the inductive and resistive compo-
nents of the filter impedance, respectively. Gid(s) is the transfer
function between the duty-ratio of the converter and the inductor
current, given by

Gid(s) = −VdcYol(s). (27)

The equivalent output impedance of the converter is calculated
as

ZoCC(s) =

(
Yol(s) +Gid(s)Gdel(s)G

d
PLL(s)

+Gid(s)Gdel(s)
(−Gci(s) +Gdec(s)

)
Gi

PLL(s)

)−1

×
(
I+Gid(s)Gdel(s)

(
Gci(s)−Gdec(s)

))
. (28)

System stability can be investigated using the GNC, as that in
[14] and [15], or simply observing the eigenvalues of (2). The
following two aspects should be however highlighted.

1) Although a norm can still be calculated, the conditions
proving the non-conservatism of the results are not ful-
filled and the calculation does not provide any reliable
indication about the real system stability margin. There-
fore, the MC analysis performed in the previous section
of this paper cannot be performed in this case, unless an-
other calculation of stability margin for MIMO systems is
adopted.

2) The calculation of the converter output admittance no-
ticeably increases the computational burden and it might
become troublesome. The use of symbolic software for
the calculation of the matrices of interest might represent
a suitable approach. In this paper, the symbolic toolbox of
MATLAB has been used and the system parameters are

Fig. 16. Stability borders calculated analytically. Continuous-blue: fs =
10 kHz. Continuous-orange: fs = 20 kHz. Continuous-yellow: fs = 40 kHz.
Dotted-red: ideal current source.

then substituted in order to calculate the eigenvalues of
(2).

In Fig. 16, the borders between stable and unstable regions are
calculated analytically observing the location of the eigenvalues
of (2). The red-dashed line represents the stability border calcu-
lated considering a perfect current source behavior of the con-
verter, namely the highest achievable bandwidth of the current
control loop. The curve is compared to the borders calculated
considering the effects of the inner current control loop imple-
mented using PI controllers tuned according to the technical
optimum technique, assuming different values of the converter
switching frequency fs, namely fs = 10 kHz (continuous blue
line), fs = 20 kHz (continuous orange line), and fs = 40 kHz
(continuous yellow line). The range of the SCR on the y-axis
goes from 1.5 to 30, the latter corresponding to the equivalent
grid SCR with the parameters shown in Table III, and when the
converter injects Id = 7 A.

The analysis shows that, compared to the ideal current source
condition, instability tends to occur at lower PLL bandwidths
when the PI inner current control loop is implemented. It
becomes also evident that increasing the converter switching
frequency, the borders calculated under the PI control condi-
tions tend to approach the red-dotted line. Although a punctual
match between measurements and analytical calculations is not
achieved, this trend has been also confirmed experimentally. In
fact, measurements show that the PLL bandwidth causing insta-
bility was for both measured cases below the theoretical limit
calculated considering the perfect current source behavior. On
the top left-hand side of Fig. 16 a zoom into the region where
SCR = [1.5 ; 3.5] is shown. It reveals that the discrepancy be-
tween the investigated cases becomes negligible under the weak
grid conditions addressed in this paper.

VI. CONCLUSION

In this paper, the interactions among synchronization units
of converters operating nearby have been studied by means of
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an MC-based analysis. Due to the MIMO formulation of the
problem, a suitable stability margin has been first introduced,
in order to quantify the effects of parameter variation on the
stability margin of the system. It has been proven that, for the
specific case under study, the defined margin does not suffer
from excessive conservatism, providing therefore an accurate
estimation of the real stability limit of the system. The defined
margin has been adopted for an MC-based analysis, which re-
veals that the maximum achievable bandwidth of a PLL has
strict limitations, especially for operation at low grid SCR and
in the presence of other PLL-based converters operating nearby.
In fact, decreasing the grid SCR at the connection point, not only
the highest achievable bandwidth of the synchronization unit is
compromised, but the interactions among synchronization units
of converters operating nearby become stronger. The results of
the performed analysis have been validated through EMT simu-
lations and experimental tests in a laboratory environment using
a PHIL test bench.
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