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Stability Properties of the 3-Level Flying Capacitor
Buck Converter Under Peak or Valley
Current Programmed Control

Eslam Abdelhamid
Luca Corradini

Abstract—This paper investigates basic stability properties of
the three-level flying-capacitor Buck converter when operated un-
der current-mode control (CMC). The proposed analysis is devel-
oped for both peak CMC (P-CMC) and valley CMC (V-CMC), and
addresses both the static instability of the inductor current and the
flying capacitor (FC) voltage runaway phenomenon. Conditions for
avoiding current subharmonic oscillations are derived first, along
with the expressions of the minimal compensation ramp, which
guarantee current stability throughout the entire operating range.
As for the stability of the FC voltage, P-CMC results to be inher-
ently unstable unless the converter operates with a relatively large
peak-to-peak inductor-current ripple, a feature not yet recognized
in the literature. However, V-CMC results to be inherently stable
once the static instability of the current is eliminated with an ex-
ternal compensating ramp—a property that has been highlighted
in the literature but never formally proven. The proposed analysis
is verified both using a simulation model and experimentally using
a 3.3-V, 500-mA, 500-kHz prototype.

Index Terms—Current-mode control, dc-dc multilevel conveters.

1. INTRODUCTION

ULTILEVEL flying-capacitor (FC) converters were
M originally introduced in [1] as versatile multilevel
commutation cells in the context of high-voltage, high-power
converter applications. Later on, such solutions became attrac-
tive as a compact solution for the dual 42/14 V automotive
system [2]. Even more recently, the three-level FC (3LFC) topol-
ogy shown in Fig. 1(a) has gained interest for space-constrained
low-voltage, low-power conversion automotive applications
[3]-[5]. By halving the voltage swing across the filter inductance
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with respect to the traditional Buck converter, the 3LFC has the
immediate advantage of reducing the size of the magnetic ele-
ment. Other attractive features of the topology include a reduced
MOSFET voltage rating, fast transient response and a Buck-like,
wide range voltage conversion ratio [3], [6]-[14].

A control technique that finds widespread application in tra-
ditional converters, but which has only been partially studied for
the 3LFC topology, is current-mode control (CMC). Theory of
CMC for basic Buck, Boost, and Buck—Boost converters is well
covered by numerous papers and textbooks, and many small-
signal modeling techniques have been disclosed, which rely on
averaging techniques [15]-[18] as well as describing function
methods [19]. One first objective of this paper is to clarify the ba-
sic static stability properties of peak CMC (P-CMC) and valley
CMC (V-CMC) when applied to the 3LFC converter, including
the formulation of basic criteria for selecting the slope of the
compensating ramp [20].

One profound difference of the 3LFC converter with respect
to traditional basic topologies is the presence of an additional
state variable, i.e., the FC voltage. The importance of the FC-
voltage dynamics and control is well recognized in the literature
of both high-voltage multilevel converters [21]-[25] and low-
power 3LFC [6], [7], [9]. As a matter of fact, most of the real
advantages of the 3LFC topology directly descend from the FC
voltage being stable and balanced, i.e., its equilibrium point is
stable and equal to % For example, as long as the FC voltage

is balanced, the switching node voltage swing equals ﬁ, with
an effective switching frequency equal to twice the switching
rate 2 f,, as shown in Fig. 1(b) and (c), resulting in a reduced
inductor size by four times [7]. Voltage stress across the switches
also critically depends on the value of the FC voltage. While
the FC voltage is self balanced in ideal conditions, mismatches
associated with circuit parasitics, power switches, and gate-
drive circuits lead to FC-voltage unbalance, offsetting many of
the above-mentioned benefits [6], [7], [10].

A second objective of this paper is, therefore, to address
stability properties of the FC voltage of the 3LFC converter when
the latter is operated under P-CMC or V-CMC [20]. V-CMC
is recognized in [3] and [7] as an alternative control strategy
for the 3LFC topology with an inherent FC-voltage balancing
feature. However, an in-depth stability analysis of this technique
is not included. Peak-current-mode-controlled 3LFC converter
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3LFC converter. (a) 3LFC converter topology. (b) Steady-state waveforms in case of M < 0.5 and balanced FC voltage. (c) Steady-state waveforms for

M > 0.5 and balanced FC voltage. (d) Topological state when Ao and B; are ON. (e) Topological state when B and By are ON. (f) Topological state when A;

and B are ON. (g) Topological state when A3 and A; are ON.

is inherently unstable due to the FC-voltage runaway, an issue
which is recently addressed in [26]. The instability issue of the
P-CMC modulation and the automatic FC-voltage balancing
feature in V-CMC of the converter under study are recognized
in the literature [7], [14], [26], but never formally proven.

In this paper, both P-CMC and V-CMC modulation strategies
are considered, and both inductor-current static stability and
FC-voltage stability are addressed for each modulation type.
Section II provides the static stability analysis for the case in
which the voltage conversion ratio M is less than 0.5, while
Section IIT addresses the FC-voltage stability in the same op-
erating region. Results are extended to M > 0.5 in Section I'V.
Simulation and experimental tests are, respectively, reported in
Sections V and VI to validate the proposed analysis.

II. STATIC-STABILITY ANALYSIS FOR
OPERATING MODE M < 0.5

In the 3LFC topology, there are two groups of switches, i.e.,
(A1, By) and (As, By). Switches that belong to the same group
are driven in a complementary fashion, while the two switching
groups are driven with an interleaving delay equal to Ty /2. The
interleaved switching strategy splits the converter operation into
two different operating modes according to voltage conversion
ratio (M < 0.5) and (M > 0.5) as shown in Fig. 1(b) and (c),
respectively, where ideally the converter voltage conversion ra-
tio M 1is equal to the duty cycle D like the conventional Buck
topology.

The converter has a total of four possible topological states,
which are, respectively, shown in Fig. 1(d)—(g). The topo-
logical states within a single switching cycle depend on the
operating mode. On the one hand, for the operating mode
M < 0.5, the converter switching sequence is Fig. 1(d) —
Fig. 1(e) — Fig. 1(f) — Fig. 1(e), which imposes the waveforms

shown in Fig. 1(b). On the other hand, the waveforms associated
with the operating mode M > 0.5 and shown in Fig. 1(c) result
from the switching sequence Fig. 1(g) — Fig. 1(d) — Fig. 1(g)

This paper addresses the stability properties of the 3LFC op-
erated with constant-frequency V-CMC or constant-frequency
P-CMC. Hence, only the two aforementioned operating modes
are considered. It is worth mentioning that the topology under
study has other operating modes such as the quasi-resonant op-
erating mode, which is presented in [27]. Similarly, variable
frequency techniques such as the valley point balancing pro-
posed in [28], or constant frequency approaches such as [29],
are outside the scope of this paper. Other control schemes, pre-
senting either active or intrinsic stabilization with respect to the
FC voltage, have been recently disclosed in [30]-[32].

For the purpose of studying the inductor static stability prop-
erties, it will be assumed that the FC-voltage dynamics are only
weakly coupled with the inductor-current control loop. Such
hypothesis formally amounts to replacing the FC with a con-
stant voltage source. A brief digression on such fundamental
assumption is reported in Appendix A. Furthermore, it should
be noted that the voltage loop may potentially affect the current
loop stability if the voltage ripple injected through the voltage
sensing is large enough. In this paper, a rather textbook ap-
proach is adopted in which the design of the wide-bandwidth
inner current loop is decoupled from that of the slower outer
voltage loop. Indeed, in a hypothetical scenario in which the
ripple injected through the voltage loop is significant, one could
witness several interaction effects, which are not addressed in
this paper.

Based on the above assumptions, the subharmonic oscilla-
tions regions for V-CMC and P-CMC are determined consid-
ering a perfectly balanced FC voltage vgy = ‘g—” The minimal
compensation ramp leading to current stability throughout the
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Fig. 2. Current steady-state and perturbed waveforms of (a) V-CMC and
(b) P-CMC, in case of M < 0.5.

entire operating range is then calculated. As for the stability of
the FC voltage under V-CMC and P-CMC, it is studied sepa-
rately in the next section.

A. Static Stability Without Slope Compensation

The subharmonic oscillation boundaries in the conventional
CMC Buck converter are usually derived by studying the effect
of a perturbation on the inductor current (Aij; = KAiy).
Stability region is defined as the region where | K| < 1, which
means that the effect of the perturbation vanishes over time.
Here, the same methodology is adopted for the 3LFC topol-
ogy under the hypothesis that the FC voltage is balanced, as
mentioned earlier.

On the one hand, in V-CMC, the inductor-current discharging
phase is initiated by a clock with a fixed period equal to T /2,
while the charging phase is determined by the inductor current
intersecting the current loop setpoint /;.;. On the other hand, for
P-CMC, inductor-current charging is initiated by a clock with a
fixed period equal to Ty /2, while the discharging phase is de-
termined by the P-CMC comparator. Steady-state and perturbed
current waveforms for the two types of CMC modulation are
shown in Fig. 2. The inductor-current charging and discharging
absolute slopes are given by mon and mogg, respectively, as
follows,

0.5—-—M)V,
MON,M<0.5 = (Li)ﬂ (D
0
MYV,
MOFF,M <0.5 = —F K ()
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Fig. 3. Current steady-state and perturbed waveforms of (a) V-CMC and
(b) P-CMC, including compensation ramp, for M < 0.5.

where M is the voltage conversion ratio. The current perturba-
tion at the beginning of the (k + 1)th switching cycle is given as
a function of the current perturbation at the previous switching
cycle k by

. m ,
Aifq)lveme, m<05 = — m;):; AV 3)
. m .
A |peme, <05 = — m(:)I:Azm. 4)

From (3) and (4), the stability conditions of V-CMC and P-CMC
are, respectively, given by

0.5 M
M
M

05— M °

<1 ©)
1. (©6)

On the one hand, from (5), the V-CMC converter has a static
stable region given by 0.25 < M < 0.5. On the other hand,
from (6), the region 0 < M < 0.25 is the static-stability region
for the P-CMC converter.

B. Use of an External Ramp

An external ramp can be used to extend the CMC 3LFC
converter static stability to the entire operating range (0 < M <
0.5) of the operating mode under study. The current reference
is modified by adding a compensation ramp with an absolute
slope S, as shown in Fig. 3. The effect of using a compensation
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voltage (case M < 0.5).

ramp on the inductor-current perturbation equations is given by

ScL,
05— M- S

- AZ . (;)
SelL, (k]
M + 7‘/{7

SeL,
M (8)
- s 2. Qi)
05— M + %]

Aifqy|veme, <05 =

Aifj 1) lp-cme,p <05 =

for the V-CMC and P-CMC converters respectively. From (7)
and (8), the minimal value of compensation ramp slope, which
satisfies

0.5 — M — Scke
—— <1 ®
SeL,
M + v
and
SeL,
]W_—Vy <1 (10)
SeL,
0.5—M + =

for all values of M in the range 0 < M < 0.5 is given by

Vo
AL,

Y

Selv<os =

III. FC VOLTAGE BALANCING ANALYSIS FOR M < 0.5

The steady-state waveforms of CMC 3LFC converter for
M < 0.5 are shown in Fig. 3, where a perturbed FC volt-
age V;,/ 24+ Vﬂy is assumed. With such a mismatch, current-
programmed control induces two different duty ratios, D; and
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Steady-state waveforms of (a) V-CMC and (b) P-CMC, including a compensation ramp and considering a small positive perturbation Vﬂy in the FC

Dy, for the switching groups, which are given by

095 — M — Vi _ S.L,

2V, Vg
Di|v.eme, <05 = M — (12)
0.25— M — () - Sk
0.25 — M + Jo — ScLs
Dslv.eme, <05 = M - (13)
0.25 - M — (32) - Sk
0.25— M — 2 4 ScLo
Dilp.cmc <05 = M —5 . (14)
0.25 — M — (T) + ke
% S. L
0.25 — M + 53~ + 2=
Dslp.cmcar <05 = M —— ;] (15)
0.25 - M — () + Sk

A trace for the derivation of the above expressions is provided
in Appendix B.

The stability of the FC voltage is here assessed from the sign
of the average FC current Igy: If Iz, and Vhy have the same
sign, the FC voltage will further deviate from V, /2, leading to
instability. If I, and Vﬂy have opposite sign, the initial unbalance
will be compensated and the FC voltage will reach stability at
V, /2. The average values of FC current are given by

1

7 (A =

Iy = An), (16)
where A, and A,, are the positive and negative areas under the
curve of the FC current, as shown in Fig. 3. Substituting A,

and A,, in (16) gives the exact expression of average FC current
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(see Appendix B),

Iny|v-eme, <05

MYV, S,
= (02 = 1) x [t g+ S (D + D)
(17)
Iny|p-cme, <05
B MV,  S.(Dy + D)
= (Dy — Dy) % {Lef — 1L, 7. — o7, ] . (18)

For M < 0.5 and as long as ‘7f < V,, by substituting the values

of Dy and D5 from (12) and (13) into (17), and from (14) and
(15) into (18), expressions of Iy, can be approximated as
i

— S.L

0.25 — M — ===

9

Iny|veeme, <05 =

MV,  (0.5— M)S,
et J
><|:et+4L0fs+ fs :|
(19)
Vay
Iny| S
fly|P—CMC,M < 0.5 0.25 — M+ 5,{/#
MYV, MS,
Top— —2 — °l. 20
X |: ef 4L0fs fs :| ( )

Selecting the compensation ramp slope to be S, > % makes
the sign of the FC average current dependent on [.;. A more
insightful expression is obtained by writing the above results in
terms of the load current /, and the inductor-current static ripple

ATy (see Appendix B),

v

Iyl ~ v, x I, + _AlLM

fly [V-CMC,M <0.5 ~ 0.25 — M — SPVLO o 2(05 — M)
| @n

Inylp-cve <05 ~ 025~ M+ SQ/OL”
Al M

l,——— 22
8 { 2(0.5—M)] @2)

In the case of V-CMC (21), selecting the compensation ramp
slope to be S, > % forces the FC average current to have an
opposite sign of the FC-voltage perturbation. As a consequence,
V-CMC inherently stabilizes the FC voltage once the subhar-
monic current oscillation is suppressed. However, for P-CMC
(22), even if S, > 4‘2—”0, the sign of the FC average current de-
pends on the inductor-current static ripple Ay, which results
in an additional condition required to stabilize P-CMC. From

(22), the FC-voltage balancing condition for P-CMC becomes

AL 205~ M)
I, M

. (23)
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This result is remarkably different from what obtained for the
V-CMC: In P-CMC, the FC voltage is stable only if the rel-
ative peak-to-peak inductor-current ripple is sufficiently large.
The static-stability compensation obtained with a compensation
ramp does not allow to also stabilize the FC-voltage dynamics.

IV. EXTENSION TO THE CASE M > 0.5

The proposed analysis is easily extended to the operating
mode M > 0.5 as follows.

A. Inductor-Current Static Stability

The charging and discharging absolute slopes are given by

1-M)V,

moy = L=V 7 Vo (24)
M —0.5)V,

MOFF = (Li)] (25)

resulting in the static-stability conditions of the V-CMC and
P-CMC converters,

1-M

3
—— <1l M>- -CM 2
M—O.5< = >4 (V-CMCO) (26)
M —0.5 3
T <leMc< 1 (P-CMO), (27)
respectively.

In the presence of the compensation ramp the static-stability
conditions are

1= M — 2
m <1  (V-CMC) (28)
M 0.5 — e
m <1  (P-CMC) (29)

for the V-CMC and P-CMC converters, respectively. The min-
imum value of the compensating ramp, which stabilizes the
inductor current over the entire operating range 0.5 < M < 1is

V,
Selm>05 = 450

(30)

for both V-CMC and P-CMC. This is the same result obtained
forthe 0 < M < 0.5 case.

B. FC-Voltage Balancing

As mentioned in the previous section, valley and peak mod-
ulation strategies induce different duty commands in the pres-
ence of a voltage mismatch Vﬁy in the FC voltage. The different
duty commands result in the approximated average FC currents
given by

Vay
I (=M L =MAr
WM T 075 — M - Sk T T 2(M —0.5)
g
(3D
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(32)

According to (32), an additional condition should be fulfilled to
stabilize the FC voltage in the P-CMC converter,

AI,  2(M —0.5)
I, 1-M

Qualitatively speaking, the situation for A/ > 0.5 does not show
major differences with respect to the M < 0.5 case. In particu-
lar, V-CMC can be fully stabilized with an appropriate choice of
the compensation ramp slope. However, stability of P-CMC is
achieved only when the inductor peak-to-peak current ripple is
sufficiently large, and the sole static-stability compensation ob-
tained with a compensation ramp does not allow to also stabilize
the FC-voltage dynamics.

(33)

C. Stability Analysis Summary

From (5), (26), and from (6) and (27), inductor-current static-
stability regions of V-CMC and P-CMC when no compensating
ramp is employed are, respectively,

(025 < M <05) V(0.7 < M < 1)
(0< M <0.25) V(0.5 <M <0.75).

(V-CMC) (34)
(P-CMC) (35)

From (9), (10), (28), and (29), the minimal compensation
ramp slope required to suppress the current subharmonic oscil-
lations is

Yy

Se‘minimal = E; (36)

regardless of the operating mode and controller type. The in-
herent stability of the V-CMC strategy is formally proven by
verifying that the current subharmonic oscillation elimination
is the sufficient condition, which achieves FC charge balance,
assessed from the sign of the approximated average FC current
shown in (19) and (31). On the contrary, the FC voltage in the
P-CMC converter will never be balanced unless the converter
is operated with relatively high static peak-to-peak inductor-
current ripple in addition to using a compensation ramp. Hence,
the additional condition required to stabilize the P-CMC con-

verter is given by % > (M), where r(M) is given by

2(0.5—-M
r(M) = 20240

r(M) = 255

operating mode M < 0.5
(37
operating mode M > 0.5

and defines the minimal current ripple required to stabilize the
P-CMC. Fig. 5 shows the variation in (M) with respect to the
voltage conversion ratio. Finally, the proposed stability study is
summarized graphically in Fig. 6.

D. P-CMC With Quasi-Square-Wave Operation

By selecting the inductor-current static ripple higher than
200% puts the converter in the so-called quasi-square-wave
(QSW) operation. The value of the ripple is selected so that
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Fig. 5. Minimum value of the normalized current ripple, which achieves
FC-voltage balancing in the P-CMC converter, versus the voltage conversion
ratio M .

the time interval with negative inductor current is long enough
to turn-ON the upper switches with zero-voltage switching. Such
operation improves the overall efficiency of the converter [3].
An excessive increase in the inductor-current ripple, however,
makes the operation inefficient where the conduction losses be-
come more relevant.

Based on (37), the minimal ripple r( M) required for converter
stabilization corresponding to the 0.25 < M < 0.75 range is
less than the QSW operation boundary [r(M) < 200%]. Con-
sequently, whenever the converter voltage conversion ratio lies
between 0.25 and 0.75, there is a possibility to design the topol-
ogy for operation in QSW mode under P-CMC. This would
retain the basic advantage of P-CMC of inherent overcurrent
protection and would guarantee FC-voltage stability and good
efficiency without additional control complexity.

V. SIMULATION RESULTS

A MATLAB/Simulink model is built to verify the proposed
analysis according to the parameters shown in Table I. Simu-
lations are conducted with the desired peak or valley current
mode controller, and with the voltage loop compensated by a
PI controller. Simulation is performed in two steps: First, the
converter is simulated with a constant voltage source in place
of the FC. The flying source has voltage Vg, = VZ—J to verify the
static-stability regions of the converter under study. Second, the
model is simulated using an FC to verify the derived FC-voltage
balancing constraints. Two inductors L,, and L, are considered
to simulate two different test cases, which are listed in Table I
as test case 1 (low ripple case) and test case 2 (high ripple case),
respectively.

Converter under the V-CMC strategy with M = 0.2 has static
instability according to (34), which is verified in Fig. 7(a), where
the static instability appears in the non-periodic inductor-current
waveform. On the contrary, the P-CMC converter with the same
voltage conversion ratio M = 0.2 is statically stable as shown
in Fig. 7(b).

According to (11), in order to suppress the subharmonic os-
cillation for the case L, = 6.5 uH and with M = 0.6,V =
5.5V under V-CMC, a compensating ramp slope equal to
211.54 mA/us is required. Similarly, with the same inductance
but for P-CMC with M = 0.35,V, ~ 9.4V, the compensating
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Fig. 7.
compensation. (d) M = 0.35 with P-CMC using ramp compensation.

TABLE I
SIMULATION AND EXPERIMENTAL SETUP PARAMETERS

Parameter Value Unit

Output voltage (V) 3.3 A%

Load current (I,) 500 mA
Operating frequency (f5) 500 kHz
Flying capacitor (C';y) 400 nF
Output inductance test case 1 (L,,) 6.5 uH
Output inductance test case 2 (L,_) 300 nH
Output capacitance (C,) 10 uF

ramp slope is 362.64 mA/us. The proposed equation of the
minimal compensation ramp slope (11) is verified as shown
in the stable periodic inductor-current waveforms illustrated in
Fig. 7(c) and (d).

0 1 2 3 4 5 6 7 8 9
t(ps)
@

10

Simulation results with a voltage source replacing the FC. (a) M = 0.2 with V-CMC. (b) M = 0.2 with P-CMC. (¢) M = 0.6 with V-CMC using ramp

For the following set of the simulation results, the flying
source is replaced with a capacitor C'y;,, = 400 nF to verify the
FC-voltage balancing constraints in the converter under study.
The system is simulated starting from an initial FC voltage
Viy,initiar = (0.5V;; + 0.1)V. As proved in the proposed stability
study, V-CMC is inherently stable once the current subharmonic
oscillations are suppressed, which is verified in Fig. 8(a), where
the FC voltage is balanced for a ramp-compensated converter,
which has voltage conversion ratio M = 0.2. However, in the
case of a converter with the same voltage conversion ratio under
P-CMC, which is statically stable, the FC voltage diverges, as
shown in Fig. 8(b). The output filter inductance L, = 6.5 yH in
this case (test case 1) gives current ripple factor I L~ 0.61,
which leads to unstable operation due to FC- voltage runaway
phenomenon, which was analytically proved in (22) and (32).
However, using arelatively small inductance L, = 300 nH gives
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Fig.8.  Simulation results for a converter operating with an FC C'zy = 400 nF
and M = 0.2. (a) V-CMC. (b) P-CMC with L, = 6.5 uH, which gives % ~
0.61 (test case 1). (¢) P-CMC with L, = 300nH, which gives A[{)’J ~ 1.32
(test case 2).

ahigh ripple factor % ~ 1.32 (test case 2), resulting in a stable

P-CMC converter as shown in Fig. 8(c), where the FC voltage
is balanced.

VI. EXPERIMENTAL RESULTS

A 3.3-V, 500-mA, 500-kHz prototype is built with the pa-
rameters shown in Table I. As shown in the simplified block
diagram of Fig. 9, a mixed-signal solution is implemented in
the proof-of-concept prototype for the sole purpose of provid-
ing enough flexibility to validate the modulation strategies and
operating modes of the converter under study. The output voltage
controller is digitally implemented on an FPGA. The digitally
generated current reference and compensation ramp are fed to
a DAC to generate the current setpoint, which applied to ana-
log comparators. Then, the inductor-current intersection trigger
signals generated by the analog comparators are fed back to the
FPGA. Meanwhile, the trigger signals and internally generated
synchronization clock signals in the FPGA are used to generate
the interleaving modulating signals.

Two physical inductors L,, and L,, with a manual selector
are mounted on the PCB to emulate two different test cases,
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Fig. 9. Block diagram of the experimental setup.

which are listed in Table I as test case 1 (low ripple case) and
test case 2 (high ripple case), respectively.

The discrete prototype loop exhibits propagation delays in the
order of tens of nanoseconds and associated with power switches
turn-ON and turn-OFF times, gate drive IC propagation, digital
isolator delay, and analog comparator delay. Hence, the turn-OFF
instant of the switches in the case of P-CMC and the turn-ON
instant in the case of V-CMC are delayed with respect to the
intersection instant between the current reference and inductor
current. Such delays, which can be optimized in an integrated
solution, by no means prevent a comprehensive validation of the
main results disclosed in the previous sections. To this end, six
test scenarios have been processed in order to experimentally
verify the proposed analysis.

A. Test Scenario 1

In this test case, the FC is replaced with a constant dc source
imposing a voltage equal to ‘;—J in order to verify the devel-
oped static-stability regions of the converter under study. No
compensation ramp is employed in this test case. As shown in
Fig. 10(a), a converter with M = (0.2 under V-CMC has sub-
harmonic oscillation in the output inductor current. However,
controlling the converter with P-CMC strategy at the same volt-
age conversion ratio M = (.2 gives stable operation as shown in
Fig. 10(b). With P-CMC, the current becomes statically unsta-
ble when M > 0.25, as shown in Fig. 10(c), where the P-CMC
converter is operated at M = 0.35.
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Fig. 10.  Experimental steady-state operation with a constant voltage source
replacing the FC. (a) V-CMC and M = 0.2. (b) P-CMC and M = 0.2.
(c) P-CMC and M = 0.35.
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B. Test Scenario 2

As in the test scenario 1, the FC is still replaced with a con-
stant voltage source. In this case, however, the current loop
is compensated using an external ramp superimposed to the
current reference. Hence, in this test case the minimal com-
pensation ramp slope required to suppress the current static
instability, derived in (36), is verified. As shown in Fig. 11, the
compensated P-CMC converter having M = 0.35 is statically
stable, where the inductor current is periodic and has ripple
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Fig. 12.  Experimental steady-state operation for V-CMC using a compen-
sating ramp and an FC Cfy = 400nF. (a) M = 0.2 and S, = 635 mApus !

(b) M =0.6and S, = 215mApus~!

frequency frippie = 1 MHz, equal to twice the switching rate. The
results shown in Fig. 11 confirm the validity of (36), where the
external compensation ramp slope is S, = % ~ 363mAus!.

C. Test Scenario 3

In order to verify the FC-voltage stability, the converter is
next tested using an FC Cfy = 400 nF. As proved analytically
in the previous sections, the FC voltage is inherently stable and
self balanced in the V-CMC converter once the the subharmonic
oscillations are suppressed, which is experimentally verified for
both operating modes M < 0.5 and M > 0.5 in Fig. 12(a) and
(b), respectively.

In order to verify the inherent instability of the FC voltage
under P-CMC when the inductor ripple is small, the converter
with M = 0.2and L, = 6.5 puH is first put in steady state using a
plain voltage-mode controller. Afterward, the P-CMC controller
is enabled and the FC voltage is monitored. As soon as the
P-CMC controller is enabled, the FC voltage starts to drift away
from the steady state value set by the voltage mode control, as
shown in Fig. 13(a). The phenomenon is highlighted in [26] as
FC-voltage runaway. Moreover, as shown in Fig. 13(b), using
a compensation ramp slows down the voltage drifting but does
not eliminate such inherent instability.

D. Test Scenario 4

In this test, the output inductance is changed to a relatively
small value L, = 300 nH in order to verify the FC-voltage sta-
bility constraint of the converter under P-CMC. Consequently,
as shown in Fig. 14, the FC voltage is stable and self balanced
by following the current peak reference in the converter running
with a large static peak-to-peak ripple factor AI% ~ 13.2.
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Cy = 400 nF, and output inductance L
(test case 2).

E. Test Scenario 5

To further investigate the inherent stability of the V-CMC
under load changes, a 50%—to—100% step change in the load
current with L, = 6.5 pH s considered. The inherent stability of
the V-CMC under load transient is proven in Fig. 15, where after
a 50%-to—100% load step the FC voltage is stable and balanced
at % = 8.25V by following the current valley reference.
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Fig. 16. Experimental tests on P-CMC including closed-loop voltage
regulation. M = 0.25, FC Cpyy = 400nF, and output inductance L, = 1 H.
Load step change from I, = 250mA to I, = 500 mA.

F. Test Scenario 6

In this final test, the output inductance is changed to L, =
1 uH to show the validity of using P-CMC with QSW opera-
tion. A P-CMC converter is tested under a 50%-to—100% step
change in the load current. The converter, which has voltage con-
version ratio M = 0.25 and controlled with P-CMC strategy, is
stabilized by enabling the converter to work in the QSW oper-
ating region as shown in Fig. 16, where the output inductance
L, =1 uH gives current ripple factor AI L = 3. The stable op-
eration and balanced FC voltage appear 1n the periodic inductor-
current waveform and in the equal peaks of the switching node
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voltage vy, at %
load transient.

= 6.6V, respectively, after a 50%-to-100%

VII. CONCLUSION

In this paper, the stability properties of 3LFC Buck con-
verter under V-CMC or P-CMC are investigated. The static-
stability regions of P-CMC and V-CMC are derived first, and
the minimal compensation ramp slope required to statically sta-
bilize the inductor current is calculated. Next, stability of FC
voltage is investigated. On the one hand, for V-CMC, the FC
voltage is automatically stabilized once the current subharmonic
oscillations are suppressed, a property never formally proved in
previous literature. On the other hand, the P-CMC converter
suffers from inherent FC-voltage instability unless the con-
verter operates with a relatively large inductor-current ripple.
The proposed stability analysis is verified both via computer
simulations and experimentally on a 3.3-V, 500-mA, 500-kHZ
prototype.

APPENDIX

A. Discussion on the Basic Assumption for
FC-Voltage Stability Analysis

The basic assumption, made in Section II, that the inductor-
current stability analysis can be carried out by assuming a
constant FC voltage, amounts to the requirement that the
inductor-current waveshape remains triangular. For the oper-
ating mode M < 0.5, during the inductor-current discharging
phase [see Fig. 1(e)] the FC voltage has no effect on the con-
verter dynamics. On the contrary, for the states of Fig. 1(d) and
(f) the inductor current can be expressed as

2V,(0.5 — M) + AVhy
2Lowrﬂy

in(w, ﬂyt)
(38)

i (t) = lvalley Cos(wrﬂyt) +

where Iyqey i the inductor current at the valley point, AVjy
is the peak-to-peak FC-voltage ripple, and w, gy is the angular
resonant frequency of the output inductor and FC tank network

1
vV LuCﬂy .

To a second-order approximation, the above expression becomes

Wrly = (39)

V,(05-M) AV,
L, 2L,

C'iy-dependent terms

I, Wiy 2.

ir (t) ~ lyalley + alley — o 2

(40)

The analysis presented in Section II is certainly applicable as
long as the C'yy-dependent contribution remains negligible with
respect to the first-order variation of the current,

A‘/ﬂy ﬂ
t — Lyt Yrhy 2
2L, ey ™9 <

t=DT,

V, (0.5 — M)
L,

DT, (41)
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To
coupling condltion (43).

which leads to the following inequality:

AVay  4(0.5 — M)
v, <7 (2

By applying the same methodology shown above on the con-
verter with M > 0.5, the inequality that is valid within the whole
operating range 0 < M < 1 is derived and given by

AViy  |4(0.5— M)
. 43
7 Y (43)

The inequality in (43) shows that the normalized FC-voltage
ripple = 2 should be much smaller than the boundary given by
the right- qhand side (RHS) and graphically represented in Fig. 17
to precisely apply the stability criteria proposed in this context.

It is important to recognize, however, that violation of (43)
does not always imply that the basic conclusions of the stability
analysis are incorrect. As exemplified in Fig. 18, instability in a
V-CMC converter with M = 0.2 and AV‘” ~ 48.5% is correctly
compensated by an external ramp W1th the minimal slope de-
rived from the proposed analysis. Even though the inductor cur-
rent is slightly non-triangular, the conclusions of the proposed
analysis are still applicable. Overall, it can be argued that (43)
represents a sufficient, but not always a necessary condition for
the applicability of the disclosed criterion. More precise con-
siderations, however, would require a quantitative analysis of
the system stability in the presence of a non-triangular inductor
current, a subject outside the scope of this paper.
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B. Derivation of Expressions in Section I1I

To illustrate how the expressions of the different duty com-
mands and FC average current are derived, the case of a con-
verter controlled with V-CMC is studied here in detail assuming
M < 0.5 and considering the waveforms shown in Fig. 4(a).
Under the FC-voltage mismatch the switching node voltage vy,
has asymmetrical levels. The switching node average voltage
Viw 1s given by

D1+ D,

Vew 5

Vy + Vay(D1 — Dy). (44)
Since output voltage V, = Vi, then the voltage conversion

ratio is

Dy +D, Vi
M= My py). 5)
2 Vy
From (45), D, is given by
D_]W—@5+%QD1 y
2 — Vﬂy ( )
0.5 — v

However, the inductor current intersects the valley reference
waveform i, at two different thresholds I;.f; and I during a
single switching cycle. The values of the inductor-current valley
points are

Irefl - Iref + Se (05 — Dl)Ts
IrefZ = Iref + Se (05 — DQ)TS

(47)
(48)

From the definition of the inductor-current slope during the
subinterval DT} one has

v
Tnax2 — ITrert o 0.5 — M+ % (49)
= "
Substituting (47) into (49), one has
O.5—M-‘r% S.(0.5—D
Imax? = Iref + ToTs 2 Dl + ( f 1) . (50)
v, $

Similarly, by calculating the inductor-current slope during the
subinterval 0.5 — D5, one has

M(0.5— D S.(05—D
Am2zaw-(Lf 2) | Sel 2 s
7 fs
From (50) and (51), one has
0.5M — (M + 5= D,
D, = s (52)

S.L,

0.5 — M + ¥ — S
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By substituting (46) into (52), the expressions of duty commands
Dy and Dy, shown in (12) and (13), are derived,

v S Ly
0.25 — M — 53 —

Vv
D1 |v.eme, <05 = M —— q (53)
0.25 - M — (&) - Sk
0.25 — M 4 4 — ScLo
Ds|v.eme, <05 = M S —5 I (54)
0.25 - M — () — Sife

For the purpose of calculating the FC average current, first the
values of the asymmetrical inductor-current peaks I;,.x1 and
I ax o are determined. The absolute slope of the inductor-current
discharging phase mogr is output-voltage dependent, and inde-
pendent of FC-voltage perturbation Vﬁy. The expressions for
Lyax1 and I, o are derived from the expressions of mopg
in the subintervals 0 — (0.5 — Dy )7} and % — (1 = D9)Ts,
respectively,

, (&%+M%

max; — Adref T e—
L, fs

S.L, + MV,

I maxy — Lref T

From (47), (48), (55), and (56) the expression of the FC average
current, shown in (17), is derived,

)mb—DQ (55)

)mﬁ—Dﬁ. (56)

Iny|v-eme, <05 = (Do — Dy)

MV, . S
ALofs — 2fs

1 —(Di + Dy)]|.
57

X |:Iref +

Similarly, the inductor average current is calculated and an
expression for the fixed current reference I is developed,

;o 25Lo+ MV, S.(Di+Ds)
ref — Lo 4Lof5 2f5
MV,(D; + Dy)  S.L, + MV, )
— Dy — Dq)”.
AL, f, oLy, PPy

(58)

By substituting I.f, D1, and D> into (57), and linearizing under
the assumption of small perturbation, the FC average current
expression is approximated as

M MYV,

Vy 0
I : I, . 59
Y025 - M - Sk a7, o9

The expression for the inductor-current peak to peak ripple Al
descends from the basic design equation of the converter under
study and is given by

V,(0.5— M)

Al; =
k Lo f,

(60)
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Hence, the expression for the FC average current shown in (21)
is derived by substituting in (59) from (60),

v
Iny | ~ T 1, + oM
fly [V-CMC,M <0.5 ~ 0.25 — M — St‘%/Lo o 2(05 — M) .
(61)

The same derivation steps can easily be extended to the P-CMC
and the operating mode M > 0.5.
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