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Abstract—The derivation and implementation of the natural
switching surfaces (NSS) considering certain parametric uncer-
tainties for a flyback converter operating in the boundary conduc-
tion mode is the main focus of this paper. The NSS with nominal
parameters presents many benefits for the control of nonlinear
systems; for example, fast transient response under load-changing
conditions. However, the performance worsens considerably when
the converter actual parameters are different from the ones used
in the design process. Therefore, a novel control strategy for NSS
considering the effects of parameter uncertainties is proposed. This
control law can estimate and adapt the control trajectories in a min-
imum number of switching cycles to obtain excellent performances
even under extreme parameter uncertainties. The analytical
derivation of the proposed adaptive switching surfaces is presented
together with simulations and experimental results showing ade-
quate performance under different tests, including comparisons
with a standard PI controller.

Index Terms—Adaptive controller, boundary conduction mode
(BCM), boundary control (BC), critical conduction mode (CRM),
flyback converter, natural switching surface (NSS), nonlinear con-
trol, parametric uncertainties, switching surface control (SSC),
variable structure control (VSC).

I. INTRODUCTION

THE flyback converter is one of the most commonly used
topologies in systems rated up to 200 W due to many ben-

efits such as low part count, low cost, electrical isolation, and
wide voltage ratio [1]. In addition to the traditional applications
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in computers and TV sets, flyback converters are used in ac/dc
power supplies for LED loads and battery chargers [2]–[4], and
in photovoltaic microinverters [5], [6]. Flyback converters oper-
ating in the boundary conduction mode (BCM) are broadly used
for high-frequency applications since zero-current turn ON for
the switching device and zero-current turn OFF for the diode are
achieved, while keeping conduction losses and current stresses
low in comparison with operation in the discontinuous conduc-
tion mode (DCM) [3], [7]. The soft-switching transitions dur-
ing the BCM operation reduce the electromagnetic interference
(EMI) and lead to lower power losses due to Joule effect than
operation in continuous conduction mode (CCM), simplifying
the snubber design, EMI filtering, and thermal management [8],
[9]. Also, operation in BCM leads to less voltage ripple than
operation in DCM.

A flyback converter is a non-minimum phase system due to
the presence of a right-half plane zero in the control-to-output
transfer functions [10]. Using linear compensators to control
such a system requires a low crossover frequency to guarantee
the stability, which implies a slow control response [11]. Un-
fortunately, linear compensators are unsuccessful when there
are large load variations since the model is only valid around
an equilibrium point [12]; therefore, nonlinear controllers are
used to improve the control dynamics. Variable structure con-
trol (VSC) is a discontinuous nonlinear control strategy whose
structure changes depending on the location of the state trajec-
tories with respect to a designed switching surface (SS) [12]–
[16]. Boundary control (BC) and sliding mode control (SMC)
are VSC examples. Under SMC, the system remains close to the
SS after reaching it. However, the SS in BC may not be related
with sliding regimes [12].

BC is a large-signal geometric control method that does not
distinguish between start-up, transients, and steady-state opera-
tions [12]–[14]. The intersection of the system trajectories with
the selected SS defines whether the switch turns ON or OFF.
First-order SS are commonly used in BC because they are ro-
bust and simple to implement [16], [17]. However, the transient
dynamics may require several switching cycles before reach-
ing a steady-state after start-up or transient conditions [18],
[19]. Furthermore, the optimal slope for the first-order SS is
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dependent on the load and supply characteristics which reduce
the overall system performance [10]. An ideal SS is the one that
guides the system to the desired steady state with the minimum
number of switching actions [14]. The ideal SS is derived from
the intersection of the system OFF trajectory that contains the
operating point with the ON trajectory that leaves the operating
point [12]–[14].

Multiple SS have been proposed to estimate the ideal trajec-
tories or natural response of converters. For example, second-
order SS derived from capacitor charge-balance equations with
low ripple approximation have been proposed for buck con-
verters operating in CCM [18] and DCM [20]. Also, a fixed-
frequency second-order SS using a variable-width hysteresis
loop was presented in [21]. A similar methodology was ap-
plied to single-phase [22]–[23] and three-phase inverters [24].
Other types of second-order SS derived using the state-energy
plane were proposed for single- and dual-output boost convert-
ers [10], [25]. Higher order SS for inverters were derived in [19]
and [26], where logarithmic SS were used to approximate the
system trajectories. Another method to approximate the ideal
trajectories was derived from the converter differential equa-
tions assuming a constant-current load [27]. Using those SS
called the natural switching surfaces (NSS) warrants no output
voltage overshoot for a step load variation under nominal de-
sign conditions, excellent response for any change of the load
resistance, and much easier trajectory derivation because of the
absence of the exponential decay, spirals, or hyperbolic terms
related to the presence of the load resistance in the differential
equations [13]. This method was first presented in [27] for buck
converters and then extended to the inverters [28], boost [11],
[29], buck–boost [30], dual active bridge [31], full bridge [32],
and flyback converters [33], [34].

The main drawback of BC is the dependence of the SS
on the converter parameters [12], [14], which are exposed
to changes due to tolerance, aging effect, humidity, and
temperature [23], [24]. Parameter variations impact on the
steady-state performance [19], [20] and lead to stability issues
because of changes on the shape of the SS [29] and converter
operating modes [10]. This paper presents a solution to those
issues by deriving the NSS and the control law for a flyback
converter operating in BCM and considering parameter uncer-
tainties. The proposed control law can provide a very precise
estimation of the parameter variations in only a single switch-
ing action and then continuously adapt the control SS before
a new switching action occurs. Therefore, the converter can
reach the steady-state operation in a single switching action for
sudden load changes even under extreme converter parameter
variations.

This paper is organized as follows. The normalized system
trajectories considering parametric uncertainties are derived in
Section II. Then, the start-up and steady-state characteristics are
presented in Section III. The adaptive control laws are devel-
oped in Section IV. The design procedure and an example are
given in Section V. The feasibility of the proposed control law
is validated through simulation results in Section VI and exper-
imental results in Section VII. Finally, Section VIII presents the
conclusions.

Fig. 1. Flyback converter with parasitic elements.

II. DERIVATION OF NORMALIZED SYSTEM TRAJECTORIES

CONSIDERING PARAMETRIC UNCERTAINTIES

The circuit shown in Fig. 1 represents a flyback converter
either for resistive load Ro or for constant-current load Io . It
includes the following circuit and parasitic elements.

1) Q: Transistor.
2) d: Diode.
3) T: Transformer.
4) n = Np/Ns : Transformer turns ratio.
5) Lm : Transformer magnetizing inductance.
6) Lk : Transformer leakage inductance.
7) Cin : Input capacitor.
8) Co : Output capacitor.
9) RLp : Primary-side winding resistance.

10) RON : Switch ON resistance.
11) Rp = RLp + RON : Total primary resistance.
12) Rd : Diode ON resistance.
13) RLs : Secondary-side winding resistance.
14) Rs = Rd + RLs : Total secondary resistance.
15) Vd : Diode forward voltage drop.
The stationary and transient responses of the circuit for both

load conditions can be obtained from the circuit equations. For
the case of a resistive load, after some basic calculations, the
following steady-state solution can be obtained:

(Vin − Im Rp) D = n (Vo + Vd + nIm Rs) (1 − D) (1)

Im n (1 − D) = Vo/Ro. (2)

By solving for the duty cycle D from (2) and replacing it in
(1), the flyback converter load line for a resistive load is given by

Im RpRo +
Vo

Im

(
Vo +

Vin

n
+ Vd

)

= Vo

(
Rp

n
− nRs

)
+ VinRo. (3)

Fig. 2(a) shows the load line from (3), and ON and OFF-BCM
flyback trajectories obtained by solving the circuit equations
for the ON- and OFF-switch states for different arbitrary initial
conditions. The load resistor Ro is 48 Ω and the input voltage
source Vin is 6 V. The value of the parasitic elements of the
flyback components are shown in Table I and they represent
the same actual parameters from the components used for the
simulation and experimental results included in this study.
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Fig. 2. Load line for a flyback converter with (a) a resistive load and (b) a
constant-current load.

TABLE I
FLYBACK CONVERTER PARASITIC ELEMENTS

For the constant-current load, the following steady-state so-
lution can be derived after some basic calculations

(Vin − Im Rp) D = n (1 − D) (Vo + Vd + nIm Rs) (4)

Io = n (1 − D) Im . (5)

By solving for the duty cycle D from (5) and replacing it
into (4), the load line for a flyback with constant-current load is
obtained as

Im Rp +
Io

Im

(
Vin

n
+ Vo + Vd

)
= Io

(
Rp

n
− nRs

)
+ Vin .

(6)
Fig. 2(b) shows the load line for a constant-current load and

the ON and OFF trajectories when the actual converter parameters
from Table I are used. The constant-current load Io was set to
0.5 A and the input voltage to Vin = 6 V.

The load lines considering parasitic components derived for
the resistive and constant-current load cases are compared be-
low to the load lines obtained without parasitic components to
show that the ideal model and the model considering parasitic
elements behave very similarly under steady-state conditions.
The ideal load line for the resistive load case is obtained by

Fig. 3. Actual and ideal flyback converter load lines for (a) a resistive load,
and (b) a constant-current load.

Fig. 4. Flyback converter circuit including current and voltage sensors.

making the parasitic elements equal to zero on (3) as

V 2
o n + VoVin = Im VinRon. (7)

Fig. 3(a) shows the ideal and real load lines, and the ON- and
OFF-real BCM trajectories. It is possible to see that they are very
similar during most of the operating range. If the particular case
with Vo = 24 V, Vin = 6 V, and the turns ratio Np/Ns = 1/4 is
considered, the ideal duty cycle D is 0.5. However, D should be
0.53 under conditions with actual parameters, which represents
a 6% of duty cycle variation.

The actual and the ideal flyback load lines for the case of a
constant-current load are shown in Fig. 3(b). Like the case of
a resistive load, the actual and ideal load lines for a constant-
current load are similar for the duty cycle range (0 < D <
0.8). For example, if Vo = 24 V, Vin = 6 V, and the turns ratio
Np/Ns = 1/4 is considered, the ideal duty cycle D is 0.5, while
D = 0.53 is needed when actual components are used.

It is concluded that flyback circuits with typical parasitic
components can be analyzed under ideal conditions (no parasitic
components) without producing relevant errors.

The system shown in Fig. 4 is a simplified version of a fly-
back converter which consists of an ideal transistor Q, and
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ideal diode d, flyback transformer T with magnetizing induc-
tance Lm , as well as input and output capacitors Cin and Co .
These parameters are the converter actual parameters which may
differ from the nominal ones used in the design process. The
components which determine the dynamics of a flyback con-
verter are the magnetizing inductance and output capacitance
[33]. The nominal output capacitance is C̄o and the nominal
magnetizing inductance is L̄m . The load is represented by a
constant-current load which states the worst-case scenario in
terms of stability [11]. The normalization of the system con-
sists of a scale change of variables on its differential equations
which enables a general solution [27]. The presence of a trans-
former makes it necessary to relate the converter parameters
to one side; the secondary side is selected in this case. The
normalization is performed using the nominal output voltage
as the reference voltage Vr = vo , the characteristic nominal
impedance of the combined nominal magnetizing inductance
referred to the secondary side and the nominal output capacitor,
Z̄o = (1/n)

√
L̄m /C̄o as the reference impedance Zr and the

natural frequency f̄o = n
/
(2π

√
L̄m C̄o) as the reference fre-

quency fr . The normalizing equations of the voltage, current,
and time variables as well as their derivatives for the secondary
variables are as follows:

vn = v/Vr , dvn = dv/Vr (8)

in = i · Zr/Vr , din = di · Zr/Vr (9)

tn = t · fr , dtn = dt · fr (10)

where v, i, and t are the standard voltage, current, and time
variables of the secondary side, and vn , in , and tn are their
normalized versions. The normalizing equations must be re-
flected back to the primary side to normalize primary variables
as follows:

vn = v/ (n · Vr ) , in = i · n · Zr/Vr (11)

dvn = dv/ (n · Vr ) , din = di · n · Zr/Vr . (12)

The next sections present the derivation of the normalized
OFF- and ON-state general natural trajectories on the plane imn

versus von, which depend on generic initial conditions, input
voltage, and output current. Later, specific natural trajectories
containing the point imn = 0, von = VT P n will be analyzed.
This specific point characterizes the operation in BCM. As will
be explained in the sequel, voltage VT P n is set as the desired
target point voltage which leads to the converter producing the
required root-mean-square (RMS) value of the voltage output.

A. Off-State Trajectory

Diode d conducts during the OFF state of transistor Q and the
energy stored in the transformer during the ON state is transferred
to the load. The voltage applied to the magnetizing inductance
is the output voltage multiplied by the transformer turns ratio.
The following expressions are the differential equations that
describe this mode of operation, where Lm and Co are the

actual parameters of the converter

Lm
dim
dt

= −nvo (13)

Co
dvo

dt
= nim − io . (14)

Using (8) through (12), the normalization of (13) and (14)
becomes

dimn

dtn
= −2π

Lm

Lm
von (15)

dvon

dtn
= 2π

Co

Co
(imn − ion) . (16)

Differentiating both sides of (15) and replacing it in (16)
yields a differential equation with the following solution:

imn (tn ) = ion + A cos
(
2π

√
αβtn

)
+ B sin

(
2π

√
αβtn

)
(17)

where α = L̄m /Lm , β = C̄o/Co , A = imn (0−) − ion, and
B = 1

2π
√

αβ

dim n (0−)
dtn

. By applying the trigonometric property

A cos (x) + B sin (x) =
√

A2 + B2 sin (x + tan−1(A/B)) to
(17), taking the derivative of the resulting expression and using
the property cos (sin−1(x)) =

√
1 − x2 , the result is an equa-

tion that does not depend on the normalized time. Then, the
OFF-state trajectory can be expressed as follows:

λOFF := v2
on

α

β
+ (imn − ion)

2 − A2 − B2 = 0. (18)

Therefore, in the case where the nominal parameters are the
same as the actual ones (α/β = 1), λOFF is a circle with its
center at (imn , von) = (ion, 0) and a radius that is a function of
the specifications of the converter [33]. However, λOFF becomes
an ellipse in the case where the actual parameters differ from
those used in the design process.

B. On-State Trajectory

The magnetizing inductance is connected to the input source
and the diode in the secondary side is reversed bias when the
transistor Q is ON. The differential equations for this stage and
their normalized versions are

vin = Lm
dim
dt

(19)

−io = Co
dvo

dt
(20)

2παvinn =
dimn

dtn
(21)

−2πβion =
dvon

dtn
. (22)

From (21) and (22), when Q is ON, the normalized magnetiz-
ing current and output voltage vary linearly with time. Dividing
these two normalized equations yield

dimn

dvon
= −α

β

vinn

ion
. (23)
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Fig. 5. Normalized natural surfaces for a flyback converter operating in BCM
under parametric uncertainties.

By integrating (23), the natural trajectory of the flyback con-
verter when the transistor Q is ON is given by

λON := imn +
α

β

vinn

ion
von − H = 0 (24)

where H is a constant that depends on the initial conditions
selected for starting the ON state. In particular, if the initial
conditions for the λOFF trajectory are properly imposed (i.e.,
designing the controller adequately), the natural OFF-trajectory
will intersect the state-space target point (0, von), and H in λON

can also be selected such that λON intersects the same target
point.

The loci λOFF and λON are the natural trajectories of the system
when the switch is OFF and ON, respectively. Those natural
trajectories start from the initial conditions which correspond
to the time instants when the switch commutes. By properly
selecting the switching times, specific natural trajectories can
be selected to be the NSS that lead the converter to the target
operating condition.

C. Graphical Analysis of the NSS Trajectories
with Parametric Uncertainties

Fig. 5 presents the graphical renditions of the NSS trajec-
tories previously derived. These graphs show different elliptic
trajectories λOFF all passing through the point (VT P n , 0) for
the BCM operation presented in the next section. As previously
described, λON is a descending sloping line and λOFF is a circle
with a center at (0, ion) for the case when α/β = 1 and an ellipse
for the case when α/β � 1. This section shows the interaction
of the two trajectories and their relationship with the converter
operation.

Analyzing the operation of the flyback converter on the imn

versus von plane, quadrants of the plane can immediately be rec-
ognized as unobtainable or undesirable operation zones based
on the polarity of the variables. For example, imn must be pos-
itive for the flyback converter to operate correctly. Therefore,
imn would not be attainable in quadrants III or IV. Likewise, the
converter could not operate if von was negative. If the converter

was operating when von were negative, it would imply that the
load would be transferring power to the input of the converter,
which is physically impossible due to the presence of the diode
d. Therefore, von should not operate in quadrants II or III. This
leaves quadrant I as the only operational quadrant that satisfies
the constraints for both variables. In quadrant I, imn and von are
both positive and the flyback converter would be transferring
power to the load. The unreachable quadrants have been grayed
out in Fig. 5.

If the converter’s trajectories were to reach an axis, the con-
verter would then evolve on that axis. Therefore, the converter
upon reaching the imn axis would change imn , while the output
voltage remained at zero. Likewise, the converter upon reaching
the von axis would change von, while keeping the magnetizing
current at zero. This is due to the unobtainable quadrants.

D. Selection of the Target Point for Operation in BCM

The free parameters of λON and λOFF in (18) and (24) should
be selected for the natural trajectories to contain a target operat-
ing point that maintains the converter operating in BCM for all
loading conditions. Selecting the target normalized magnetizing
current as zero assures BCM operation. The target for the nor-
malized output voltage is selected as VT P n , whose value will
be calculated so the desired output RMS voltage equals to the
reference voltage Vr . The expression of VT P n will be derived
in the next sections.

Replacing the target point (imn , von) = (0, VT P n ) in (24),
the constant H in λON is given by

H =
α

β

Vinn

ion
VT P n . (25)

Therefore, the normalized BCM ON-state trajectory noted as
σON is given by

σON := imn +
α

β

vinn

ion
von − α

β

vinn

ion
VT P n = 0. (26)

Moving onto λOFF, A and B can be evaluated from the known
target point as the initial conditions

imn (0−) = 0, dimn (0−) /dtn = −2παVT P n . (27)

Then, A and B can be expressed as

A = −ion, B = −VT P n

√
α/β . (28)

Substituting (28) into (18), the complete normalized BCM
OFF-state trajectory which is named as σOFF is defined as fol-
lows:

σOFF :=
α

β
v2

on + (imn − ion)
2 − α

β
V 2

T P n − i2on = 0. (29)

E. BCM Control Law

This section explains the derivation of the control law based
on the BCM trajectories from (26) and (29). The goal of the
control law is to force the converter to move to and stay on
the identified BCM trajectories. The control law is developed
by knowing the movements along the trajectories for each state
of transistor Q and the above conditions. Basically, the control
law decides between two options: either Q should be turned ON
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Fig. 6. Flow diagram of the BCM control law.

or OFF. The decision is based on the current state of transistor
Q and the relative location of the current operating point with
respect to the BCM trajectories.

While Q is ON, the converter moves up the imn versus von

plane. If the converter is currently operating below σOFF, Q is
kept ON if von ≤ VT P n , while the converter continues to move
up the plane until σOFF is reached. Then, Q is turned OFF. If
the converter were operating anywhere above σOFF, Q should
be turned OFF.

Since the objective is to operate in BCM, Q is not allowed
to switch back ON until imn = 0 p.u., once it has been switched
OFF. Therefore, if the converter is operating anywhere above the
von axis (imn > 0 p.u.) and Q is OFF, Q is kept OFF until the
converter reaches the von axis. Once the von axis is reached,
the current operating point is compared to σOFF. If the converter
is operating at a point higher than σOFF, Q is kept OFF, allowing
for the converter to evolve down the von axis to the OFF-state
trajectory. After the converter is operating below or at σOFF,
Q is switched ON if von ≤ VT P n , allowing for the converter to
ride the ON-state trajectory back up to the OFF-state trajectory
as previously described.

Fig. 6 shows a complete flow diagram of the BCM control
law [33], which forces the converter to move and operate under
the BCM trajectories in one switching cycle, no matter where
the converter is currently operating. This allows the flyback
converter to operate in BCM continuously for any load during
steady-state conditions. Under transient conditions where the
input voltage or load changes when Q is OFF, the worst-case
scenario would be that the converter recovers in two switching

Fig. 7. (a) NSS trajectories for the flyback converter operating in BCM when
α/β = 1. (b) Normalized output voltage von, magnetizing inductance current
im n , and output current ion.

cycles. During that transient, a DCM operation with a slightly
overvoltage at the output or BCM operation with a slightly un-
dervoltage at the output could be experienced. This is because
the desired ON- and OFF-state trajectories change when the con-
verter parameters change. If the disturbance occurs while Q is
ON, the converter will reach the target point in only a single
switching cycle. The rapid recovery time of one switching cycle
provides remarkable stability and transient response time for all
converter conditions.

III. START-UP AND STEADY-STATE CHARACTERISTICS

The normalized trajectories and main waveforms for a flyback
converter operating in BCM when α/β = 1 are shown in Fig. 7
[33]. At the converter startup, initially imn , von, and ion are zero
(see point A in Fig. 7). When Q turns ON, imn starts increasing,
while von stays at zero. When σON intersects σOFF at point B = (0
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p.u., Ist-upn), Q turns OFF so imn decreases while von increases.
As soon as von starts rising, ion moves toward its rated level
Io1n if the load is connected. Therefore, the first intersection
of σOFF with the von axis will be at Vxn , whose level is lower
than the target point VT P n because σOFF was calculated for
ion = 0 p.u.. When imn = 0 p.u., Q turns ON at point C =
(Vxn , 0 p.u.) until σOFF is reached at point D where Q turns
OFF. The next intersection with the von axis is at the target point
TP = (VT P n , 0 p.u.) where steady-state conditions are reached
and the flyback operates between points E and TP. In case of a
sudden load change while Q is ON, the controller will be able
to reach steady-state conditions in only one switching cycle.
In that case, the converter will be operating from points F to
TP. The expressions for the start-up and steady-state conditions
of Fig. 7 are calculated, and their dependence to the converter
parameter uncertainties is analyzed in the following sections.

A. Start-Up Peak Current

The normalized start-up peak current Ist-upn with start-up ini-
tial conditions (ion, von) = (0, 0) p.u. can be determined by
evaluating σOFF (29) yielding

Ist-upn =
√

α/βVT P n . (30)

Fig. 8(a) shows Ist-upn as function of α/β when VT P n = 1 p.u.
Ist-upn = 1 p.u. that only happens under ideal conditions (α/β =
1). De-normalizing (30) by using (8) and (11), the start-up peak
current Ist-up can be calculated as follows:

Ist-up =

√
α

β

C̄o

L̄m
VT P . (31)

Ist-up is proportional to the square root of C̄o/L̄m and VT P ;
so Ist-up could be very high for high-voltage and low-ripple
applications. This is because, Ist-up is the necessary magnetizing
current to reach the target point in a single switching action when
ion = 0 p.u. If necessary, the start-up current can be limited to
a lower value Imax at the expense of reaching the target point
under start-up conditions in more than a single switching action.
Normally under start-up conditions, α/β = 1 since the flyback
converter is supposed to have the parameters used in the design
process.

B. Start-Up Output Voltage

If the load is connected during startup, the first intersection
with the von axis will not be at the target point VT P n . Instead,
it will be at a lower point defined as the start-up output voltage
Vxn . Also, Vxn will be lower than VT P n if the start-up current is
limited to Imaxn , even if the load is disconnected. Modifying the
initial conditions of (18), the normalized start-up output voltage
Vxn can be derived as follows:

Vxn =

√
Imaxn (Imaxn − 2ion)

α/β
. (32)

Fig. 8. (a) Normalized start-up current Ist-upn to reach the target point
VT P n = 1 p.u. with minimum number of switching actions. (b) Normalized
output voltage ripple Δvon with vinn = 1 p.u. (c) RMS, average, and approxi-
mations for the output voltage von. (d) Normalized output voltage target point
VT P n to obtain Von,RMS = 1 p.u. with α/β = 1 and vinn changing. (e) Nor-
malized output voltage target point VT P n to obtain Von,RMS = 1 p.u. with
vinn = 1 p.u. and α/β changing. (f) Normalized RMS output voltage when
VT P n = 1 p.u. with α/β = 1 and vinn changing. (g) Normalized RMS output
voltage when VT P n = 1 p.u. with vinn = 1 and α/β changing. (h) Normalized
output voltage target point plotted from (40) and its low-ripple approximation
from (41). (i) Normalized magnetizing current ripple ΔIm n with vinn = 1 p.u.
and α/β changing. (j) Normalized switching frequency fswn as function of the
load current ion.
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The use and importance of Vxn on the design of the proposed
adaptive boundary controller will be addressed in the follow-
ing section. By de-normalizing (32), the start-up voltage Vx is
given by

Vx =

√
Imax

L̄m

C̄o

β

α

(
Imax − 2io

n

)
. (33)

C. Output Voltage Ripple

Under steady-state conditions, the voltage ripple Δvon is de-
fined by the difference between the maximum and minimum
points of the voltage waveform. An expression for von as a func-
tion of imn can be obtained from σOFF as follows:

von =

√
V 2

T P n + 2
β

α
imnion − β

α
i2mn . (34)

Since the locus of σOFF is an ellipse whose principal axes are
aligned with the imn , von axes, the normalized maximum output
voltage Von,max is obtained for imn = ion as

Von,max =

√
V 2

T P n +
β

α
i2on. (35)

De-normalizing (35), the maximum output voltage Vo,max can
be then expressed as

Vo,max =

√
V 2

T P +
L̄m

C̄o

β

α

i2o
n2 . (36)

The minimum value for the normalized output voltage Von,min

is obtained from the intersection of σOFF with σON as

Von,min =
VT P nv2

inn
α
β − i2on (VT P n + 2vinn)

i2on + v2
inn

α
β

. (37)

Then, the normalized output voltage ripple is calculated as

Δvon =

√
V 2

T P n + i2on
β

α
+

i2on (VT P n + 2vinn) − VT P n
α
β v2

inn

i2on + α
β v2

inn
.

(38)
Fig. 8(b) illustrates (38) as function of ion for different values

of α/β when vinn = 1 p.u.. For low-output voltage ripple appli-
cations (Δvo < 5% of Vr ), ion should not exceed 0.1 p.u. under
ideal conditions. If α/β > 1, Δvon will decrease since the actual
values of Co will be greater than that used in the design process.

D. Normalized Output Voltage Target Point

The target point of the output voltage VT P n should be selected
so that the normalized average output voltage Von,AVE = 1 p.u..
Von,AVE should be obtained by integrating von over a normal-
ized switching period Tswn; but the exact evaluation of Von,ave is
cumbersome. However, the integral complexity is reduced if the

RMS of von is calculated instead of the average value, and also,
it is possible to obtain an approximated expression which is use-
ful for low-ripple cases. Furthermore, the RMS and the average
values will be similar since Δvon is small in comparison with
the output voltage.

Considering the complexity of the exact evaluation of Von,AVE,
different simplified calculations can be made to obtain an ap-
proximated expression for Von,AVE.

Among them:
1) Evaluating Von,RMS instead of Von,AVE

2) Von,AVE ≈ δ(Von,min + VT P n )/2 +
(1 − δ)(Von,max + VT P n )/2, where δ is the fraction
of time where von is lower than VT P n ;

3) Von,AVE ≈ (Von,max + Von,min)/2;
4) Von,AVE ≈ (VT P n + Von,min)/2.
In all cases, Von,max is the output voltage corresponding to the

time in which imn matches ion reflected back to the primary
side, and Von,min is the voltage value obtained at the time when
Q is turned OFF.

Those alternative expressions are compared with a numerical
evaluation of Von,AVE in Fig. 8(c) for a specific design and fixed
target operation point VT P n = 1, and it is seen that the alter-
natives 1) and 2) are better approximations to Von,AVE than 3)
and 4).

Based on these results, Von,RMS can be considered as a good
approximation for Von,AVE and it is shown below that it can be
calculated in closed form rather easily.

Although expression 2) seems to be accurate enough and
easier than Von,RMS, when Von,min and Von,max are included as
functions of the other variables and parameters, the complexity
increases. Also, parameter δ needs to be defined on an empirical
basis.

Therefore, the RMS Vo,RMS is calculated as follows:

Vo,RMS =

√
1

Tswn

∫ Ts w n

0
(von(tn))

2dtn =
√

1
Tswn

(I1 + I2)

(39)
where

I1 =
∫ Im n , max

0

(
VT P n − β

α

ion

vinn
imn

)2
dimn

2παvinn

and

I2 =
∫ 0

Im n , max

(√
V 2

T P n + 2imn ion
β

α
− i2mn

β

α

)2
dimn

−2παVr
.

Von,RMS = 1 p.u. is replaced in (39) since the desired output
voltage is equal to the reference level Vr . Solving for VT P n , the
expression is obtained (40) shown at the bottom of this page.

Fig. 8(d) shows VT P n as function of ion when α/β = 1
and 0.8 p.u. < vinn < 1.2 p.u., and Fig. 8(e) displays VT P n as

VT P n =

(
α
β v2

inn + i2on

)
(vinn + 1)

(
3v3

inn
α
β +

√
3v3

inn
α
β

(
3vinn

α
β − 2vinni2on + 2i2on

)
+ 3i4on(−3v2

inn + 2vinn + 1)
)

i4on(3vinn + 1) + 3v4
inn

(
α
β

)2
+ 3v5

inn

(
α
β

)2
+ 2v3

inn
α
β i2on

− vinn (40)
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function of ion when vinn = 1 p.u. and 0.5 < α/β < 2. If ion

< 0.1 p.u., VT P n should only change about 1% to keep the
RMS output voltage at the rated level. Therefore, while keeping
VT P n = 1, Von,RMS will decrease by about 1.5% when ion < 0.1
p.u., and less than 0.05% when ion < 0.05 p.u. as seen in Fig. 8(f)
and (g). Therefore, VT P n could remain at 1 for a design where
Δvon < 5% and ion < 0.1 p.u. without having a large output er-
ror. Otherwise, the target point can be evaluated as a function of
the load condition using (40) or using the following simplified
approximation valid for low-ripple cases which were obtained
by first assuming vinn ≈ 1 which simplifies the square root term
on (40), and then considering zero the terms i4on

VT P n =
(

3
α

β
+ 5i2on

)/(
3
α

β
+ i2on

)
. (41)

Fig. 8(h) shows VT P n as function of ion using (40) and com-
pared to (41) for different values of α/β illustrating that the
approximation works very well under low-ripple conditions.

E. Normalized Magnetizing Inductance Current Ripple

The current ripple through the magnetizing inductance Δimn

is equal to the peak current Imn,max which can be calculated by
replacing Von,min on the BCM trajectory σON and then solving
for the magnetizing current yielding

Imn,max = Δimn = 2
α

β
ionvinn(VT P n + vinn)

/(
i2on +

α

β
v2

inn

)
.

(42)
Fig. 8(i) shows the plot of (42) when vinn = 1 p.u. and α/β

changes. De-normalizing (42), the maximum magnetizing in-
ductance current Im,max for a given operating steady-state con-
dition can be calculated by

Im,max = 2
α

β
iovin

(
Vr +

vin

n

)/(
i2o

L̄m

C̄o
+

α

β
v2

in

)
. (43)

F. Switching Frequency

The converter switching frequency fsw will change based on
the load, input voltage, and parameter variations because of the
operation in BCM. The derivation of fsw is done by calculating
the normalized switching period Tswn from the ON- and OFF-time
periods obtained from (15) and (21); in particular

Tswn = TONn + TOFFn =
Δimn

2πα

(
1

vinn
+

1
von

)
. (44)

By de-normalizing (44), fsw is obtained as

fsw = fswnfr = (αvinVr )
/(

L̄m Δim (Vr + vin/n)
)
. (45)

Fig. 8(j) displays the normalized switching frequency fswn as
a function of the load current. The switching frequency for BCM
operation increases when the load current decreases. Due to the
converter topology, the averaged diode current must be equal to
the averaged load current for a constant averaged output voltage.
Therefore, the same must happen with the averaged diode cur-
rent, which depends linearly on the peak magnetizing current,
if the load current decreases. During the whole OFF-interval, the
diode current decreases at an approximately constant rate which

depends on the output voltage, and the switching frequency in-
creases inversely proportional to the peak of the magnetizing
current.

As the maximum switching frequency is limited by the used
hardware, BCM operation cannot be sustained for load currents
falling below a certain limit. For lower load currents, DCM
operation is necessary.

IV. ADAPTIVE BCM CONTROL LAW

As analyzed in the previous section, the transient and steady-
state responses of the converter under NSS control may not be
as good as theoretically expected when the actual parameters of
the flyback Lm and Co are not equal to the nominal values L̄m

and C̄o used in the design. This occurs because the derived BCM
control trajectories are obtained by normalizing the differential
equations of the converter with base values that may differ from
the actual ones. This section presents a novel BCM NSS control
method that compensates for the parametric uncertainties of the
converter. The proposed controller (29) responds by adapting
the ratio α/β whenever it detects that the system is not evolving
on the ideal trajectories. The adaptation is performed at the end
of each switching cycle using the following rule which produces
small adjustments on α/β proportional to the difference between
the normalized target points VT P n and Vxn

α/β (n + 1) = α/β (n) + (VT P n − Vxn (n)) K (46)

where the constant K is a real number selected by the designer,
and α/β(n) and Vxn (n) are the actual values of the parameter
ratio and measured target point voltage to obtain the future
value α/β(n + 1). A brief description and justification of the
adaptation algorithm is presented below.

The proposed BCM trajectories (26) and (29) model the con-
verter uncertainties with the introduction of the parameter α/β,
so an ideal control performance could be always obtained if
α/β is precisely estimated. The first estimation of α/β is per-
formed during the startup and then small adjustments will be
implemented based on the measured error to the desired target
point after each switching cycle. The complete control scheme
is shown in Fig. 9 and explained in the following. After each
analog-to-digital conversion, the normalization is performed us-
ing (8) through (12). The measured variables are the transformer
primary- and secondary-side currents ip and is , output current
io , and output voltage vo . The magnetizing current im is ob-
tained from ip and is . When Q is ON, imn equals the normalized
transformer primary-side current ipn , and when Q is OFF, imn is
the secondary side one isn . The reference voltage Vr , the refer-
ence impedance Zr , the maximum start-up current Imax, and the
voltage target point VT P (VT P ≈ Vr for low-ripple applications
as presented in Section III-D) are the only constants required
for the controller. At the beginning (see point A in Fig. 7), imn ,
ion, and von are zero, α/β is 1, producing a negative value in the
calculation of σOFF. Those are the initial conditions of the con-
verter. The transistor remains ON until either σOFF is intersected
(σOFF � 0) or the start-up current limit is reached (imn ≥ Imaxn).
Startup is a variable used to determine if the converter is under
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Fig. 9. Flow diagram of the adaptive BCM NSS control law.

start-up or steady-state conditions; initially, Startup = 0 until Q
turns OFF the first time.

Just before turning Q OFF for the first time (see point B in
Fig. 7), the normalized start-up current Ist-upn is saved in the
variable Imaxn and the variable startup is set to 1. Later, Imaxn

will be used for the initial estimation of α/β. Transistor Q will
be kept OFF until the von axis is reached and von ≤ VT P n (see
point C in Fig. 7). As soon as the von axis is intersected, von will
be saved into the variable Vxn and startup is set equal 2. Then,
the first estimation for α/β is derived using (32)

α/β = Imaxn (Imaxn − 2ion) /V 2
xn . (47)

The next time σOFF is calculated, it will be using the just
updated α/β obtained from (47). Then, Q will turn ON again after
von is less than the target point VT P n . Therefore, the flyback in
case of an overvoltage will operate in DCM during that transient.
The overvoltage is related to cases where the true value of α/β
is lower than the current estimation [see Fig. 8(d)]; otherwise,
Q will turn ON right after imn reaches zero and the new α/β is
calculated.

Similarly to start-up conditions, Q will stay ON until imn ≥
Imax or σOFF � 0 but now it is not necessary to save anymore the
peak value of the magnetizing current for the α/β calculation.
After Q turns OFF and when imn reaches zero p.u., von is saved
into Vxn .

The convergence and performance of the adaptation rule (46)
are analyzed next. By differentiating (41) with respect to α/β,

the following is obtained:

dVT P n/d (α/β) = −12i2on/
(
3α/β + i2on

)2 = −G (n) < 0.
(48)

As this kind of converters do not operate adequately when
the output current is zero because the output capacitor which
holds the output voltage cannot be discharged, it is reasonable
to consider that the output current is always greater than a mini-
mum operating value Ion,min. So, it will always be G(n) � Gmin,
where Gmin is obtained evaluating (48) at Ion,min. Also, a max-
imum value Gmax can be evaluated from (48) by considering
the maximum possible value of the output current Ion,max, and
the minimum possible value for α/β. Since Ion,max should be at
most equal to 1 and α/β will never reach zero because it would
imply to consider a null nominal magnetizing inductance in the
design, it can be shown that for α/β > 0.1, G will never be
greater than 10, and usually will be lower than 4 considering a
50% error in the nominal parameters.

Approximating (48) as function of the actual and future values
of Vxn and α/β yields

Vxn (n + 1) − Vxn (n)
α/β (n + 1) − α/β (n)

= −G (n) . (49)

By solving α/β(n + 1) − α/β(n) from (46), replacing it into
(49), and rearranging the actual and future terms, the following
expression is obtained:

Vxn (n + 1) − Vxn (n) (1 + KG (n)) + VT P nKG (n) = 0.
(50)

By applying the Z-transform to (50), assuming that the gain
G is constant and the input VT P n is a step signal, and solving
for Vxn (z), the stability of the target point can be analyzed

Vxn (z) = − VT P nKG

z − (1 + KG)
. (51)

By analyzing the poles of (51), the target point is exponen-
tially stable without oscillatory behavior if and only if 0 < 1 +
K.G < 1 or, equivalently, −1/G < K < 0. So, considering the
worst case, the gain K should be

−1/Gmax < K < 0 (52)

to assure exponential stability, and, therefore, Vxn will converge
toward VT P n which also implies from (46) that α/β will con-
verge to a constant final value. That can be also noted from the
final value theorem applied to (51) and considering that VT P n

is a step signal

lim
z→1

(
−(z − 1) VT P n

z

z − 1
KG

z − 1 − KG

)
= VT P n . (53)

When considering G = Gmin in (50), the dynamic response
will be the slowest one and will provide an upper bound for any
other dynamics obtained with other gains G such that Gmax > G
> Gmin for the same initial conditions and input signal. There-
fore, any dynamic response obtained from (50) for K satisfying
(52) and considering a variable G(n), such that Gmax > G(n) >
Gmin, will also be exponentially asymptotically stable.
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TABLE II
FLYBACK CONVERTER PARAMETERS

V. DESIGN PROCEDURE AND EXAMPLE

The specifications for the proposed BCM flyback converter
are presented in Table II. The output voltage and magnetizing
current ripples in the proposed design example will be exagger-
ated in order to improve the visualization and facilitate the plot
of the trajectories. In addition, a low ripple case will be illus-
trated. The step-by-step design process is given next assuming
that α/β = 1.

A. Transformer Turns Ratio

The turns ratio n is calculated by dividing the transformer
rated primary and secondary voltages. The latest produces a
duty cycle about 50% at rated conditions since vinn ≈ Von,AVE

[see TONn and TOFFn from (44)]. Then

n = Np/Ns = vin/vo = 1/4. (54)

B. Output Capacitance

The frequency fsw depends on the load conditions in BCM
operation. However, a desired fsw can be selected for rated
conditions. By de-normalizing and solving (23) for Δimn , the
following expression for Δim is obtained:

Δim =
vinΔvoC̄o

io L̄m
. (55)

By substituting (55) into (45) and solving for C̄o , the output
capacitance needed to operate with a voltage ripple Δvo and a
switching frequency fsw when the output current is io is obtained
as follows:

C̄o =
io

2fswΔvo
≈ 10 μF. (56)

C. Magnetizing Inductance

By de-normalizing (23) and solving for L̄m , the following
expression based on the design specifications is derived:

L̄m =
(
vinΔvoC̄o

)
/(ioΔim ) ≈ 45 μH. (57)

There is a tradeoff between Δimn and Lm since a lower
Δimn implies a higher at the expense of increasing the trans-
former cost. However, a higher Δimn increases the rating of the
semiconductor devices.

D. Reference Impedance

The reference impedance Zo is obtained from the previously
calculated parameters by using (54), (56), and (57)

Zo = (1/n)
√

L̄m /C̄o = 8.35 Ω. (58)

E. Start-Up Current

Ist-up is obtained by substituting the calculated C̄o and L̄m

parameters into (31)

Ist-up = Vr

√
C̄o/L̄m ≈ 11.3 A. (59)

F. Steady-State Peak Magnetizing Current

The peak current during rated steady-state conditions Im,max

is obtained from (43) as follows:

Im,max = (4iovinVr ) /
(
i2o L̄m /C̄o + v2

in

) ≈ 7.75 A. (60)

G. Transistor Current and Voltage Ratings

The transistor current rating IQ,max must be higher than Ist-up

if the start-up current is not limited. If it is desired to limit the
transistor current to a lower value Imax, it should be greater than
the steady-state value, that is,

Ist-up > Imax > Im,max. (61)

The transistor voltage rating VQ,max, without considering the
voltage spikes related to transformer leakage inductance is given
by

VQ,max > vin + von. (62)

Therefore, in practice, VQ,max will depend on the type of the
snubber circuit used and the transformer leakage inductance
[35].

H. Diode Current and Voltage Ratings

The current and voltage ratings of the diode d can be obtained
from (61) and (62) referred to the secondary side. Then, the
breakdown voltage of the diode Vd,max should be higher than

Vd,max > vin/n + vo . (63)

In case that Ist-up is limited to Im,max, the diode current rating
should be

Ist-upn > Id,max > Im,maxn. (64)

VI. SIMULATION RESULTS

MATLAB/Simulink simulations for a flyback with electri-
cal parameters from Table II and nominal components from
Table III are presented under different α/β conditions starting
with the BCM NSS control scheme in Fig. 6. Initially, ideal
conditions (α/β = 1) are considered. During the startup, vo and
io are zero, so the expected start-up voltage Vx and current Ist-up
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TABLE III
EXPERIMENTAL PROTOTYPE CHARACTERISTICS

are calculated from (33) and (31) as

Vx =

√
Imax

L̄m

C̄o

β

α

(
Imax − 2.io

n

)
− Vd = 20.95 V

Ist-up = VT P

√
C̄o/L̄m = 11.5 A.

From the simulation results shown in Fig. 10(a), Ist-up =
11.54 A and Vx = 21.08 V, representing errors of 0.35% and
0.62%, respectively. Thus, there is good agreement between
simulation and theoretical results. Moreover, the controller is
able to react to an output current step change from 0.28 to 0.48
A in only one switching cycle.

Next, a flyback with parameter uncertainties α/β = 4, which
could be the case where C̄o = Co/4 and L̄m = Lm , is sim-
ulated. From (31) and (33), the expected start-up parame-
ters should be Ist-up = 5.75 A and Vx = 8.79 V. Simulation
results are presented in Fig. 10(b) where Ist-up = 5.85 A and
Vx = 9.06 V, representing errors of 1.7% and 3.07%, respec-
tively. In this case, the errors are caused by the quantization of
the signals, as decreasing the sampling time reduces the error.
Moreover, the controller due to the parameter uncertainties will
not reach the target voltage and has poor voltage regulation as
the output current changes.

Next, a case where α/β = 0.64 is considered. That case could
occur if, for example, C̄o = Co/0.64 and L̄m = Lm . The calcu-
lated start-up parameters are Ist-up = 14.38 A and Vx = 26.99 V,
while the parameters from the simulation results in Fig. 10(c)
are 14.41 A and 27.04 V, which represent errors of 0.21% and
0.18%, respectively. In this case, the controller due to the param-
eter uncertainties is operating in DCM instead of BCM. When
the load increases, the time where the diode current is zero also
increases.

Then, the novel adaptive BCM NSS controller was simulated
to show its effectiveness against parameter uncertainties. First,
the adaptive controller is simulated for the case when α/β =
4, and the results are shown in Fig. 11(a). In this case, the
controller estimated α/β = 3.982, which represents an error of
0.45%. Due to this estimation, the controller is able to track
properly the reference voltage and is able to react to disturbance
in the output current in one switching cycle.

Finally, the adaptive controller was simulated for the case
when α/β = 0.64, and the simulation results are illustrated in
Fig. 11(b). In this case, the controller estimated α/β = 0.6401,

Fig. 10. Simulation results of BCM NSS control law. (a) Under ideal
conditions. (b) When α/β = 4. (c) When α/β = 0.64.

which represents an error of 0.016%. Due to this estimation, the
controller is able to operate in BCM instead of DCM.

VII. EXPERIMENTAL VERIFICATION

A flyback converter with the specifications of Table II and the
components of Table III was built and tested. The output capac-
itor Co was specifically designed in this first experiment with
academic purposes to lead to a large output voltage ripple, so the
figures can show clearly the behavior of the system. Later in this
section, other results are included after replacing this capacitor
by a larger one leading to a lower output voltage ripple to show
a more realistic and practical application. The traditional and
novel adaptive BCM NSS control laws were implemented us-
ing the TMS320F28335 DSP from Texas Instruments. First, the
BCM NSS control law was verified under ideal conditions and
with parameter variations. Then, the adaptive control law was
executed under similar conditions as those in the previous tests
and a detailed comparison was performed. Fig. 12(a) presents
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Fig. 11. Simulation results of the adaptive BCM NSS control law when
(a) α/β = 4 and (b) α/β = 0.64.

Fig. 12. (a) Transient response and (b) state-plane trajectory for the BCM
NSS control law under ideal conditions.

the transient response of the BCM NSS control law shown in
Fig. 6 under ideal conditions. The primary and secondary trans-
former currents ip and is ; the output voltage and current io and
vo , as well as the DSP gate signal vg are shown in the same figure.
At start-up io and vo are zero, Q turns ON until σOFF is reached
when Ist-up is 12.25 A which is slightly higher than the 11.52 A
value calculated by replacing on (31) the converter parameters

Fig. 13. (a) Transient response and (b) state-plane trajectory for the BCM
NSS control law when α/β = 4.

of Table III. This is due to the processing time delay introduced
by the DSP while computing the control structure. Once Q is
OFF, io increases to its steady-state value (∼0.28 A) and the
voltage Vx when is reaches zero is 22.68 V while the calculated
value using (33) is 22.95 V. These demonstrate the accuracy of
the derived trajectories and equations. During the next switch-
ing cycle, vo will reach to the target point VT P = 24 V and
steady-state conditions as appreciated in Fig. 12(a). At the tenth
switching cycle, there is a sudden load increase of about 100% of
its initial value. The controller was able to reach the target point
in only a switching cycle since the load disturbance occurred
while Q was ON, so σOFF was recalculated before turning OFF the
switch. If the disturbance were produced during the OFF period,
it would take two switching cycles to reach the target point. The
state-plane trajectories are given in Fig. 12(b) illustrating the
similarity with the theoretical waveforms shown in Fig. 7.

Fig. 13(a) displays the transient response of the BCM NSS
control law when α/β > 1. This particular case was imple-
mented by changing the reference impedance to Zr = 2Z̄o dur-
ing the normalization process in the DSP code, which is equiv-
alent to have α/β = 4 and L̄m /C̄o = 17.42 if n = 1/4. From
Fig. 13(a), the control performance worsens in comparison to
the ideal case. At start-up conditions, it take several cycles to
reach the target point as shown in the state-plane trajectories
presented in Fig. 13(b). Ist-up is calculated by replacing α/β = 1
into (31) as 5.75 A, while the measured Ist-up is 6.5 A. The
measured start-up voltage Vx was 11 V while the calculated
value using (33) when α/β = 4 is 10.19 V. When a sudden
load increase occurs, the target point will be lower than that
one for the initial output current as noted in Fig. 8(d) which
makes the output voltage dependable on the loading conditions.
Fig. 14(a) presents the transient response of the BCM control
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Fig. 14. (a) Transient response and (b) state-plane trajectory for the BCM
NSS control law when α/β = 0.64.

TABLE IV
SUMMARY RESULTS FOR THE BCM NSS CONTROL LAW

law when α/β < 1 which it is obtained by modifying the refer-
ence impedance Zr = 0.8Z̄o on the DSP code which compares
to have α/β = 0.64 and L̄m /C̄o = 2.7870. Ist-up is measured
as 15 A, while the calculated value from (31) was 14.38 A.
The measured start-up voltage Vx is 28 V, while the calculated
value from (33) when α/β = 0.64 is 28.06 V. When α/β < 1,
Lm is overcharged. Therefore, the output overvoltage produces
DCM operation since the control law does not allow Q to turn
ON again until vo ≤ VT P . The measured state-plane trajectories
are shown in Fig. 14(b). The main results from the BCM NSS
control law are summarized in Table IV.

Fig. 15 presents the transient response and the state-plane tra-
jectories when α/β = 4 and the novel adaptive BCM NSS control
law of Fig. 9 is implemented. From the start-up conditions, the
converter is able to reach the target point in only two switching
cycles as in the ideal case. Under a sudden load change, the con-
verter is also able to reach VT P in a single switching cycle. The
start-up current Ist-up is measured as 6.95 A which is higher than
the value obtained using the non-adaptive BCM NSS control law
since the computation time is higher in the adaptive case. The
start-up voltage Vx is measured as 12.1 V, so the first estimation
of α/β using (33) is 4.093 which represents a 2.325% error.
The transient and the state-plane waveforms for the case where
α/β = 0.64 using the proposed adaptive controller are shown in

Fig. 15. (a) Transient response and (b) state-plane trajectory of the adaptive
BCM NSS control law when α/β = 4.

Fig. 16. (a) Transient response and (b) state-plane trajectory of the adaptive
BCM NSS control law when α/β = 0.64.

Fig. 16. As in the previous case, the converter is able to reach
the target point from start-up conditions in only two switching
cycles but the flyback operates during the first switching cycle in
DCM due to an initial output overvoltage. Using the measured
start-up current and voltage Ist-up = 14.75 A and Vx = 28 V, the
first estimation of α/β = 0.6685 based on (33) which means a
4.45% of error. During steady-state operation when the sudden
load change occurs, the adaptive BCM NSS controller is able



8132 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 8, AUGUST 2019

TABLE V
SUMMARY RESULTS FOR THE ADAPTIVE BCM NSS CONTROL LAW

Fig. 17. (a) Transient response and (b) state-plane trajectory for the adaptive
BCM NSS control law when the Ist-up is limited to 12 A.

to reach the target point in one a single switching cycle as it oc-
curs in the ideal case. The main results obtained from adaptive
controller to make its first approximation to α/β are shown in
Table V.

To illustrate a more realistic design where a low output volt-
age ripple is desired, Fig. 17 shows the experimental results
for a case where Co is increased to 61.28 μF, while keeping
Lm as before. By replacing the converter parameters on (31),
Ist-up = 27.76 A which is much higher than the value calculated
in (59) for the parameters of Table I. For designs with low ripple
and high-output voltage, Ist-up may become many times greater
than the steady-state magnetizing peak current. Therefore, it is
necessary in those cases to limit the start-up current using (61).
In the particular case of Fig. 17, Imax = 12 A was selected since
the steady-state peak magnetizing current Im,max is 8 A from
(60) when the load is at its maximum level. From Fig. 17, the
ripple has decreased considerably with respect to previous ex-
periments. A photograph of the experimental setup is provided
in Fig. 18.

A. Comparison With a Linear PI Controller

To compare the new adaptive NSS controller with a standard
linear controller under nominal and uncertain parameters, a lin-

Fig. 18. Photograph of the experiment setup.

TABLE VI
EXPERIMENTAL PROTOTYPE PARAMETERS FOR COMPARISON

WITH A LINEAR COMPENSATOR

ear controller was designed following the basic ideas from [8]
and [9]. The performances of the linear controller and of the
novel NSS controller are analyzed from experimental results
where Lm and Co are uncertain.

Spiazzi et al. [8], [9] present a linear control approach for a
flyback converter operating in critical conduction mode with a
resistive load. In those papers, the model of the converter is ob-
tained by calculating the average current through the diode and
then linearizing the expression of the output voltage around
a desired operating point. Then, the linear compensator is
designed.

Based on those references, an extension is made to the case
of a flyback converter operating with a constant-current load.
The necessary calculations to estimate the performance of the
linear controller for the nominal plant and parameter uncertain-
ties are presented in the Appendix including the step-by-step
design procedure. Below, experimental results are presented. A
summary of parameters of the nominal plant is presented in
Table VI. The output capacitor is selected for the application to
have high-output voltage ripple, so the figures can show clearly
the waveform characteristics.

A digital approximation to the designed continuous-time PI
controller was implemented in a DSP using a high sampling rate
of 200 kHz for testing purposes. The implemented controller had
two main purposes: 1) to produce BCM operation by measuring
constantly the diode current, turning ON the transistor when the
current reaches zero, and later turning OFF the transistor when
the magnetizing current reaches the desired value Im,pk ; and
2) to measure the value of the output voltage and the reference
voltage, evaluate the error signal and feed it to the PI compen-
sator to evaluate the necessary Im,pk value which adjusts the
output voltage.
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Fig. 19. Closed-loop response for a design with nominal plant parameters
when Ist-up is limited to 12 A for (a) a PI controller and (b) the novel adaptive
NSS controller.

Three designs were made: The first one considering the plant
with nominal parameters and the latter considering variations
of the nominal values. The experimental tests were made all on
the nominal plant where the implemented linear PI controller is
designed on the basis of different perturbed plant parameters.
Each case is compared with the corresponding adaptive NSS
design. It is important to mention that the magnetizing current
is limited to 12 A in all cases to avoid the saturation of the
magnetic core (when the magnetizing current reaches 13.6 A,
the value of the magnetizing inductance diminishes to 75% of
the nominal value).

1) First Case. Nominal Design: A linear PI controller was
designed for ωn = 4681 s−1 , ξ = 0.856, leading to Ki = 7280,
Kp = 2.5. Fig. 19(a) shows the performance of the experimen-
tal setup. Note the nonlinear effects of the saturation of the
magnetizing current during startup as well as when applying
a step change in the voltage reference at 4.693 ms from 18
to 24 V. The PI controller demands approximately 1.3 ms to
reach the new steady-state condition performing 11 switching
actions, while the novel adaptive NSS for the same conditions
[see Fig. 19(b)] responds to the step change at 1.493 ms in
approximately 0.4 ms performing two switching actions due
to the limitation of the magnetizing current. If the magne-
tizing current was not limited and the core would not satu-
rate, it would need just one switching cycle to reach the target
output voltage.

2) Second Case. Design Based on Uncertain Parameters
(α/β = 4): In this experiment, the plant remains the same,
but the design of the PI controller is made on the basis of un-
certain plant parameters, considering Co = 5.13 μF. A linear PI

Fig. 20. Closed-loop response for a design with uncertain plant parameters
(α/β = 4) when Ist-up is limited to 12 A for (a) a PI controller and (b) the novel
adaptive NSS controller.

controller was designed for ωn = 4682.7 s−1 , ξ = 0.8387, lead-
ing to Ki = 1821.6, Kp = 0.4878. Fig. 20(a) shows that the
performance of the experimental setup is more oscillatory than
the previous case due to the parametric variations and demands
more than 3 ms (i.e., more than 22 switching actions) to reach a
steady-state condition for a sudden change on the voltage refer-
ence Vr from 18 to 24 V occurring at 5.03 ms. As predicted by
(A25), since β < 1, the response will be slower than in the ideal
case. This case must be compared with Fig. 20(b) where the
novel adaptive NSS controller is used and, despite the paramet-
ric error, the closed-loop response to the step change at 1.68 ms
is very similar to the one obtained with the nominal design [see
Fig. 19(b)].

3) Third Case. Design Based on Uncertain Parameters (α/β
= 0.64): The plant remains the same, but the design of the PI
controller is made based on uncertain plant parameters, con-
sidering Co = 32.06 μF. A linear PI controller was designed
for ωn = 4683.2 s−1 , ξ = 0.8385, leading to Ki = 11387.2,
Kp = 3.9131. Fig. 21(a) shows the performance of the experi-
mental setup. A rather unstable operation occurs during the first
interval before the application of a step change in the output
voltage reference from 18 to 24 V at time 3.952 ms. The output
voltage waveform is noticeable worse than the obtained with the
nominal design [see Fig. 19(a)]. The PI controller is reaching
the new target point in about 1.3 ms after 13 switching actions.
This case must be compared with Fig. 21(b) where the novel
adaptive NSS controller shows almost the same response to the
step change at 1.494 ms as for the nominal case despite the
parametric variations, reaching a steady-state condition in two
switching actions.
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Fig. 21. Closed-loop response with uncertain plant parameters (α/β = 0.64)
when Ist-up is limited to 12 A using (a) a PI controller and (b) the novel adaptive
NSS controller.

VIII. CONCLUSION

The NSS for a flyback converter with parameter uncertain-
ties operating in the BCM were obtained from the normalized
converter differential equations. The derived nonlinear BC law
brings the converter to the target point in a single switching cycle
if the load does not change when the transistor Q is OFF during
transient conditions. During start-up conditions where the load
changes from zero to its rated value when the transistor is OFF,
the worst-case scenario will be approaching the target point in
only two switching cycles. During steady-state conditions, the
controller will compensate for a sudden load change within only
a single switching cycle.

The experimental results showed that for the nominal system
(α/β = 1, no parametric variations), the closed-loop response
had no overshoot, zero steady-state error, and excellent response
to sudden load changes. When parameter uncertainties were
present (α/β � 1), the performance of the typical NSS control
degraded considerably due to the dependence of the normalized
control trajectories to the converter parameters. To improve the
system performance, an adaptive control scheme was imple-
mented predicting the variation on the converter parameters by
using the precisely derived converter natural trajectories. The
controller made its first estimation of the parameter variations
during the startup with a precision measured to be higher than
95%. Then, small adjustments were made cycle-by-cycle to
adapt the control trajectories by measuring the error of the out-
put voltage with respect to the target point producing a control
response similar to the ideal case even under extreme parameter
variations.

Fig. 22. Main waveforms for a flyback converter operating in BCM.

APPENDIX

The average current Id through the diode in the secondary
side of the transformer can be calculated from Fig. 22 as

Id =
Im,pkn (1 − D)

2
=

vin

Lm
DTswn

(1 − D)
2

(A1)

where D is the duty cycle which is calculated by analyzing the
steady-state voltage waveform across the magnetizing induc-
tance in BCM as

D = n (Vo + Vd) / (vin + n (Vo + Vd)) (A2)

where Vd is the voltage drop across the diode.
From (A1), Id depends on the magnetizing inductance peak

current Im,pk. Therefore, Im,pk is used as the control variable to
set the required average diode current [8], [9]. By replacing (A2)
into (A1), Id can be expressed as follows:

Id =
Im,pk

2
n

vin

vin + n (vo + Vd)
. (A3)

From (A3), Id is a nonlinear function which depends on vin,
vo , and Im,pk. Linearizing (A3) around an operating point, Îd

can be expressed by

Îd = KinV̂in + Km Îm,pk + KoV̂o (A4)

where Kin, Km , and Ko are calculated by

Kin =
∂Id

∂Vin
=

Im,pkn
2 (Vo + Vd)

2(Vin + n (Vo + Vd))
2 (A5)

Km =
∂Id

∂Im,pk
=

nVin

2 (Vin + n (Vo + Vd))
(A6)

Ko =
∂Id

∂Vo
= − n2VinIm,pk

2(Vin + n (Vo + Vd))
2 . (A7)

From the simplified flyback converter model shown in Fig. 23,
the diode current in the Laplace s-domain can be expressed as
follows:

îd (s) = îo (s) + sC̄o v̂o (s) . (A8)
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Fig. 23. Simplified averaged model of the flyback converter operating in
BCM.

By combining (A4) and (A8), the following expression is
obtained:

KinV̂in + Km Îm,pk + Kov̂o = îo (s) + sC̄o v̂o (s) . (A9)

To analyze the effect of Im,pk on v̂o , V̂in and îo are assumed
to be zero in (A9). Then, the following transfer function is
determined:

G (s) =
vo (s)

Im,pk (s)
=

Km /C̄o

s − Ko/C̄o
. (A10)

From (A7), Ko is negative so (A10) is a stable transfer func-
tion. As (A10) is based on an averaged model of the discon-
tinuous diode current, it represents the averaged dynamics of
the output voltage variations as a function of the variations of
Im,pk. Therefore, the model is valid for a frequency range whose
upper limit is lower than the switching frequency of the flyback
converter.

To evaluate the switching frequency, the ON- and OFF-time
periods can be calculated from Fig. 22 as

T̄ON =
Im,pkL̄m

Vin
(A11)

T̄OFF =
Im,pkL̄m

n (Vo + Vd)
. (A12)

Then, the nominal switching frequency is calculated by

f̄sw =
Vin (Vo + Vd)

Im,pkL̄m (Vo + Vd + Vin/n)
=

VinD

Im,pkL̄m
. (A13)

Similarly, it can be done for the actual switching frequency

fsw =
Vin (Vo + Vd)

Im,pkLm (Vo + Vd + Vin/n)
=

VinD

Im,pkLm
. (A14)

From the ratio between (A13) and (A14), the following rela-
tionship between fsw and f̄sw is obtained

fsw

f̄sw
=

L̄m

Lm
= α. (A15)

So, changes on the magnetizing inductance will produce
switching frequency fsw variations. The reference peak magne-
tizing current Im,pk used in the controller defines the steady-state
output current level.

If a digital controller were to be designed to regulate the
average output voltage of the plant (A10) by adjusting Im,pk,
it should use a sampling rate lower than the switching rate of
the converter since the plant used for the design is an averaged
model of the system. So, the minimum practical value of the
switching frequency (A14), which occurs when Vin and D are
minimum and Lm and Im,pk are maximum, would fix an upper
limit to the closed-loop system bandwidth.

Fig. 24. Standard control strategy using a PI compensator [34], [35].

However, the following closed-loop transfer function is ob-
tained if a continuous-time PI compensator is used to regulate
the output voltage

vo (s)
vr (s)

=

(
K̄ps + K̄i

)
Km /C̄o

s2 + s
(
K̄pKm − Ko

)
/C̄o + Km K̄i/C̄o

(A16)

where Kp and Ki are the proportional and integral gains of the
PI controller.

If voltage Vr is pre-filtered as seen in Fig. 24, the zero in
(A16) introduced by the compensator can be eliminated

vo (s)
vr (s)

=
K̄ i

K̄ p

s + K̄ i

K̄ p

(
K̄ps + K̄i

)
Km

C̄o

s2 + s
(K̄p Km −Ko )

C̄o
+ Km

C̄o
K̄i

=
ω̄2

n

s2 + 2ξω̄ns + ω̄2
n

. (A17)

To guarantee that the model of (A10) is valid, the closed-loop
dynamics should be selected to have its natural frequency at least
ten times slower than the nominal operating switching frequency
calculated from (A13). Therefore, the following identity should
be established:

ω̄n =

√
Km K̄i

C̄o
<

1
10

ω̄fsw =
1
10

2πf̄sw. (A18)

Then, Ki can be obtained as

K̄i <

(
1
10

2πf̄sw

)2
C̄o

Km
. (A19)

The proportional gain K̄p can be designed by selecting the
adequate damping ratio ξ for the closed-loop transfer function
for the selected resonance frequency ω̄n =

√
Km K̄i/C̄o

K̄p =
(
2ξ̄ω̄n C̄o + Ko

)
/Km . (A20)

If a PI compensator with nominal K̄i and K̄p is used to
control a flyback converter with actual parameters Co and Lm ,
the closed-loop transfer function pre-filtering Vr can be derived
as follows:

vo

vr
=

K̄ i

K̄ p

s + K̄ i

K̄ p

(K̄p s+K̄ i )
Co

Km

s2 + s
(K̄p Km −Ko )

Co
+ Km K̄i

Co

. (A21)
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Therefore, the actual second-order parameters ξ and ωn are
given by

2ξωn = K̄pKm /Co − Ko/Co (A22)

ω2
n = Km K̄i/Co. (A23)

By substituting K̄i and K̄p by the maximum allowable value
obtained from (A19) and (A20) into (A22) and (A23), the fol-
lowing relationships between the nominal and actual second-
order time response parameters are obtained:

ξ = ξ̄
√

β (A24)

ωn = ω̄n

√
β (A25)

where β is the ratio between the nominal output capacitance C̄o

and the actual value Co . Therefore, the parameter β will change
the dynamic response of the controller. This continuous PI con-
troller is implemented digitally by discretizing its dynamics at
a high sampling rate of 200 kHz.
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