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A New Pulse Active Width Modulation for
Multilevel Converters

Concettina Buccella
and Carlo Cecati

Abstract—This paper proposes a new pulse amplitude width
modulation (PAWM) procedure for cascaded H-bridge multilevel
inverters fed by dc voltage sources with unequal amplitudes. With
proposed procedure, the generated output voltage is obtained mod-
ulating a sinusoidal reference signal at the desired fundamental
frequency with equally spaced switching angles. It has been ana-
lytically demonstrated that, under these assumptions, all harmon-
ics except those of order n = 2kl £ 1,k = 1,2,... are deleted
from the output voltage waveform. After a detailed description of
the method and a comparative analysis with others existing in the
literature, its harmonics elimination capability has been experi-
mentally verified with 5-, 7-, 9-, and 11-level cascaded H-bridge in-
verters, moreover, it has been mathematically demonstrated that it
reduces total harmonic distortion below 5% with a 17-level inverter
and it is capable of eliminating the first 49 harmonics considered
by standards with a 27-level inverter.

Index Terms—Multilevel inverters, pulse active width
modulation (PAWM), selective harmonics elimination (SHE),
selective harmonics mitigation (SHM), total harmonic distortion
(THD).

1. INTRODUCTION

ECAUSE of their topology, cascaded H-bridge (CHB)

multilevel converters can successfully operate with funda-
mental or low frequency as well as with pulsewidth modulation,
offering significantly better output waveforms, medium voltage
capabilities, and often better efficiency than conventional two-
level converters. Selective harmonic elimination (SHE) mod-
ulation methods are quite popular in high power multilevel
converters because while eliminating predefined low-order har-
monics, they are capable to maintain the fundamental voltage
at the desired level [1], [2]. SHE methods can be classified
in SHE-pulsewidth modulation (SHE-PWM)), e.g., [1]-[3] and
SHE-pulse-amplitude modulation (SHE-PAM) [4], [5]. Consid-
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ering recent relevant papers only, Ahmed et al. [6] apply the
SHE technique to 7-level cascaded multilevel inverters to elimi-
nate third and fifth harmonics when the modulation index ranges
between 0.1 and 1.04, Hajizadeh and Fath [7] present a mod-
ified SHE-PWM method that improves the output voltage of
a 5-level inverter operating in a wide modulation index range.
Usually, SHE-PWM methods consider the switching angles as
the unique degrees of freedom. For an assigned number of lev-
els and a PWM algorithm, the number of eliminated harmonics
is strictly related to the number of switching angles, therefore,
while increasing the number of commutations, the harmonic
content decreases, but at the cost of increased switching losses.
SHE-PAM techniques overlap PWM with input voltage am-
plitude variations, therefore, the degrees of freedom increases.
The mathematical problem is usually reformulated such as to
keep constant the switching angles within a wide modulation
index range. Unequal dc link voltages and dynamic voltage un-
balances are significant issues with multilevel converters. To
face with them, some modulation methods have been proposed,
such as the elimination theory and the concept of resultants, de-
scribed in [8] or the particle swarm optimization (PSO) theory
[9] and the homotopy [10]. Haw et al. [11] present a multilevel
selective harmonic elimination pulsewidth modulation (MSHE-
PWM) technique for transformerless static synchronous com-
pensators (STATCOM) optimizing both dc-voltage levels and
switching angles, Buccella et al. [12] propose a SHE algorithm
for a 5-level cascaded inverter operating at fundamental fre-
quency, based on graphical separation of functions zeros, Najjar
et al. [13] present a SHE-PWM fulfilling IEC 61000-3-6, IEC
61000-2-12, EN 50160, and CIGRE WG 36-05 standards for
single- and three-phase medium voltage H-bridge converters
with variable dc links. Sharifzadeh et al. [14] propose a gen-
eralized formulation of a selective harmonic mitigation pulse
amplitude modulation (SHM-PAM) useful to control CHB
inverters with unequal dc sources. Usually, SHE algorithms
require the solution of a mathematical system with transcen-
dental equations, bounded within the full range of modula-
tion indices or operating points. Proposed iterative techniques,
such as Newton—-Raphson, sequential quadratic programming,
gradient optimization, theory of resultants are computationally
burdensome and often subject to convergence problems, par-
ticularly when the number of variables increases. Among some
others, a Groebner-based SHE-PWM algebraic method has been
proposed in [15] and [16]: the nonlinear and high-order SHE
equations are converted in an equivalent triangular form, then

See http://www.ieee.org/publications_standards/publications/rights/index.html tor more intormation.
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Fig. 1. Multilevel inverter configuration.

a recursive algorithm has been used to solve each triangu-
lar equation. Fast and accurate analytical methods have been
presented in [17] and [18], for a 5-level inverter. It is worth
noticing that none of these methods provides switching states
for continuously varying operating point applications. This
paper presents a pulse active width modulation (PAWM) char-
acterized by equally spaced switching angles. It has been de-
veloped for [-level CHB inverters fed by s unequal dc voltage
sources. Adopting the proposed method, all harmonics, except
those of ordern = 2kl £ 1,k = 1,2, .. . disappear from the out-
put voltage. Its modulation index is bounded within the range
0 < m < 1, where closed solutions always exist. A mathemat-
ical proof of the number and the order of deleted harmonics
is given and some experimental results have been included for
validation purposes. It is worth noticing that with the proposed
method, neither switching angles nor output voltage total har-
monic distortion (THD) depend on the modulation index m,
which can be easily modified by changing dc voltage levels.
The proposed method can be successfully adopted in all those
applications adopting variable dc sources, such as photovoltaic
energy systems, uninterruptible power supplies (UPS), elec-
tric vehicle powertrains, etc. The advantages and feasibility of
the proposed PAWM have been evaluated through comparative
analysis with the methods described in [4], [5], [13], [14], and
[17]-[20].

II. PULSE ACTIVE WIDTH MODULATION

An [-level cascaded inverter, consisting of s H-bridge fed
by s unequal dc voltage sources Vic1, Vieo, - - -» Vdes, has been
considered, as shown in Fig. 1. The following hypotheses are
assumed.

1) The output voltage waveform vy is modulated by a refer-

ence sinusoidal signal (RSS) at fundamental frequency.
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Fig. 2. 1l-level inverter output voltage waveform.

2) The switching angles are chosen as 0, = (2k — 1)}, k =
1,2...,sand are equispaced withstepov = 7,1 = 25 + 1
within the interval [0, 7/2].

3) The output vy, consists of s levels Fy, Fs,...FE; cal-
culated in the following manner: considering a generic
interval [0}, 0y 1 1], the level E}, is fixed at the magnitude

of the RSS in the middle point, given by

0, + 0
E, =V, sin <M>
2
=V sin(ka) k=1,2,...,s (1
where V,,, is the peak value of the RSS (see Fig. 2).
The amplitudes of the dc voltage sources are as follows:
Viek = B, — Er 1 k:1,2,...,3 (2

with Ey = 0 and 6,1 = 7/2.

Under these assumptions and applying the Fourier series ex-
pansion, the amplitude of the nth harmonic V,, of v, is given
by

V, = e kz::l (Ey — Ex—1)cos (nby) . 3)
Because vy is an odd function, even harmonics are absent and
(3) holds only for odd harmonics.

Just to exemplify, an 11-level inverter is considered in
Fig. 2. In this case, s =5, | =11, 0; = 7/22, 6, = 37/22,
03 = 5w /22, 0, = Tm/22, and 05 = 97/22. The amplitude of
the first harmonic must be set equal to the modulation index
value.

Rearranging (3), we obtain:

Vo = niﬂ' i: Ey {cos(n@k - 1)%) - cos(n(2k + 1)%)}
k=1
“)

The term cos((2s + 1)n5) = 0 because when n is odd then
(2s 4+ 1)na/2 = nx /2.

Applying the Prosthaphaeresis formula in (4) and substituting
FE; with (1), we obtain

n (n%) [i: sin (nka) sin (ka)] EENG))

k=1

v, = 22V o

nm
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After some goniometric manipulations, we obtain

4V in (3) ES:[COS ((n —1) ka)

nm
k=1

—cos((n+1) ka)].

Vn:

(6)

III. ANALYTICAL COMPUTATION OF THE n VALUES GIVING
V,, = 0 FOR A VARIABLE [

This section aims at demonstrating that the proposed modu-
lation technique eliminates all harmonics, except those of order
n=2kl+1,k=1,2,.... The case n = —1 is not significant
for the considered applications. Notice that in (6), the term
sin(n%) is equal to zero only if the term n = 2kl is even, hence,
only the sum > ;_,[cos((n — 1)ka) — cos((n + 1)ka)] con-
tributes to the computation of n giving V,, = 0 [21].

Theorem 1: The sum

S

> " leos ((n — 1) ka) — cos ((n + 1) ka)]

k=1

(7

a=7T,1=2s+1,s=2,3,...1is equal to zero for all odd n,
n#£2%kl+1,k=0,1,2,....
Proof: Introducing the function S; (h)

Si(h) = Zcos (hka) (8)
k=1

with ~ = n £ 1 and applying Eulero’s formula to (8), the fol-
lowing expression is obtained:

Si(h) = [Z (") +3 (eiha)k]
k=1

k=1

€))

with ¢ imaginary unit. Since the sums in (9) are geometrical,
(10) is obtained as

1 ihal_
21 1-eha
h# 2kl k=012, ..

After some mathematical manipulations (see the Appendix),
we obtain

thas —ihas
€ —iha l1—e
Si(h) = +e T } (10)

(1)

with h # 21k, k = 0,1,2,.... Rearranging (11) by using gonio-
metric formulas, the following relationship can be obtained:
12
2 | sin (h;—l) (12
From (8) and (12), the sum (7) becomes
> feos ((n — 1) ka) — cos ((n + 1) ka)]
k=1

slm):lrm(’“%)_l].
=5 (n—-1)=S (n+1)

)] 13)
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Fig. 3. Behavior of the functions Sii (n —1), Sii(n+ 1) and their
difference.
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Fig. 4. Variations in 11-level CHB inverter. (a) Switching angles. (b) DC
voltage sources with m.

and, after easy mathematical manipulations, the following rela-
tionship can be obtained:

Z [cos (n — 1) ka)) — cos ((n + 1) ka)]

k=1

Ceos (nﬁ) cos (37) sin (n3;) .
2/ sin((n—1) &) sin((n+1) &)
Fornodd,n #2lk+1,k=0,1,2,...,(14) is zero.
In order to evaluate (14) in n = 2lk + 1, where it is not de-
fined (because has the form 0/0), the application of the De
L’Hospital rule leads to

(14)

. 7T ) m
i, |- () 03)
sin (n;—l) l
=+—. (15
x sin((n—1)%)sin((n+1)5) 2 (15
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Fig. 5.

Therefore, it is demonstrated that for n = 2lk £ 1, the sum
Y r_qleos((n — 1)ka) — cos((n + 1)ka)] # 0. From (14) and
(15), the thesis is demonstrated. [ |

Just to include an example, an 11-level inverter is considered
here. Fig. 3 shows the functions Sy1(n — 1), Sii(n+ 1) and
their difference, highlighting that only the harmonics with order
n = 21,23,43,45 are not zero. Fig. 4 shows the effect of the
modulation index m on the switching angles and on the dc
voltage sources. It can be observed that the switching angles
remain constant, whereas the dc voltage varies linearly with m.

Fig. 5 shows the harmonic analysis obtained for [-level CHB
inverters with [ = 5,7,9,11,13,15.

IV. COMPARISON WITH OTHER MODULATION TECHNIQUES

In order to demonstrate the quality of PAWM, it has
been compared with some methods already proposed in the
literature.

A. Comparison With the Method Described in [5]

The method proposed in [5] has been implemented and com-
pared with PAWM. It has been found that the proposed method
cancels more harmonics than the one proposed in [5] but it does
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Harmonic analysis in an [-level CHB inverter. (a) [l = 5. (b) I =7.(c) I =9.(d) [ = 11.(e) { = 13. (f) | = 15.

not delete the harmonics having order

Ak+1  k=1,2,.... (16)

On the other side, the procedure in [5] does not delete the
harmonics having order

2Lk +1k=1,2,... (17
where L = [ — 1, therefore
2(0-1Dk£1=2lkt1-2k k=1,2,.... (18)

Comparing (16) with (18), the term 2k implies that in [5],
the first not deleted harmonic (for £ = 1) has order (2] — 3),
which is lower than the order (2] — 1) obtained by PAWM.
For example, for a 5-level inverter and considering up to the
49th harmonic, PAWM does not cancel 9 harmonics, but the
procedure in [5] does not delete 12 harmonics (see Table I).

It can be noted that in PAWM, the first switching angle is
always different by zero: in fact, the switching angles are cho-
sen, such as 0, = (2k — )7 /21, k = 1,2...,s.In[5], the first
angle is always equal to zero: in fact, the angles are chosen,
such as 0, = (k—)n/(I—1), k=1,2,...,s (see [5, for-
mula (5)]). Table I summarizes, for multilevel inverters with
1=5,7,9,11,13 and considering up to 49th harmonic, the
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TABLE I
COMPARISON BETWEEN PAWM AND THE TECHNIQUE IN [5]

[

5 7 9 11 13

PAWM [5] | PAWM [5] | PAWM [5] | PAWM [5] | PAWM | [5]
3 X X X X X X X X X X
5 X X X X X X X X X X
7 X ° X X X X X X X X
9 . . X X X X X X X X
11 ° X X . X X X X X X
13 X X . . X X X X X X
15 X o . X X . X X X X
17 X ° X X . . X X X X
19 ° X X X . X X . X X
21 ° X X X X X ° ° X X
23 X . X . X X . X X .
25 X ° X . X X X X . .

n

27 X X ° X X X X X ° X
29 . X . X X X X X X X
31 ° . X X X . X X X X
33 X . X X X . X X X X
35 X X X o . X X X X X
37 X X X . . X X X X X
39 . ° X X X X X o X X
41 ° . o X X X X . X X
43 X X . X X X . X X X
45 X X X X X X ° X X X
47 X . X X X . X X X .
49 . . X . X . X X X .

Output Voltage THD%

Fig. 6.
levels.

Comparison between output voltage THDs% at different number of

harmonics deleted by PAWM and by the technique in [5]. The
red dots represent the not-canceled harmonics with PAWM, the
blue dots represent the not-canceled harmonics with modulation
in [5], and the “x” symbols represent the deleted ones.

The THD% of the output voltage is defined as:

THD% = (19)

and it is constant, whereas the modulation index varies. Fig. 6
shows the output voltage THD % for the considered modulations
applied to an inverter with the number of levels up to [ = 21.
The better performance of PAWM over [5] is evident.

B. Comparison of PAWM With Conventional SHE-SHM-PWM
and SHE-SHM-PAM Methods

In this section, the performance of the proposed PAWM has
been compared with those of some implementations of con-
ventional SHE-SHM-PWM: [17], [18], [19], [20], and of SHE-
SHM-PAM: [4], [13], [14]. One switching transition has been
considered per each level, which leads to the identical switch-
ing frequency in SHE-SHM methods. Conventional SHE-PWM
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Fig. 8. Output voltage THD% obtained with PAWM, SHE-PWM and SHM-
PAM. (a) 5-level inverter. (b) 7-level inverter.

and SHE-PAM eliminate a total number of I — 3/2 and [ — 2
harmonics, respectively. Fig. 7 shows, for the proposed PAWM
and for the considered conventional SHE-PWM and SHE-PAM,
the number of deleted harmonics as a function of the number of
levels. The analysis has been carried out considering up to the
301th harmonic. PAWM eliminates a larger number of harmon-
ics than conventional SHE methods. For example, considering
a single-phase, 13-level CHB inverter, the total number of har-
monics eliminated by SHE-PWM, SHE-PAM, and PAWM are
5, 11, 127, respectively, whereas considering a three-phase in-
verter, the total number of harmonics eliminated are 5, 11, 86,
respectively.

In the following, three-phase systems have been considered.
Since the third and multiple harmonics are intrinsically elimi-
nated, they should not be controlled. The output voltage THD %
in 5- and 7-level three-phase inverters have been computed and
the results are shown in Fig. 8(a) and (b), respectively. Simu-
lations have been carried out using PAWM and SHM-PAM in
[13] and [14] to mitigate harmonics with order k = 5,7, ...,49
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SHE-PWM, and SHM-PAM.

and SHE-PWM in [17]-[20] to eliminate the fifth harmonic
in 5-level inverters, and the fifth and the seventh harmonics in
7-level inverters. Regarding SHE-PWM, if for an assigned m,
multiple solutions exist, then the graph in Fig. 8(a) refers to
the values returning the lower THD. It has been found that,
for a 7-level inverter, the SHE-PWM solution exists only if
m = [0.5,0.84]. Fig. 9 shows that, due to the intrinsic elimina-
tion of the third and multiple harmonics in three-phase systems,
adopting 5- and 9-level inverters, proposed PAWM gives a lit-
tle bit higher THD% than SHM-PAM, but PAWM outperforms
SHM-PAM with 7- and 11-level inverters. The weighted THD
(WTHD), i.e., the harmonics amplitudes weighted with respect
to the fundamental (“;—’1’%) shown in Fig. 10 is computed for
a three phase CHB 5-level inverter modulated by PAWM, by
SHE-PWM for the fifth harmonic elimination and considering
m = 0.8 [17] and by SHM-PAM used to mitigate the harmonics
of order k = 5,7,...,49 [13], [14].

V. EXPERIMENTAL RESULTS

Experimental results have been obtained using 5-, 7-, 9- and
11-level single-phase inverters realized cascading H-bridge cells
produced by DigiPower srl and rated 600 V, 40 A each [22].
Fig. 11 shows the 9-level inverter configuration. Each cell can
operate at switching frequency exceeding 40 kHz and has its
own DSP that provides to data acquisition, signal conditioning,
and calculations, moreover, it includes serial peripheral com-
munication (SPI) channels. The whole multilevel converter is
controlled by a field programmable gate array (FPGA) Intel
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Fig. 11.  Experimental setup.
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Fig. 12.  Experimental results in a 5-level inverter. (a) Output voltage (blue

line) and current (red line) waveforms. (b) Harmonics amplitudes of output
voltage in volt.

CycloneV model SE SCSEBA6U2317, programed using Quar-
tus [23], [24]. In this application, the FPGA is in charge of pulse
generation with 32-b resolution and implements interlock logic
with deadband. Modulation patterns are transmitted to the
H-bridges through SPI channels. Each H-bridge is supplied
according to (2) with V,,, = 380 V at fundamental frequency
50 Hz using a programmable dc power supply model Lambda—
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Fig. 14.  Transient response. (a) DC voltage sources step to vary modulation index from m = 0.64 to m = 1. (b) Output voltage (blue line) and current (red line)
waveforms.

TABLE II
OUTPUT VOLTAGE THD% VERSUS DESIGNED DC LINK
VOLTAGES DISTURBANCES

Vaer [V] Vaez [V] Vaes [V] THD%

Designed DC voltages Vie1,=164.9 Viaeor=132.2 Viaesr=73.38 11.86
Case#l Vier,-10%=1484 Voo, +10%=1454  Vyyt5%=77.1 1232
Case#2 Viger,-20%=131.9 Vo, +20%=158.7 Vo3, +10%=80.7  13.51
Case#t3 Vie1r-30%=1154 V2, +30%=171.9  V3,+20%=88.1  15.46

Genesys 600-2.6, rated 600 V, 2.6 A. The load connected to the
output terminals has R =315 and L = 11.56 mH.

An eight-channel Digital Oscilloscope Yokogawa DLM4058
(2.5 GS/s 500 MHz) and a three-phase power meter Yokogawa
WT1800 complete the experimental setup.

Figs. 12 and 13 show the obtained results, which are in full
agreement with the previous theoretical analysis.

The robustness of PAWM to disturbances around the designed
dc link voltages is verified considering a 7-level inverter con-
nected with the RL load.

Assuming the designed dc voltages equal to Vg, =
1649V, V = 1322V, Vg3, = 73.38V, the tests named
Casettl, Case#2, and Case#3, during which the considered dis-
turbances are applied, are executed and the corresponding out-
put voltages THD% are measured. Table II summarizes both the
applied disturbances and the corresponding THD%. It can be
noticed that, during the worst Case#3, THD% increases approx-
imately the same percentage of the dc voltages disturbances,
therefore, the system is well conditioned. In the best case, i.e.,

Casett1, the increase of the THD% is lower than disturbances
percentages.

The same 7-level configuration with the same load has been
used to evaluate transient conditions during modulation index
variations, the latter obtained modifying, for each module, (2),
ie., Vaer, k= 1,2, 3. DC voltages values change from V., =
108.5V, Vice = 87V, Vg3 =48.3V corresponding to m =
0.657 to the new values Vi, = 1649V, Vi = 132.2V,
Viaes = 73.38 V corresponding to m = 1 [see Fig. 14(a)]. Volt-
age and current transient responses are shown in Fig. 14(b). It
can be noticed that the steady-state condition is reached after
about 30 ms.

VI. CONCLUSION

A new procedure based on PAWM has been developed for
CHB converters fed by unequal dc voltage sources. The pro-
posed procedure identifies equally spaced switching angles and
performs a modulation of the output voltage on the base of an
RSS signal fixed at the fundamental frequency. A mathematical
proof has been presented demonstrating that PAWM deletes all
harmonics embedded within the output voltage waveform of an
[-level inverter, except those of ordern = 2kl += 1,k =1,2,.. ..

Harmonic elimination capability of PAWM in single- and
three-phase cascaded multilevel inverters has been validated by
simulation and experimental results as well as by comparisons
with some methods described in the literature. The main features
of PAWM can be summarized as follows.
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1) High efficiency, obtained due to fundamental switching

frequency operations.

2) More harmonics eliminated than using other methods: for

a chosen number of levels and for the whole modulation
index range (0 < m < 1) it fixes, in optimal way, both
the switching angles as well as the amplitudes of the dc
voltages.

3) THD% does not depend on the modulation index.

4) Main grid code requirement fulfilment (THD% < 5%)

without any passive filter using a 17-level inverter.

5) Full harmonics elimination (up to 49th order) using a 27-

level inverter.

Applications of PAWM are numerous as it can be success-
fully implemented on multilevel converters with dc/dc converter
front-end, among the others: photovoltaic and wind generators
and UPS.

APPENDIX

Formula (10) can be written as

1 iha 1-— eihu’s 1 1- eL/II()S
Sl(h) = 5 € 1 itha + itha 1 1
—e e — e
1 ihe 1— eihas 1 1— eihas
o 5 ¢ 1 — eiha eihas 1 _ giha

1— eih,as
1— eiha

; 1
ih
(eL g s >

1 — gihas [ giha(s+1) +1
1 — eiha ( )

DO =

eihas

N =

_ethay gihas eiha—“fg] _|_e—7l}m'§§1 eiha—sfg'
e >

: e iha*tl ihas
51n(hoz2)cos<has+1)e 7 ety

e—ih,a%

e—ih% _ ev’,h% eihas

sin (h§) 2 ethas gihs
. has+1/2 jihas/2 . . .
Since & :, e,fif;; = ¢'"0 =1, the previous equation
becomes
sin (ha%) s+1 sin (h%]%l) ml+1
———=-cos | ha = — ——~cos ( h———
sin (h;) 2 sin (hQT) l

that is formula (11), which can be written as

sin (h (F — 17 T T
gin((h;l) D G+ 3)

By using the goniometric formula sinpcosq = 3[sin(q +
p) — sin(q — p)], the previous formula becomes

lsin (h%) — sin (h%) B 1 sin (h%) 1
2 sin (h%) 2 | sin (h%)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 8, AUGUST 2019

that is formula (12). By substituting (n — 1) and (n + 1) to h,
formula (13) is obtained

S

Z [cos (n — 1) ka)) — cos ((n + 1) ka)]

k=1
=S (n-1) =S (n+1)

1 |sin (n—1)%)
2 |sin((n—1)%)

sin((n+1)%)
sin((n+1) %)
Considering S as a function in the variable n, by apply-

ing to the numerators, the goniometric formula sin (¢ £ p) =
sin p cos g = sin g cos p, the previous formula becomes

— Zcosns 1 i 1
27772 |sin(n—1)&)  sin((n+1)F)
_ 1 cospy T En (n+1)%) +sin((n—1)F)
2 sin((n—1)%)sin((n+1)%)
= —cosns sin (n;) cos (3;)
2 sin((n—1)%) sin((n+1) %)

that is (14).
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