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Abstract—The impedance-based stability analysis of single-
phase voltage source converters (VSCs) emphasizes the precise
impedance modeling. Considering the complexity of dq-frame
impedance modeling and measurement, this paper proposes
a mirror-frequency impedance modeling and measurement
approach of single-phase VSCs in the stationary frame based on
harmonic linearization. First, the mirror frequency definition is
put forward and the dynamics of the second-order generalized
phase-locked loop considering the mirror-frequency effects is
validated by simulations. Next, the impedance model considering
the mirror-frequency effects and dc-link voltage control loops
is compared with the conventional one-dimension impedance
model and a mirror-frequency impedance measurement method is
presented, which are verified by experiments on the hardware-in-
the-loop platform. The results indicate that the mirror-frequency
impedance model considering the dc-link voltage control is more
accurate and better captures the cross-coupling dynamics of
VSCs. Finally, the different bandwidths of dc-link voltage control
loops and different capacitances are designed to study the impacts
of dc-link voltage control loops and ripples on impedance. The
experiments and impedance-based analysis illustrate that the
wider bandwidth of dc-link voltage control loops or the less
capacitance with high dc-link voltage ripple will expand the
frequency range of negative impedance in the low frequency.

Index Terms—Bandwidth, dc-link voltage control, dc voltage
ripple, impedance model, mirror frequency, single-phase source
voltage converter.

I. INTRODUCTION

A LARGE number of voltage source converters (VSCs) have
been utilized in distributed generation, HVDC transmis-

sion, railway traction drive systems, etc. The interactions be-
tween numerous converters and power systems may cause some
unstable phenomena including harmonic instability, harmonic
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resonance [1]–[5], and vehicle-grid low-frequency oscillations
[6]–[11], which would damage the safe operation of power sys-
tems. Therefore, it is particularly essential to analyze the stabil-
ity of the power electronic converters-based systems. Because
the instability of systems mostly occurs at the interaction inter-
face between power electronics-based systems and power grids,
they can be equivalent to two independent subsystems, and the
whole system stability can be analyzed by the frequency-domain
impedance criterion [7]–[13].

Due to the periodic time variation of the stable operation point
of power electronic converters, the traditional small-signal mod-
eling method is not suitable for impedance modeling of power
electronic converter-based systems [12]. A feasible approach
for linearizing the nonlinear systems is to transform the sys-
tem model into a rotating (dq) reference frame, in which the ac
variables become dc quantities [8], [10]–[12]. For instance, dq-
frame impedance modeling approaches of single-phase VSCs
have been present in [8], [10], and [11]. But the limitation of this
method is that the control strategy needs to adopt dq current or
dq voltage controls, and stationary (αβ−) variables should be
transformed into rotating (dq−) variables. Even for single-phase
VSCs, it is necessary to construct a virtual β component for
Park’s transformation. In addition, the impedance measurement
in dq-frame involves Park’s transformation, and the perturbation
injection method is very complicated [8], [14].

Harmonic linearization is another method for linearizing
periodically time-varying nonlinear systems [3], [12], [18].
Cespedes and Sun proposed a sequence impedance modeling
approach of grid-connected VSCs based on harmonic lineariza-
tion [3]. Rygg et al. proposed a modified form of the sequence
impedance matrix and defined a mirror-frequency-decoupled
(MFD) system. Modified sequence impedance is proposed in
[15]. But Bakhshizadeh et al. validated that there exists the
couplings between the positive and negative sequences even in
balanced systems due to the phase-locked loop (PLL) [16]. How-
ever, in [3], [15], and [16], the dc-link voltage control and the
dc-link voltage ripple are both neglected, and the frequency cou-
plings between the positive and negative sequences are neglected
too. Zhang et al. present two kinds of single-input single-output
(SISO) impedance models of a grid-connected VSC: the reduced
SISO model and the accurate SISO model [17]. But for the
reduced SISO model, the system must be dq symmetric and the
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Fig. 1. Single-phase converter with the SOGI-PLL and the voltage and current
control.

two models are established in three-phase systems. There is no
sequence impedance in single-phase VSCs. Therefore, Shah and
Parsa established a two-dimension admittance model of single-
phase VSCs, capturing the cross-coupling dynamics but neglect-
ing the input voltage ripple components [18]. For single-phase
VSCs, which are highly dq asymmetry, there is no effective
impedance modeling and measurement method in the phase do-
main. The dc-link voltage control and the different bandwidths
of voltage control loops of three-phase VSCs are analyzed in
dq-domain, which proves that the dc-link voltage control loops
and their bandwidths are critical for impedance-based stability
analysis [19]. Consequently, for accurate impedance modeling
of single-phase VSCs, it is necessary to consider the impacts of
the dc-link voltage control loop and ripple on impedance.

The impedance model in [6], neglecting the dc-link voltage
control, may lose some accuracy in impedance-based stability
analysis. In this paper, the single-phase VSC of China Railway
High-speed 3 (CRH3) electric multiple units (EMUs) with the
voltage and current control is taken for instance, and a mirror-
frequency impedance modeling and measurement method of
single-phase VSCs based on harmonic linearization is devel-
oped. The rest of this paper is organized as follows. Section II
describes the single-phase VSC and define the concept of the
mirror frequency. Section III gives the impedance response
of the second-order generalized integrator-PLL (SOGI-PLL)
at mirror frequencies and establishes a conventional SISO
impedance model and a mirror-frequency impedance model
considering the dc-link voltage control, respectively. Section IV
introduces an input mirror-frequency impedance measurement
method. Experiments are made on the hardware-in-the-loop
(HIL) simulation platform to verify the proposed impedance
model, and the errors are discussed. Section V analyzes the
effects of the different voltage control loop bandwidths and dif-
ferent dc-link voltage ripples on impedance response. Section VI
concludes this paper.

II. MIRROR FREQUENCY DEFINITION

Fig. 1 shows a schematic diagram of a single-phase VSC with
the SOGI-PLL and the voltage and the current control. The phase
voltage is denoted as vs , while the phase current is denoted as

Fig. 2. FFT spectrum of ac currents.

is . Rs and Ls denote the equivalent resistance and inductance of
the traction transformer, respectively. Rd denotes the load and
Cd denotes the dc-link capacitor. vd denotes the output voltage.
θPLL denotes the phase derived by the SOGI-PLL. m denotes
the output modulation signal of the current control loop.

To establish a small-signal model or measure the ac-side
impedance of the system, a small-signal voltage or current per-
turbation is usually injected into the ac system [8], [20]–[22].
Based on the simulation results, it is found that after a volt-
age perturbation vpt = Vpt cos (2πfpt) is injected into the ac
side of the single-phase VSC, the ac current always generates
the components at frequency fp and 2f1 − fp , where f1 is the
fundamental frequency. In this paper, the voltage source pertur-
bations at frequency fp1 = 5 Hz, fp2 = 45 Hz, and fp3 = 70 Hz
are injected, respectively. The fast Fourier transformation (FFT)
spectrum analysis of the ac currents is drawn as Fig. 2.

In Fig. 2, the ac current components at frequencies f ′
p1 , f

′
p2 ,

and f ′
p3 are newly generated and correspond to the current com-

ponents at fp1 , fp2 , and fp3 , respectively. The frequencies of the
currents, newly produced, are equal to 95, 55, and 30 Hz and
consistent with the theoretical results. Therefore, when the in-
jected signal frequency is fp + f1 , the corresponding signal fre-
quency is fp − f1 . The signals at frequency fp + f1 and fp − f1
are mirror-frequency signals and symmetric about the funda-
mental frequency f1 in single-phase VSCs. The phenomenon
has been explained in [18] and [22]. For clarity, in this pa-
per, the signals at frequency fp + f1 are called as “positive-
mirror-frequency” signals and the signals at frequency fp − f1
are called as “negative-mirror-frequency” signals. The subscript
“p” denotes the “positive-mirror-frequency” signals and the sub-
script “n” denotes the “negative-mirror-frequency” signals. The
reasons for appearance of mirror frequencies are caused by the
convolution of the dc-link voltage ripple and the modulation
signal, which will be explained later.

III. CLOSED-LOOP IMPEDANCE MODELING

A. Signal Definition

To establish a small-signal model of the VSC, a small voltage
perturbation is usually injected into the ac side. In this paper,
a small-signal voltage perturbation vp = Vpcos[2π(fp + f1)t +
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Fig. 3. Diagram of the SOGI-PLL.

θvp ] is injected into the ac side of the single-phase VSC. Based
on Section II, the mirror frequency of fp + f1 is fp − f1 . There-
fore, in the time domain, the phase voltage vs and current is ,
considering the mirror frequency, are written as

vs = V1 cos(2πf1t + θv1) + Vp cos[2π(fp + f1)t + θvp ]

+ Vn cos[2π(fp − f1)t + θvn ] (1)

is = I1 cos(2πf1t + θi1) + Ip cos[2π(fp + f1)t + θip ]

+ In cos[2π(fp + f1)t + θin ] (2)

where V1 with θv1 corresponds to the magnitude and phase of the
fundamental voltage at frequency f1 .Vp with θvp corresponds to
the magnitude and phase of the positive-mirror-frequency volt-
age perturbation at frequency fp + f1 .Vn with θvn corresponds
to the magnitude and phase of the negative-mirror-frequency
voltage perturbation at frequency fp − f1 . The current defini-
tion follows the same notation.

Considering the output dc-link voltage ripple, in the time
domain, the dc voltage is written as

vd = Vd + Vdp cos(2πfpt + θdp) (3)

where Vd corresponds to the magnitude of the dc-link voltage
at frequency 0 Hz. Vdp with θdp corresponds to the magnitude
and phase of the dc-link voltage ripple at frequency fp .

Based on harmonic linearization, (1)–(3) can be written as
frequency-domain equations

Vs [f ] =

⎧
⎪⎨

⎪⎩

V̇1 , f = ±f1

V̇p , f = ±(fp + f1)

V̇n , f = ±(fp − f1)

(4)

Is [f ] =

⎧
⎪⎨

⎪⎩

İ1 , f = ±f1

İp , f = ±(fp + f1)

İn , f = ±(fp − f1)

(5)

Vd [f ] =

{
Vd, f = 0

V̇dp , f = ±fp

(6)

where V̇1 =(V1/2)e±jθv 1 , V̇p = (Vp/2)e±jθv p , V̇n = (Vn/2)
e±jθv n, and others follow the same notation [3], [18].

B. SOGI-PLL Modeling

Fig. 3 shows the diagram of the SOGI-PLL to track the phase
of the phase voltage vs [8], [10], [18], [23]. The voltage vα

is aligned with the phase voltage vs . The voltage vβ , lagging
vα 90◦, is generated by the SOGI. ω1 = 2πf1 is the fundamental

angular frequency. Due to the voltage perturbation in vs , in the
time domain, voltage vα and vβ can be written as

vα = V1 cos(2πf1t + θv1) + Vαp cos[2π(fp + f1)t + θαp ]

+ Vαn cos[2π(fp − f1)t + θαn ] (7)

vβ = V1 sin(2πf1t + θv1) + Vβp cos[2π(fp + f1)t + θβp ]

+ Vβn cos[2π(fp − f1)t + θβn ]. (8)

The transfer functions from vα and vβ to vs are deduced as

Hα (s) =
Vα (s)
Vs(s)

=
kω1s

s2 + kω1s + ω2
1

(9)

Hβ (s) =
Vβ (s)
Vs(s)

=
kω2

1

s2 + kω1s + ω2
1
. (10)

Substituting (9) and (10) into (7) and (8), the frequency-
domain expressions of vα and vβ are

Vα [f ] =

⎧
⎪⎨

⎪⎩

V̇1 , f = ±f1

V̇αp = V̇pHα (s + jω1), f = ±(fp + f1)

V̇αn = V̇nHα (s − jω1), f = ±(fp − f1)

(11)

Vβ [f ] =

⎧
⎪⎨

⎪⎩

∓jV̇1 , f = ±f1

V̇βp = V̇pHβ (s + jω1), f = ±(fp + f1)

V̇βn = V̇nHβ (s − jω1), f = ±(fp − f1).

(12)

Since the single-phase system is unbalanced in the phase do-
main, there exists a phase deviation Δθ = θPLL − θ1 , for solving
the nonlinearity in Park’s transformation, the Park’s transforma-
tion from αβ-frame to dq-frame can be divided into two parts as

Tdq/αβ (θPLL) =

[
cos(θPLL − 90◦) sin(θPLL − 90◦)
− sin(θPLL − 90◦) cos(θPLL − 90◦)

]

=

[
cos(θ1 − 90◦) sin(θ1 − 90◦)
− sin(θ1 − 90◦) cos(θ1 − 90◦)

]

×
[

cos Δθ sin Δθ

− sin Δθ cos Δθ

]

(13)

where θ1 = 2πf1t is the phase of the phase voltage vs , which
neglects the influence of the PLL dynamics. And −90◦ ensures
the d-frame component be equal to the amplitude of the ac
quantity [8]. Without considering the PLL dynamics, the output
voltage in the dq-frame is solved as

[
vdu

vqu

]

=

[
cos(θ1 − 90◦) sin(θ1 − 90◦)
− sin(θ1 − 90◦) cos(θ1 − 90◦)

][
vα

vβ

]

(14)
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where the subscript “u” denotes the voltage-frame variables.
Substituting (7) and (8) into (14) yields

vqu = V1 cos θv1

+
Vαp

2
[cos(2πfpt+2πf1t+θαp)+cos(2πfpt+θαp)]

+
Vαn

2
[cos(2πfpt+θαn )+cos(2πfpt − 2πf1t+θαn )]

+
Vβp

2
[sin(2πfpt+2πf1t+θβp) − sin(2πfpt+θβp)]

+
Vβn

2
[−sin(2πfpt−2πf1t+θβn )+sin(2πfpt+θβn )].

(15)

Different from [18], the second-order harmonic elements
at frequency fp ± 2f1 are considered in (15) for more precise
modeling. And through the Fourier transform, it is rewritten as

Vqv [f ] =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V1 cos θv1 , f = 0

V̇αp + V̇αn ± jV̇βp ∓ jV̇βn

2
, f = ±fp

V̇αp ∓ jV̇βp

2
, f = ±(fp + 2f1)

V̇αn ± jV̇βn

2
, f = ±(fp − 2f1).

(16)

The linear response of Δθ is given by [3], [18], and [23]

Δθ = TPLL(s) · Vqu (s) (17)

where TPLL(s) = HP L L (s)/s
1+V1 ·HP L L (s)/s and HPLL(s) is a loop com-

pensator.
The frequency-domain expression of cos (θPLL) and

sin (θPLL) are listed as follows:

cos(θPLL)[f ]

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2
± 1

2
j cos θv1 , f = ±f1

±1
4
jTPLL(s)(V̇αp + V̇αn ± jV̇βp ∓ jV̇βn )

∓1
4
jTPLL(s ± j4πf1)(V̇αp ∓ jV̇βp), f = ±(fp + f1)

∓1
4
jTPLL(s)(V̇αp + V̇αn ± jV̇βp ∓ jV̇βn )

±1
4
jTPLL(s ∓ j4πf1)(V̇αn ± jV̇βn ), f = ±(fp − f1)

(18)

Fig. 4. Modeled and measured response of cosθPLL and sin θPLL.

Fig. 5. Block diagram of the voltage and current control.

sin θPLL[f ]

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∓1
2
j +

1
2

cos θv1 , f = ±f1

1
4
TPLL(s)(V̇αp + V̇αn ± jV̇βp ∓ jV̇βn )

+
1
4
TPLL(s ± j4πf1)(V̇αp ∓ jV̇βp), f = ±(fp + f1)

1
4
TPLL(s)(V̇αp + V̇αn ± jV̇βp ∓ jV̇βn )

+
1
4
TPLL(s ∓ j4πf1)(V̇αn ± jV̇βn ), f = ±(fp − f1).

(19)

To validate the response of cosθPLL and sin θPLL in the fre-
quency domain in (18) and (19), the modeled and measured re-
sponse of cosθPLL and sin θPLL at frequency fp ± f1 are plotted
on four sub-Bode diagrams in Fig. 4. The red lines and the blue
circles denote the modeled and measured response of cosθPLL

and sin θPLL, respectively. The results show that the measured
response matches well with the modeled response. Therefore,
the modeling approach of cosθPLL and sin θPLL at the positive
and negative-mirror frequency is precise.

C. Voltage Control and Current Control

The single-phase converter of CRH3 EMUs utilizes the volt-
age and current control, which is illustrated in Fig. 5. The
current control adopts the proportional controller. The volt-
age control uses the proportional–integral (PI) controller, which
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ensures the constant dc-link voltage. But there is a small dc-link
voltage ripple, the frequency-domain expression of the output
of the dc-link voltage control loop idref is

Idref [f ] =

{
Iref , f = 0
−Vd [f ]Hv [f ], f = ±fp

(20)

where Iref is the reference for the input current. Hv = Kvp +
Kvi/s is the transfer function of the voltage control loop.

First, from the block diagram in Fig. 5, the time-domain
expression of the output of the current control loop m can be
written as

m = V ′
d{vs − idref · ω1Ls · cos θPLL − idref · Rs · sin θPLL

− Kip · idref · sin θPLL + Kip · is}. (21)

By Fourier transform, in the frequency domain, (21) is rewrit-
ten as (22) as shown at the bottom of this page.

D. Closed-Loop Impedance Modeling

First, as the circuit topology depicted in Fig. 1, the time-
domain circuit equation can be written as

⎧
⎪⎪⎨

⎪⎪⎩

vs −
(

Rs · is + Ls
dis
dt

)

= m · vd

m · is =
vd

Rd
+ Cd

dvd

dt
.

(23)

Then, based on harmonic linearization [20], [24], at frequency
f , the frequency-domain expression of (23) can be written as

Vs [f ] − (Rs + j2πfLs)Is [f ] = M [f ] ⊗ Vd [f ] (24)

M [f ] ⊗ Is [f ] = (1/Rd + j2πfCd)Vd [f ]
(25)

where “�” denotes the convolution symbol.
In Case 1, the dc-link voltage ripple and the mirror-frequency

coupling effects are neglected. Equation (22) is rewritten as

Mcase1 [f ]

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

V ′
d{Vs [f ] + KipIs [f ] + ω1LsIref cos θPLL[f ]
+ (Rs + Kip)Iref sin θPLL[f ]}, f = ±f1

V ′
d{Vs [f ] + KipIs [f ] − ω1Ls(Iref cos θPLL[f ])
− (Rs + Kip)(Iref sin θPLL[f ]}, f = ±(fp + f1)

V ′
d{Vs [f ] + KipIs [f ] − ω1Ls(Iref cos θPLL[f ])
− (Rs + Kip)(Iref sin θPLL[f ]}, f = ±(fp − f1).

(26)

Substituting (26) into (24), at the positive-mirror frequency
fp + f1 , (24) is rewritten as

V̇ +
p − [Rs + j2π(fp + f1)Ls ]İ+

p = Mcase1 [fp + f1 ]Vd

= V ′
dVd{V̇ +

p + Kip İ
+
p − ω1LsIref cos[fp + f1 ]

− (Rs + Kip)Iref sin[fp + f1 ]} (27)

where the superscripts “+” and “−” mean that each frequency-
domain variable is derived at the positive and negative fre-
quencies. For instance, V̇ +

p = (Vp/2)e+jθv p, f = +(fp + f1),
V̇ −

p = (Vp/2)e−jθv p , and f = −(fp + f1).
Substituting (18) and (19) into (27), the positive-mirror-

frequency impedance Zppcase1 can be deduced as

Zpp1 =
V̇ +

p

İ+
p

=[Rs + j2π(fp + f1)Ls + V ′
dVdKip ]/

{

1−V ′
dVd +V ′

dVdω1LsIref
1
4
j(TPLL(s)[Hα (s+jω1)

+ jHβ (s + jω1)] − TPLL(s + j4πf1)[Hα (s + jω1)

− jHβ (s + jω1)]) + V ′
dVd(Rs + Kip)Iref

1
4

× (TPLL(s)[Hα (s + jω1) + jHβ (s + jω1)]

+ TPLL(s+j4πf1)[Hα (s+jω1) − jHβ (s+jω1)])

}

.

(28)

At the negative-mirror frequency fp − f1 , (24) is rewritten as

V̇ +
n − [Rs + j2π(fp − f1)Ls ]İ+

n = Mcase1 [fp − f1 ]Vd

= V ′
dVd{V̇ +

n + Kip İ
+
n − ω1LsIref cos[fp − f1 ]

− (Rs + Kip)Iref sin[fp − f1 ]}. (29)

Substituting (18) and (19) into (29), the negative-mirror-
frequency impedance Znncase1 can be deduced as

Znn1 =
V̇ +

n

İ+
n

= [Rs + j2π(fp − f1)Ls + V ′
dVdKip ]/

{

1 − V ′
dVd − V ′

dVdω1LsIref
1
4
j(TPLL(s)[Hα (s−jω1)

− jHβ (s − jω1)] − TPLL(s − j4πf1)[Hα (s − jω1)

+ jHβ (s − jω1)]) + V ′
dVd(Rs + Kip)Iref

1
4

× (TPLL(s)[Hα (s − jω1) − jHβ (s − jω1)]

+ TPLL(s−j4πf1)[Hα (s−jω1)+jHβ (s − jω1)])

}

.

(30)

M [f ] =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

V ′
d{Vs [f ] + KipIs [f ] + ω1LsIref cos θPLL[f ] + (Rs + Kip)Iref sin θPLL[f ]}, f = ±f1

V ′
d{Vs [f ] + KipIs [f ] − ω1Ls(Iref cos θPLL[f ] + Idref [±fp ] cos θPLL[±f1 ])
−(Rs + Kip)(Iref sin θPLL[f ] + Idref [±fp ] sin θPLL[±f1 ])}, f = ±(fp + f1)

V ′
d{Vs [f ] + KipIs [f ] − ω1Ls(Iref cos θPLL[f ] + Idref [±fp ] cos θPLL[∓f1 ])
−(Rs + Kip)(Iref sin θPLL[f ] + Idref [±fp ] sin θPLL[∓f1 ])}, f = ±(fp − f1)

(22)
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In Case 2, the dc-link voltage ripple and the mirror-frequency
effects are both considered. Due to the complexity of the
impedance calculation, the detailed deduction is omitted in
this section and will be provided in the Appendix. The mirror-
frequency impedance are listed as (31)–(34) as shown at the
bottom of this page.

In Case 2, the mirror-frequency impedance Zpn2 is a second-
order matrix, which includes the cross-coupling elements Zpn2
and Znp2 . In Case 1, the mirror-frequency impedance only con-
tains two diagonal elements Zpp1 and Znn1 . Without consider-
ing the mirror-frequency and the dc-link voltage ripple effects,
the system is a SISO system. In contrast, considering the mirror-
frequency and the dc-link voltage ripple effects, the system is
a multiple input multiple output (MIMO) system. The cross-
coupling impedance does not have a deep physical meaning
but reflects the relationship between the positive and negative-
mirror-frequency signals.

Actually, considering the high-order harmonic elements in
single-phase VSCs at positive-mirror frequency, (24) can be
rewritten as

V̇ +
p − [Rs + j2π(fp + f1)Ls ]İ+

p

= M [fp + hf1 ]Vd [(1 − h)f1 ]+M [(1 − h)f1 ]Vd [fp + hf1 ]
(35)

where “h” is an integer. In this paper, the second-order harmonic
elements are overlooked and (35) is simplified as

V̇ +
p − [Rs + j2π(fp + f1)Ls ]İ+

p = M [fp + f1 ]Vd [0]

+M [f1 ]Vd [fp ]. (36)

Although Vd [fp ] is a small-signal variable compared with Vd ,
it should be considered in (25), which can be deduced as

Is [fp − f1 ]=
(1/Rd +j2πfpCd)Vd [fp ]

M [f1 ]
−M [−f1 ]Is [fp +f1 ]

M [f1 ]

− M [fp + f1 ]Is [−f1 ]
M [f1 ]

− M [fp − f1 ]Is [f1 ]
M [f1 ]

(37)

where Is [fp − f1 ] is the mirror-frequency current of Is [fp +
f1 ]. Equation (37) gives the newly generated current Is [fp − f1 ]
through the formula deduction. The signal flow can help us visu-
ally understand the flow of the small-signal perturbation through
converters and frequency cross-coupling among different vari-
ables [18], [25]. The nodes represent the variables, and the lines

Fig. 6. Harmonic signal-flow graph of the VSC.

represent the signal flow between any two variables. For exam-
ple, in Fig. 6, it can be observed that, there is a path from the
voltage Vs(s + jω1) to the current Is(s + jω1). Besides, there
is another path from the modulation signal M(s± jω1) to the
current Is(s + jω1), and there is a path from the dc voltage per-
turbation Vd(s) to the modulation signal M(s± jω1). Many fre-
quency cross-couplings are generated in the single-phase VSC.

IV. IMPEDANCE MEASUREMENT AND VERIFICATION

A. Impedance Measurement Method

A perturbation injection approach based on frequency scan-
ning is a popular method in impedance measurement [8], [14].
For one-dimension conventional impedance [18], [26], [27],
the input impedance is the ratio of the perturbation voltage
and the response current at the same frequency. For the de-
coupling sequence impedance has the same definition [15]. But
for the mirror-frequency impedance, a voltage perturbation will
produce two different response currents at mirror frequencies.
Therefore, two independent voltage perturbations vpt1 and vpt2
should be injected into two same systems, respectively, as de-
picted in Fig. 7. The ac small-signal variables Vs1 , Vs2 , Is1 , and
Is2 are derived by FFT for impedance calculation.

The expressions of the two independent voltage perturbations
are written as

{
vpt1 = Vp cos[2π(fp + f1)t + θvp ]
vpt2 = Vn cos[2π(fp − f1)t + θvn ].

(38)

Referring to [8], [15], and [21], the two perturbations yield
(

V̇ +
p1

V̇ +
n1

)

=

(
Zpp Zpn

Znp Znn

)(
İ+
p1

İ+
n1

)

(39)

(
V̇ +

p2

V̇ +
n2

)

=

(
Zpp Zpn

Znp Znn

)(
İ+
p2

İ+
n2

)

. (40)

Zpp2 =
Rs + j2π(fp + f1)Ls + V ′

dVdKip + (VdB1 + Ṁ+
1 )/G(İ−1 V ′

dKip + Ṁ−
1 )

1 − V ′
dVd − VdA3 − (VdB1 + Ṁ+

1 )/G(İ−1 V ′
d + İ−1 A3 + İ+

1 A5)
(31)

Zpn2 =
(VdB1 + Ṁ+

1 )/G(İ+
1 V ′

dKip + Ṁ+
1 )

1 − V ′
dVd − VdA3 − (VdB1 + Ṁ+

1 )/G(İ−1 V ′
d + İ−1 A3 + İ+

1 A5)
(32)

Znp2 =
(B2Vd + Ṁ−

1 )/G(İ−1 V ′
dKip + Ṁ−

1 )
1 − V ′

dVd − VdA6 − (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
d + İ−1 A4 + İ+

1 A6)
(33)

Znn2 =
Rs + j2π(fp − f1)Ls + V ′

dVdKip + (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
dKip + Ṁ+

1 )
1 − V ′

dVd − VdA6 − (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
d + İ−1 A4 + İ+

1 A6)
(34)
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Fig. 7. Mirror-frequency impedance measurement method for single-phase
converters.

Fig. 8. Mirror-frequency impedance calculation procedure.

With the combination of (39) and (40), the mirror-frequency
impedance calculation formula are listed as follows:

(
Zpp Zpn

Znp Znn

)

=

(
V̇ +

p1 V̇ +
p2

V̇ +
n1 V̇ +

n2

)(
İ+
p1 İ+

p2

İ+
n1 İ+

n2

)

. (41)

To make sure that (31) holds, [V̇ +
p1 , V̇

+
n1 ]

T and [V̇ +
p2 , V̇

+
n2 ]

T

are linearly independent, [İ+
p1 , İ

+
n1 ]

T and [İ+
p2 , İ

+
n2 ]

T , too [28].
Some signals are defined in the negative frequency domain in (4)
and (5), etc. The negative frequency means that the frequency
is lower than 0 Hz. However, there is no negative frequencies in
the actual system. Thus, the frequency of voltage perturbation
vpt2 is actually the absolute value of fp − f1 . The impedance
calculation formula should be discussed according to the size
relationship between fp and f1 . In (4), (5), and other formulas
and definitions, it is found that the signals in opposite frequency
are conjugate complex numbers. Therefore, this paper designs
a mirror-frequency impedance calculation method, as depicted
in Fig. 8.

In Fig. 8, time-domain variables are transformed into
frequency-domain variables by FFT. The superscript “∗” rep-
resents the conjugate operator. When fp < f1 , the mirror-
frequency impedance calculation follows the procedure in the
left dotted-line frame. When fp ≥ f1 , the mirror-frequency
impedance calculation follows the procedure in the right dotted-

Fig. 9. HIL simulation platform.

TABLE I
PARAMETERS OF SINGLE-PHASE VSC

line frame. The final impedance calculation formula of Zpn , in
the two conditions, adopts (41).

B. Impedance Verification

In order to verify the mirror-frequency impedance modeling,
measurement and calculation approach proposed in this paper,
experiments are performed correspondingly based on the HIL
platform, as shown in Fig. 9. The model of the single-phase
converter is developed in the electromagnetic transient simula-
tion software StarSim and runs on NI-PXIe-FPGA-7868R based
real-time HIL system with the time step of 1 μs [29]. The cur-
rent and voltage controllers are implemented a TMS320F28335
DSP and the sampling frequency is set as 20 kHz. The green
terminal board contains many IO channels, connecting the HIL
simulation system to the controller DSP. The oscilloscope mea-
sures the output dc voltage of the single-phase converter. The
graphical user interface of the host computer shows the ac and dc
voltages and currents, and it can display all the relevant data and
measurements of the system. Parameters for these experiments
are provided in Table I.

The bandwidth of the PLL is set as 500 Hz, higher than the
switching frequency. The magnitudes and phases of the modeled
and measured impedance are plotted on four sub-Bode diagrams
in Fig. 10. The blue lines denote the modeled impedance in
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Fig. 10. Modeled and measured impedance in Cases 1 and 2.

TABLE II
PARAMETERS OF DC-LINK VOLTAGE CONTROLLERS

Case 1, including Zpp1 and Znn1 . The red lines denote the
modeled impedance in Case 2, including Zpp2 , Zpn2 , Znp2 , and
Znn2 . Eleven perturbation frequencies fp among [1 Hz, 100 Hz]
are selected to fulfill the impedance measurement. The black
circles denote the measured impedance.

The results show that the measured impedance response is
matched well with the mirror-frequency impedance in Case 2,
which validates that the mirror-frequency impedance model-
ing approach is accurate. The impedance without considering
the mirror-frequency effects and the dc-link voltage ripple do
not match well with the measured impedance, which reveals
that there are some errors among the impedance modeling with-
out considering mirror-frequency effects. Besides, the measured
impedance Zpn3 and Znp3 proves that the cross-coupling ele-
ments exist and should not be neglected. It can be observed
that the dc-link voltage control loops and ripples result in the
frequency cross-couplings in single-phase VSCs.

V. EFFECTS OF BANDWIDTH OF DC-LINK VOLTAGE CONTROL

LOOP AND DC-LINK VOLTAGE RIPPLE ON IMPEDANCE

A. Effects of DC-Link Voltage Controls Loops with Different
Bandwidths on Impedance Response

To investigate the impacts of the dc voltage control loops with
different bandwidths, the mirror-frequency impedance model is
analyzed with four sets of dc voltage controller parameters. The
integral gain Kvi remains unchanged, the bandwidth increases
as the proportional gain Kvp increases. The other parameters
are same. Table II provides the parameters of the dc voltage
controllers. The parameters of the current controller is same as
those in Table I.

Fig. 11. Modeled impedance with different bandwidths.

In Fig. 11, the blue, red, yellow, and purple lines correspond
with the impedance with different bandwidths 16, 75, 310, and
445 Hz, respectively. The four elements of the mirror-frequency
impedance matrix are all plotted on the frequency range from
1 to 104 Hz. The black dotted line indicates that the phase is
90° or −90°. When the phase is more than 90° or less than
−90°, there arises a negative impedance. It can be concluded
from Fig. 11 that, as the bandwidth increases, the frequency
range of the negative impedance expands. It can be seen that
the frequency range of the negative impedance Zpp4 is from
1 to 100 Hz. The frequency range of the negative impedance
Zpp1 is from 1 Hz to several hertz. Similarly, the impedance
Znn4 owns a wider frequency range of the negative impedance
than Znn3 , Znn2 , and Znn1 . The magnitudes of the positive and
negative-mirror-frequency impedances Zpp and Znn increase
with the increase in frequency. The magnitudes of the cross-
coupling impedance Zpn and Znp decrease with the increase in
frequency. The bandwidth of the dc-link voltage control loop is
wider, and the magnitudes of the cross-coupling impedance are
larger. Besides, the magnitudes of the cross-coupling impedance
are large enough and cannot be neglected. Therefore, the mirror-
frequency impedance matrix cannot be diagonalized.

In summary, the wider bandwidth of the dc voltage controllers
lead to a wider frequency range of the negative impedance
and a higher magnitudes of the cross-coupling impedance. The
negative impedance in the low frequency may cause the low-
frequency oscillations [8], [9], [11]. The voltage source utilizes
an ideal voltage source with no inner impedance, so the sys-
tem is stable. The impedance-based stability will be analyzed in
detail in future work.

B. Effects of DC-Link Voltage Ripple on Impedance Response

The dc-link capacitance plays a critical role in decreasing
the dc-link voltage ripple. Four experiments with four sets of
capacitance values Cd = 50 mF, Cd = 9 mF, Cd = 6 mF, and
Cd = 3 mF are made in this section based on the HIL platform
in Fig. 9. The ac-side voltages and currents and dc-side voltages
of four experiments are shown on Fig. 12. Chart 0, Chart 2, Chart
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Fig. 12. AC voltages and currents and dc voltages of four experiments.

Fig. 13. DC voltage ripple.

Fig. 14. Modeled impedance with different capacitances.

1, and Chart 3 correspond to Cd = 50 mF, Cd = 9 mF, Cd =
6 mF, and Cd = 3 mf, respectively. The dc-link voltage ripples
of the four experiments are all plotted in Fig. 13.

It can be observed in Fig. 14 that the larger is the dc-link
capacitance, the less is the amplitude of the dc-link voltage
ripple. The modeled impedance with the four sets of capacitance
are plotted on four sub-Bode diagrams in Fig. 14. The blue,
red, yellow, and purple lines correspond with Cd = 3 mF, Cd =
6 mF, Cd = 9 mF, and Cd = 50 mF, respectively. It can be
observed that the frequency ranges of negative impedance Zpp

sorted from the largest to the smallest are Zpp1 , Zpp2 , Zpp3 , and
Zpp4 . And the frequency ranges of negative impedance Znn

sorted from the largest to the smallest are Znn1 , Znn2 , Znn3 ,
and Znn4 . It can be concluded that a large dc-link capacitance
can help decrease the frequency range of negative impedance
and stabilize the system. The magnitude of Zpn1 is higher than
Zpn2 , Zpn3 , and Zpn4 . And the magnitude of Znp1 is higher
than Znp2 , Znp3 , and Znp4 . As the capacitance decreases, the
magnitudes of the cross-coupling impedance increase.

VI. CONCLUSION

This paper focuses on the impedance modeling of single-
phase converter systems in the stationary frame, with
consideration of the voltage control loop, SOGI-PLL, and
mirror-frequency effects. The simulations on the HIL verify the
accuracy of the model and the measurement. Some conclusions
are drawn as follows:

1) The mirror-frequency impedance modeling method based
on harmonic linearization is valid and accurate for single-
phase converter systems considering the voltage control
loop and SOGI-PLL

2) The mirror-frequency impedance matrix of the single-
phase systems is nondiagonal. The coupling elements
are the same order magnitude as the diagonal ones. The
single-phase system is a MIMO system. The mirror-
frequency model can capture the cross-coupling dynam-
ics.

3) The dc-link voltage control loop and ripples can change
the impedance and cannot be neglected in impedance
modeling. The wider bandwidth of the dc-link voltage
control loop or the less dc-link capacitance can cause the
wider frequency range of the negative impedance. The
bandwidth of the dc-link voltage control loop is larger
or the dc-link capacitance is less, the magnitudes of the
cross-coupling impedance are larger.

APPENDIX

Substituting (18)–(20) into (22), the modulation signal M [f ]
at frequency fp + f1 is deduced as

Mcase4 [fp + f1 ] = V ′
d V̇

+
p + V ′

dKip İ
+
p + V ′

d V̇
+
p (−jω1Ls

− Rs−Kip)IrefTPLL(s)[Hα (s+jω1)+jHβ (s + jω1)]/4

+ V ′
d V̇

+
p (jω1Ls − Rs − Kip)IrefTPLL(s + j4πf1)

× [Hα (s + jω1) − jHβ (s + jω1)]/4

+ V ′
d V̇

+
n (−jω1Ls − Rs − Kip)IrefTPLL(s)

× [Hα (s − jω1) − jHβ (s − jω1)]/4 + 0.5V ′
dHv [fp ]

× [(1 + j cos θv1)ω1Ls + (cos θv1 − j)(Kip + Rs)]V̇ +
dp .

(42)

Assuming

A3 = V ′
d(−jω1Ls − Rs − Kip)IrefTPLL(s)[Hα (s + jω1)

+ jHβ (s + jω1)]/4 + V ′
d(jω1Ls−Rs−Kip)IrefTPLL

× (s + j4πf1)[Hα (s + jω1) − jHβ (s + jω1)]/4 (43)

A4 = V ′
d(−jω1Ls − Rs − Kip)IrefTPLL(s)[Hα (s − jω1)

− jHβ (s − jω1)]/4 (44)
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Zpp case4 =
Rs + j2π(fp + f1)Ls + V ′

dVdKip + (VdB1 + Ṁ+
1 )/G(İ−1 V ′

dKip + Ṁ−
1 )

1 − V ′
dVd − VdA3 − (VdB1 + Ṁ+

1 )/G(İ−1 V ′
d + İ−1 A3 + İ+

1 A5)
(56)

Zpn case4 =
(VdB1 + Ṁ+

1 )/G(İ+
1 V ′

dKip + Ṁ+
1 )

1 − V ′
dVd − VdA3 − (VdB1 + Ṁ+

1 )/G(İ−1 V ′
d + İ−1 A3 + İ+

1 A5)
(57)

Znp case4 =
(B2Vd + Ṁ−

1 )/G(İ−1 V ′
dKip + Ṁ−

1 )
1 − V ′

dVd − VdA6 − (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
d + İ−1 A4 + İ+

1 A6)
(59)

Znn case4 =
Rs + j2π(fp − f1)Ls + V ′

dVdKip + (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
dKip + Ṁ+

1 )
1 − V ′

dVd − VdA6 − (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
d + İ−1 A4 + İ+

1 A6)
(60)

B1 = 0.5V ′
dHv [fp ][(1 + j cos θv1)ω1Ls

+ (cos θv1 − j)(Kip + Rs)]. (45)

Equation (42) can be rewritten as

Mcase4 [fp + f1 ] = V ′
d V̇

+
p + V ′

dKip İ
+
p + A3 V̇

+
p + A4 V̇

+
n

+ B1 V̇
+
dp . (46)

Substituting (18)–(20) into (22), the modulation signal M [f ]
at frequency fp − f1 is deduced as

Mcase4 [fp − f1 ] = V ′
d V̇

+
n + V ′

dKip İ
+
n + V ′

d V̇
+
p (jω1Ls

− Rs−Kip)IrefTPLL(s)[Hα (s+jω1) + jHβ (s + jω1)]/4

+ V ′
d V̇

+
n (jω1Ls − Rs − Kip)IrefTPLL(s)[Hα (s − jω1)

− jHβ (s−jω1)]/4+V ′
d V̇

+
n (−jω1Ls−Rs−Kip)IrefTPLL

× (s−j4πf1)[Hα (s−jω1)+jHβ (s−jω1)]/4 0.5V ′
dHvp

× [(1 − j cos θv1)ω1Ls + (cos θv1 + j)(Kip + Rs)]V̇ +
dp .

(47)

Assuming

A5 = V ′
d(jω1Ls − Rs − Kip)IrefTPLL(s)[Hα (s + jω1)

+ jHβ (s + jω1)]/4 (48)

A6 = V ′
d(jω1Ls − Rs − Kip)IrefTPLL(s)[Hα (s − jω1)

− jHβ (s−jω1)]/4+V ′
d(−jω1Ls−Rs−Kip)IrefTPLL

× (s − j4πf1)[Hα (s − jω1) + jHβ (s − jω1)]/4 (49)

B2 = 0.5V ′
dHvp [(1 − j cos θv1)ω1Ls

+ (cos θv1 + j)(Kip + Rs)]. (50)

Equation (47) can be rewritten as

Mcase4 [fp − f1 ] = V ′
d V̇

+
n + V ′

dKip İ
+
n

+ A5 V̇
+
p + A6 V̇

+
n + B2 V̇

+
dp . (51)

Substituting (43) and (48) into (25), (25) is rewritten as

(1/Rd + j2πfpCd)V̇ +
dp = İ−1 (V ′

d V̇
+
p + V ′

dKip İ
+
p + A3 V̇

+
p

+ A4 V̇
+
n + B1 V̇

+
dp ) + İ+

1 (V ′
d V̇

+
n + V ′

dKip İ
+
n + A5 V̇

+
p

+ A6 V̇
+
n + B2 V̇

+
dp ) + Ṁ+

1 İ+
n + Ṁ−

1 İ+
p . (52)

Solving (52), it can be rewritten as

(1/Rd + j2πfpCd − İ−1 B1 − İ+
1 B2)V̇ +

dp = V̇ +
p (İ−1 V ′

d

+ İ−1 A3 + İ+
1 A5) + V̇ +

n (I+
1 V ′

d + İ−1 A4 + İ+
1 A6)

+ İ+
p (İ−1 V ′

dKip + Ṁ−
1 ) + İ+

n (İ+
1 V ′

dKip + Ṁ+
1 ). (53)

Assuming

G = (1/Rd + j2πfpCd − İ−1 B1 − İ+
1 B2). (54)

Substituting (46), (53), and (54) into (24), the frequency-
domain equation at frequency fp + f1 can be rewritten as

V̇ +
p − [Rs + j2π(fp + f1)Ls ]İ+

p = V ′
dVdV̇

+
p + V ′

dVdKip İ
+
p

+ VdA3 V̇
+
p + (VdB1 + Ṁ+

1 )/G(İ−1 V ′
d + İ−1 A3

+ İ+
1 A5)V̇ +

p + (VdB1 + Ṁ+
1 )/G(İ−1 V ′

dKip + Ṁ−
1 )İ+

p

+ (VdB1 + M+
1 )/G(İ+

1 V ′
dKip + Ṁ+

1 )İ+
n . (55)

Solving (53), the closed-loop mirror-frequency impedance
Zpp and Zpn are deduced as (56) and (57) as shown at the top
of the page.

Substituting (46), (53), and (54) into (24), the frequency-
domain equation at frequency fp − f1 can be rewritten as

V̇ +
n − [Rs + j2π(fp − f1)Ls ]İ+

n

= V ′
dVdV̇

+
n + V ′

dVdKip İ
+
n + VdA6 V̇

+
n

+ (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
d + İ−1 A4 + İ+

1 A6)V̇ +
n

+ (B2Vd + Ṁ−
1 )/G(İ−1 V ′

dKip + Ṁ−
1 )İ+

p

+ (B2Vd + Ṁ−
1 )/G(İ+

1 V ′
dKip + Ṁ+

1 )İ+
n . (58)

Solving (58), the closed-loop mirror-frequency impedance
Znp and Znn are deduced as (59) and (60) as shown at the top
of the page.
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