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Reconsideration of Loop Gain and Its Measurement
in DC-DC Converters

Xinbo Ruan ¥, Fellow, IEEE, Chun Xiong, Xin Li

Abstract—Two measurement schemes, namely, the modulation
signal perturbation scheme and the pulse perturbation scheme,
have been used for evaluating the loop gain of dc—dc converters.
However, the two measured loop gains do not give consistent results
due to the use of different forms of the injected small perturbation
signal, and the difference in the two schemes cannot be distin-
guished by the usual averaged model. In this paper, the two loop
gain measurement schemes are analyzed based on an extended-
frequency-range small-signal model. Expressions of the loop gain
are derived and their use in stability assessment and derivation
of closed loop transfer functions is demonstrated. A sample-and-
hold scheme is proposed as a simple alternative implementation
of the pulse perturbation scheme. Finally, experimental prototypes
of buck, boost, and buck—boost converters are tested for verification
of the analytical results and the effectiveness of the sample-and-
hold scheme.

Index Terms—Extended-frequency-range small-signal model,
loop gain, modulation signal perturbation scheme, pulse pertur-
bation scheme, sample-and-hold.

NOMENCLATURE

A.B,,C; State matrices and the output matrix
when the switch is ON.

Ay, By, C, State matrices and the output matrix
when the switch is OFF.

A(s Polynomial of all the zeros in Tj (s).

)
B(s) Polynomial of all the poles in Ty (s).
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Umod
Umodl
Umod_t s Umod._r

Modulation signal.

Sum of vypeq and vg;y, .

Forward and returned signals of the
modulation signal perturbation scheme.

Vo Output voltage.

Vpul_dy_c Constant pulse by pulse compensation
circuit.

Upul_dy_p Small-signal perturbation of duty cycle.

Upul_dy-o Duty cycle modulated by vmoq-.

Upul_dy_r s Upuldy_t

Forward and returned signals in the pulse
perturbation scheme.

Upulse Pulse at the falling edge of vpu1_dy_o-

Upul_dy_r1 Duty cycle modulated by vyoq; -

Vref Reference of the output voltage.

Vsaw Triangle carrier wave.

VUshor » Ush_t Forward and returned signals in the
sample-and-hold scheme.

Vsin Small-signal sinusoidal perturbation.

Usin _mod Sum of v, and Vyigs.

Usp Sampling pulse.

T Small-signal component of a variable x.

Z[j(w + kws)] w + kws component in Z.

x(t) State variables matrix.

Zmod> Zpul Number of RHP zeros in 1 + Ti0q, 1 +
Tl

Zoc(jw) Closed-loop output impedance.

Zox (Jw) Open-loop output impedance.

wWs Switching angular frequency.

1. INTRODUCTION

OR any closed-loop controlled system, the loop gain pro-
F vides essential information for controller design and stabil-
ity assessment [1]-[4]. Although the loop gain can be computed
based on the model of the regulator and the power stage, the non-
ideality of the devices or the limited accuracy of the model may
introduce significant error to the calculated loop gain. There-
fore, it is necessary to measure the loop gain in order to correct
the regulator design. Several measurement-correction iterations
may be required until the final regulator design can be adopted
[5]. The basic scheme of loop gain measurement is to inject a
small-signal perturbation at a node of the feedback path with
a network analyzer, and then obtain both the forward and re-
turned signals at the injection point with voltage probes, which
are sent to the Ref port and the Test port of the network ana-
lyzer, respectively. The signals are then processed by a built-in
intermediate frequency filter of the network analyzer to extract
the components at the frequency of the injected signal. The loop
gain is thus determined by the ratio of the returned signal and
forward signal at the injected signal frequency [6]-[10].

For dc—dc converters, it has been found that different perturba-
tion injection points might lead to different measurement results
of the loop gain [11]-[13]. Up to now, classified by the pertur-
bation injection points, there are two loop gain measurement
schemes for dc—dc converter systems, namely, the modulation
signal perturbation scheme [14], [15] and the pulse perturbation
scheme [16]. In the modulation signal perturbation scheme, a

small-signal sinusoidal perturbation signal is injected into an
analog signal node in the feedback path, such as the modulation
signal node or the output voltage node. In the pulse perturba-
tion scheme, however, a narrow pulse perturbation is directly
injected into the duty cycle, and the loop gain is the ratio of the
returned and forward duty cycles at the perturbation frequency.
Compared with the modulation signal perturbation scheme, the
pulse perturbation scheme is less frequently adopted. The pulse
perturbation scheme is first proposed and used in multiloop sys-
tems [16], [17]. For a multiloop control system, the loop gain
is not uniquely defined. For example, in a two-loop controlled
converter consisting of a voltage loop and a current loop, per-
turbation can be injected into the loop through the voltage feed-
back path, the current feedback path or the duty cycle, which
correspond to three different loop gain results. The three loop
gains are found to be equivalent in stability judgment, which
is explained in the Appendix. However, the one by duty-cycle
perturbation or by the pulse perturbation scheme has no right-
half-plane (RHP) poles, and is thus more convenient for stability
assessment. Besides, in digital control systems, the discrete-time
loop gain that best reveals the discretization process cannot be
directly measured by the modulation signal scheme, but can be
readily obtained by the pulse perturbation scheme [18], [19].

Moreover, in the experiment, it is observed that for a sim-
ple analog controlled voltage-mode converter, the modulation
signal perturbation scheme also gives a different result from
that by the pulse perturbation scheme. The difference in the
two measurement schemes, being indistinguishable by the com-
monly used averaged model, has not been clearly understood.
This motivates us to have a reconsideration of loop gain and its
measurement schemes in de—dc converters.

For dc—dc converters, pulsewidth modulation (PWM) is the
key operation in the control circuits, and it is usually re-
garded as a linear operation and analyzed by an averaged model
[20]-[23]. However, PWM operation generates sideband fre-
quency components around the switching frequency and its mul-
tiples [24]-[29], which have a profound impact on the loop gain.
The extended-frequency-range small-signal model for dc—dc
converters has been proposed in [30], which takes into account
all the sideband frequency components and greatly improves the
accuracy of the mathematical model. This extended-frequency-
range small-signal model will be adopted in this paper for an-
alyzing the measurement of loop gains using the modulation
signal perturbation scheme and pulse perturbation scheme.

Moreover, the implementation of the pulse perturbation
scheme presented in [16] is relatively complicated since it in-
volves the use of a pulse perturbation circuit and a pulse com-
pensation circuit. In order to simplify the implementation, this
paper proposes a novel measurement scheme with a sample-
and-hold circuit, which gives results as accurate as the pulse
perturbation scheme, but is simpler.

This paper is organized as follows. The operating principles
of the aforementioned two loop gain measurement schemes are
analyzed based on the extended-frequency-range small-signal
model, and the expressions of the loop gains are derived in
Section II. The applications of the two measured loop gains in
stability assessment and closed-loop transfer function derivation



6908
J___ DC-DC R R
v Converter Ld Vib
in RSZ
[}
Vdy
Fig. 1.  Circuit diagram of closed-loop controlled of dc—dc converter.

are demonstrated in Section III. To simplify the implementation
of the pulse perturbation scheme, a sample-and-hold scheme is
proposed in Section IV. In Section V, experimental prototypes
of buck, boost, and buck—boost converters are used for verifica-
tion of the analytical results and the accuracy of the proposed
measurement scheme. Section VI concludes this paper.

II. BASIC PRINCIPLE OF THE LOOP GAIN
MEASUREMENT SCHEMES

A. Extended-Frequency-Range Small-Signal Model
of DC-DC Converters

Fig. 1 gives the circuit diagram of a closed-loop controlled
dc—dc converter, which is composed of the power stage, the
output voltage sense circuit, the voltage regulator and the PWM
modulator.

The model of the PWM modulator in dc—dc converters is
usually regarded as a constant, which equals to 1/ V/,, in the
averaged model, where V), is the amplitude of the saw-tooth
carrier wave. However, the PWM modulator is essentially a nat-
ural sampling system [25], which generates sideband frequency
components around the switching frequency and its multiples.
If the perturbation frequency of the modulation signal is w, the
resulting duty cycle contains both the perturbation-frequency
component and the sideband frequency components. The side-
band frequencies are w + kws (k = £1,42,...), where w; is
the switching frequency. Thus, the output voltage will contain
all these frequency components through the power stage. In the
closed-loop control, all the frequency components in the out-
put voltage are fed back to the PWM modulator, contributing
to additional perturbation-frequency component and sideband
frequency components in the modulation signal. After sampled
again by the PWM modulator, aliasing among different fre-
quency components will occur. Considering this, the extended-
frequency-range small-signal model of the PWM modulator was
proposed in [30], as shown in Fig. 2, where F,, is the gain mag-
nitude of the PWM modulator, D, is the steady-state duty cycle,
Umod [J (w + kws )] and D4y [j(w + kwy)] are the components at
w + kws in the modulation signal and the duty-cycle signal,
respectively.

With the model in Fig. 2, the extended-frequency-range small-
signal model of dc—dc converters are given in Fig. 3 [30], where
Gya([j(w + kws)] is the duty-cycle-to-output-voltage transfer
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Fig. 2.

Extended-frequency-range small-signal model of PWM modulator.

function at w + kwy, Gy [j(w + kws )] is the transfer function of
the voltage regulator at w + kws, H, is the output voltage sensor
gain. The shadow blocks in Fig. 3 represent the perturbation
injection points for different loop gain measuremnt schemes,
which will be discussed later.

For the three basic dc—dc converters, i.e., buck, boost, and
buck-boost converters, the piecewise linear state equations and
output equation are expressed as

d%f) = A7X(t) + Bj'Uin (t) (la)
U, (t) = C;x(t) (1b)

where x(t) is the state variable matrix, A;, B;, and C; are
the coefficient matrices, j is 1 and 2 for on-time interval and
off-time interval, respectively. According to [31], the accurate
duty-cycle-to-output-voltage transfer function is

Gva(jw)
Ci(jwIl — Ay) I — e 7D T @y e Tw(-D)Ts P,
B {JrCz(ijAg)l[Ieﬂ'w(lD,u)Ts B, }
(I—e 1@, ®,)"' ¥ + (C, — C2)X(D,T,) )
where

@1 _ eAlDyTs, @2 Ay (1-D,)T,

U= (Al - A2)X(DUT6) + (Bl - BZ)‘/in

=€

X(D,T,) = (1— ®,®5) "

@ A (A2 DO By + AT (M DT By | Vi,

3)

For better accuracy, the switching ripple in the modualtion
signal has been taken into account when calculating F},, in [30];
thus, explicitly incorporating the effect of the slope of the steady-
state modulation signal on F,, . This effect is similar to the slope
compensation in peak current control. Fig. 4 provides the key
waveforms of the modulation process, where V, (D, T;) is the
slope of the modulation signal in the steady state. Based on
the derivation in [30], the corresponding gain amplitude of the
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(1) Modulation Signal
Perturbation Scheme

Fig. 3.
pulse perturbation scheme.
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Fig.4 Key waveforms of the PWM process.

PWM modulator is given by

1

En, = .
-V mod (DyTs)

4
v, @

The PI regualtor is adopted as the voltage regulator here,
expressed as

K
If the corner frequency of the PI regulator is far below the
switching frequency, the respective expression of F), for the

buck, boost, and buck—boost converters are obtained as

1
En _bu — — - (6a)
C, ¢ USRIV (p 0 4 05D, T))
1
Fm _bst — K, H, Vi T (6b)
m " (1-D,)R.aC
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(2) Pulse P/e/rturbation Scheme
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Control block diagram of the extended-frequency-range small-signal model of dc—dc converters with the modulation signal perturbation scheme and the

1
D, K, H, VT,
m (1-Dy)RuaC

Fo vy = (6¢)

where V4, is the input voltage, L is the inductor, C' is the output
capacitor, R, is the equivalent series resistance (ESR) of the
output capacitor, and 7y 4 is the load resistor.

As seen in Fig. 3, each frequency component forms an in-
dependent loop of its own at the node of 04y (jw). In de—dc
converters, the essential control objective is to regulate the out-
put voltage v, (jw) to track its reference vyf(jw). The sideband
components have an effect on the tracking ability via aliasing.
To see this clearly, the infinite loops constructed by the side-
band frequency components can be simplified. From Fig. 3, the
transfer function from 0,04 (jw) to Ugy (jw) can be derived as

E,
To[j(w + kws)]

)

where Tj)[j(w + kwy )] represents the loop gain of sideband com-
ponent at w + kw, expressed as

Tb [J(w + kw, )] = C:vr [](w + kws)]En Gvd [J(w + kws)]Hv .
(®)
Obviously, Gpwm (jw) is no longer a constant as would be
described by the averaged model, but is related to Tj[j(w +
kws)].
Using (7), Fig. 3 can be simplified as Fig. 5, from which the
complete loop gain expression of the extended-frequency- range

@dy (]w) _
@mod (]W) 1 —+ Z:f—oc
k#0

Grwm (Jw) =
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Fig. 5. Simplified control block diagram of the extended-frequency-range
small-signal model of dc—dc converters.
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Fig. 6. Modulation signal perturbation scheme.

small-signal model is derived as

. To(jw)
T = . 9
) = TS Ty & ko)) ©
k0

B. Modulation Signal Perturbation Scheme

Fig. 6 shows the schematic diagram of the modulation sig-
nal perturbation scheme. The Out port of the network analyzer
generates a sinusoidal perturbation signal vg;, . For the safety of
the network analyzer, a transformer is usually connected to the
Out port to isolate the network analyzer from the converter in
practice, but is omitted here for convenience of illustration. vgi,
is imposed into the output of the voltage regulator, giving the
forward and returned modulation signals through the feedback
loop, namely, Umod_» and vmed_t, Which are then sent to the Ref
and Test ports of the network analyzer, respectively. By plotting
the Bode diagram of —Test/Ref, the loop gain is obtained.

The control block diagram of the extended-frequency-range
small-signal model of dc—dc converter with the modulation sig-
nal perturbation scheme is given in Fig. 3. The modulation signal
perturbation scheme is equivelant to injecting O, (jw) into the
node ¥y,04(jw) in Fig. 5. Obviously, the injected perturbation
signal has no effect on the loop of the sideband frequencies.
Thus, the measured loop gain by the modulation signal pertur-
bation scheme is consistent with the real one, i.e.,

Ty (jw)

L4+ 32502 Tolj(w + kwy)]
k#0

Tmod (]w) = T(]w) = . (10)
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Fig. 7. Pulse perturbation scheme. (a) Schematic diagram. (b) Pulse pertur-
bation circuit and pulse compensation circuit. (c) Key operating waveforms.

C. Pulse Perturbation Scheme

Fig. 7(a) illustrates the schematic diagram of the pulse pertur-
bation scheme. The network analyzer sends a sinusoidal signal
Ugin to the pulse perturbation circuit. In the pulse perturbation
circuit, a dc bias voltage is first imposed on wvg,, and then
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a narrow pulse perturbation signal vpu ay, is generated. The
pulsewidth of vpu_dy_, is modulated by v, . After that, vpudyp
is added to the original duty cycle vpu gy at its falling-edge,
giving vpygy-. In the meanwhile, vpy 4y, is sent to the pulse
compensation circuit to compensate a constant pulsewidth, gen-
erating vpyi_dy¢- The forward and returned duty cycles, vpur_dy»
and vpy1_gy.¢ , are sent to the Ref and Test ports of the network an-
alyzer, respectively. By plotting the Bode diagram of —Test/Ref,
the loop gain is obtained.

The detailed implementation of the pulse perturbation circuit
and the pulse compensation circuit is shown in Fig. 7(b), and
the key waveforms are given in Fig. 7(c). As seen, when the
monostable trigger U; detects the falling edge of vpudyo, @
narrow pulse signal vpyee is generated, whose pulsewidth is
determined by R; and Cy. Then, vy is sent to the S port of
the RS trigger Uy, setting vpuay_p to a high level. The inverter
Us outputs a low level signal to turn OFF the transistor Q).
Subsequently, the constant current source /.. starts charging the
capacitor C,. from zero. As soon as the voltage of v, reaches the
sinusoidal modulated voltage with a dc bias, Vsin _mod (Vsin _mod =
Vsin + Vbias, Where Viiqs 1 the dc bias), the comparator U, would
output a high level signal, and it is sent to R port of Us, toggling
Upul_dy_p from high to low. Then, the output of inverter U, would
turn ON @1, discharging C. to zero sharply. Thus, the pulsewidth
of vpul_gy_o 18 sinusoidally modulated cycle by cycle.

The dc bias in vgj, mog Would result in an additional constant
pulsewidth in vpy gy, leading to a constant pulsewidth differ-
ence between Vpuldy o and vpygy-. Therefore, vpy gy, should
be compensated as shown in the pulse compensation circuit in
Fig. 7(b). The monostable trigger Uy detects the falling edge of
Upul_dyo» and outputs a pulse signal vpy gy, Wwhose pulsewidth
can be adjusted by R,qj and Cyq; to reach the same pulsewidth
of Vpylay p- By sending vpyi gy and vpudy, into the OR gate,
U7, Vpuidy.+ 1s obtained. Finally, vpyi_ay_» and vpy_gy_¢ are send to
Ref port and Test port of the network analyzer, respectively, to
give the loop gain result of T},y;.

As shown in Fig. 7, the pulsewidth of the perturbation signal
is modulated by vy, . According to the frequency characteristic
of the PWM modulator, the small-signal components in the
duty cycle include not only the perturbation frequency w, but
also the sideband frequencies w + kws (k = £1,£2,£3,...),
expressed as [30]

f}pul,dy,p [](w + kws” = {)pul,dy,p (jw)eijQﬂkDy . (11)

As seen in (11), the sideband frequency component
Upul.dy p[j(w + kws)] has the same amplitude as the perturba-
tion signal ¥y,414y_p (jw), but the initial phase of Opu1_ay_p [J(w +
kws)] has a lagging phase of 27kD, with respect to
Upuldy_p(jw). The control block diagram of the extended-
frequency-range small-signal model of dc—dc converter with
the pulse perturbation scheme is also given in Fig. 3. Obviously,
infinite frequency components, i.e., Opuidy p [j(w + kws)] (k =
0,+1,42,...) are injected into the feedback loop in the pulse
perturbation scheme, which is found to be different from the
modulation signal perturbation scheme.

Referring to Fig. 3, all the injected signals in the pulse per-
turbation scheme, Opu1_ay p[j(w + kws)] (K =0,£1,+£2,...),
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will have an effect on ¥puqay.(jw). Using Mason’s gain
formula, the closed-loop transfer function of any frequency
component Opyldyp|j(w + kws)] t0 Vpuidys(jw) can be
derived as
@pul,dy,t,k’ (.]w) = @pul,dy,p [](w + kws)]
—Gealj(w + kwy)|Gy: [§(w + kwy )| H, F, /27Dy
1 + Zm—foo Tb[ (w + mw?)]
~To[j(w + kw,)]e2mkPy
1 + mefoo [ (w + mw?)]

Upul.dy p [ (w + kws)].
(12)

Taking all the frequency components into consideration,
Upuldy¢(jw) is the sum of (12) for k ranging from —oo to
+ 00 on the basis of superposition theorem, i.e.,

§ Upul dy-tk ]w)

k=—00

B TO[ (w + kw )]ejzﬁkDy '[qul dy_p [](w + kws)]

Upul dy-t jw

_ kffoc
L4 3002 To [ (w + kwy )]
(13)
Substitution of (11) into (13) yields
By s(i) = e TR k)] o
e 1+ 302 Tolj(w+kwy)] 70

(14)
Opuldy._r (Jw) is the sum of Tpy1 ay p (jw) and Opy1ay ¢ (jw); thus,
f}pul,dy,r (Jw) - ﬁpul,dy,p (JW) + ﬁpul,dyj, (Jw)
1

TS Tl

Combining (14) and (15), the measured loop gain by the pulse
perturbation scheme can be expressed as

@pul,dy,p (jw) (15)

+ kws)]

+ 00

= Y Tljlw+kw)]. (16)

k=—00

. Dpuldy .t (Jw)
T _ _ Ypuldy
pUI(]w) ﬁpul,dyj‘ (]w)

III. APPLICATIONS OF THE MEASURED LOOP GAINS IN
STABILITY ASSESSMENT AND CLOSED-LOOP TRANSFER
FUNCTION DERIVATION

A. Stability Assessments Using Tyyoa(s) and T),,(s)

It can be seen from (10) and (16) that the measured loop gain
Tou(jw) deviates from Tioa(jw), and the relationship between
Tinoa and Tpy is found to be

Ty (s)
Tho = . 17
R W N N a7
Therefore, we have
1+ T, 11(8)
1 TII! pl . 18
+ od ( ) 1 + Tpul( ) T})(S) ( )

For the closed-loop systems, if 1 4+ 7'(s) has no RHP zero,
ie., Z =0, the system is considered stable. As seen in (8),
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To(s) has no RHP pole. Thus, it can be found from (18) that
1+ Thoda(s) and 1 + Tpu(s) have the same number of RHP
€108, i.e., Zmod = Zpul- In other words, Tiyoq is as effective as
Tpu for estimating the stability of the converters. According
to the Nyquist stability criterion, Z is calculated as follows.
Supposing P is the number of the open-loop RHP poles, R
is the number of times the phase-frequency Bode plot of T'(s)
crosses the phase line (s)n x 180° (n = £1,43,£5,...) when
the magnitude of the loop gain is above 0 dB, we have Z =
P — R. Tt should be pointed out that R = 2(N, — N_), where
N, and N_ are the numbers of positive crossing and negative
crossing, respectively, which can be found easily from the Bode
plot.

In the following, the stability estimation with the measured
loop gains Tiyoq and Ty will be discussed. Rewriting Tp (s), we
have

N A(s)

Ty (s) = Gva B(s)

(3) Fm Hv Gvr (S)

19)

where A(s) is the polynomial of all the zeros in Tj (s) and B(s)
is the polynomial of all the poles in Tj(s). Substitution of (19)
into (16) leads to

T = 3 S
o | A (s + jhwy) . ]o_c[oc B (s + jmws)
m#k
[ B+ jhw,)
o (20)
Since there is no RHP pole in GVd(oso) and G\:(s), B(s) would

not have a RHP zero, nor does [] B(s+ jkws) in (20).

k=—00

This means that Tp,,; has no RHP pole, i.e., Py, = 0. Thus, the
Nyquist stability criterion can be simplified as follows. If the
Bode plot of T}, does not cross the phase line (s) n x 180° (n =
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Thus, the assessment of the stability of the converters with T},0q
requires not only the Bode plot of 7,04, but also the number of
its RHP poles. However, from (21), it is difficult to know the
RHP poles in T},04. Therefore, 11,04 cannot estimate the stability
of the converters easily in the case of Pyoq # 0 and Rpoq # 0.
Since Tieq is the actual loop gain for the analysis and design,
it is often expected to assess the stability by 7T},,q. To achieve
this goal, Ppeq has to be figured out in a simple way. On the
grounds that 1 4+ T0q(s) and 1 4 Ty (s) have the same number

of RHP zeros, i.e., Zmnoa = Zpul, We have
Prod — Ruoa = Ppul - Rpul'

It has been illustrated above that P, = 0; thus, (22) can be
simplified as

(22)

Prod = Rmoa — Rpul~ (23)

It means that P, can be determined by the difference be-
tween Ryoq and Ry, which can be read from the Bode plots
readily. As a conclusion, the stability can be judged by 7104
with the assistance of Tp,, for computing Poq.

B. Closed-Loop Transfer Function Derivation Using Ty0a(S)
and Tp,(s)

For a closed-loop controlled converter, there are mainly three
closed-loop transfer functions that describe the dynamic per-
formance, namely, the reference-to-output transfer function, the
audiosusceptibility, and the output impedance. The reference-
to-output transfer function indicates the ability of tracking a
reference voltage, the audiosusceptibility represents the trans-
fer function from the input voltage to the output voltage, and the
closed-loop output impedance represents the transfer function
from the load current to the output voltage. The shaded blocks in
Fig. 8 illustrate the control function with reference perturbation
and input voltage perturbation. The load current perturbation is
similar to the input voltage perturbation, and is omitted in the
block diagram.

From Fig. 8, the closed-loop transfer function from the refer-
ence Dyef (jw) to the output voltage v, (jw) is

+1,£3,+5,...), i.e., Rpu = 0, the system is stable. That is to A 1 Twoa (jw) . .
o o] . . Uy (Jw) = — —————ret (Jw). (24)
say, the stability estimation of the converter requires inspecting H, 14 Thyoa (jw)
only the Bode plot of Tpy.
Substitution of (19) into (10) yields (21) as shown at the Based on (17), we have
bottom of this page. Twoa (Jw) Ty (jw) 25)
As seen from (21), the denominator of 1,4 is related to both 1+ Thoa (jw) 1+ Tou (Jw)~
A(s) and B(s). Therefore, the number of the RHP poles in .
Timoda might not be zero, especially in the boost converter and Therefore, (24) can be rewritten as
the buck—boost converter, where Gq(s) usually contains RHP by (jw) = 1 To (jw) . (o) 26)
zeros, increasing the possibility of having RHP poles in Tpoq. Yo \JW) = H, 1+ Tpu (jw) Uref \JW)-
Als) A(s) [T=—ce, B (s + jmw;)
B(s m
Thod (5) = L = i @1
1+Zk;*0]0 B(s+jkws) 0 00
7 [I B(s+jimws)+ 3 5=, 1T B(s + jmws)

m=—00

A(s + jkws)
k#0

m=—00,

m#k
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Fig. 8. Control block diagram of the extended-frequency-range small-signal model of dc—dc converters with reference and input votlage perturbations.
From (24), we can see that the tracking ability of the converter  audio-susceptibility G'yg(jw) can be obtained as
can be fully described by Tioa(jw). The larger the magnitude
of Thoda(jw), the better the tracking ability.
From (26), Tpu(jw) can also reflect the tracking ability, but e (jo) = U, (Jw) _ Gygo(jw)
it requires the information of Tj (jw). Thus, Thed(jw) is more veelJ Oin(jw) 14 Thoa (Jw)
convenient in analyzing the tracking ability of a dc—dc converter. _ ,
. . .. k=t [j(w+ kw,)]  Gya(jw) j2mkD,
Note that if the sideband components are negligible, we have _ Z mod |J\W T RWs vd\Jw)e Gg (jw)
. . Vg_R M
. . ) b —oo 1+ Tmod [.] (w + kws)} Gvd [j ((.U + kws )} .
Tmod (jw) = Tpul(jw) = TO (Jw) (27) k#0
(30)

Then, the reference-to-output transfer function becomes the
widely used average model, i.e.,

b, (ju0) = - 2 )

= vaﬁref (Jw) (28)

Regarding the input voltage, we observe from Fig. 8 that for a
single-frequency perturbation of the input voltage v;, (jw), the
output voltage response contains sideband components even
under open-loop operation. Here, we define Gy, x(jw) (k =
0,+1,42,...) as the open-loop transfer function from v;, (jw)
to the w + kw, components even under open-loop operation.
Here, we define Gy, x(jw) (k=0,%1,£2,...) as the open-
loop transfer function from @y, (jw) to the w + kws component
in the output voltage ¥, [j(w + kw; )], i.e.,

A Do [j(w + kws)]

Guas(juw) & 5= (29)

which gives the open-loop audiosusceptibility. According
to Fig. 8, using Mason’s gain formula, the closed-loop

Based on (25), Gye(jw) can also be expressed in terms of
Tou(jw) as

L+ Thu(jw) = To(jw)

GVgC(jw) = 14T l(jw) GVgJJ(jw)
pu
k=400 : : N\oi2mkD,
— Z TO[](W-F]CW&)] GVd(-?w)e Gvg,k‘(jw)- (31)
[R— 1+Tpul(]w) erd[j(w+kws)]
k#0

Similarly, the open-loop output impedance can be found.
Also, define Z, x(jw) (k =0,+1,4+2,...) as

Zox(jw) = _Solilw + kwy)]

(32)
iy (jw)
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where 7, (jw) is the output current perturbation. The closed-loop
output impedance Z,.(jw) can be found as

. Vo (Jw Zyo(jw
Zoe(jw) = — (2 ) _ 0(jw)
2o (]w) 14+ Tod (]W)

k=+o00 TInOd [j(w + kwb)} Gvd (jw)ejQﬂ'kDy .
- Z j ; Zox(jw)-

1 T [j(w + wy)] Grali(w + kws)]

k#0

(33)

Zoc(jw) can also be expressed in terms of Tpu (jw) as

L+ Thu(jw) = To(jw)

Zoe(jw) = _ 700
(Jw) L+ Ty (o) 0(jw)
k=+00 ¥ . B
Tolj(w + kws)] Gog (jw)e?2mkDy .
-3 tl)[J(T _ ) d(? ) Zosli). G4
e b pul(jw) Gualj(w + kwy)]
k#£0

Accurate expressions of Gy, o(jw) and Z, ¢(jw) have been
derived from time-varying system theory [32], [33], and the
expressions of Gy, x(jw) and Z, x(jw) when k is nonzero can
also be obtained easily with the same method.

From (30) and (33), we can see that the closed-loop au-
diosusceptibility and the closed-loop output impedance are
solely determined by Tp.q(jw). By increasing the magni-
tude of Thod(Jw), ||Tmoa(jw)||, and decreasing ||Tmoalj(w +
kws)]|| (k# 0) at the same time, the magnitudes of Gygc(jw)
and Z,.(jw) can be reduced. In other words, to suppress the
effect of the input voltage or load current perturbation on the
output voltage, we need to increase the bandwidth while re-
ducing the magnitudes of the loop gain at the sideband fre-
quencies. Since the sideband frequencies are usually above the
Nyquist frequency, the loop gain in the high-frequency range
would be attenuated significantly, which is consistent with the
usual design rules of feedback regulators. From (31) and (33),
Tou(jw) can give the closed-loop audiosusceptibility and the
closed-loop output impedance, but the information of Tj (jw) is
also required. Thus, Tj,04(jw) is more convenient for analyzing
the closed-loop audiosusceptibility and the closed-loop output
impedance of a dc—dc converter. Again, if the sideband compo-
nents are negligible, (27) holds true, the model simply reduces
to the widely used average model, i.e.,

. o Gvg,o (j(U)
Gyge(jw) = T+ To () (35)
. o Zo,[] (]w)
Zoe (jw) = T4 ToGe) (36)

IV. SAMPLE-AND-HOLD SCHEME
A. Deduction Process of the Sample-and-Hold Scheme

According to the analysis above, T}, is more convenient for
stability judgment than 7T},,g. However, as seen from Fig. 7,
the implementation of the pulse perturbation scheme is rela-
tively complex. Thus, an improved pulse perturbation scheme,
which is called sample-and-hold scheme, will be proposed be-
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low as an alternative implementation scheme for simplifying the
circuits. As observed from Fig. 7(a), Upul_dy.+ is generated by vmeq
passing through the PWM modulator and the pulse compensa-
tion circuit, which can be equivalently realized by introducing
an extra identical PWM modulator between vp,04 and the pulse
compensation circuit. In addition, vpu_gy_- is the superposition of
Upul_dy_p and Vpyi_dy_o. Considering vpyi_gy_p and vpu_dayo are gen-
erated by v, and vneg, respectively, as an alternative, vg;, can
be added to vpq first to equivalently obtain vpyi_gy_-. Since Viiag
in the pulse perturbation scheme provides a fixed narrow pulse,
and the pulsewidth of which is identical to the pulse compensa-
tion circuit, an extra pulse compensation circuit should be intro-
duced after the PWM modulator in the control loop. With these
considerations, the pulse perturbation scheme in Fig. 7(a) can
be converted to Fig. 9(a). Furthermore, since a fixed pulse cre-
ated by the pulse compensation circuits is superimposed on both
Upul_dy_¢ and Vpur_dy > as shown in Fig. 9(a), the signals preceding
the pulse compensation circuits, i.e., Vpuldy.o and Vpu1dy_r1, €an
be collected to acquire the loop gain without affecting the accu-
racy. Based on this, the pulse compensation circuit after vpui_ay_o
can be discarded, resulting in Fig. 9(b). By introducing an ex-
tra PWM modulator between vy and the Ref port, Fig. 9(c)
is obtained. Moreover, the two extra PWM modulators acts
as a natural sampling switch; thus, they can be replaced with
sampling holders if the sampling instant remains unchanged.
Since the intersection instant of the PWM modulator locates at
nTy + (Dy — D.)Ty, where D T, (D. < 1) is the pulsewidth
of the pulse compensation circuit, the sampling instant of the
sampling holder should also set at nT + (D, — D.)T. After
sampling and holding, both the w components in vpy gy, and
Upuldyr1 are multiplied by the transfer function of the sam-
pling holder; hence, the ratio of ¥y, (jw) and g, (jw) is
exactly the same as that of Opu1dy¢(jw) and Opuidy 1 (Jw).
Therefore, T}, (jw) can still be measured in this way. Since the
pulse compensation circuit in Fig. 9(c) provides only a constant
pulsewidth, which has no effect on the control loop, and hence
can be discarded. Finally, Fig. 9(d) is obtained, which is called
the sample-and-hold scheme.

B. Implementation of the Sample-and-Hold Scheme

The detailed schematic diagram and waveforms of the
sample-and-hold scheme are given in Fig. 10. When the clock
signal of the RS trigger inherent in the PWM modulator v ar-
rives, @1 is turned ON. Capacitor C' is discharged and v, falls
to zero. At this instant, ()5 is turned OFF, and C starts to get
charged, and v, rises from V7, the forward voltage drop of the
diode D,. Here, U, is a hysteresis comparator. When .5 rises
to Vayde (the average value of the driving signal produced from a
low-pass filter, ranging from O to V. when the duty cycle varies
from 0 and 1), the sampling pulse vy, goes high and turns ON D; .
At this instant, vy,0g and vpeq; are sampled. In the meanwhile,
Ue1 Tises to turn ON ()2, and C is discharged. When v, falls
below, Viyac, vsp goes low and Dy is turned OFF. Afterward, C'y
is discharged slowly through R, while maintaining the turn-ON
state of () till the next pulse of v.
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(a) Detailed schematic diagram.
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(a) Equivalent transformation 1. (b) Equivalent transformation II.
(c) Equivalent transformation III. (d) Equivalent transformation I'V.

V. EXPERIMENTAL VERIFICATION

A. Measurement Verification

To verify the analytical results and the effectiveness of the
proposed sample-and-hold scheme, experimental prototypes
(buck, boost, and buck—boost converters) are constructed and

Isolation
Transformer

Fig. 11.
schemes.

Photograph of the prototype with various loop gain measurement

measured. Fig. 11 shows the photograph of the prototype with
various loop gain measurement schemes.

The main circuit parameters of the three converters are given
in Tables I to III. The voltage regulators for the three converters
are set as

Guyrpu(s) =24+ 2800/s (37)
Gvr_bst (S) =4+ 2000/5 (38)
Gyron(s) = 0.5+ 200/ s. (39)
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TABLE I
PARAMETERS OF THE BUCK CONVERTER
Parameter  Symbol Value Parameter ~ Symbol Value
Input v, 48V Output C  2204F
votlage capacitor
Output Capacitor
voltage vy 36V ESR R. 024 Q
Output P, 200 W Peak to v, 26V
power peak value
oo Voltage
Switching 100kHz | feedback H, 0.07
frequency
factor
Inductor L 72 uH
TABLE I
PARAMETERS OF THE BOOST CONVERTER
Parameter ~ Symbol Value Parameter ~ Symbol  Value
Input v, UV Output c 680 uF
votlage capacitor
Output Capacitor
voltage Yo 8V ESR Re 0.2Q
Output P, 200 W Peak to V. 26V
power peak value
o Voltage
Switching 100 kHz | feedback H, 0.052
frequency £
actor
Inductor L 72 uH
TABLE III
PARAMETERS OF THE BUCK-BOOST CONVERTER
Parameter ~ Symbol Value Parameter ~ Symbol  Value
Input v, 36V Ourput c | mF
votlage capacitor
Output Capacitor
voltage Yo BV ESR Re 0.3Q
Output P, 200 W Peak to V. 216V
power peak value
o Voltage
Switching 00 4p, | feedback  H,  0.052
frequency
factor
Inductor L 220 uH

It should be noted that due to the presence of ESR, the output
voltage of boost and buck—boost converters is discontinuous as
the switch turns OFF and ON, causing jump discontinuities in
the modulation signal at the switching instant. Such a discon-
tinuous modulation signal displays the Gibbs phenomenon, and
cannot be accurately described by a Fourier series upon which
the extended-frequency-range small-signal model is based even
if infinite number of the sideband frequencies is taken into
consideration. To eliminate the jump discontinuities in the mod-
ulation signal while keeping everything else the same, four first-
order low-pass filters with the corner frequency being five times
higher than the switching frequencies are incorporated after the
PI regulator (only used in calculating T},0q and Tpy, not in the
experiment). This avoids the Gibbs phenomenon and preserves
the validity of the loop gain below Nyquist frequency.

The loop gains of the three converters are measured by Agi-
lent ES061B. Figs. 12—-14 give the experimental results from the
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Fig. 12.  Measured loop gain of buck converter with different schemes.
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Fig. 13.  Measured loop gain of boost converter with different schemes.

modulation signal perturbation scheme, the pulse perturbation
scheme, and the sample-and-hold scheme. Also, the calculated
loop gains by the modulation signal perturbation scheme and
the pulse perturbation scheme are given in these figures. As
seen from the results, the measured loop gains are well matched
with the calculated ones, and the measured T}, by the sample-
and-hold scheme is fully consistent with the pulse perturbation
scheme, verifying the effectiveness of the proposed measure-
ment scheme. Besides, the measured 7,4 is different from the
measured Tp,;, which agrees with the theoretical analysis.
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B. Stability Judgment Verification

The boost converter is taken as an example to verify the pre-
vious analysis on stability assessment using the two loop gains.
The voltage regulator is intentionally modified to be Gy, pst1 (s)
expressed as

Gyrbsta (s) = 16 4 10000/ s. (40)

According to (10) and (16), Ty and Tined With Gyp i1 ()
are plotted, as shown in Fig. 15. It can be seen that the phase-
frequency curve of Ty, positively crosses the —180° line for
one time before the magnitude drops to 0 dB, i.e., Npuy =
0, Npui— = 1. Thus, we have Rpu = 2(Npuit — Npui—) = —2.
Since P,y = 0 in all cases, we have Zp = Fou — Rpu = 2,
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and the system can be estimated as unstable by Tj,y. It can
also be found that the magnitude-frequency curve of T},,q goes
down while the phase-frequency curve goes up around the res-
onant frequency, which implies that 7},,q has RHP poles, i.e.,
Pioda # 0. However, the phase-frequency curve of Tioq does
not cross the n x 180° lines (n = +1,£3, 45, ...) before the
magnitude declines to 0 dB, i.e., R0 = 0. Thus, we have
Zmod = Pmod — Rmoa # 0, and the system can be judged as
unstable by Ti,oq. In this case, both T}, and Tp,y can determine
the stability by themselves.

When the voltage regulator is intentionally designed to be
Gy bsi2(8), expressed as

Gyrbst2 (S) =12+ 118/8 41

Tpu and Tioq With Gy g2 (s) are calculated and plotted, as
shown in Fig. 15. As seen, the phase-frequency curve of T}y
does not cross the —180° line before the magnitude drops to
0 dB, ie., Rpy = 0. Since P,y =0, we have Zy,; = B —
Ryu = 0, and the system can be estimated as stable by 7. It can
also be found from the Bode plot that the phase-frequency curve
of Tioa crosses the 180° line positively for one time before the
magnitude declines to 0 dB, i.e., Niod+ = 1, Nmoda— = 0. Thus,
wehave Rimod = 2(Nmod+ — Nmoa—) = 2. Besides, as seen from
Fig. 15, the magnitude curve of T},,q goes down while the phase
curve goes up around the resonant frequency, which implies
that T1,0q has RHP poles, i.e., Pyoq 7 0, but the number of RHP
poles cannot be accurately read from the Bode plot. According
to (23), we can figure out that Ppoq = Rmoa — Rpu = 2, Thus,
Zmod = 0, showing that the converter is stable by Tj,oq. In this
case, Ty can determine the stability by itself, and Ti,0q can also
determine the stability, but it needs the aid of T} to determine
the number of RHP poles first.

Fig. 16(a) and (b) gives the experimental waveforms of the in-
ductor current i, and the output voltage v, of the boost converter
with the voltage regulator being Gy, pst1(S) and Gy psia(s),
respectively. Obviously, as seen from Fig. 16(a), the system
is unstable as predicted by Tioq and T}y, and as seen from
Fig. 16(b), the system is stable as predicted by Tpy, verifying
the effectiveness of the loop gains in stability judgment.

From Fig. 15, we can see that the bandwidth of Tj.4(s) with
Gy pst1(8) 18 higher than that with Gy, pst2(s). Comparing the
Bode plots of Toa(s) with Gyypst1(8) and Gy pst2($), it is
found that the resonant peak of Tyoq(s) is damped when using
Gy pst1(8), which is different from the commonly cognition
that the voltage regulator has no effect on the resonant peak.
This is because in boost and buck—boost converters, G,q has
multiple resonant frequencies [31]. To be specific, besides the
natural resonant frequency of the low-pass filter f,., there are
other resonant frequencies at f, + kf;. When w approaches
27 fr, To[j(w + kws)] (B = £1,£2,4£3,...) in the denomina-
tor of Thnoda(s) [see (10)] approaches its own resonant peak, and
it damps the resonant peak of Tinoq(s). As the bandwidth of the
converter becomes higher, this impact turns more distinct.

It should be noted that in practice T (s) instead of Tioqa($) Or
Tpu (s) is widely adopted in regulator design because of its sim-
plicity. However, Tj (s) is accurate only in the frequency range
much below the switching frequency, which makes the regulator
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design based on Tj(s) unrealistic and invalidates the stability
assessment result. Even if the converter is designed stable, the
phase margin may not be adequate. Taking the boost converter
as an example, the Bode diagrams of Tj(s) with the regula-
tor being Gy, 1st1 and Gy, pst2 are given in Fig. 17. As seen,
when the regulator is Gy, pst1, the phase margin is 42° using
To(s), but the converter is actually unstable. When the regula-
tor is Gy psta, the phase margin is 45°using Tp(s), which is
higher than that using Tiyoa(s) or Tpu(s) although the stability
judgment is correct. By measuring the loop gain, we can ob-
tain precise magnitude and phase information about the closed-
loop system, based on which a badly designed regulator can be
corrected.
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Fig. 18.  Bode plots of Ty, Tinod, Tpur for boost converter with Gyr_pgi3 (8).

In the following, we describe the process of correcting the
regulator design based on experimental measurement of the
loop gain using the boost converter as an example. Comparing
the Bode plots of 7j (s) and the measured T}, (), it is found the
sideband frequency components reduce the phase margin of the
converter significantly. Therefore, the stability can be improved
by weakening the effect of the sideband frequency components.
One simple method is to introduce a low-pass filter to attenuate
the magnitude of the loop gain at the sideband frequencies. To
ensure an adequate phase margin, the corner frequency of the
low-pass filter should be set between the cutoff frequency and
the minimum sideband frequency. In this example, the cutoff
frequency is 4 kHz using T (s), the sideband frequencies are
96 kHz, 104 kHz, etc. Thus, the corner frequency should be set
between 4 and 96 kHz. Here, we choose the two first-order low-
pass filters with corner frequency being 40 kHz. The low-pass
filter is added to both Gy, pst1(s) and Gy, psi2(s) to correct the
regulator design and improve the stability. Taking Gy, pst2(s)
as an example, it is modified to Gy, pst3(s), i.€.,

16 + 10000/ s
Gnps(s) = 1000075
(1 + 251200)

With Gy, 1,st3(s) as the regulator, Tj, Tinod, and Tp,y are plot-
ted in Fig. 18, where we can see that 1§, Tin04, and T}y are nearly
identical. The cutoff frequencies are 3.5 kHz by both 7},,q and
Tpul, and the phase margins are 32° and 37° by Ti0q and Tpy,
respectively, verifying that the stability of the converter has been
restored. The corresponding experimental waveforms are given
in Fig. 19.

(42)

C. Closed-Loop Transfer Functions Verification

The buck converter is taken as an example to verify the closed
loop transfer function using the two loop gains. The voltage
regulator is still the one given in (37). Fig. 20 gives both the
calculated and measured Bode diagrams of the reference to
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Vo: [10V/div]

i [SA/div]

S

iH

Time:[200us/div]

Fig. 19. Experimental waveforms of boost converter with Gy _psi3 (S).
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Fig. 20. Measured reference-to-output-voltage transfer function of buck
converter.

output voltage transfer function, where we see that the measured
result is in good agreement with the calculation.

As for the audiosusceptibility, the expression of Gy (jw)
for the buck converter is

D,(1+ jwCR,)

Gvg,() (Jw) - 9 ] L (433)
(jw) LC + jw (RTa + CRC> +1
when k£ = 0 and
) e—j27rk:D!, -1
Gygr(jw) = ————F—

—j2rk

14 j(w+ kw,)CR,
[j(w + kw,) P LC + j(w + kw,) (R% + CRC) +1
(43b)

when k # 0. With (43), the closed loop audiosusceptibility can
be obtained. Fig. 21 gives both the calculated and measured
results of the closed loop audiosusceptibility. As seen, the mea-
surement also agrees with the analytical result.
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Fig. 21.  Measured closed-loop audiosusceptibility of buck converter.
1/'\1'ef + + {}d)’ ?L G(,
—>®->| Gyls) )‘T"{ Girls) |"| Fn l—(;>| Gid(S)-I——>| Zre(s) |—<>->
7 -
R L
H, [= L
L=
Fig. 22.  Control block diagrams of a two-loop controlled converters.

VI. CONCLUSION

The modulation signal perturbation scheme and the pulse
perturbation scheme are two commonly used schemes for mea-
suring the loop gain of closed-loop dc—dc converter systems.
However, the results from the two schemes are not fully consis-
tent. Using the extended-frequency-range small-signal model,
a quantitative relation can be derived between the loop gains
found from the two schemes. The pulse perturbation scheme
is a simpler scheme in stability assessment. In this paper, an
alternative implementation using a sample-and-hold scheme is
proposed, which is simple yet equally effective as the original
pulse modulation scheme. Finally, experimental prototypes of
buck, boost, and buck—boost converters are studied for the pur-
pose of verifying the analytical results and the effectiveness of
the proposed sample-and-hold loop gain measurement schemes.

APPENDIX

This Appendix explains the equivalence of different loop
gains in two-loop controlled systems. Fig. 22 shows the small-
signal control block diagram of a two-loop system with the
example of average current mode controlled converter, where
F,, is the gain magnitude of the PWM modulator, Gyq4(s) is
the duty-cycle-to-output-voltage transfer function, Gy, (s) is the
voltage regulator, H, is the output voltage sensor gain, Gj(s)
is the current regulator, Giq(s) is the duty-cycle-to-inductor-
current transfer function, H; is the inductor current sensor
gain, Zrc(s) is the inductor-current-to-output-voltage transfer
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function, and Gyq4(s) = Gia(s)Zrc(s). T, (s) and T;(s) are the
loop gains of voltage loop and current loop, respectively, ex-
pressed as [16]

(AD)
(A2)

ﬂ;(s) = Gvr(S)Gir(S)Fm Gid (S)ZRC (S)HU
T;(S) = Gir(S)Fm Gld(S)HZ

When measuring the loop gain of the whole system, the per-
turbation can be injected into the loop through the voltage feed-
back path, the current feedback path, or the duty cycle, as shown
in Fig. 22, which correspond to three different loop gain results
expressed as follows, respectively,

Ty(s) = 11&) (A3)
Ty(s) = % (Ad)
T5(s) =T, (s) + T (s). (A5)

For any closed-loop controlled system, if 1 + 7'(s) has no
RHP zero, the system is considered stable. From (A3) to (AS),
we have

14 Ty(s) = & ff:)JS)T (5) (A6)
14 Ty(s) = ff%?f‘ () (A7)
14+ Ts(s) =14+ T, (s) + Ti(s). (A8)

As seen from (A6) to (A8), since T, (s) and T;(s) have no
RHP poles, the number of RHP zeros of 1 + T} (s) (j = 1,2, 3)
is equal to that of 1 4+ T, (s) + T;(s), indicating that the three
loop gains are equivalent in stability assessment.
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