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Eigenvalue Optimization of the Energy-Balancing
Feedback for Modular Multilevel Converters

Hendrik Fehr and Albrecht Gensior

Abstract—Despite its potential impact on the balancing per-
formance, current literature on the modular multilevel converter
(MMC) energy-balancing feedback gain design and tuning process
seem incomplete. In order to close this research gap, the energy-
balancing feedback gain tuning of an ac current controlled MMC
with half-bridge cells and isolated star point is considered in this pa-
per. The tuning is difficult, because each energy error adds its own
dedicated component to the circulating current reference that leads
to a strong coupling that evades common tuning approaches. This
problem is solved in two steps: at first, the relevant error dynamics
is extracted and validated to model the time domain behavior of the
energy balancing. Second, a theorem from Wu (1975) is invoked
to easily calculate the closed-loop eigenvalues that finally allow for
an easy optimization of the energy-balancing performance. Despite
the radical simplifications during the modeling and error dynam-
ics extraction, the acquired model is able to adequately reproduce
the energy errors and the balancing circulating current of the con-
verter. Simulation and measurement results on a grid-side MMC
demonstrate a considerable performance improvement in contrast
to the traditional gain estimation on the open loop. This is verified
with and without a second harmonic in the circulating currents.

Index Terms—Control systems, energy balancing, modular
multilevel converter (MMC), modeling.

I. INTRODUCTION

THE family of modular multilevel converters [1]–[5] owes
its advantages, but also its challenges, to the use of series-

connected half-bridge or full-bridge cells [6], [7] without exter-
nal supply. The modular multilevel converter (MMC) is one of
the earliest members of this family and uses two series connec-
tions of cells per converter phase [8]. Each is equipped with a
so-called arm inductor to suppress circulating currents [9], [10]
and to allow for an independent voltage injection. The series
connection paves the way for redundant [11] fault tolerant [12]
generation of multilevel voltages while the local energy storage
advantageously confines the power device commutation to each
individual cell, unlinking the commutation circuit design from
the number of voltage levels. However, as in a single-phase

Manuscript received August 14, 2018; revised November 14, 2018 and Jan-
uary 9, 2019; accepted February 9, 2019. Date of publication February 21, 2019;
date of current version August 29, 2019. This work was supported by Deutsche
Forschungsgemeinschaft under Grants GE 2502/4-1 and GE 2502/4-2. Rec-
ommended for publication by Associate Editor M. Saeedifard. (Corresponding
author: Hendrik Fehr.)

The authors are with the Professur Leistungselektronik, Elektrotechnisches
Institut, Technische Universität Dresden, 01069 Dresden, Germany (e-mail:,
hendrik.fehr@mailbox.tu-dresden.de; albrecht.gensior@tu-dresden.de).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPEL.2019.2900837

converter, a considerable amount of energy must be stored and
retrieved in a balanced regime, due to the lack of an external sup-
ply, which explains the high-storage requirement [13], [14] and
the challenging nature of MMC operation and control. Thanks to
its attractive advantages, the MMC topology has been developed
to industrial medium- and high-voltage applications [15]–[18].

Two types of capacitor voltage control are required for a
reliable MMC operation: 1) the cell equalization on the arm
level; and 2) the energy balancing on the converter level. The
former is usually integrated into the modulation solution, see
e.g., [19]–[27], and is not discussed in this paper. The latter is
usually solved by a balancing feedback that acts on the common-
mode voltage and the circulating currents, because an impact on
the MMC terminal currents and voltages must be avoided to
satisfy the application requirements. This generates additional
power components in the arms dedicated to balancing, see e.g.,
[28]–[37].

Until now, fault-ride-through conditions [38], [39], handling
unbalanced grids [40]–[42], feeding pulsed power applica-
tions [43], and the integration of additional sources [44],
[45], as well as concepts of generalization [46], [47] have
been considered. Despite its potential impact on the balancing
performance, dedicated literature on the feedback gain design
and tuning process is scarce, with the approximative gain
estimation in [32], [48] being the exception. Even in the case
where the utilization of balancing variables is determined by an
optimization [49]–[51], the control performance still depends
on the balancing power components weighting gains, which
have not been considered in the optimization. In order to close
this research gap, the energy-balancing feedback gain tuning of
an ac-controlled MMC with half-bridge cells and isolated star
point is considered in this paper. Although this paper is restricted
to the problem of rapidly restoring a balanced operation after
a reference step change, the balancing performance improves
in other situations as well. The tuning is difficult, because each
energy error adds its own dedicated component to the circulat-
ing current reference. This leads to a strong coupling such that
common tuning approaches are not applicable. In contrast to
simply replacing the coupling by a first-order delay as in [32],
[48], this paper explicitly considers the coupling, leading to a
dynamic model of the error dynamics that acceptably predicts
the behavior of the energy imbalances after e.g., load steps. A
theorem in [52] that is rather unknown in the field of power
electronics is applied to calculate and optimize the eigenvalues
characterizing the balancing. Simulation and measurement
results demonstrate a considerable performance improvement
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Fig. 1. Continuous model of an MMC using equivalent cells. The cells of
each arm are represented by equivalent cells and their duty cycles qk ∈ [0, 1],
k = 1, . . . , 6 are used as control inputs. The load is given by current sources i1 ,
i2 , and the controlled current source i3 = −i1 − i2 to ensure compliance with
Kirchoff’s first law at N. The load currents are assumed to be continuous and to
match the initial currents of the inductors. See [55].

in contrast to the traditional gain estimation. This can be verified
for the operation with suppressed circulating currents as well as
when a second harmonic is used to reduce the voltage spread.

The paper is organized as follows. A model of the MMC
arm energies and the parametrization of its variables are given
in Section II in order to prepare the error dynamics extraction
of the energy-balancing feedback. In Section III, the eigenval-
ues of the error dynamics are calculated in order to optimize
their constellation in Section IV. Section V reports measure-
ment results for a low-voltage MMC in order to compare the
traditional gains with the optimized settings. Conclusions are
given in Section VI.

II. MODELING

For the purpose of this paper, the cells of each arm are rep-
resented by an equivalent cell [53], [54], which simplifies an
averaging process leading to a continuous model of an MMC as
depicted in Fig. 1.

The corresponding mathematical modeling can be found
in [55] and is briefly reflected in Section II-A. This prepares
for the derivation of the error dynamics using a common energy
feedback in Section II-B.

A. MMC Arm Energy Model

Modeling relies on the common summation and subtraction
of upper and lower arm quantities in preparation of the Clarke
transform

T0αβ =
1
3

⎛
⎜⎝

1 −1 −1

2 −1 −1

0
√

3 −√
3

⎞
⎟⎠ =

⎛
⎜⎝

g0

gα

gβ

⎞
⎟⎠ (1)

whose second and last rows give rise to the complex rotation

g
dq

= e−jθ (gα + jgβ ) = a−1
θ (gα + jgβ ) (2)

by the angle θ to facilitate notation in a rotating reference frame.
In a first step, the arm currents iz1 , . . . , iz6 and the output

currents i1 , i2 , i3 are transformed as

is0 = g0
[
(iz1 , iz3 , iz5)T + (iz2 , iz4 , iz6)T]

(3a)

0 = g0(i1 , i2 , i3)T (3b)

is = g
dq

[
(iz1 , iz3 , iz5)T + (iz2 , iz4 , iz6)T]

(3c)

i = g
dq

(i1 , i2 , i3)T (3d)

where is0 = 2
3 iDC is a scaled version of the dc current iDC in

Fig. 1, is denotes the circulating current, and i is the output
current in complex notation. The zero sequence of the load
currents (3b) is zero due to the isolated star point in Fig. 1.

Equivalently, the voltages are transformed as1

vx0 = g0 [vDC(1, 1, 1)T − (vq1 , vq3 , vq5)T

− (vq2 , vq4 , vq6)T ] (4a)

vy0 = g0(vy1 , vy2 , vy3)T (4b)

vx = g
dq

[vDC(1, 1, 1)T − (vq1 , vq3 , vq5)T

− (vq2 , vq4 , vq6)T ] (4c)

vy = g
dq

(vy1 , vy2 , vy3)T

= g
dq

1
2
[(vq2 , vq4 , vq6)T − (vq1 , vq3 , vq5)T

− (Lz − Mz ) d
dt (i1 , i2 , i3)

T ] (4d)

where vy0 denotes the common-mode voltage and vy the com-
plex output voltage. The voltages vx0 and vx drive the dc current
and circulating current, respectively, which is reflected by their
current dynamics

(Lz + Mz )
d
dt

is = vx − jω(Lz + Mz )is (5a)

(Lz + Mz )
d
dt

is0 = vx0 (5b)

in which ω = d
dt θ denotes the angular speed of the reference

frame. By contrast, the output current i and its derivative d
dt i

assume the role of time dependent parameters.
The self-inductance Lz > 0 and the mutual inductance

|Mz | ≤ Lz are used to model the arm inductors and (if desired)
their magnetic coupling. In a typical design, the mutual induc-
tance Mz is positive to increase circulating current suppression
in trade for a decreased inductance of the output current path.
In high-voltage applications, one often refrains from using cou-
pled inductors but in medium voltage applications this is a more
common practice, e.g., [56]. See [57] for an analysis of various
coupling opportunities for MMC arm inductors. This paper con-
siders center-tapped arm inductors as in [58], [59]. The cases of
uncoupled inductors and ideal coupling are covered as well by
setting Mz = 0 or |Mz | = Lz , respectively.

1Factor 1
2 is missing on the right-hand side of the second row of (4d) in [55].
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In a second step, the arm energies are defined as

ezk =
1
2
Cv2

C k +
1
2
(Lz + Mz )i2zk − 1

4
Mzi

2
p

p =
⌈

k

2

⌉
, k = 1, . . . , 6 (6)

in which vC k are the equivalent cell voltages and izk de-
notes the arm currents of the respective arm while ip denotes
the output current of the respective phase. The six arm ener-
gies ez1 , . . . , ez6 are transformed into two real variables and
two complex variables

es0 = 2g0
[
(ez1 , ez3 , ez5)T + (ez2 , ez4 , ez6)T]

(7a)

ed0 = 2g0
[
(ez1 , ez3 , ez5)T − (ez2 , ez4 , ez6)T]

(7b)

es = 2g
dq

[
(ez1 , ez3 , ez5)T + (ez2 , ez4 , ez6)T]

(7c)

ed = 2g
dq

[
(ez1 , ez3 , ez5)T − (ez2 , ez4 , ez6)T]

. (7d)

Disregarding the scaling of 2/3, the variables es0 and ed0 denote
the stored energy and the vertical energy difference between all
upper and all lower arms, respectively. The complex energy sum
es and energy difference ed are given in dq-frame and together
with the vertical difference ed0 , they represent the alternating
part of the arm energies in stationary operation. In contrast
to [55], the rotating frame is aligned to the voltage

vyΔ = vy − Mz

(
jωi + d

dt i
)

(8)

to ensure

arg vyΔ = 0 (9)

and allows to represent vyΔ by means of its amplitude as

vyΔ = v̂yΔ . (10)

This paves the way for a dynamic model of the MMC arm
energies

ės0 = vDC is0 − Re
(
i v∗y

)
(11a)

ėd0 = −2vy0is0 − Re(i∗s) v̂yΔ (11b)

ės = vDC is − a−3
θ v∗y i∗ − 2i vy0 − jωes (11c)

ėd = vDC i − a−3
θ i∗s v̂yΔ − 2isvy0 − 2is0 v̂yΔ − jωed. (11d)

The superscript asterisk (·)∗ denotes the complex conjugate
in (11) and in the following. The energy balance (11a) equates
the rate of change of the stored energy es0 with the power
difference between the dc side and ac side, respectively. The
dynamics of the vertical energy difference ed0 is given by (11b)
and is affected by both, the power generated by the common-
mode voltage vy0 together with the dc current is0 and the power
generated by the output voltage v̂yΔ with the circulating cur-
rent is . The complex energy sum es and the complex energy
difference ed describe the remaining energy distribution among
the arms. During normal operation with high dc voltage, the
complex sum es is dominated by the power that the circulating
current is generates w.r.t. the dc voltage vDC and the complex
difference ed is dominated by the power that the output current i
generates w.r.t. the dc voltage vDC.

Although the alignment (9) is assumed in the following anal-
ysis, the results can be transferred to other alignments and im-
plementations. In the special case of zero mutual inductance,
i.e. Mz = 0, the alignment refers to the output voltage vy . In or-
der to yield an unambiguous representation, the usual continuity
assumptions apply to the voltage vyΔ . Isolated discontinuities,
as introduced by d

dt i at a reference step change of the current
controller, correspond to a reinitialization of the system, i.e. they
translate to an initial value problem in the analysis.

In conclusion, the current subsystem (5) and the energy sub-
system (11) constitute a continuous model of an MMC. Rather
than on equivalent cell voltages, the MMC model (11) relies on
arm energies and favorably restricts the occurrence of the driving
voltages vx0 and vx to the corresponding current dynamics (5).
This eliminates the need for approximating the capacitor volt-
age dynamics during the modeling, established e.g., in [60]. If
desired, the equivalent cell voltages can be obtained from the
arm energy definition (6) once the inverse of the transforma-
tion (7) is applied to the energy variables. However, cell voltage
measurements are readily available in a typical implementation,
rendering this calculation unnecessary.

The duty-cycles qk of the equivalent cells are given by the
fraction

qk =
vqk

vC k
, k = 1, . . . , 6 (12)

in which the equivalent cell output voltage vqk is obtained from
the inverse of (4). The continuous model derived here is ap-
plicable to both types of cells: for half-bridge cells, the duty-
cycles (12) are restricted to qk ∈ [0, 1] while full-bridge cells
allow qk ∈ [−1, 1], k = 1, . . . , 6.

B. Extracting the Error Dynamics

Assuming a lossless system, the total stored energy in the
MMC is independent of the distribution among the arms, which
motivates to neglect the stored energy and to focus solely on the
energy distribution. This is achieved by discarding the subsys-
tem (11a), as elaborated in the following.

In a typical setup, the dc current is dedicated to guide the total
energy es0 along its desired trajectory t �→ es0,d(t) leading to
the reference

is0,ref =
ės0,d + kes0(es0,d − es0) + Re

(
i v∗

y

)

vDC
(13)

for its scaled counterpart is0 which is realized by a dc current
controller

vx0 = (Lz + Mz )
d
dt

is0,ref + kis0(is0,ref − is0) (14)

resulting in the error dynamics

0 = ës0,err + k1 ės0,err + k0es0,err (15)

of the energy error

es0,err = es0,d − es0 . (16)

The error dynamics (15) is found by successively eliminating
from the derivative of the subsystem (11a), in order, d

dt is0 ,
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Fig. 2. Block diagram of the MMC control scheme, including the balancing controller based on the circulating current reference (18).

vx0 , is0,ref , and is0 with the help of subsystem (5b), con-
troller (14), reference (13), and subsystem (11a), respectively.
Now the error (16) and its derivatives as well as the coeffi-
cients k1 = kes0 + k0/kes0 and k0 = kes0kis0/(Lz + Mz ) can
be identified, yielding (15). Due to the output power compensa-
tion in the current reference (13), excitation of the error dynam-
ics (15) is mainly caused by measurement and implementation
inaccuracies implying only small energy errors. Moreover, the
other energies will not disturb the total energy controller, be-
cause the corresponding subsystem is independent of the circu-
lating current is , supporting the separation.

This separation of the subsystem (11a) means that the stored
energy es0 can be controlled independently of the other energies
and thus, the corresponding error es0,err is assumed to be small,
compared to the energy errors

ed0,err = ed0 − ed0,d (17a)

es,err = es − es,d (17b)

ed,err = ed − ed,d . (17c)

The energies ed0 , es , and ed constitute the energy distribution
and usually, their nominal values ed0,d , es,d , and ed,d describe a
balanced operation. Thus, energy balancing can be regarded as
reducing the errors (17) and is commonly achieved by positive
and negative sequence circulating currents as well as a dc com-
ponent of the circulating current. In a nutshell, the circulating
current reference becomes

is,ref = is,d + is,b (18a)

is,b = ks es,err
horizontal

− kde
∗
d,erra

−3
θ

vertical (neg. seq.)

− k0ed0,err
vertical (pos. seq.)

(18b)

in which is,d is the nominal circulating current and is,b is the
balancing feedback while ks , kd , and k0 denote constant pro-
portional gains. In contrast to the standard balancing in [55],
the alignment (9) already maximizes the balancing effect, ren-
dering additional rotations unnecessary. Except for the use of a
different reference frame, the balancing feedback (18b) equals
the hf-mode in [32] and provides very good balancing. A block
diagram of the control scheme based on this balancing feedback
is shown in Fig. 2.

TABLE I
PARAMETERS OF THE MMC FOR SIMULATIONS AND EXPERIMENTS

The error dynamics will be established w.r.t. a nominal solu-
tion of the subsystems (11b), (11c), and (11d), namely

ėd0,d = −2vy0is0 − Re
(
i∗s,d

)
v̂yΔ (19a)

ės,d = vDC is,d − a−3
θ v∗y i∗ − 2i vy0 − jωes,d (19b)

ėd,d = vDC i − a−3
θ i∗s,d v̂yΔ − 2is,dvy0

− 2is0 v̂yΔ − jωed,d . (19c)

Inserting the circulating current (18a) into the subsystems (11b),
(11c), and (11d) before subtracting the nominal solution (19),
the error dynamics emerges as

ėd0,err = v̂yΔRe
(
kse

∗
s,err − kded,erra

3
θ

)

− ed0,errk0 v̂yΔ (20a)

ės,err = vDC
[
ed0,errk0 − es,errks + e∗d,errkda

−3
θ

]

− jωes,err (20b)

ėd,err = v̂yΔ
[
(e∗s,errks − ed0,errk0)a−3

θ − ed,errkd

]

+ 2vy0
[
es,errks − ed0,errk0 − e∗d,errkda

−3
θ

]

− jωed,err . (20c)

Replacing the circulating current with its reference (18a) and
using the nominal solution (19) is equivalent to assuming an
ideal current control, which is justified by the inherently slower
dynamics of the energy imbalance compared to the current con-
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TABLE II
OVERVIEW OF THE SIMULATION AND EXPERIMENTAL RESULTS FOR DIFFERENT GAIN SETTINGS

trollers. Moreover, the error dynamics (20) is valid for any cir-
culating current injection of the nominal circulating current is,d ,
provided the nominal circulating current and the energy refer-
ences satisfy (19). This includes a second harmonic circulating
current for reduced capacitor voltage ripple as in [61], [62], or
a loss minimizing waveform as in [63].

The error dynamics is validated against the simulation of
a switched model of a complete MMC including current con-
trollers, phase locked loop (PLL), sampling delays, and modula-
tion down to the individual cells which is referred to as extensive
model. The simulation parameters for the validation are given
in Table I.

To begin with, the gain settings for the balancing control (18b)
are estimated individually from a simplified model for each en-
ergy, according to [32], [48]. This simplified gain determination
on the open loop is denoted traditional setting in the course of
this paper and is discussed in more detail in the appendix. The
validation uses the traditional settings as given in the second
row of Table II. Fig. 3 shows the results for the extensive model
during a step change of the output current from zero to I . The
cell voltages of the switched model experience the usual im-
balance induced by the sudden output current change as visible
in Fig. 3(a). Balancing takes a few periods and requires only a
small additional circulating current, as visible by comparing the
arm currents in Fig. 3(c) with the output currents in Fig. 3(e).
However, a considerable portion of the control reserve is taken
up by the compensation of the cell voltage deviations as visible
from the duty-cycles in Fig. 3(b). This general behavior can be
observed for other step changes as well as for a step change
back to zero.

In Fig. 4, the error dynamics (20) is compared against the
extensive model by solving the initial value problem for the
same step change and recovering the energies with (17), i.e. by
adding the nominal solution to the solution of (20). Blue and
red traces in Fig. 4 indicate results of the error dynamics (20)
while gray traces correspond to the respective variables of the
extensive model and are taken from the simulation results in
Fig. 3. The good performance of the output current controller,
visible in Fig. 4(a), supports the assumption of ideal output cur-
rent control. The stance of discarding the total stored energy es0
during the extraction of the error dynamics (20) is supported
by the negligible deviations shown in Fig. 4(b). Of course, the
simplified model is not able to capture the full dynamic response
because some information is lost for the sake of simplifying the
problem. Apart from the neglected current control dynamics, the
differences between the extensive model and the simplified er-
ror dynamics originate primarily from modulation effects (e.g.,
voltage errors [64], [65], cell voltage imbalances, and quantiza-
tion errors [66]) and the time-discrete control implementation

Fig. 3. Simulation results when the nominal circulating current is zero:
(a) cell voltages, (b) duty-cycles, (c) arm currents, (d) injected arm voltages,
(e) output currents. During an output current reference step change at t = 0
from zero to I .

which are not reproduced by the equivalent cells of the con-
tinuous model. Deviations are most obvious in Fig. 4(f) where
the balancing circulating current of both models agrees suffi-
ciently during the first few fundamental periods after the step
change when the energy imbalance dominates the system be-
havior. When the energy errors decay, the resemblance worsens,
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Fig. 4. Validation of the error dynamics (20) (blue and red solid lines) against
the simulation of the extensive model (gray staircase lines), during an output
current reference step change at t = 0 from zero to I when the nominal cir-
culating current is ,d is zero: (a) Output current in rotating frame; (b) Stored
energy es0 ; (c) Vertical difference ed0 ; (d) Complex sum es ; (e) Complex dif-
ference ed ; (f) Balancing circulating current is ,b according to (18b). The error
dynamics (20) is reinitialized at t = 0 to account for the step change.

because the neglected effects start to dominate in the extensive
model.

In Figs. 5 and 6, the extracted error dynamics is validated
for the case when a second harmonic is used for the nominal
circulating current to reduce the capacitor voltage ripple.

Here too, the solution of the simplified error dynamics (20)
acceptably resembles the energies and the balancing circulat-
ing current component is,b of the extensive MMC simulation,
even though the second harmonic circulating current reference
causes higher current control errors. In comparison to Fig. 4,
the differences between both models in Fig. 6 appear larger in
relation to the nominal regime because the step change induces
a smaller energy imbalance due to the reduced voltage ripple
operation.

Despite the radical simplifications during the modeling and
error dynamics extraction, the acquired system (20) is able to
suitably approximate the energies and the balancing circulat-

Fig. 5. Simulation results for a second harmonic in the nominal circulating
current: (a) cell voltages, (b) duty-cycles, (c) arm currents, (d) injected arm
voltages, (e) output currents. During an output current reference step change
at t = 0 from zero to I .

ing current of the extensive model, given just an initial value,
justifying the simplifications made. The good agreement of the
simplified error dynamics (20) with the results of an extensive
simulation during the first fundamental periods after the step
change confirms its usefulness for the feedback gain tuning. The
following analysis proceeds with the error dynamics in order to
improve the settings of the proportional gains k0 , ks , and kd .

III. EIGENVALUE CALCULATION

A. Recall of the Main Result in [52]

The theorem in [52] states that the state transition matrix of a
linear, time-varying (autonomous) system

ẋ(t) = A(t)x(t), x ∈ Rν , t �→ A(t) � Rν×ν (21)
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Fig. 6. Validation of the error dynamics (20) (blue and red solid lines) against
the simulation of the extensive model (gray staircase lines), during an output
current reference step change at t = 0 from zero to I when a second harmonic
is used in the circulating current: (a) Output current in rotating frame; (b) Stored
energy es0 ; (c) Vertical difference ed0 ; (d) Complex sum es ; (e) Complex
difference ed ; (f) Balancing circulating current is ,b according to (18b). The
error dynamics (20) is reinitialized at t = 0 to account for the step change.

of order ν ∈ N+ is given by

Φ(t, 0) = eA1 teA2 t (22)

if and only if there exists a constant matrix A1 , which satisfies
the relation

A1A(t) − A(t)A1 = Ȧ(t). (23)

The second constant matrix A2 in (22) is then given by

A2 = A(0) − A1 . (24)

Following [52] further, the transformation

x = eA1 t x̄ (25)

brings (21) into the linear time-invariant system

˙̄x = A2 x̄. (26)

Finally, the results in [52] include a stability criterion of (21),
involving the joined eigenvalues of A1 and A2 as follows:
let λ1,l be the lth eigenvalue of A1 and λ2,k be the kth eigenvalue
of A2 , then asymptotic stability of (21) is assured if

Re
(
λ1,l

)
+ Re

(
λ2,k

)
< 0 ∀l, k ∈ 1, . . . , ν. (27)

Direct application of this theorem requires that the eigenvalues
of A(t) are independent of t [52].

B. Application of the Method to the Error Dynamics (20)

By means of the state definition

R5 � x =
[
ed0 ,Re

(
es,err

)
, Im

(
es,err

)

Re
(
ed,err

)
, Im

(
ed,err

)]T
(28)

the error dynamics (20) presents itself in the form (21). In the
case of zero common-mode voltage, i.e. vy0 = 0, the system
matrix A is given by

A = Ak + cos(3θ)Ad + sin(3θ)Aq (29)

in which the matrices Ak , Ad , and Aq are written with the help
of the abbreviations

a = k0 ûyΔ b = ksvDC c = kdv̂yΔ (30a)

d = k0vDC e = ksv̂yΔ f = kdvDC (30b)

as2

Ak =

⎛
⎜⎜⎜⎜⎜⎜⎝

−a e 0 0 0

d −b ω

0 −ω −b

0 −c ω

0 −ω −c

⎞
⎟⎟⎟⎟⎟⎟⎠

(31)

Ad =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 −c 0

0 f

0 −f

−a e

0 −e

⎞
⎟⎟⎟⎟⎟⎟⎠

(32)

Aq =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 c

0 −f

0 −f

0 −e

a −e

⎞
⎟⎟⎟⎟⎟⎟⎠

. (33)

Since vDC and v̂yΔ are assumed to be constant, the only time
dependence of the system matrix A ∈ R5×5 is caused by the an-
gle θ. Especially in medium-voltage applications this assump-
tion is permissible because the time horizon in which load trans-
fers take place—and v̂yΔ is not constant—is much shorter than
the time needed to reestablish a balanced operating regime w.r.t.
the energies.

2Zero entries are omitted except in the first row and column, respectively.



FEHR AND GENSIOR: EIGENVALUE OPTIMIZATION OF THE ENERGY BALANCING FEEDBACK FOR MODULAR MULTILEVEL CONVERTERS 11489

Fig. 7. Eigenvalues of A2 during (a) separate variation and (b) simultaneous
variation of the gains k0 , ks , and kd . The separate variation decreases the real
part of the eigenvalues and demonstrates the expected correspondence of each
gain to one eigenvalue or one eigenvalue pair. The other eigenvalues remain on
the imaginary axis as indicated by the circles ◦. This mapping is lost when more
than one gain is nonzero, as with the constellations in (b) on the right. All gains
are changed simultaneously from the traditional to the optimized setting (see
Table II), indicating a damping improvement of the optimized constellation.

Despite of the fact that A changes periodically, its eigenvalues
are constant because its characteristic polynomial is free of θ
and3

A1 =

⎛
⎜⎝

E3 [
3ω

−3ω

]
⎞
⎟⎠ (34)

is a solution of (23). The matrix exponential of A1t is

eA1 t =

⎛
⎜⎝

E3 [
cos(3ωt) sin(3ωt)

− sin(3ωt) cos(3ωt)

]
⎞
⎟⎠ (35)

which is found by diagonalization

A1 = S diag(0, 0, 0,−j3ω, j3ω)S−1 (36)

with the help of matrix

S =

⎛
⎝

E3 [
1 1
−j j

]
⎞
⎠. (37)

The corresponding matrix A2 reads

A2 = Ak + cos(3θ0)Ad + sin(3θ0)Aq − A1 (38)

in which θ0 denotes the angle θ at the instant t = 0. The eigen-
values of A2 are independent of θ0 .

3Em denotes the m × m identity matrix.

Fig. 8. Comparison of the optimized settings (blue and red) with the tradi-
tional gains from Table II (gray) via simulation of the error dynamics (20):
(a) Error ed0 ,err of the vertical difference; (b) Error es,err of the complex sum;
(c) Error ed,err of the complex difference; (d) Normalized sum of the squared
errors (43); (e) Balancing circulating current is ,b according to (18b). The
output current is the same as in Fig. 4(a), while the initial values of (20) belong
to an operation regime with zero common-mode voltage.

The eigenvalues of A1 are given by

λ1,1 = λ1,2 = λ1,3 = 0

λ1,4 = λ∗
1,5 = −j3ω (39)

and do not contribute any damping as their real parts are zero.
Consequently, the eigenvalues of A2 need to lie left of the imag-
inary axis. In preparation for the optimization, the eigenvalues
of A2 are visualized in Fig. 7 in the complex plane. Fig. 7(a)
depicts the eigenvalue loci of A2 when each gain k0 , ks , and kd

is individually increased from zero to the value of the traditional
setting in Table II while the other two gains are kept at zero.
The separate variation demonstrates a simple correspondence
between increased damping of individual eigenvalues and one
of the gains k0 , ks , and kd , as expected from the damping terms
in each subsystem of the error dynamics (20).

The constellation in Fig. 7(b) indicated by cross-marks ×
corresponds to the traditional settings from Table II and reflects
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Fig. 9. Family of solutions obtained from the error dynamics (20) during
variation of the initial angle θ0 , in order to compare the traditional gains with
the optimized settings in case of triplen harmonic injection (see Table II):
(a) Error ed0 ,err of the vertical difference; (b) Error es,err of the complex sum;
(c) Error ed,err of the complex difference; (d) Normalized sum of the squared
errors (43). The output current changes at t = 0 from zero to I . The 10% line is
the same as in Fig. 8(d) to facilitate comparison. The superior performance of
the optimized gains is retained even for the case with nonzero common-mode
voltage.

a high damping for the complex conjugate pair λ2,2 , λ2,3 and
a low damping for the complex conjugate pair λ2,4 , λ2,5 . The
high damping originates from the separate treatment of each
energy by ignoring the mutual coupling, which allows an all
too optimistic assumption of a fast behavior of the energy es .
This leads to a high gain but endangers a practical damping
compromise w.r.t. the other energies, as visible from the smaller
distance to the imaginary axis of the eigenvalues λ2,1 , λ2,4 ,
and λ2,5 .

IV. OPTIMIZATION

The three gains of the feedback circulating current (18b) are
insufficient for an eigenvalue placement of A2 , suggesting the
use of a cost function to optimize the eigenvalue constellation.
Placing both complex conjugate eigenvalue pairs in the region of
the bisecting lines Re(λ) = ±Im(λ) with the constellations in
[67, p. 88] in mind was not possible. However, tuning all eigen-
values to have the same real part was possible by minimizing
the cost function

KRe(λ) = max(LRe(λ)) − min(LRe(λ))

+ 3max(LRe(λ)) (40)

Fig. 10. Measurement results of the traditional gain settings (Table II):
(a) cell voltages, (b) duty-cycles, (c) arm currents, and (d) output currents
during an output current reference step change at t = 0. The energy errors of
the same experiment are shown with blue and red traces in Fig. 12.

which operates on the list of real parts

LRe(λ) =
[
Re

(
λ2,1

)
, . . . ,Re

(
λ2,5

)]
. (41)

The cost function (40) favors constellations with smaller dif-
ferences between the minimum and maximum real part such
that all eigenvalues eventually have the same real part. In order
to reward constellations that provide higher damping, a three-
fold penalty for the largest real part is included as well. Using
Matlab’s fminsearch to minimize the cost function (40) for the
parameters in Table I results in the optimized gains in the bot-
tom most row of Table II. The lines in Fig. 7(b) depict the
eigenvalue loci when the gains are changed from the traditional
setting to the optimized values. The eigenvalues in the latter
case are indicated by solid dots • and enjoy nearly the same real
part. The optimized gains k0 and kd for the vertical difference
and the complex difference are higher in trade for a much lower
gain ks for the complex sum resulting in a superior constellation
with good damping. The simplified estimation on the open loop
will—even for different setups—unlikely deliver a comparable
gain setting because of its systematic tendency to high values
for ks and, at the same time, low values for k0 and kd .

The simulation results of the error dynamics (20) in Fig. 8
demonstrate a much faster decay of the energy errors when the
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Fig. 11. Measurement results for the optimized gains from Table II: (a) cell
voltages, (b) duty-cycles, (c) arm currents, and (d) output currents during an
output current reference step change at t = 0. The energy errors of the same
experiment are shown with blue and red traces in Fig. 12.

optimized gains are used in comparison to the gray traces which
correspond to the traditional setting (see Table II). Additionally,
the normalized sum of the squared errors

Kn =
K

K|t=0
(42)

K = e2
d0,err + es,erre

∗
s,err + ed,erre

∗
d,err (43)

is shown in Fig. 8(d), which falls below 10 % of its initial value
already after 19 ms for the optimized setting. This means a 50%
improvement over the traditional settings, which take as long
as 39 ms for the same decay. In view of this improvement, the
initially slower reduction of the errors is insignificant.

The higher gains of the optimized settings demand a moderate
increase of the circulating current, as visible in Fig. 8(e), which
can easily be accepted in view of the much faster decay.

The simulations in Fig. 8 assume zero common-mode voltage
in compliance with the requirement vy0 = 0, which eases the
solution of (23) and enables the eigenvalue optimization in the
first place. This is only a minor drawback of the methodology,
because the common-mode voltage is small compared to the out-
put voltage in the normal operation region with high modulation
index around the nominal frequency. A similar performance can

Fig. 12. Experimental comparison of the optimized settings (blue and red)
with the traditional gains (gray), see Table II: (a) Error ed0 ,err of the vertical
difference; (b) Error es,err of the complex sum; (c) Error ed,err of the com-
plex difference; (d) Normalized sum of the squared errors (43); (e) Balancing
circulating current is ,b according to (18b). measurement results of the en-
ergy errors (a)–(c) and the balancing circulating current (e). The corresponding
measurements of the ac current and the arm variables are shown in Figs. 10
and 11.

be expected from the optimized settings when applied in an op-
eration regime that uses the common-mode voltage to extend
the linear modulation range. This is demonstrated in Fig. 9 in
which the optimized settings are used for an operation that relies
on a triplen harmonic injection of the common-mode voltage.
Only moderate alterations are visible in the decay of the energy
errors when the initial angle θ0 is varied, which confirms the
assumption that the optimized settings are suitable for this type
of operation as well.

V. EXPERIMENTAL VERIFICATION

The gain settings are verified on a test bench by operating a
grid-side MMC in rectifier mode and feeding a constant voltage
electronic load on the dc side. Figs. 10 and 11 show the cell
voltages, duty-cycles, two arm currents, and the grid currents
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Fig. 13. Measurement results of the traditional gain settings (Table II)
when a second harmonic is used in the circulating current: (a) cell voltages,
(b) duty-cycles, (c) arm currents, and (d) output currents during an output cur-
rent reference step change at t = 0. The corresponding energy errors are shown
in Fig. 15.

for the traditional and the optimized settings from Table II,
respectively. In contrast to the simulations, a base load of 1 A
is provided to satisfy the minimum load requirements of the
electronic load. The current reference changes to I at t = 0
and in a reaction to this, the balancing feedback adapts the
energy distribution to the new stationary regime. The optimized
setting much faster restores the cell voltages and even reduces
their spread from 36.4 to 33.6 V, as evident from the traces
in Figs. 10(a) and 11(a). The measurements in Fig. 10 and the
simulation in Fig. 3 match reasonably well, although the cell
voltage deviation is smaller in the simulation. Fig. 12 compares
the energy errors of the same measurements.

The blue and red traces indicate the optimized setting and
are taken from the same experiment as Fig. 11, while the tra-
ditional settings are indicated by gray lines and belong to the
experiment in Fig. 10. Although the energy errors are reduced
much quicker than with the traditional settings, small steady
state errors remain in the energies which lead to a sustaining
circulating current. The main reason is a considerable negative
sequence (> 2%) in the grid voltages, which disagrees to the
assumed conditions for the energy reference determination. The
traditional setting has an advantage in this regard, as its circulat-

Fig. 14. Measurement results of the optimized gain settings (Table II)
when a second harmonic is used in the circulating current: (a) cell voltages,
(b) duty-cycles, (c) arm currents, and (d) output currents during an output cur-
rent reference step change at t = 0. The corresponding energy errors are shown
in Fig. 15.

ing current demand is lower during operation near the balanced
regime. The measurement results of the decay times in Fig. 12(d)
are slightly higher than the simulation results in Fig. 8(d) due to
the disturbances neglected in the simulation. With the optimized
settings, the 10%-threshold is reached after 20.5 ms while the
traditional settings achieve the same decay after 50.5 ms, which
corresponds to a performance improvement of more than 50%
for the optimized gains.

Figs. 13 and 14 show measurement results for the traditional
settings and the optimized gains, respectively, when a second
harmonic is applied to the nominal circulating current to reduce
the cell voltage ripple. The corresponding energy errors and the
balancing circulating currents are given in Fig. 15. The gain
settings are the same as in the former experiments, because the
tuning process is identical since the error dynamics is valid for
any nominal circulating current injection. In contrast to Figs. 10–
12, the balancing demand after the step change is much lower
due to the reduced voltage ripple, rendering this case uncritical.
Even though no difference in the cell voltage spread can be
observed [compare Figs. 13(a) and 14(a)], the control reserve
on the upper duty cycle limit is slightly better for the optimized
gains [compare Figs. 13(b) and 14(b)]. The normalized sum of
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Fig. 15. Experimental comparison of the optimized settings (blue and red)
with the traditional gains (gray) (see Table II) when a second harmonic is
used in the circulating current: (a) Error ed0 ,err of the vertical difference;
(b) Error es,err of the complex sum; (c) Error ed,err of the complex difference;
(d) Normalized sum of the squared errors (43); (e) Balancing circulating cur-
rent is ,b according to (18b). The corresponding measurements of the ac current
and the arm variables are shown in Figs. 13 and 14.

the squared errors in Fig. 15(d) will not fall below the 10%
due to the small energy errors after the step change. Still, the
stationary regime is reached earlier with the optimized gains
as can be seen in Fig. 15(c). The measurements in Figs. 13–15
demonstrate the validity of the tuning process in presence of a
nonzero nominal circulating current.

VI. CONCLUSION

A tuning methodology for the parameters of an MMC energy-
balancing controller was proposed. In contrast to the traditional
gain estimation on the open loop, an optimized set of gains was
retrieved by eigenvalue analysis. The optimization was carried
out after two preparative steps: in a first step, the error dynamics
was extracted and the resulting model of the energy deviations
from the desired balanced regime was successfully validated
against a switched model of a complete MMC. In a second step,

the error dynamics was transformed into a linear time invari-
ant system by application of the theorem in [52] which gives
convenient access to the eigenvalues. The optimization was tar-
geted on eigenvalue constellations with equal (negative) real
parts of the eigenvalues, as there were insufficient gains for a
direct placement. The optimized gains were compared to the
traditional settings which were estimated from an open-loop
low-pass model of the energies. A simulation of the error dy-
namics demonstrates a superior performance of the optimized
gains over the traditional settings. Although the eigenvalue cal-
culation assumed zero common-mode voltage to ease the appli-
cation of [52], similar performance can be expected from the
optimized settings when used for an operation regime that relies
on a common-mode voltage injection to extend the linear mod-
ulation range. This expectation was backed up by simulations
of the error dynamics with common-mode voltage injection.

The proposed error dynamics extraction and eigenvalue op-
timization clearly outperforms the traditional estimation of the
gains on an open-loop low-pass model, as demonstrated by sim-
ulations and measurements. The measurements on a low-voltage
MMC in rectifier mode demonstrate a more than 50% reduction
of the decay time and > 7% reduction of the dynamic cell volt-
age spread for the optimized settings. Additional experiments
for the case of a second harmonic injection in the nominal cir-
culating current reveal a faster decay of the energy errors for the
optimized gains, adding more evidence to the wide applicability
of the tuning method based on the simplified error dynamics.

Due to the convenient determination of balancing feedback
eigenvalues, the proposed methodology opens up a multitude of
different optimizations and tuning, by offering an unrestricted
cost function design to the engineer. The slightly higher calcula-
tion effort is easily accepted in view of the superior performance.

APPENDIX

The appendix briefly recalls the tuning algorithm proposed
in [32], [48]. The circulating current reference (18b) uses ded-
icated current components to solve the balancing problem. The
mutual coupling that results from the common use of the circu-
lating current entails a time delay until a balancing effect can be
observed. In order to model this delay when the coupling is ne-
glected, for each energy the low-pass model Go(s) = Vo

s(1+sTo )
is used which enables a simplified gain estimation. It consists
of an integrator and a first-order delay. The gain Vo and the
time constant To are chosen to reflect the individual behavior of
each energy in order to estimate the (maximum) corresponding
controller gain via k = 1

2Vo To
. For this purpose, the gain Vo and

the time constant To can be identified. Table III summarizes this
scheme taking the values from Table I as example.

In particular, the energies ed0 and ed are expected to react
slowly, because the desired power components have their ori-
gin in the ac powers Re(is) v̂yΔ and a−3

θ i∗s v̂yΔ , visible in (11b)
and (11d), respectively. Following this reasoning, the delay is
dominated by the output frequency ω, resulting in a correspond-
ing time constant of π

2ω , i.e. half of the ac period. By contrast, the
energy es is expected to react faster, because the desired power
component is generated with respect to the dc voltage vDC, as



11494 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 11, NOVEMBER 2019

TABLE III
SIMPLIFIED GAIN ESTIMATION OF THE BALANCING FEEDBACK (18b)

ACCORDING TO [32], [48]

seen in (11c). Thus, the dominating delay is set to ten sampling
periods of the circulating current controller.

The gains for both, the vertical difference ed0 and the complex
difference ed , depend on the output voltage because the desired
power components in their respective subsystems are generated
w.r.t v̂yΔ . The gain for the complex energy sum es is given by
the dc voltage vDC.

This approach has been proposed in [32], [48], using a sta-
tionary frame, and, despite its drastic simplifications, gives a
first clue about the permissible gain ranges.
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