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Abstract—A computational model for simulating the time-
domain response of lithium batteries under arbitrary charging
and discharging profiles is presented. The methodology is based
on first formulating a mathematical model that describes the time-
domain voltage–current characteristics of constant phase elements
(CPEs), and then uses multiple series-connected CPEs, as well as
charge transfer resistances, output resistances, and inductances, to
form the computational model. The criteria for ensuring the stabil-
ity of the computational model will be derived. The validity of the
computational model is confirmed by comparing the simulation
results of a model consisting of three series-connected CPEs with
the measurement results of six SANYO 18650, 3300-mAh, 3.7-V
rechargeable Li-ion batteries under controlled charging and dis-
charging profiles. Finally, the accuracy of the computational model
will be compared to the accuracy of the models using different or-
ders of parallel resistor–capacitor networks.

Index Terms—Constant phase elements (CPE), computational
modeling, energy storage devices, lithium batteries.

I. INTRODUCTION

E LECTROCHEMICAL batteries are becoming increas-
ingly important in smart city development and fourth in-

dustrial revolution (Industry 4.0) [1], [2], as they are used to
buffer fluctuations in local energy generation and demand. It
is thus crucial to understand battery condition, provide oper-
ators with performance predictions, and maximize battery life
with sophisticated battery management systems. As the vari-
ables that can be accessed are only battery voltage, battery
current, and temperature, it is sometimes necessary to rely on
the use of battery models to estimate intrinsic conditions and
predict electrical characteristics. Battery models are available
in both offline and online versions. Generally, offline models
are used for system design and analysis, while online models
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are used for intrinsic parameters extraction. They have differ-
ent levels of abstraction—mathematical, electrochemical, and
electrical [3]–[6]. Among them, the impedance-based model
[5] is widely used for circuit simulation. A battery is repre-
sented by a high-order impedance network obtained by fitting
its frequency response to the measurements with electrochem-
ical impedance spectroscopy (EIS). As shown in Fig. 1, the
models typically consist of a state of charge (SOC) dependent
capacitor C(SOC) for characterizing the nonlinear relationship
between the electromotive force and SOC, and an impedance
network for characterizing the static and transient behaviors.

There are two main types of impedance networks. The
first one contains multiple series-connected parallel resistor–
capacitor (RC) units [4], while the second one contains multiple
series-connected constant phase elements (CPEs) [5]. As dis-
cussed in [6], [7], a CPE can be modeled by multiple RC units
to achieve the same electrode characteristics, but a battery model
using CPE requires a smaller number of units.

Since the equivalent capacitance and resistance of CPE are
frequency dependent, the prior art is mainly based on consider-
ing the performance of the battery at the frequency of interest
[8]–[10]. If the voltage or current excitation contains multiple
frequencies, the excitation is first decomposed into multiple
frequency components, then the response of the CPE at the cor-
responding operating frequency is determined, and finally all
responses are combined to obtain the time-domain waveform.
While this approach allows estimating the response of a CPE to
any excitation profile, it faces the following challenges.

1) The frequency spectrum of the battery current curve is
load dependent and not known a priori. It is difficult to
define the bandwidth of the entire charging or discharging
curve. For example, the charging and discharging curves
of electric vehicles depend on many factors, such as driv-
ing habits, road conditions, etc.

2) The charging and discharging curves under large signal
disturbance cannot be modeled or described by informa-
tion of limited bandwidth.

This paper presents a computational model for simulating
the time domain response of a lithium battery under arbitrary
charging and discharging curves, rather than studying the battery
characteristics in the frequency domain. The method is based
on first developing a computational model that can calculate the
time domain response of the CPE under any current excitation,
and then connect multiple CPEs with charge transfer resistances,
output resistances, and inductances to form a battery model. The
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Fig. 1. Battery electrical models with different kinds of impedance networks. (a) With RC networks. (b) With CPEs.

computational model is derived by decomposing the battery cur-
rent into a series of square or trapezoidal current pulses of a
predetermined duration and then superimposing the response of
the CPE onto the current pulses. A criterion for ensuring the
stability of the mathematical model relative to the duration of
each current pulse will be derived. The validity of the model can
be determined by comparing the prediction results of a battery
model consisting of three CPEs with the measurement results
of six different SANYO 18650, 3300-mAh, 3.7-V lithium-ion
rechargeable batteries under controlled charging and discharg-
ing profiles.

II. VOLTAGE-CURRENT CHARACTERISTICS OF CPE

CPE is commonly used to model the electrical properties of
double layer capacitors. Such nonideal capacitive characteristic
occur in many types of electrochemical storage devices, such
as lithium batteries [11] and supercapacitors [12]–[15]. The
response of CPE is modeled by different techniques, such as a
parallel RC circuit at a single operating frequency in [16] and
time-domain response with constant input excitations in [17].
Instead of representing the CPE with passive components or
under a particular operating condition, a computational model
that can derive the time-domain response of CPE under arbitrary
charging and discharging profiles is proposed.

A. Response to a Single Square Current Pulse

Consider that the CPE is subject to a single square current
pulse with the start time txand end time ty (see Fig. 2). The
magnitude and duration of the pulse are Îand τ , respectively

ty = tx + τ. (1)

The current pulse ip can be expressed as

ip(t) = Î{u[t − tx ] − u[t − ty ]} (2)

where u is the Heaviside step function.

Fig. 2. Single current pulse.

The Laplace-transformed equation of ip is

Ip(s) =
Î

s
(e−stx − e−sty ) (3)

where s = jω = j(2πf) and f is the operating frequency.
Thus, the voltage across the CPE VCPE(s) is

VCPE(s) = ZCPE(s)Ip(s) +
Vo

s

=
Î

sφ+1Co
(e−stx − e−sty ) +

Vo

s
(4)

where φ ∈ [0, 1]is defined as the dispersion coefficient Co is
defined as the pseudocapacitance of the double layer Vo =
{VC P E , 0 for φ>0

0 for φ=0 and VCPE ,0 is the initial voltage on the CPE.
The inverse Laplace-transformed equation of (4) in discrete

form is

vCPE[nT ] =
Î

Γ[φ + 1]Co

{
u[nT − tx ](nT − tx)φ

−u[nT − ty ](nT − ty )φ

}
+ Vo,

for nT ≥ tx (5)

where Γ is the Gamma function and T is the sampling period.
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Fig. 3. Decomposition of battery current with the proposed method.

Equation (5) gives the voltage profile of CPE after the CPE
is subject to a single square current pulse. The expression is
similar to (7) in [17], but with the time delay introduced. Thus,
with the CPE current decomposed into a series of square pulses
at the sampling time instant kT , as shown in Fig. 3, iCPE can
be expressed as

iCPE(t) ≈
n−1∑
k=0

iCPE[kT ]{u[t − kT ] − u[t − (k + 1)T ]},

for 0 < t ≤ nT (6)

where iCPE[kT ] is the sampled value of iCPE at t = kT .
Thus, by using (5), the voltage across the CPE can be ex-

pressed as the sum of the voltage profiles caused by a train of
current pulses described in (6). That is

vCPE[nT ] =
Tφ

Γ[φ + 1]Co

n−1∑
k=0

iCPE[kT ]

{
(n − k)φ

−(n − k − 1)φ

}

+ Vo. (7)

B. Response to a Single Trapezoidal Current Pulse

As shown in Fig. 3, if the current pulse is modeled by a linear
function for t ∈ [ tx ty ]

ip(t) =
{

I(tx) +
I(ty ) − I(tx)

τ
(t − tx)

}
u[t − tx ]

−
{

I(ty ) +
I(ty ) − I(tx)

τ
(t − ty )

}
u[t − ty ] (8)

where u is the Heaviside step function and τ = ty − tx .
The Laplace-transformed equation of ip is

Ip(s) =
{

I(tx)
s

+
I(ty ) − I(tx)

s2τ

}
e−stx

−
{

I(ty )
s

+
I(ty ) − I(tx)

s2τ

}
e−sty . (9)

Thus, the voltage across the CPE VCPE(s) is

VCPE(s) = ZCPE(s)Ip(s) +
Vo

s

=
1
Co

⎡
⎢⎣

1
sφ+1 {I(tx)e−stx − I(ty )e−sty }

+
I(ty ) − I(tx)

sφ+2τ
{e−stx − e−sty }

⎤
⎥⎦ +

Vo

s

(10)

where Vo = {VC P E , 0 for φ>0
0 for φ=0 and VCPE ,0 is the initial voltage

on the CPE.
The inverse Laplace-transformed equation of (10) in discrete

form is

vCPE[nT ] =

1
Co

⎡
⎢⎢⎢⎢⎢⎢⎣

1
Γ[φ + 1]

{
I(tx)(nT − tx)φu[t − tx ]

−I(ty )(nT − ty )φu[nT − ty ]

}

+
I(ty ) − I(tx)

Γ[φ + 2]τ

{
(nT − tx)φ+1u[nT − tx ]

−(nT − ty )φ+1u[nT − ty ]

}

⎤
⎥⎥⎥⎥⎥⎥⎦

+ Vo,

for nT ≥ tx . (11)

Equation (11) gives the voltage profile of CPE after the CPE
is subject to a single trapezoidal current pulse. If the CPE current
iCPE is decomposed into a series of trapezoidal pulses at the
sampling time instant kT , as shown in Fig. 3, it can be expressed
as

iCPE(t) ≈

n−1∑
k=0

⎡
⎢⎢⎢⎢⎣

iCPE[kT ]u[t − kT ] − iCPE[k + 1T ]u[t − (k + 1)T ]

+
iCPE[k + 1T ] − iCPE[kT ]

τ

⎧⎪⎨
⎪⎩

(t − kT )u[t − kT ]

−(t − (k + 1)T )

·u[t − (k + 1)T ]

⎫⎪⎬
⎪⎭

⎤
⎥⎥⎥⎥⎦,

for 0 < t ≤ nT (12)

where iCPE[kT ] is sampled value of iCPE at t = kT .
Thus, by using (11), the voltage across the CPE can be ex-

pressed as the sum of the voltage profiles caused by a train of
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Fig. 4. Nyquist plot of the impedance of typical cylindrical lithium battery.

current pulses described in (12). That is

vCPE[nT ] =

Tφ

Co

n−1∑
k=0

⎡
⎢⎢⎢⎢⎢⎢⎣

1
Γ[φ + 1]

{
iCPE[kT ](n − k)φ

−iCPE[k + 1T ](n − k − 1)φ

}

+
iCPE[k + 1T ] − iCPE[kT ]

Γ[φ + 2]

{
(n − k)φ+1

−(n − k − 1)φ+1

}

⎤
⎥⎥⎥⎥⎥⎥⎦

+ Vo. (13)

With the battery current decomposed into a train of constant or
trapezoidal current pulses, the magnitude of each pulse varies
with the value of the actual battery current at each sampling
instant. Thus, the waveform of the battery current can be of
different shape.

III. MODELING WITH MULTIPLE CPES

Fig. 4 shows typical Nyquist plot of the impedance of a cylin-
drical lithium battery from low to high operating frequency.
There are four regions highlighted in different colors. Each one
is dominated by a network in the battery model [see Fig. 1(b)].
Two regions exhibiting the behaviors of three CPEs are iden-
tified. R0 characterizes ohmic internal resistance for the elec-
trodes, electrolyte, and separators [18]. Rct,1 , Rct,2 , and Rct,3
characterize charge transfer resistances in the electrochemical
reaction [19]. The three CPEs, including CPE1 , CPE2 , and
CPE3 , characterize the double-layer characteristics of charge
distribution [16], [20], [21]. Two networks CPE1 − Rct,1 and
CPE2 − Rct,2 are used to model the charge transfer interaction
of the electrodes and electrolyte, which form semicircle trajecto-
ries in low frequency [22], [23]. Another network CPE3 − Rct,3
characterizes ion diffusion phenomenon at very low frequency,
forming a “tail” on the impedance plot [23], [24]. L0 and two
parallel RL networks characterize the wire, interface connec-
tion, and cylindrical battery structure [25]–[27]. Fig. 5(a) shows
two common battery designs. They are spiral and stacked struc-
tures [25], [26]. The inductance associated with the geometry of

Fig. 5. Physical structures of two batteries and their EIS results. (a) Physical
structures. (b) EIS results of the two structures.

the lithium battery contributes significantly to the impedance at
high frequency. The inductive characteristics of the stacked ge-
ometry design are not as critical as that of the spiral design [see
Fig. 5(b)]. This phenomenon can be further explained by con-
sidering the current flow and the placement of current collector
tabs, as discussed in [28], [29].

By using the Kirchhoff’s voltage and current laws, the battery
terminal voltage v(t) and terminal current i(t) can be expressed
as

v(t) = L0
di(t)
dt

+ vL,1(t) + vL,2(t) + i(t)R0

+ vCPE ,1(t) + vCPE ,2(t) + vCPE ,3(t) (14)

vL,1(t) = L1
di(t)
dt

− L1

R1

dvL,1(t)
dt

(15)

vL,2(t) = L2
di(t)
dt

− L2

R2

dvL,2(t)
dt

(16)

i(t) = iCPE ,1(t) + iRct,1(t) = iCPE ,1(t) +
vCPE ,1(t)

Rct,1

(17)

i(t) = iCPE ,2(t) + iRct,2(t) = iCPE ,2(t) +
vCPE ,2(t)

Rct,2

(18)

i(t) = iCPE ,3(t) + iRct,3(t) = iCPE ,3(t) +
vCPE ,3(t)

Rct,3

(19)

where vL,1and vL,2 are the voltage across L1 and L2 , re-
spectively, vCPE ,1 , vCPE ,2 , and vCPE ,3 are the voltages across
CPE1 , CPE2 , and CPE3 , respectively, iCPE ,1 , iCPE ,2 , and
iCPE ,3 are the currents through CPE1 , CPE2 ,and CPE3 , re-
spectively, and iRct,1 , iRct,2 , and iRct,3 are the currents through
Rct,1 , Rct,2 , and Rct,3 , respectively.
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Based on (17)–(19)

iCPE ,1(t) = i(t) − vCPE ,1(t)
Rct,1

(20)

iCPE ,2(t) = i(t) − vCPE ,2(t)
Rct,2

(21)

iCPE ,3(t) = i(t) − vCPE ,3(t)
Rct,3

. (22)

A. Response to a Single Square Current Pulse

Based on (7), (20)–(22), vCPE ,1 [nT ], vCPE ,2 [nT ], and
vCPE ,3 [nT ] can be expressed as

vCPE ,1 [nT ] =
Tφ1

Γ[φ1 + 1]Co,1

×
n−1∑
k=0

{
i[kT ] − vCPE ,1 [kT ]

Rct,1

} {
(n − k)φ1

−(n − k − 1)φ1

}

+ Vo,1 (23)

vCPE ,2 [nT ] =
Tφ2

Γ[φ2 + 1]Co,2

×
n−1∑
k=0

{
i[kT ] − vCPE ,2 [kT ]

Rct,2

} {
(n − k)φ2

−(n − k − 1)φ2

}

+ Vo,2 (24)

vCPE ,3 [nT ] =
Tφ3

Γ[φ3 + 1]Co,3

×
n−1∑
k=0

{
i[kT ] − vCPE ,3 [kT ]

Rct,3

} {
(n − k)φ3

−(n − k − 1)φ3

}

+ Vo,3 (25)

where φ1 , φ2 , and φ3 are the dispersion coefficients of CPE1 ,
CPE2 , and CPE3 , respectively, Co,1 , Co,2 , and Co,3 are the
double-layer pseudocapacitances of CPE1 , CPE2 , and CPE3 ,
respectively, and Vo,1 , Vo,2 , and Vo,3 are the initial voltages
across CPE1 , CPE2 , and CPE3 , respectively.

The voltage–current characteristic of the entire impedance
network is obtained by putting (23)–(25) into (14).

B. Response to a Single Trapezoidal Current Pulse

By using (13), (20)–(22), vCPE ,1 [nT ], vCPE ,2 [nT ], and
vCPE ,3 [nT ]can be expressed as

vCPE ,1 [nT ] =
Tφ1

Co,1

n−1∑
k=0

{
1

Γ[φ1 + 1]

×
⎡
⎣ (i[kT ] − vC P E , 1 [kT ]

R c t , 1
)(n − k)φ1

−(i[k + 1T ] − vC P E , 1 [kT ]
R c t , 1

)(n − k − 1)φ1

⎤
⎦

+
i[k + 1T ] − i[kT ]

Γ[φ1 + 2]
[(n − k)φ1 +1

− (n − k − 1)φ1 +1 ]
}

+ Vo,1 (26)

vCPE ,2 [nT ] =
Tφ2

Co,2

n−1∑
k=0

{
1

Γ[φ2 + 1]

×
⎡
⎣(i[kT ] − vC P E , 2 [kT ]

R c t , 2
)(n − k)φ2

−(i[k + 1T ] − vC P E , 2 [kT ]
R c t , 2

)(n − k − 1)φ2

⎤
⎦

+
i[k + 1T ] − i[kT ]

Γ[φ2 + 2]
[(n − k)φ2 +1

− (n − k − 1)φ2 +1 ]
}

+ Vo,2 (27)

vCPE ,3 [nT ] =
Tφ3

Co,3

n−1∑
k=0

{
1

Γ[φ3 + 1]

×
⎡
⎣(i[kT ] − vC P E , 3 [kT ]

R c t , 3
)(n − k)φ3

−(i[k + 1T ] − vC P E , 3 [kT ]
R c t , 3

)(n − k − 1)φ3

⎤
⎦

+
i[k + 1T ] − i[kT ]

Γ[φ3 + 2]
[(n − k)φ3 +1

− (n − k − 1)φ3 +1 ]
}

+ Vo,3 . (28)

Similarly, the voltage–current characteristic of the entire
impedance network is obtained by putting (26)–(28) into (14).

IV. STABILITY ANALYSIS

The stability of the derived computational models is analyzed
by first deriving second-order characteristic equations and then
determining their root locations. The analysis methods for the
two types of current pulses are described as follows.

A. With Square Current Pulses

By using (23)–(25), second-order difference equations for
vCPE ,1 , vCPE ,2 , and vCPE ,3 can be expressed as

vCPE ,1 [2T ] +
Tφ1 {vCPE ,1 [T ] + vCPE ,1 [0](2φ1 − 1)}

Γ[φ1 + 1]Co,1Rct,1

=
Tφ1 {i[T ] + i[0](2φ1 − 1)}

Γ[φ1 + 1]Co,1
+ Vo,1 (29)

vCPE ,2 [2T ] +
Tφ2 {vCPE ,2 [T ] + vCPE ,2 [0](2φ2 − 1)}

Γ[φ2 + 1]Co,2Rct,2

=
Tφ2 {i[T ] + i[0](2φ2 − 1)}

Γ[φ2 + 1]Co,2
+ Vo,2 (30)

vCPE ,3 [2T ] +
Tφ3 {vCPE ,3 [T ] + vCPE ,3 [0](2φ3 − 1)}

Γ[φ3 + 1]Co,3Rct,3

=
Tφ3 {i[T ] + i[0](2φ3 − 1)}

Γ[φ3 + 1]Co,3
+ Vo,3 . (31)
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The characteristic equations of (29)–(31) in z-domain are
expressed as

z2 +
Tφ1

Γ[φ1 + 1]Co,1Rct,1
z

+
Tφ1

Γ[φ1 + 1]Co,1Rct,1
(2φ1 − 1) = 0 (32)

z2 +
Tφ2

Γ[φ2 + 1]Co,2Rct,2
z

+
Tφ2

Γ[φ2 + 1]Co,2Rct,2
(2φ2 − 1) = 0 (33)

z2 +
Tφ3

Γ[φ3 + 1]Co,3Rct,3
z

+
Tφ3

Γ[φ3 + 1]Co,3Rct,3
(2φ3 − 1) = 0. (34)

Thus, the roots of (32)–(34) are

zCPE1 =
−K1 ±

√
K1

2 − 4K1(2φ1 − 1)

2
(35)

zCPE2 =
−K2 ±

√
K2

2 − 4K2(2φ2 − 1)

2
(36)

zCPE3 =
−K3 ±

√
K3

2 − 4K3(2φ3 − 1)

2
(37)

where K1 = T φ 1

Γ[φ1 +1]Co , 1 R c t , 1
, K2 = T φ 2

Γ[φ2 +1]Co , 2 R c t , 2
, and

K3 = T φ 3

Γ[φ3 +1]Co , 3 R c t , 3
.

According to the stability criterion for discrete-time system
[30], the derived time-domain model is stable if and only if the
roots in (35)–(37) are all within the unit circle.

B. With Trapezoidal Current Pulses

By using (26)–(28), the second-order difference equations for
vCPE ,1 , vCPE ,2 , and vCPE ,3 are expressed as

vCPE ,1 [2T ] +
Tφ1

Γ[φ1 + 1]Co,1Rct,1

{
vCPE ,1 [T ]

+vCPE ,1 [0](2φ1 − 1)

}

=
Tφ1

Γ[φ1 + 2]Co,1
{i[2T ]+i[T ](2φ1 +1 − 2)−i[0](2φ1 +1 − 1)}

+
Tφ1

Γ[φ1 + 1]Co,1
i[0](2φ1 ) + Vo,1 (38)

vCPE ,2 [2T ] +
Tφ2

Γ[φ2 + 1]Co,2Rct,2

{
vCPE ,2 [T ]

+vCPE ,2 [0](2φ2 − 1)

}

=
Tφ2

Γ[φ2 + 2]Co,2
{i[2T ] + i[T ](2φ2 +1 − 2)−i[0](2φ2 +1−1)}

+
Tφ2

Γ[φ2 + 1]Co,2
i[0](2φ2 ) + Vo,2 (39)

Fig. 6. vo c —SOC characteristics of B1–B6.

vCPE ,3 [2T ] +
Tφ3

Γ[φ3 + 1]Co,3Rct,3

{
vCPE ,3 [T ]

+vCPE ,3 [0](2φ3 − 1)

}

=
Tφ3

Γ[φ3 + 2]Co,3
{i[2T ] + i[T ](2φ3 +1 − 2)−i[0](2φ3 +1−1)}

+
Tφ3

Γ[φ3 + 1]Co,3
i[0](2φ3 ) + Vo,3 . (40)

The characteristic equations of (38)–(40) in z-domain are
found to be the same as (32)–(34), respectively. Thus, the stabil-
ity criteria are the same as that of the model derived with square
current pulses.

V. EXPERIMENTAL VERIFICATIONS

The derived computational models are evaluated by compar-
ing the predicted time-domain waveforms of six lithium batter-
ies under arbitrary charging and discharging profiles with the
actual waveforms. In addition, their accuracies are compared
with that of the battery models using two, four, and six paral-
lel RC networks. The six batteries, labeled as B1–B6, are all
SANYO 18650, 3300-mAh, 3.7-V, rechargeable Li-ion batter-
ies. Each one is tested by placing it in a test fixture with four-wire
connections [31].

The frequency characteristics of the batteries are tested by
conducting EIS on the electrochemical workstation ZAHNER
IM6 [32], [33]. The batteries are tested by injecting sinusoidal
perturbations with peak-to-peak amplitude of 5 mV and fre-
quency varying from 5 mHz to 100 kHz with the bias voltage
equal to the open circuit voltage vOC . The frequency character-
istics of the batteries with the SOC varying from 0% to 100% are
studied in step of 10%. Fig. 6 shows the measured vOC−SOC
characteristics, obtained by the voltage relaxation method, de-
scribed in [34]–[36]. Figs. 7 and 8 show the Nyquist plots of
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Fig. 7. Nyquist plots of the impedances of the six batteries for SOC = 100%.

the measured battery impedances for SOC=100% and 30%,
respectively.

Fig. 9 shows the EIS measurements of different batteries
under different SOCs. The intrinsic parameters vary with SOC,
particularly R0 and low-frequency impedance; R0 reduces as
SOC increases. The span of the semicircles is widened at the low
and high values of SOC [37]. Thus, high-order battery models
are needed to characterize battery behaviors.

Fig. 10 shows four battery models used for fitting EIS
measurements. Fig. 11 shows the results fitted with different
impedance networks, including two, four, or six parallel RC, or
three CPE–Rct networks. Fig. 12 shows the magnified regions
marked in Fig. 11. The curve fitting method is based on the
complex nonlinear least square algorithm [38] by the Scribner
Associates ZView software. The SOC changes from 0% to 100%
in steps of 20%. The average chi-square goodness of fit of three
CPEs, six RCs, four RCs, and two RCs are 3.25e−5, 3.68e−5,
1.37e−4, and 2.63e−3, respectively. The results reveal that the
accuracy of the models with parallel RC networks increases, as
the network order increases. However, the model with six paral-
lel RC networks can well fit high-frequency characteristics, but
not low-frequency characteristics, implying that the model can-
not predict low-frequency behavior accurately. The model with
three CPEs can fit both low and high frequency characteristics
accurately.

Fig. 13 shows the estimated parameters of the model with
three CPEs. As SOC increases, Roand φ3 reduce. The widened
span of the semicircles under low SOC and high SOC is re-
flected by the variations of the pseudocapacitance Co,2 , dis-
persion factor φ2 , and charge transfer resistance Rct,2 , which
show U-shaped and W-shaped changes. Fig. 14 shows the tra-
jectories of CPE2–Rct,2 based on these three parameters with
SOC = 0%, 50%, and 100%, respectively. When SOC = 50%,
CPE2–Rct,2 forms a quarter circle trajectory with excitation
frequency varying from 80 to 0.1 Hz. The values of Co,2 , φ2 ,
and Rct,2 are 1.291Fs(φ2 −1) , 0.655, and 0.143 mΩ, respectively.
When SOC = 0% or 100%, CPE2–Rct,2 form a semicircle

Fig. 8. Nyquist plots of the impedances of the six batteries for SOC = 30%.

trajectory with larger values of Co,2 , φ2 , and Rct,2 . They are
12.1Fs(φ2 −1) , 0.893, and 0.168 mΩ, respectively, for SOC =
0% and 7.04Fs(φ2 −1) , 0.906, and 0.187 mΩ, respectively, for
SOC = 100%. It can be seen that the trajectory is expanded as
a semicircle when the values of Co,2 , φ2 , and Rct,2 are large,
while the trajectory becomes a quarter circle when the values
are small. L0 and the parameters of the RL parallel networks are
nearly constant.

Based on the estimated parameters, the time-domain wave-
forms with different models under arbitrary current profile are
calculated. The test setup for performing charging and discharg-
ing processes with different current profiles is given in [39].
Fig. 15 shows a testing current profile, including both charging
and discharging processes. The current profile contains high
and low frequency pulses. Fig. 16 shows the simulated voltage
waveforms with the four models for the battery B3. Fig. 17
shows the magnified regions marked in Fig. 16. Fig. 18 shows
the percentage error between the simulation and measurement
results. Fig. 19 shows the cumulative RMS errors. The discrep-
ancies obtained by RC networks are higher than that with the
proposed model.

Fig. 20 shows the distribution of the poles of the three CPE–
Rct units, obtained by (35)–(37), with different values of T. For
the CPE1 − Rct,1 unit, the roots are outside the unit circle when
T > 1 ms for SOC 20% and T > 0.1 ms for SOC 70%. For the
CPE2 − Rct,2 and CPE3 − Rct,3 units, all roots are within the
unit circle even if T = 1 ms. Thus, the stability of the proposed
computational model is determined by the CPE1 − Rct,1 unit.

Fig. 21 shows the estimated responses of the three CPEs
with different T. The response of CPE1 − Rct,1 diverges, when
T > 1 ms at SOC = 20%, and T > 0.1 ms at SOC 70%,
confirming the prediction in Fig. 20. Besides, the estimated
responses of CPE2 and CPE3 with T = 0.1, 1, and 3 ms are
similar, confirming the validity of stability analysis.

Fig. 22 shows the RMS errors with the square pulses and
trapezoidal pulses in the modeling. Results show that the pro-
posed model with trapezoidal pulses can retain high accu-
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Fig. 9. EIS Nyquist plot of batteries under test with different SOCs. (a) B1. (b) B2. (c) B3. (d) B4. (e) B5. (f) B6.

racy even if the sampling period T increases. Moreover, the
computational speed can be shortened with trapezoidal current
pulses as the pulse duration can be made longer with trapezoidal
current pulses for the same RMS error.

The computation time of proposed models is studied with
graphical cards Nvidia Tesla K80, in order to compare the com-
putational complexity between RC networks and CPEs. Fig. 23

shows the computation time and the corresponding RMS errors
with different T. Results show that RMS errors with six RC
networks are nearly constant and the computation time reduces
when T increases.

The computation time with the proposed computational
model reduces from 808 to 8.86 s, when T decreases from
0.1 to 1.2 ms. With T=1.2 ms, the RMS errors and the com-
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Fig. 10. Battery equivalent circuit models. (a) Two RCs. (b) Four RCs. (c) Six RCs. (d) Three CPEs.

Fig. 11. Curve fitting of EIS measurement results with different impedance models. (a) SOC = 100%. (b) SOC = 80%. (c) SOC = 40%. (d) SOC = 0%.

Fig. 12. Magnified regions marked in Fig. 11. (a) SOC = 100%. (b) SOC = 80%. (c) SOC = 40%. (d) SOC = 0%.

putation time with six RC networks are 0.0657% and 6.05 s,
respectively. With T=1.6 ms, the RMS errors and the computa-
tion time of CPEs are 0.0544% and 5.66 s, respectively. It can be
concluded that the proposed model can give a higher accuracy
than six RC networks with similar computation time.

VI. DISCUSSIONS

The effects of the inductive elements and the number of CPE
units used in modeling the Li-ion batteries are discussed in the
following.
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Fig. 13. Estimated parameters with three CPEs under different SOCs. (a) L0 . (b) R0 . (c) L1 . (d) L2 . (e) R1 . (f) R2 . (g) Co,1 . (h) φ1 . (i) Rct ,1 . (j) Co,2 .
(k) φ2 . (l) Rct ,2 . (m) Co,3 . (n) φ3 . (o) Rct ,3 . (p) Chi-square.

Fig. 14. Variation of CPE2−Rct ,2 under different SOCs.

A. Effects of the Inductive Elements

Prior-art battery modeling techniques ignore inductive char-
acteristics, as the battery under test is typically operated at dc or
low frequency [21]–[23], [40]. However, many modern power
electronics applications, such as electric vehicles [41], [42],
uninterrupted power supplies [43], contactless chargers [44],
and photovoltaic systems [45], are operated at high frequency.
Thus, models without taking inductive elements into account are
unable to estimate battery response accurately. Fig. 24 shows
the measured impedance characteristics, predicted impedance
characteristics with three CPEs in series with and without the
series inductance L0 , and our proposed model. The inductive
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Fig. 15. Current profile.

Fig. 16. Time-domain simulation results with different models.
(a) SOC = 70%. (b) SOC = 10%.

Fig. 17. Magnified results in Fig. 16. (a) SOC = 70%. (b) SOC = 10%.

characteristics become dominant, when the operating frequency
is above 2.24 kHz, which is not high in modern power elec-
tronics applications. In other words, it is thus crucial to con-
sider inductive characteristics. Results show that all models are

Fig. 18. Time-domain simulation errors. (a) SOC=70%. (b) SOC=10%.

Fig. 19. Cumulative errors. (a) SOC=70%. (b) SOC=10%.

accurate when the operating frequency is between 5 mHz and
915 Hz. However, when the operating frequency is higher than
915 Hz, the proposed model becomes more accurate than the
others. Further research will focus on using fractional induc-
tance to represent inductance characteristics [46] to improve
accuracy.

B. Effects of the Number of CPE Units

As shown in Fig. 4, two CPEs, CPE1 and CPE2, are used
to model impedance characteristics (i.e., the blue region), due
to the charge transfer resistance and double layer capacitance,
and one CPE, CPE3, is used to model impedance characteristics
(i.e., yellow region), due to diffusion. As mentioned in [18] and
[47], the frequency characteristics of CPE–Rct networks reflect
porous nature of electrode materials and ion concentration in
electrolyte under different excitations. Battery models with one
CPE, two CPEs, three CPEs, and four CPEs for modeling an
18650 Li-ion battery are compared with the measurement results
obtained by EIS. The results are shown in Figs. 25 and 26. The
goodness of fit of the models with one CPE, two CPEs, three
CPEs, and four CPEs are 2.09e−3, 7.98e−4, 1.96e−5, and
1.94e−5, respectively. The accuracy increases as the number
of CPE increases. However, the accuracies with three CPEs
and four CPEs are similar. Thus, the battery model with three
CPEs gives a good balance among detail, accuracy, and circuit
complexity.
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Fig. 20. Pole locations of the three CPE−Rct units under different T. (a) CPE1−Rct ,1 at SOC = 20%. (b) CPE2−Rct ,2 at SOC = 20%. (c) CPE3−Rct ,3 at
SOC = 20%. (d) CPE1−Rct ,1 at SOC = 70%. (e) CPE2−Rct ,2 at SOC = 70%. (f) CPE3−Rct ,3 at SOC = 70%.

Fig. 21. Voltage responses of three CPEs with different T. (a) CPE1 at SOC = 20%. (b) CPE2 at SOC = 20%. (c) CPE3 at SOC = 20%. (d) CPE1 at SOC =
70%. (e) CPE2 at SOC = 70%. (f) CPE3 at SOC = 70%.
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Fig. 22. RMS errors with different modeling techniques.

Fig. 23. RMS errors and computational time with different models.

Fig. 24. Impedance simulation results with different models.

Fig. 25. Curve fitting of EIS measurement results with different CPE units.

Fig. 26. Magnified regions marked in Fig. 25.

VII. CONCLUSION

A time-domain model for characterizing the voltage–current
characteristics of lithium batteries under arbitrary charging and
discharging profiles has been presented. By formulating the
time-domain response of a CPE under arbitrary current excita-
tion, multiple CPEs with charge transfer resistance have been
applied for constituting a battery model. Detailed derivation of
the computational model has been given. The proposed model
has been validated by comparing the prediction results of a
battery model with the measurement results under controlled
charging and discharging profiles. In order to investigate the
importance of using CPE units to characterize lithium battery
performance, different orders of RC network have been ana-
lyzed as well. Results show that the prediction results of three
CPE units are more accurate than the RC networks. The criteria
for ensuring stability of the computational model have also been
derived and confirmed with experiment results. In addition, ex-
periments have revealed that the computation time of proposed
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model can effectively reduce and retain high accuracy by using
high sampling period.

The proposed model can be further used to predict battery re-
sponse with the sensed battery current in practical applications.
Together with some intrinsic parameter estimation techniques,
such as the one in [3], it is possible to estimate the intrinsic pa-
rameters of the battery for studying aging issue and parametric
sensitivity analysis. Therefore, the proposed time-domain math-
ematical model lays the foundation for other scientific research
on the properties of lithium-ion batteries.
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