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General Analysis of Fibonacci Charge Pump SSL Output Characteristics
With Parasitic Capacitances

Alexander Oliva

Abstract—A closed-form analytic formula for the output char-
acteristics of a Fibonacci charge pump model in the slow-switching
limit generalized to any number of switching capacitor stages is de-
rived for the first time. The model incorporates bottom-plate and
closed-switch parasitic capacitances. Thus, the derived formula
gives insight into the effects of parasitics on the output charac-
teristics and their deviation from the ideal, including the limit of
the output resistance and gain as the number of stages grows to
infinity. The limits of this generalized formula reduce to previously
published results of special cases, and simulations confirm the re-
sults. The calculation complexity of the output characteristics using
the model is completely independent of the size of the converter,
whereas the computational complexity of previous works grows
linearly with converter size.

Index Terms—Circuit analysis, dc—dc power conversion,
switched capacitor (SC) circuits, voltage multipliers.

I. INTRODUCTION

WITCHED-CAPACITOR charge pumps are an attractive
S type of power converter because of their operation without
magnetic components, which allows for monolithic implemen-
tations and higher power densities than inductor-based convert-
ers [1]. In particular, the Fibonacci charge pump (FQP) has the
maximum theoretical output voltage in ideal cases [2], [3]. The
FQP has also been shown to most effectively minimize capac-
itor size in discrete designs where the bottom-plate parasitic
capacitance factor is less than 1% [4]. As a result, the FQP is of
particular interest in many applications.

In order to understand the effects of parasitic capacitances
on the FQP, previous methods relied on large matrices to calcu-
late charge pump characteristics. Some previous matrix-based
approaches used charge multiplier vectors that grow in length
proportionally to IV, the number of switching capacitors, to cal-
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culate the charge pump output resistance [1], [5]. These works
demonstrated O(N) computational complexity. Tanzawa [4]
used various 4 x 4 matrices, where the number of matrix mul-
tiplication operations also grew as O(N). In [6], the characteri-
zation of a 4-capacitor double-FQP required numerous 14 x 14
matrices.

The biggest benefit of matrix-based representations is the
ability to characterize systems where each capacitor can have a
unique and arbitrary size. Still, closed-form analytic formulas
are beneficial for their insight into the circuit behavior. Volt-
age gain formulas for the FQP including bottom- and top-plate
parasitic capacitances have been demonstrated for 1 to 6 switch-
ing capacitors [3]. However, a closed-form formula to the FQP
voltage gain and output resistance with parasitics generalized to
N stages has not yet been developed. This letter derives such
an expression as a function of bottom-plate and closed-switch
parasitic capacitances.

II. ANALYSIS OF FQP
A. Circuit Analysis Assumptions

This works analyzes the N-stage FQP shown in Fig. 1 with
parasitic capacitors as shown in Figs. 2 and 3. Several assump-
tions are made to facilitate a generalized analysis. First, the
switching capacitors C' are all sized equally. Although it has
been proven that capacitors should be sized differently for the
highest output voltage for a given total circuit capacitance [7],
works have continued to use equally sized capacitors for ease
of design and experimental implementation [6]. Sizing individ-
ual capacitors for a given total capacitance is mainly a concern
in integrated circuits for minimizing chip size. Next, the FQP
operates in the slow-switching limit. Furthermore, all low-side
switches have equal capacitances when closed and are added to
the bottom-plate parasitic capacitances of the switching capac-
itors for a total low-side parasitic capacitance of P. Finally, all
high-side switches are analyzed from the effects of an equivalent
drain-source capacitance, called S. Top-plate parasitic capaci-
tances of the switching capacitors are ignored since they are
typically much lower than the bottom-plate capacitors and in
previous analyses have been lumped into the bottom-plate ca-
pacitance [1].

The circuit assumptions of the previous paragraph are particu-
larly applicable to discrete FQP designs with approximately sub
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Fig. 1. Two phases of FQP circuit with N switching capacitors. Thick bars
and open dots indicate closed and open switches, respectively.
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Fig. 2. Illustration of voltage changes across all capacitors at intermediate
node V;, by comparing first phase (left) to second phase (right).
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Fig. 3. Illustration of voltage changes across all capacitors at intermediate

node Vy _; by comparing first phase (left) to second phase (right).

100-V output voltages, including energy harvesting or compact
inductor-less low-voltage designs. In these cases, the voltage
ratings of the capacitors can all be sized equally for typical
capacitors, allowing the same capacitor part to be used for all
switching capacitors. In large production volumes, this can dra-
matically reduce cost. Similarly to capacitor-sizing, by using
the same part for all switches, the parasitic open-switch capaci-
tances can be approximately assumed as equal across the circuit
in this voltage range. The resulting equations of this letter pro-
vide optimization tools with several computational advantages
over previous works to maximize the output voltage for a spec-
ified load.

B. Derivation of Output Characteristics

Analyzing the charge flow at V,, for 0 <n < N leads to a
matrix representation of all intermediary voltages in the FQP
that exist for V. > 2. Figs. 2 and 3 show both phases of the FQP
that affect the current flow into V,, for 0 < n < (N — 1) and

n = (N — 1), respectively. Summing the charge flow out of V,
for0 <n < (N —1)andn = (N — 1), respectively, results in
Cl(Va = Vaz) = (Va)] + Cl(Va) = (Va1 = V)]
= Cl(Var2 = Vi) = (Vas1)] + S[(V, = Vi2) — (0)]
+ S[(Va) = (0)] + S[(Va = Vas2) = (0)] + P[(V) — (0)]
=0for0<n < (N-1) (1)
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and
Cl(VN-1 = Vn-3) = (Vv-2)] + C[(Vv-1) = (Vv — Viv-2)]
+ S[(Vv-1 = Vv-3) = (0)] + S[(Vn—1) — (0)]
+ S[(Vn-1 —Vn)—(0)]=0forn = (N —1) 2)

which simplifies to
—(C+8)V,a4+BC+35+P)V, —(C+8)V,42=0
for0 <n < (N—-1) 3)
and
—(C+S)VN_3+4+ (2C +38)Vy_1 = (C+ S)Vy
forn = (N —1). ()

In the case where n = 1, the value of V,, _5 is equal to V}, as can
be seen by comparing Figs. 1 with 2 for NV > 2 or by comparing
Figs. 1 with 3 for V = 2. Note that the system when N = 1 has
no intermediary voltages and is therefore not relevant to (1)-
(19). However, for N > 2, (3) and (4) can be used to represent
the intermediary voltages V; through Vi _; by

1%
(CCm + SSm + PP) 7 = (C + S)B V” )
N
with (N — 1) x (N — 1) matrices
3 ifi=j#(N-1)
2 ifi=j=(N-1)
Cu (i, ) = Y ©)
-1 ifi=75+2
0  otherwise
3 ifi=y
Sm(i,j) =<4 —1 ifi=j+2 7
0  otherwise
(1 ifi=j A (N=1)
Po(i,j) = , @®)
0 otherwise
an (N — 1)-length column vector
T
U= [V1 Vs Vv Vi 9)
and an (N — 1) x 2 matrix
1 ifi=j=1
1 ifi=(N-1)andj=2
B={1 ifN>2i=2 andj=1 (10)

1 ifN>2i=(N-2),andj=2

0 otherwise.

Note that all values of V;; and Vy have been moved to the
right-hand side of (5), as they are considered fixed voltages that



8276

govern the intermediate voltages. By simplifying the left-hand
side of (5) into a single matrix and dividing by (C' + S), (5) can
be reduced to

Vo
Av =B (11
Vy
where the (N — 1) x (N — 1) matrix A is
€ ifi=7#(N-1)
o ¢ ifi=j=(N-1)
A(i,j) = o (12)
-1 ifi=75+2
0 otherwise
and
3C+35+P
= 13
C+S (13)
20 + 38
= —. 14
¢ c+S 14
The LU-decomposition of A is
A=LU (15)
where
1 ifi=j
—1/g(;— ifi =7+ 2 and ¢ is odd
L= / (i-1)/2 (16)
—1/9(ij2y-1 ifi=j+2andiis even
0 otherwise
~1 ifi=j—2
Gii+1)y2 ifi=j# (N —1)andiisodd
gii/ ifi=7%# (N —1)andiiseven
U 9 (N—1) a7
hiiy1yy2 ifi=j= (N —1)andiis odd
hiy2) ifi=7= (N —1)andiiseven
0 otherwise
and
€ ifn=1
o = o (18)
€— ifn>1
9n -1
hn = Y9n 7€+< (19)

Solving the recurrence relation in (18) results in the closed
formula

9n = _1(7_@

20
G- (-9 2 e

where
y=vVe—a Q1)

Equations (16)—(19) can be proven by substituting them into the
right-hand side of (15), substituting (12) into the left-hand side
of (15), and verifying equality.
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By summing the charges into Vy in both phases of Fig. 3,
the output charge to Vi during one complete FQP cycle is
found to be

Agy = S[(Vno1 — V) — (0)] + S[(Vv—2 — Vv ) — (0)]
—Cl(VN = VNn—2) = (VNn-1)]-
(22)
This simplifies to

Agy = (C+S)(VN_a + V1) — (C+25)Vy. (23)

By replacing the first capacitor in Fig. 3 with a voltage source
Vb, it can be seen that (23) applies to N = 1 by replacing values
Vn_2 and Vy_; with V. With this, and by applying (11) and
(15) to (23) for N > 1, (23) can be represented for all physical
values of N as

2(C+ S)Vh — (C +25)Vn iftN =1
Vo
(C+S)(V+UL'B
Vv
Agqy = —(C—FQS)V}V if N =2
Vo
(C+ S )wU'L'B
Vn
—(C'+29)Vn itN > 2
(24)

where wisa l x (N — 1) row vector

_{1 ifj=(N—1)orj=(N—2)

(25)

0 otherwise

and where L= and U™, which are the inverses of (16) and
(17), respectively, are

1 if i =
H(vs—lw »
n=(j+1)/2 n

H(i/Q)_l -1
n=j/2 9n

0 otherwise

if 2 > j and ¢, j are odd
(26)

if ¢ > j and 7, j are even

and U~! is shown in (27) at the bottom of the next page.
Equations (26) and (27) can be proven by multiplying (26) by
(16) and by multiplying (27) by (17) and verifying equality
to the identity matrix in both cases. Note that if the Capital
Pi notation has an upper index less than the lower index, the
product is simply 1. This renders the third and fourth cases as
h(’JlJr 1)/2 and h; 12 in the rightmost column of U~!, respectively.

The output voltage for the standard model of an unregulated
charge pump, as seen in [8, Fig. 6], is of the form

Vv =W x G — Rour X Iy (28)
which can be rearranged and related to (24) as
G 1
A =1Iy = Vo — Vn. 29
(Agn)f = Iy Foor " Rour N 29
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For the case of V = 1, Royr and G can be found by inspecting
(24) and comparing it with (29). For the case of N > 1, Rour
and G can be found by substituting (10), (26), and (27) into
(24) and relating the result to (29). The output characteristics
are then found to be

Rour =
_ ifN =1
ﬂc+2$}l B
1 .
fFN =2
FIC+28)hy — (C+5) : G0
gr it .
fN > 2
FIC+28)g.h — (C+8)(gr + )]
and
9
(C+ 8)(hy +1) .
_ fN =2
G=01C+25h —(C+S) @D
r—1 1
wm%ﬂm% |
(CT28Tg (T8 TRy NV > 2
where
r = floor (]\721> 32)
t = ceil <N2_1> (33)
gr +h, if Nis odd
X = (34)
1+ h; if Niseven.

The product in (31) is replaced with the following closed-form
equation:

T -97

S

n=1 —

(35)

Therefore, (30) and (31) are completely closed-form formulas
to the output characteristics of an FQP. These equations use the
values of (19)—(21) and (32)—(35), which are in turn functions
of switching and parasitic capacitances through (13) and (14).

C. Observations of Closed-Form Analytic Formula

1) Ideal Output Characteristics: One of the first observa-
tions one may make is the limiting case of an ideal FQP.
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In the ideal circuit where S and P equal 0, the results greatly
simplify, since pattern-matching of (18) and (19) shows that

F n
9n, ideal = ;—,2:2 (36)
F n
by ideal = ;2:1 (37
where F), is the nth element in the Fibonacci sequence
1 ifn=1lorn=2
F, = . (38)
F, o+ F,_y ifn>2.

By substituting (36)—(38) into (30) and (31) when S = 0 and
applying Cassini’s Theorem, the ideal output characteristics
reduce to

FyF
Rourt, ideal = VT}]H (39
Gideat = Finio (40)

which matches the gain results of [3]. Analysis shows that
Rour.ideas > Rour for all physical values of C', S, and P, which
is an analytic explanation of these same experimental observa-
tions from [6]. Similarly, Giges > G.

2) Limit of Large N: The limit of the output characteristics
as N approaches infinity is also determined. First, by solving
the continued fraction of (18), the limit of g,, is found to be

. e++Ve2 —4
lim g, = g = 0 —.
By applying (41) to (30), the limit of Royr is found to be
1
fl1-T)C+ (2-1)9]
2 L 2
e+vVeE—4 2—e+VeE—4
On the other hand, due to the product in (31), G becomes
lim G =0.

N —o0

(41)

lim ROUT =
N —o0

where I' = (42)

(43)

This indicates that the load-dependent losses become constant
as NN increases for a current-load or fall to 0 as N increases
for a resistive load. With a resistive load, it is entirely the load-
independent losses that cause the output voltage to fall to O.

3) Effects of P: Since hy = (, it is seen from (30) and (31)
that the output characteristics when N = 1 or N = 2 are entirely

g+n/2
Hn:(iJrl)/Q In
[T
(Hfj_:ﬁ)m g”1> h(j1+1>/2
(107 0 )

0

if i <j< (N —1) and i, j are odd
ifi <j< (N —1)andi, jareeven
ifi<j=(N—1) and, j are odd @7

ifi <j=(N—1) andi,j are even

otherwise.
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Fig. 4. Rour over number of stages, IV, for calculation (solid line) and
simulation (asterisk) of circuit with parasitics described in Section II-D.
Well-known ideal calculation (dashed line) plotted as well to illustrate effect of
parasitics.

independent of P, which is the sum of the low-side switch and
bottom-plate capacitances. Although P affects the open-circuit
input conductance and thus the efficiency, it has no effect on
the output voltage for N =1 and N = 2 in this FQP model.
Cabrini ef al. [3] commented on this observation by stating that
the bottom-plate parasitic capacitors draw no charge for N = 1
and N = 2 but should have more clearly stated that they are
charged directly from the input voltage source for the first two
bottom-plate parasitic capacitors.

4) Computation: One substantial benefit of the closed-form
formula derived here is that the number of computations required
isconstantfor N > 2. In other words, the complexity to compute
the output characteristics through the formulas presented in this
letter is O(1) over N. This is very different from the common
matrix-based approaches of [1], [4]-[6] where the characteristic
matrix computations grow linearly with N.

D. Simulation Verification

In addition to the partial verification of (30) and (31) through
their degeneration to previously published results, simulations
for an example circuit have been performed using LTspice.
Rour and G were simulated for the case of f of 1 MHz, C
of 1 uF, S of 5 nF, and P of 10 nF for IV between 1 and 15.
Simulations calculated Royr and G by looking at the output
voltage 1 s after startup with a 1-V input voltage and a 1-mF
output capacitor. The simulations were run unloaded and with
a 1-Q load to calculate both parameters for each value of N.
Figs. 4 and 5 illustrate the calculated behaviors discussed in
Section II-C of this example circuit when .S and P were valued
as in the simulation [labeled “Calculation—With Parasitics” as
solid lines and calculated through (30) and (31)] and when they
were equal to O [labeled “Calculation—Ideal” as dashed lines
and calculated through (39) and (40)]. Errors between the simu-
lation (labeled “Simulation—With Parasitics™ as asterisks) and
calculation including parasitics were always less than 0.013%,
verifying correct derivations of the output characteristic equa-
tions. Any error was likely due to the effects of the transient and
computational limits.
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Fig.5. G over number of stages, N, for calculation (solid line) and simulation
(asterisk) of circuit with parasitics described in Section II-D. Well-known ideal
calculation (dashed line) plotted as well to illustrate effect of parasitics.

III. CONCLUSION

A fully closed-form analytic formula to the FQP output char-
acteristics including bottom-plate and closed-switch parasitic
capacitances have been derived with a complete generalization
to N stages. Previous approaches required that large matrices
be recomputed for any change in capacitance, frequency, or
number of stages to determine the output characteristics of an
FQP with parasitics. With the analytic formulas presented in
this letter, sweeping over multiple parameters becomes much
faster and simpler, both computationally and intuitively. Ana-
lytic results have given insight into the behavior at the limits
when parasitics fall to 0 and into which losses dominate as NV
grows. The formulas can be used to more quickly optimize FQP
designs with single values of C, a very realistic design choice.
The results have also been shown to reduce exactly to the re-
sults of special cases from other works and are confirmed with
simulation.
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