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A Robust Dual-Loop Current Control Method With a
Delay-Compensation Control Link for LCL-Type
Shunt Active Power Filters

Lei Yang

Abstract—This paper is focused on a dual-loop current control
method (grid current loop and fundamental current loop) for dig-
itally controlled LCL-type shunt active power filters (APFs). Nor-
mally, a proportional-resonant (PR) unit is used as the fundamental
current controller, where the proportional part of PR unit actually
serves as the proportional feedback of inverter-side current and
provides a certain degree of damping for LCL resonance. However,
its valid damping region is only up to one-sixth of the sampling fre-
quency (f;/6), which leads to less robustness to the grid impedance.
To address this issue, a delay-compensation control link is proposed
in this paper to replace the proportional part of the PR fundamen-
tal current controller and widen the effective damping region. As
a result, the system robustness is improved without adding extra
sensors or introducing an extra active damping loop. Theoretical
analysis proves that it can obtain a wider damping region of (0,
[fs/4). Moreover, a systematic controller parameter design criterion
is studied. In particular, a numerical optimization algorithm is de-
veloped to optimize damping property, and a design method based
on root locus plot and Bode diagram is presented to enhance har-
monic compensation accuracy. Finally, experimental results imple-
mented on a 30 KVA APF prototype have validated the feasibility
of the proposed current controller and parameter design criterion.

Index Terms—Active power filter (APF), delay-compensation
control link, dual-loop current control, robustness.

1. INTRODUCTION

HE harmonic pollution caused by nonlinear loads, recti-
fiers, switching power supplies, and other grid-connected
power converters has rapidly increased. Power quality has there-
fore emerged as a popular research area in the field of distributed
power generation systems based on renewable energy, such as
wind and solar energy [1], [2]. Active power filters (APFs) are
an effective way of solving grid harmonic pollution [3], [4].
For shunt APFs, an L filter or an LCL filter is used at the
output to filter the pulsed voltages and reduce the switching har-
monics [5]. Compared with the conventional L filter, the LCL
filter is preferred for its better high-frequency harmonics atten-
uation ability. However, a resonance hazard is introduced by
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the LCL filter, and damping solutions are necessary to stabilize
the control system. A direct way is to put damping resistors in
series with filter capacitors, named as passive damping method.
This method is very simple and highly reliable, but results in
high power losses and deterioration of the harmonics attenua-
tion ability [6], [7]. An alternative way is to use active damping,
the principle of which is to emulate a virtual resistor by feed-
ing back variables as the damping terms, e.g., filter capacitor
current [8]-[10], filter capacitor voltage [11], [12], inverter-side
current [13], or grid-side current [14]. The active damping has
been widely used due to its flexible and efficient property [15],
but extra sensors are normally needed to sense the active damp-
ing variables. In practice, these damping variables can also be
acquired through specially designed control elements instead of
direct measurement [16]-[18], which, however, result in much
increase of the implementation complexity. In a shunt APF sys-
tem, at least two sets of current sensors are adopted. One set is
to sense grid current or load current for the harmonic compensa-
tion reference [19], and another set is to sense grid-side current
or inverter-side current as the control feedback variable [13],
[14]. It is worth noting that the proportional current feedback
actually exists in the control loop when a proportional-resonant
(PR) unit is used as the current controller, which provides the
possibility to damp the LCL-filter resonance without adding ex-
tra sensors or introducing an extra active damping loop. In this
paper, the grid current and the inverter-side current are chosen
to explore this promising control structure.

In the digitally controlled system, the computation and
pulsewidth modulation (PWM) delays have significant side ef-
fects on the active damping performances [20]-[22]. In [23],
it is reported that when one-sample period computation delay
and half-sample period PWM delay are taken into account, the
proportional capacitor current feedback will be equivalent to a
virtual impedance, which has a negative real part ranged from
one-sixth of the sampling frequency (f;/6) to the Nyquist fre-
quency ( f;/2). Further, Bao et al. [24] regard f; /6 as the critical
LCL resonance frequency, and conclude that the stability condi-
tions are consistent when the LCL resonance frequency is higher
or lower than f;/6. As a result, the control system may easily
become unstable if the resonance frequency moves due to the
variation of grid impedance. Similar conclusions can be drawn
with the proportional inverter-side current feedback. To address
this issue, a straightforward solution is to reduce the digital
computation delay. In [25], Pan et al. shift the capacitor current
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sampling instant to reduce the signal delay time and widen the
damping region. However, careful design must be devoted to
avoid signal aliasing and switching noises with this sampling
technique. Another research direction is to insert a compensator
into the active damping loop. In [26] and [27], different compen-
sators are carefully designed to extend the damping region and
improve the robustness to grid impedance. Besides, an above-
Nyquist-frequency LCL-filter resonance has been explored in
recent works [28], [29]. Tang et al. [28] achieve a very cost-
effective LCL filter design by setting the resonance frequency
higher than the Nyquist frequency, and Harnefors et al. [29]
further present the input admittance model of voltage source
inverters above the Nyquist frequency. This LCL filter design is
more suitable for the grid-connected converters, whose domi-
nant switching harmonics may appear at double the switching
frequency. In this paper, a common two-level shunt APF is
studied with the symmetry regular sampled PWM adopted, and
the resonance frequency is placed less than f;/2 to ensure the
effective attenuation of switching harmonics.

To improve upon [24]-[27], we here investigate a dual-loop
current control method for digitally controlled LCL-type shunt
APFs, and find that the proportional part of the PR fundamental
current controller actually serves as the proportional inverter-
side current feedback and provides a certain degree of damping
for LCL resonance. However, its valid damping region is only
up to one-sixth of the sampling frequency (f;/6) due to the
system delays [23]-[27], and the control system is less robust
to the grid impedance. Based on this issue, this paper proposes
a delay-compensation control link to replace the proportional
part of the PR fundamental controller and widen the damp-
ing region. Theoretical analysis proves that the control system
can obtain a wider damping region of (0, f;/4) and improve
the robustness, without adding extra sensors or introducing an
extra active-damping loop. Moreover, a systematic controller
parameter design criterion is studied. In particular, a numerical
optimization algorithm is developed to optimize damping prop-
erty, and a design method based on root locus plot and Bode
diagram is presented to enhance harmonic compensation accu-
racy. The rest of this paper is organized as follows. Section II
introduces the structure and models of dual-loop current control
method. In Section III, considering that the proportional part
of fundamental current controller actually serves as the pro-
portional feedback of inverter-side current, the corresponding
stability conditions are discussed. Section IV proposes a delay-
compensation control link instead of the proportional part, and
theoretically proves that the system can obtain a wider damping
region of (0, f;/4). In Section V, a systematic parameter de-
sign criterion is developed to obtain satisfactory performances.
Experimental results are presented in Section VI to verify the
proposed current control and parameter design criterion. Finally,
a conclusion is drawn in Section VII.

II. MODEL OF THE LCL-TYPE THREE-PHASE SHUNT APF
WITH DUAL-LOOP CURRENT CONTROL METHOD

Fig. 1 illustrates the general diagram of an LCL-type three-
phase shunt APF with dual-loop current control method. As
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Fig. 1. Diagram of an LCL-type three-phase shunt APF with dual-loop current
control method.

shown, the shunt APF is comprised of a two-level voltage source
inverter with dccapacitors and an LCL-type output filter. L, is
the inverter-side filter inductor, L, is the grid-side filter inductor,
and C is the filter capacitor. A three-phase diode rectifier with
resistive and inductive load is adopted as a harmonic source.
The power grid at the point of common coupling (PCC) is
represented as a voltage source in series with the grid impedance.
ug is the grid voltage at PCC. Generally, the grid impedance
contains inductance and resistance [30]. Since grid resistance
and parasitic resistances of inductors all provide a certain degree
of damping for LCL-filter resonance, they are ignored here to
draw the worst case. Thus, a pure inductance L is used to denote
the grid impedance, and it can be regarded as part of L.

In Fig. 1, it is found that a harmonic current controller and a
fundamental current controller are in parallel to constitute dual
loops of APF control system (grid current loop and fundamental
current loop), and the grid current and the inverter-side current
are adopted as their feedback variables. For grid current loop, it
aims to eliminate the harmonic components of grid current i;.
The reference of grid harmonic currents is set to 0. Considering
that the harmonic current controller only regulates harmonic
signals, iy is directly fed to the harmonic controller without
harmonic extraction. For fundamental current loop, it aims to
track the fundamental current reference i} and maintain dc-side
voltage Uqc constant. iy is generated by the output of devoltage
controller and phase angle of u;. Since the inverter-side current
iiny actually contains the fundamental component of APF output
current iy, ijpy 1S directly fed to the fundamental controller and
compared with ;. Note that no extra sensors or no extra active
damping loop are contained in this control structure.

Based on Fig. 1, Fig. 2(a) gives the s-domain model of the
LCL-type shunt APF with dual-loop current control method
in the stationary afB-frame. —i; = 0 is the reference of grid
harmonic currents. P/ is the dc voltage controller. G.(s)
and G (s) are the harmonic current controller and the fun-
damental current controller, respectively. 1/7; represents the
sampler and T is the sampling period. Kpwym is the gain
of the PWM inverter, and Kpwy ~ 1 here. The computa-
tion and PWM delays are contained in the current control
loops. G4(s) = e~*T* is the computation delay of one sampling
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period, and G, (s) = (1—e~*7%) /s ~ T,e=0>75 is the transfer
function of the zero-order hold (ZOH), which is an inherent
property of PWM inverters.

According to Fig. 2(a), Gou(s) is the transfer function from
the inverter voltage u,,(s) to the APF output current iyy(s),
which can be derived as

fout (5) o 1
Uiny (5) N L1L2Cfs (S2 =+ wf)

(D

Giou(s) =

where w, = 2mf, is the resonance angular frequency of the
LCL filter. Given the effect of grid impedance on the LCL-filter
resonance frequency, w, can be expressed as

w, = Ll + LZ + Ls
" Ll(L2+LX)Cf'
Giiny(s) is the transfer function from the inverter voltage

Uiny(s) to the inverter-side current i;,y(s), which can be derived
as

2)

iinv (S) . chfsz + 1
Uiny (5) N L1L2CfS (S2 + 0)3) '

3)

Giinv(s) =

Fig. 2(b) gives the z-domain model of the dual-loop current
control method. The dc-side voltage control loop is ignored
here, because it is usually designed to be a slow control loop
and will not interact with the inner current control as long as a
proper control bandwidth is chosen [31]. In Fig. 2(b), G;ou(z)
and G (z) are the z-domain transfer functions of G (s) and
Giinv(s). By applying the ZOH transformation to (1) and (3),

Models of the LCL-type shunt APF with dual-loop current control method. (a) s-domain model. (b) z-domain model.

Giouw(2) and Giy(z) can be derived as
Giow (2) = Z[Gon () Giou ()]

B oy T(z2 — 2zcosw, Ty + 1) — sinw, Ty(z — 1)?
(L 4 Lyw(z — 1)(z2 —2zcosw, Ty + 1)
4)

Z [Gon (5) Giiny (5)]
w, T(z> — 2zcosw, Ty + 1) + é—f sinw, Ty(z — 1)2
(L + Ly)w,(z — 1)(z2 — 2zcosw, T; + 1)

Giiny (2) =

(&)

In order to accurately describe the features of the digitally
controlled APF system, the analysis is implemented in the
z-domain. Besides, the symmetry regular sampled PWM method
is adopted in this paper, i.e., the sampling frequency f; is equal
to the switching frequency fiy. Table I lists the system param-
eters of the LCL-type three-phase shunt APF.

III. STABILITY ANALYSIS WITH THE PROPORTIONAL
INVERTER-SIDE CURRENT FEEDBACK

In Fig. 2(b), a PR unit is normally adopted as the fundamental
current controller G.¢(z). In this case, the proportional part of the
PR fundamental current controller actually serves as the propor-
tional feedback of inverter-side current and provides a certain
degree of damping for LCL resonance. Therefore, it remains
necessary to present the stability analysis with the proportional
inverter-side current feedback in this section. The resonant part
of the PR fundamental controller is ignored, because it makes
very limited effects far from the fundamental resonant frequency
[26], [31]. Assuming that G:(z) = Ky, the open-loop trans-
fer function of grid current loop 7),(z) can be derived from
Fig. 2(b) as (6) shown at the bottom of the next page, where the
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TABLE I
SYSTEM PARAMETERS OF THE LCL-TYPE THREE-PHASE SHUNT APF
Parameter I 1T
Grid impedance L 0 280 uH
Inverter-side inductor L; 100 pH
Grid-side inductor L, 50 uH
Filter capacitor Cr 80 uF
Resonance frequency f- 3.08 kHz 2.03 kHz
DC-side voltage Uqc 780 V

Grid voltage Uy 220 V (RMS), 50 Hz

Sampling frequency f; 15 kHz
Switching frequency fs 15 kHz
Diode rectifier load Rioaa/ Lioad 20Q/1 mH

fundamental current loop is considered as an inner loop of grid
current loop, and K is the proportional gain of the fundamental
current controller.

In order to ensure that no open-loop unstable poles exist in
T,(z), the judging criterion for K is derived in Appendix A as

s
Z) @)

0 < Kpr < min (K/, K, K”') and f, € <0,
where K’, K”, K" are defined as (8) shown at the bottom of
this page.

From (7), it can be seen that only when f, < f;/6 and 0 <
Ky < min (K’, K”, K"), no open-loop unstable poles will oc-
cur in T,(z). When f, > f;/6 or Ky > min (K’, K", K"), a
pair of open-loop unstable poles will occur. Accordingly, three
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Fig. 3. Bode diagrams of T},(z) in three cases with G¢p(z) = 1 Q.

cases are divided to further illustrate the system stability as
follows:
Casel: f, < f;/6and 0 < Ky < min(K’, K", K").
Case Il: f. < fy/6 and Kpy > min(K’, K", K").
Case lll: f, > f;/6 and Kyt > 0.

In Case I and Case II, the parameters in Table I are adopted
with the inherent resonance frequency f,, = 2.03 kHz. Under
this set of system parameters, a range which meets the judg-
ing criterion (7) is calculated as 0 < K¢ < 0.636 €2. Hence,
Kpr = 0.3 is chosen for Case I, while Kpr = 0.8 Q is chosen
for Case II. In Case III, the parameters are adopted with the res-
onance frequency f,; = 3.08 kHz and min(K’, K", K”) < 0.
No K, exists to meet (7), and K, = 0.8 2 is chosen in this
case. Accordingly, Fig. 3 shows the Bode diagrams of 7,(z) in
three cases, where G (z) = 1 2 for simplicity.

Tp (z) = Gch(Z)prm

w, Ty(z? — 2zcos w, Ty + 1) — sinw, Ty(z — 1)

. (6)
(L1 + LoJoy2(z = D = 220050, Ty + 1)+ Kpun Kyt [0, T2 = 22005 0. Ty + 1)+ £ sinao, Ty(z — 17
K’ A (Ll +L2)wr (1 +COS(1),TS)
Kopwm®r Ty (1 4 cos w, Ty) + 2prm§—f sinw, T,
. (Ly + Ly,
prmwr TS + prmé_f 1?;2:)(;51
Ly sinw, T;(1-2  Ty)
LA (L1 + Ly, Ty —4(Ly + Lo) 72 sm”(wcoswfis)’f
K" = 5 (3)
Ko, % + 4K pun Ty 2 tan 0,50, Ty + 4K pym - (f-j) tan20.50, T,
K" A (L1 + Ly)w, (1 —2cos w, Ty)
Kpwm@r Ty (1 — 2 cos w, Ty) — prm;_f sinw, T,
_ (L + Ly)w,
- L, sinao T,
prma)r Ts - prmﬁ (I:;LI:S o Ty)
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As seen from Fig. 3, the —180° crossing of 7),(z) might take
place at f. or f;/6. In Case I, the —180° crossing only takes
place at f,, while in Case II and Case III, the 180° crossing
takes place at both f, and f;/6. Thus, the values of T,(z) at f,
and f/6 are concerned, and they can be derived from (6) as

KpnLy

— i Ty —
T, (z=¢€/"") = KoL €))
iT K h
—el3) = P
TP (Z =e 3) - Kpf — K"

w, Ty (1 —2cosw, Ty) + sinw, T

. w, Ty (1 —2cosw, Ty) — ﬁ—f sin w, Ty

(10)

where K, is the proportional gain of the harmonic current
controller G¢(z). In fact, G, (z) might contain multiple resonant
controller units, but it can be reduced to a proportional gain at
the —180° crossover frequency [25], [31].

As mentioned above, the open-loop poles and frequency re-
sponses of the system are explored. Then, the stability analysis
can be implemented. According to the Nyquist stability crite-
rion [25], [32], the stability conditions with the proportional
inverter-side current feedback are summarized as follows:

Case I [f, < fs/6, 0 < Ky < min(K', K", K")]: No
open-loop unstable poles exist, and the phase plot of 7),(z)
crosses over —180° only at f, in the direction of phase
falling. Hence, as long as the gain of T),(z) at f, is less than
0dB,ie., |T)(z = el”rT9)| < 1, the system will be stable.
Accordingly, the corresponding stability condition can be
derived from (9) as

KyiLo

0< Ky, < .
ph L,

(1)

Case II [f, < fs/6, Ky > min(K', K", K")]: A pair of
open-loop unstable poles exists. The phase plot of 7),(z)
crosses over —180° at f, in the direction of phase falling,
and at f;/6 in the direction of phase rising. Therefore, to
make the system stable, the gain of 7),(z) at f, must be less
than 0 dB, and the gain of 7, (z) at f; /6 must be greater than O
dB, ie., [T,(z = & T%)| < 1 and |T)(z = ¢/™/*)| > 1. Ac-
cordingly, the corresponding stability condition is derived
from (9) and (10) as

erx (1 —2cos a)rTs) - i_? Sinerv

w, Ty (1 —2cosw, Ty) + sinw, T

(I(p1> _ K///) .

KLy

< Kpn < 21 .

Case lll (/6 < f, < fs/2, Ky > 0): A pair of open-loop
unstable poles exists. The phase plot of T),(z) crosses over
—180° at f,/6 in the direction of phase falling, and at f,

12)
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in the direction of phase rising. Opposite to Case II, the
gain of T),(z) at f;/6 is required to be less than 0 dB, and
the gain of 7,(z) at f, is required to be greater than 0 dB,
ie., |T,(z=e/"3)| <1 and |T,(z = ¢T%)] > 1. Hence,
the corresponding stability condition can be derived as

KL

Ly

< Kpn < | (Kpr — K")

ers (1 —2cos a)rTs) - IL‘_? Sina)rTr

w, Ty (1 —2cosw, Ty) + sinw, T

(13)

From (11) to (13), it can be found that the stability conditions
for Kpy, are different in three cases. Case II is even opposite to
Case III. Therefore, the controller parameters must be designed
according to the work region of the system. In fact, the grid
impedance exists and varies with load. The inherent resonance
frequency f, will decrease due to the inductive grid impedance,
and the work region might change from one to another. The
previous design for K, may not meet the new stability condi-
tion, which may potentially result in the system instability. In
view of this, Case I is the safest work region, but the constraint
fr < fs/6 needs to be achieved at the expense of increasing the
LCL-ilter cost.

IV. PROPOSED DELAY-COMPENSATION CONTROL LINK

From Section III, it can be found that due to the system
delays, f;/6 becomes a critical resonance frequency for the
proportional inverter-side current feedback, and three work
regions are divided. Case I is the safest work region, how-
ever, with a strict constraint f, < f;/6. If the critical reso-
nance frequency is extended, a wider region of Case I can
be obtained, and the system will be robust to grid impedance.
Therefore, a delay-compensation control link is proposed to re-
place the proportional part of the PR fundamental current con-
troller and widen the critical resonance frequency, which can be
expressed as

Kpr

G (2) = 1+z

(14)

Fig. 4 shows the z-domain model of dual-loop current method
with the delay-compensation control link, where the resonant
part of G(z) is still ignored for simplicity.

With the proposed delay-compensation control link, the open-
loop transfer function of grid current loop T,(z) can be derived
from Fig. 4 as (15) shown at the bottom of this page.

Similar to Section III, in order to ensure that no open-loop
unstable poles exist in Ty(z), the judging criterion for Ky is

Ty(z) = Gch(Z)prm

(14 2) [0 Ty(2> = 2zcos , Ty + 1) — sinw, Ty(z — 1)]

(L1 + Lo)w,z(1 4+ 2) (2 — (2% = 2zcos o, Ty + 1) + Kpwm K przlw, Ty (22 — 2zcos o, Ty + 1) + g_f sinw, Ty(z — 1)?]

15)
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Fig. 4. z-domain model of dual-loop current control method with the delay-
compensation control link.

derived in Appendix B and can be expressed as

s

0 < Kyt < min (K}, K], K}') and f, € <0, 2

) (16)
where K, K/, K} are defined as (17) shown at the bottom of
this page.

According to (16), four cases are divided to further illustrate
the system stability as follows:

Case A: f, < fy/6and 0 < Ky < min(K);, K, K.
Case B: f;/6 < f, < fi/4 and 0 < Ky < min(K},
K}, K.

Case C: f;/6 < f, < fy/4 and Ky > min (K}, K, K.
Case D: f, > fs/4 and K > 0.

In Case A, the parameters in Table I are adopted with the
inherent resonance frequency f,» = 2.03kHz, and the range of
(16) is 0 < Kpr < 2.38 Q2. Kpr = 1.51 2 is chosen for Case A.
In Case B and Case C, the parameters are adopted with the
resonance frequency f,; = 3.08 kHz, and the range of (16) is
0 < Kyt < 1.92Q. Hence, K, = 1.38 Q is chosen for Case B,
while Kpr = 2.3 Q is chosen for Case C. In Case D, the LCL fil-
ter parameters are L = 100 uH, Ly = 50 uH, and Cy = 50 puf
with the inherent resonance frequency f,3 = 3.90kHz. In this
case, no Kpr exists to meet (16), and K, = 1.51 Q2 is chosen.
Fig. 5 shows the Bode diagrams of 7,(z) in four cases, where
Gn(z) =12.

FromFig. 5, itcan be seen thatin Case A and Case B, the phase
plots of T;(z) only cross over —180° at the crossing-over fre-
quency f., which is less than the actual resonance frequency f.
In Case C and Case D, the phase plots of 7;(z) cross over —180°
twice at the crossing-over frequency f, and the actual resonance
frequency f,. According to the Nyquist stability criterion [25],
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[32], the stability conditions with the delay-compensation con-

trol link can be summarized as follows:
Case A (fr < f;/6 and 0 < K,y < min (K, K}, K'))
and Case B (f/6 < fr < fi/4 and 0< Ky <
min (K}, K], K}')): No open-loop unstable poles
exist, and the phase plots of 7;(z) cross over —180° only
at f. in the direction of phase falling. In order to make the
system stable, the gain of 7,(z) at f. must be less than 0
dB. Hence, the corresponding stability condition can be
expressed as

Ty (z=e/T)| < 1. (18)

Case C(fs/6 < fr < fs/4 and K,y > min (K}, K}, K'))
and Case D ( f, > f;/4 and K,; > 0): A pair of open-loop
unstable poles occur, and the phase plots of 7;(z) cross over
—180° at both f. and f; in the direction of phase falling
and phase rising, respectively. To make the system stable,
the gain of T,(z) at f, must be less than O dB and the gain
at f/ must be greater than 0 dB. As a result, the stability
condition can be expressed as

Ty (z = ¢/*T)| < 1 and ‘Td (z = ef‘”/"Tﬁ)) >1. (19

A
r A
K, =

2(L1 + Ly)w, (1 + cosw, Ty)

2(Ly + Ly)w,

Kpwm, Ty (1 + 08 0, Ty) + 2K pym 7= sin o, T,

, o 2ALi+ Lo+ 4L + Lyt

" Kpumo, Ty + 2K pum == tan (0.

5w, T)
fi, tan 0.5, T (1 — tan®0.50, T )

w,

d

A

2
KpumTs + 4K pum 2= tan 0.50, T + 4K pym (L—Z,> tan20.50, T,
2(L1 + LZ)wr COS wy Ts

a7

Wy

"
K d

2(Ly + Ly)w;,

Kpwmor Ty cosw, T + prmé—f sin w, Ty

L
Kpwmw, Ty + prmL_? tan w, T
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As previously mentioned, it can be seen that if the judging
criterion in (16) is satisfied, the control system is located in one
work region as Case B, and the stability condition will be con-
sistent when f, < f;/6 and f;/6 < f, < f,/4. Therefore, with
the proposed delay-compensation control link instead of pro-
portional control link, the valid damping region of inverter-side
current feedback has been successfully extended from (0, f;/6)

to (0, f5/4).

V. CURRENT CONTROLLER PARAMETER DESIGN CRITERION

The damping property and harmonic compensation accuracy
are the main concerns of APFs, and proper current controller pa-
rameters must be designed to obtain satisfactory performances.
In this section, a systematic controller parameter criterion is
studied. In particular, a numerical optimization algorithm is
developed to obtain optimal damping property, and a design
method based on root locus plot and Bode diagram is presented
to achieve high harmonic compensation accuracy.

A. Numerical Optimization Algorithm for Optimal
Damping Property

An optimization target should be defined in a numerical opti-
mization algorithm. Normally, the damping ratio ¢; of the system
pole is chosen as an evaluation index of damping property [33],
which can be calculated in z-domain by

1
¢ = —cos (4 (ianl))

where # denotes the angle of the complex number, and z; de-
notes the closed-loop pole of APF control system, i.e., the pole
of Ty (2)/[1 + Tq (2)].

For convenient implementation in MATLAB, 1 — ¢; is adopted.
In fact, maximizing the damping ratio ¢; of the pole is equivalent
to minimizing the corresponding 1 — ¢;. Since the damping ra-
tios of all system poles should be maximized in the optimization
process, the pole with the lowest damping ratio is only consid-
ered for simplicity. As a result, the optimization target of the
proposed algorithm is to minimize the following expression:

(20)

F = min <max(1 — g“,-)) 20
pf+ Kph i

where the proportional gains of current controllers K¢ and K,

are the variables to optimize. The closed-loop poles introduced

by the resonant controller units are not considered, because they

have limited influences on the resonance poles and vary little

with K¢ and K.

A function fmin-search is used in MATLAB to implement the
damping optimization. For the APF system with the inherent
resonance frequency f,; = 3.08 kHz, the optimization results
are Kyr = 1.63Q, Kpp, = 0.397Q, F = 0.755, and ¢; = 0.245.
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B. A Design Method Based on Root Locus Plot
and Bode Diagram

In the fundamental and harmonic current controllers, the res-
onant controller (R) unit is widely adopted to eliminate the
steady-state error at the fundamental or harmonic frequency,
which is defined as

s cos (¢}) — w, sin (¢;)
52 + (a)n)z

G (s) = Ki - (22)
where K, is the resonant gain of the R unit for the harmonic
order n. ¢, and w, are the compensation angle and the resonant
angular frequency of that R unit, respectively. In particular,n =1
refers to the fundamental frequency. Applying the prewarped
Tustin transformation to (22), an equivalent z-domain transfer
function is obtained as (23) shown at the bottom of this page.

First, the parameters of the fundamental current controller
G(z) are designed, because the fundamental current loop is
considered as the inner loop of grid current loop. Neglecting
little phase delay at the fundamental angular frequency w;, the
fundamental compensation angle ¢ is set to 0. Hence, the open-
loop transfer function of the fundamental current loop can be
expressed as

Ty ()

K
S e L
14z
Gi(2)

prma)r Tx(zz —2zcosw, Ty + 1)+prmi—? sin w, Ts(z — 1)2
. (Ly + Ly)w,z(z — D(z% — 2z cosw, Ty + 1)

w; tan (0.5w; Ty) (Z2 — 1)
& 012(z — 1)? + w;2tan? (0.5, T}) (z + 1)?

(24)

Due to the existence of Ky¢z/(1 + z), the root locus of (24)
with K, variation cannot be plotted. To solve this issue, an
equivalent characteristic equation can be derived from (24) as

Lk oy tan (0.5w,Ty) (2% — 1)
" 02— 12 + @tan® (0501 T) (z + 1)

) 14+2)- Gplanl (2)
1+2+ Kpr . Gplanl (2)

} =0 25)

where K, becomes an equivalent proportional coefficient.

Fig. 6(a) plots the root locus of (25), where the stable
range of the fundamental resonant gain is 0 < K;; < 3.95 x
103 Q-rad/s. Fig. 6(b) shows the open-loop Bode diagrams
of the fundamental current loop under three stable K,;. Con-
strained by the IEEE harmonic current limit standard [34], the
open-loop gain of the fundamental current loop should be higher

Grn (Z) = Krn
w, tan (0.5, Ty) cos (¢}) (2> —

1) — w, sin (¢;) tan® (0.50, T;) (z + 1)

w2 (z — 1) + @?tan? (0.50,T,) (z + 1)

(23)
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Fig. 6. Design of the fundamental resonant gain K. (a) Root locus plot.

(b) Open-loop Bode diagrams of fundamental current loop under three stable
K.

than 40 dB at the fundamental angular frequency ;. Therefore,
K;1 = 50 Q-rad/s is chosen to meet the gain requirement.

Then, the parameters of the harmonic current controller
Gn(z) are designed. Considering that load curent i; mainly
contains (6k = 1)th (k = 0, 1, 2...) harmonic components [9],
a series of paralleled resonant units tuning at these harmonic
frequencies are required in G.,(z). Hence, the z-domain trans-
fer function of harmonic current controller can be expressed
as (26) shown at the bottom of the page, where w, = nw; and
n = 6k £ 1. In this paper, the maximum harmonic compensa-
tion order is the 25th and hence, k € [1, 2, 3, 4].

In (26), ¢ is designed to compensate the phase delay at the
harmonic frequency. Besides, ¢; should be less than 90° to
avoid the resonance trap effect introduced by G.(z). Thus, the
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compensation angle of the nth resonant unit is selected as

¢ = |4Gp1anu, (z = ejwnT.v)

and ¢* <90° (27

where G pjane_s (2) is the transfer function of control plant of grid
current loop, which can be expressed as

prm Giou (2)

GanJZ: .
planc 4 (2) 2+ 277 (2)

(28)

In (26), the resonant gain K, is designed in the increasing
order of harmonic frequency. Take the fifth resonant unit as
example. Assuming that the harmonic current controller is only
comprised of a proportional part K, and the fifth resonant unit,
an equivalent characteristic equation of grid current loop can be
expressed as

1+Kr5

cos(¢?) tan(0.5ws T )(z> — 1) — sin(¢?)tan?(0.5wsTy)(z + 1)
ws(z — 1)* + wstan?(0.5ws Ty)(z + 1)°

. GplanLh(Z) :| _
1+ Kph : Gplantjl(z)

Fig. 7(a) plots the root locus of (29), where the stable range of
the fifth resonant gain is 0 < K;s5 < 6.63 x 103 Q-rad/s. Fig. 7(b)
shows the open-loop Bode diagrams of grid current loop under
three stable K, 5. Restricted by the IEEE harmonic current limit
standard [34], the open-loop gain of grid current loop should be
higher than 46 dB at the fifth harmonic frequency. Therefore,
K:s = 100 Q-rad/s is chosen to satisfy the gain requirement.

For other resonant units, the resonant gain K, can be de-
signed similar to K,s. During the design process, the harmonic
current controller G¢y(z) is comprised of a proportional part K,
and the determined resonant units. An equivalent characteristic
equation is then derived in which K, serves as the proportional
coefficient. Finally, a suitable resonant gain K, is selected ac-
cording to the corresponding root locus plot and Bode diagrams.

Table II lists the controller parameters of the dual-loop cur-
rent control method with the assumption of L, =0, and the
system stability is examined when L, varies up to 10% p.u.
(1.53 mH), which corresponds to a short-circuit ratio of 10
[35]. Fig. 8 shows the closed-loop pole maps of the APF
control system when L; varies up to 10% p.u. (the closed-
loop poles introduced by the R units are not displayed since
they vary little inside the unit circle). The proportional con-
trol link and the delay-compensation control link are adopted
in the fundamental current controller. In Fig. 8(a), the propor-
tional control link is adopted with K,y = 0.8 2 and K, = 0.7 2,
which meets the stability condition 0.399 Q@ < K, < 0.796 Q2
by (13). In Fig. 8(b), the delay-compensation control link is
adopted with controller parameters in Table II, which meets
0 < Kpn < 0.787 2 by (18).

(29)

wy tan(0.5w, Ty) cos (¢}) (z* — 1) — w, sin (¢}) tan*(0.5w, T;)(z + 1)

(26)

Gan(@) =Km+ Y Kn
n=~06k=+1

w2(z — 1)? + tan(0.5w, T,)w?(z + 1)
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TABLE II
CONTROLLER PARAMETERS OF DUAL-LOOP CURRENT CONTROL METHOD WITH ASSUMPTION OF L, = 0
Controller Parameter
Fundamental current controller G Ky=1.63Q K.1=50 Q-rad/s
Ky =0397Q
Ks=100 Qradis ¢ =17° | K7=100 Qrads ¢ =26°
Harmonic current controller " "
Kn=100 Qrads  ¢,=42° | Ki3=100 Qrads ¢, =50°
Gen B *
Kir=50 Qrads  4,=65° | Kao=50 Qradls gy =73°
K=50Qrads  ¢,=88° | Kos=50Qradls ¢ =89°
DC-side voltage controller P/ K,=04Q K;=0.002 Q-rad/s
Root Locus 1
T 0.94/
77(6?471‘ 0.92
T 0.6 -
N 0.9 ~
; 0.88 \;\\\
s 0 ooe L=280pH N
w § \\\\
% E 0.84/ N
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Fig.7. Design of the fifth resonant gain K 5. (a) Root locus plot. (b) Open-loop
Bode diagrams of grid current loop under three stable K, 5.

From Fig. 8(a), the resonance poles move outside the unit
circle for40 uH < Ly < 1.53 mH, which corresponds to 1.84 kHz
< fr <2.58 kHz. In comparison, the resonance poles in Fig. 8(b)
are always inside the unit circle. Note that the resonance poles
in Fig. 8(a) vary little for 200 uH < L; < 1.53 mH. Thereinto,
Ly =280 uH is chosen to depict the worst stability condition,

Fig. 8. Closed-loop pole maps of the APF control system when L; varies
up to 0.1 p.u. (1.53 mH). (a) With the proportional control link. (b) With the
delay-compensation control link.

since its resonance poles are almost farthest outside the unit
circle.

VI. EXPERIMENTAL RESULTS

A 30 kVA LCL-type shunt APF prototype is built based on a
TMS320F28335 DSP, whose main parameters have been listed
in Table I. Two sets of experiments are conducted to verify
the stability conditions of dual-loop current control method and
the improved robustness with the delay-compensation control
link. The experimental prototype is shown in Fig. 9, where a
Fluke F435 power quality analyzer and a YOKOGAWA DL850
oscilloscope are used for capturing the experimental results.

Fig. 10 shows the waveforms of grid current i; and its har-
monic spectrum with the nonlinear RL load before the operation
of shunt APF. The grid current i, contains rich harmonic com-
ponents with a total harmonic distortion (THD) up to 24.7%.
The harmonic currents are of (6k £ 1)th (e.g., 5th, 7th, 11th,
13th...) order frequencies.
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A. Verifying the Stability Conditions of Dual-Loop Current
Control Method

To verify the stability conditions of dual-loop current control
method in Section IV, experiments are conducted with L; = 0
and four groups of controller parameters. Two groups of con-
troller parameters are designed by (18) to examine the stability
condition of Case B, while the other two groups are designed
by (19) to examine the stability condition of Case C.

Fig. 11 presents the steady-state experimental waveforms
of grid current with Kpr = 1.38 2, which is lower than
min (K}, K}, K, i.e, 1.917 Q. According to (18), the sta-
bility condition of Case B is calculated as 0 < K < 0.785 Q.
Kpn = 0.5 Qs chosen for Fig. 11(a), while K, = 1.3 Qis cho-
sen for Fig. 11(b) (other controller parameters are designed
similarly to Section V). As seen in Fig. 11(a), the harmonics
of grid current are effectively eliminated with its THD reduced
from 24.7% to 4.5%. Comparatively, in Fig. 11(b), the APF
system tends to be unstable, and the grid current shows serious
high-frequency oscillation with its THD only reduced to 9.8%.

Fig. 12 presents the transient experimental waveforms with
0 < Kpr < min (K),, KJ, K}') when load increases, in which
uy is the Phase-A grid voltage at the PCC, i; is the Phase-A
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grid current, and iy, is the Phase-A output current of APF.
Meanwhile, Fig. 13 gives the corresponding spectrum of APF
output current i,y. As seen from Figs. 12(a) and 13(a), the APF
system keeps stable and eliminates grid harmonics effectively
under step load. Nevertheless, in Figs. 12(b) and 13(b), the APF
output current i,, shows harsh high-frequency resonance, and
the actual resonance frequency locates near 2.13 kHz.

Fig. 14 presents the steady-state waveforms of grid current i,
with Ky = 2.45 2, which is greater than min (K}, K}, K}),
i.e., 1.917 Q. According to (19), the stability condition of Case C
is calculated as 0.589 Q < K, < 0.769 Q. Ky, = 0.7 Q2 is cho-
sen for Fig. 14(a), while K, = 0.3 Q2 is chosen for Fig. 14(b)
(other controller parameters are designed similar to Section V).
It can be seen from Fig. 14(a) that a good steady-state com-
pensation result is obtained for grid current iy with a THD of
4.8%. In comparison, the grid current iy in Fig. 11(b) shows
high-frequency oscillation with a high THD of 9.5%.

Fig. 15 presents the transient experimental waveforms with
Ky > min (K}, K}/, K]') when load increases, and Fig. 16
gives the corresponding spectrum of APF output current igy.
From Figs. 15(a) and 16(a), it can be seen that the APF output
current i, is able to eliminate grid harmonics effectively under
step load. However, in Figs. 15(b) and 16(b), severe resonance
currents occur near 4.08 kHz, which worsens the harmonic com-
pensation performances.

Figs. 11-16 prove that the proposed dual-loop current con-
trol method can obtain good steady-state and transient com-
pensation performances if the controller parameters meet the
stability conditions. Otherwise, serious high-frequency reso-
nance may occur due to a weak damping property. Besides, the
APF system is also unstable when Kr > min (K}, K, K}
and |T;(z = €i°T%)| > 1, which can refer to the case with
0 < Kyt < min (K, K/, KJ) and |Ty(z = &9°T%)| > 1.

B. Verifying the Improved Robustness With the
Delay-Compensation Control Link

To show the superior robustness of the proposed delay-
compensation control link, an inductor L; =280 uH is in-
serted in series with the grid at PCC to emulate the inductive
grid impedance. The proportional control link and the delay-
compensation control link are adopted in the fundamental cur-
rent controller, and experiments are done under both L; = 0 and
Ly =280 uH.

Fig. 17 presents the steady-state waveforms of grid current i
with two control links when L; = 0. In this case, the inherent
resonance frequency f, (3.08 kHz) is located within the range
(fs/6, fs/4). The controller parameters with the proportional
control link are K, = 0.8 2 and Ky, = 0.7 2, which meets the
stability condition of Case III, i.e., 0.399 Q@ < K, < 0.796 Q2
by (13). The current controllers with the delay-compensation
control link takes the parameters listed in Table II. As seen from
Fig. 17, the THD of grid current i; is 4.9% with the proportional
control link, whereas the THD is further decreased to 3.9%
with the delay-compensation control link. Fig. 18 shows the
transient experimental waveforms with two control links when
L, = 0. As shown, both the control links obtain good transient
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compensation results under step load (the spectrum of APF
output current i,y is thus not given).

Fig. 19 presents the steady-state waveforms of grid current
iy with two control links when L; = 280 nH. In this case, the
inherent resonance frequency f, (2.03 kHz) is lower than f/6
(2.5 kHz). According to (12), the new stability condition with
the proportional control link is 0.937 Q2 < K < 2.65 €2, which

Kpn = 0.7 does not meet. In Fig. 19(a), high-frequency os-
cillation exists in grid current iy with a high THD of 10.9%.
Comparatively, in Fig. 19(b), the satisfactory steady-state com-
pensation result is still obtained, and the THD of grid current is
kept at a very low level of 4.1%.

Fig. 20 presents the transient experimental waveforms with
two control links when Ly = 280 uH, and Fig. 21 shows
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the corresponding spectrum of APF output current iy, From
Figs. 20(a) and 21(a), there is obvious resonance existing in
the APF output current i, and the actual resonance frequency
locates near 2.53 kHz. Besides, the grid voltage u, also shows
high-frequency oscillation due to the inserted inductor. How-
ever, the delay-compensation control link still keeps a good

transient compensation performance without resonance under
step load in Figs. 20(b) and 21(b).

From Figs. 17-21, it can be found that the valid damping
region of inverter-side current feedback is successfully ex-
tended to (0, f;/4) with the delay-compensation control link
instead of the proportional control link. Meanwhile, the most
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Steady-state waveforms of grid current iy when Ly = 280 nH. (a) With the proportional control link. (b) With the delay-compensation control link.
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Fig. 21.  Spectrum of APF output current i, when Ly = 280 nH. (a) With the proportional control link. (b) With the delay-compensation control link.

satisfactory steady-state and transient compensation perfor-
mances are obtained with the controller parameters in Table II,
which has validated the feasibility of the proposed parameter
design criterion.

VII. CONCLUSION

This paper investigates a dual-loop current control method
for digitally controlled LCL-type shunt APFs, and finds that the
proportional inverter-side current feedback actually exists in the
control loop when a PR unit is adopted as the fundamental cur-
rent controller. Considering the delay effect, the valid damping
region of proportional feedback is only up to one-sixth of the
sampling frequency ( f;/6), which results in less robustness to
the grid impedance. To address this issue, this paper proposes
a delay-compensation control link to replace the proportional
part of the PR fundamental controller and widen the damp-
ing region. Theoretical analysis proves that a wider damping
region of (0, f;/4) is obtained, and hence, the system robust-
ness is improved without adding extra sensors or introducing
an extra active damping loop. Moreover, a systematic controller
parameter design criterion is studied. In particular, a numerical
optimization algorithm is developed to optimize damping prop-
erty, and a design method based on root locus plot and Bode
diagram is presented to enhance harmonic compensation accu-
racy. The experimental results are finally presented, which have
verified the effectiveness of the proposed current controller and
parameter design criterion.

APPENDIX A

First, considering that the harmonic current controller G4 (z)
does not introduce unstable poles, the open-loop unstable poles

of T),(z) in (6) are decided by the roots of

(L1 + Ly)w,z(z — 1)(Z* = 2zcos o, Ty + 1)
+ I<pwm1(pf[a)rTs(Z2 — 2z cos erx + 1)

L . s
+L—lsmw,Ts(z—1) ]=0. (Al.1)

To obtain the root positions, we take the w transform z =
(1 + w)/(1 — w) to equivalently transform the area outside the
unit circle in the z-plane into the right-half plane in the w-plane
[24]. In this way, (A1.1) can be changed as

aow* + ayw® + axw’ + a3w +ay = 0 (A1.2)
where
ap =4(Ly + Ly)w, (1 + cosw, Ty)
+ 2K pt K pwm@r Ty (1 + cos o, Ty)
+4Kprme% sin w, T
ay =4(Ly + Lz)w,2(1 + cos w, Ty)
— 4Kt Kpwmr Ty (1 + cos , Ty)
SKPprme sin w, T (A13)
ay =4(Ly + Lz)a), (1 —cosw, Ty)
+ 4K Kpwmw, T
+4Kprpwm% sin w, Ty
az =4(Ly + Lz)wr2(1 —cosw, Ty)
— 4K Kpwm, Ty (1 — cos w, T)
ay = 2Kpi Kpym, T (1 — cos w, Ty) .
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According to Routh’s method, the Routh array of the charac-
teristic equation (A1.2) is

w" ap ay Ay
w3 ai a; O
ayaz — aopds
2.
w” _— as (Al.4)
ai
2
ol B (a1a2 — apaz) — ajay
. ayaz — apds
wo . ay.

In the LCL filter design, the resonance frequency f; is usually
less than one half of the switching frequency ( fiw/2) to ensure
the effective attenuation of the switching harmonics [6], [26],
ie., fr < fsw/2.In this paper, f; = fs and hence the possible
range of f, is (0, f;/2). For 0 < f, < fs/2, ap > 0. To avoid
the right-half-plane roots for (A1.2), i.e., the open-loop unstable
poles of T,(z), the conditions of coefficients in (A1.4) must
satisfy

aaz — dods

a>0and —— >0
ag

2
az (ajay — apaz) — ajas

and > 0. (A1.5)

apdy — dods
Then, the judging criteria for K¢, which can ensure no open-
loop unstable poles in T),(z), can be obtained as
(1) 0 < Kyt <min(K', K", K”) when f, € (0, %)
Is i

or when f, € <€, 7) and w, T; (1 — 2cos w, Ty)

— 22 in Ty <0
1
(2) max (0,K") < K,; < min (K’, K")

when f, € gs, ES) and o, T, (1 — 2cos w, T})

2 .
——sinw, Ty > 0
1

(A1.6)

where K’, K”, and K" have been given in (8).

Note that in (A1.6), two judging criteria for Ky are given
when f, is located in different frequency ranges of (0, f;/2).
Combining (A1.6) and (8), the judging criteria, when f;/6 <
fr < fs/2, are analyzed as follows. First, when f, > f;/6
and w, Ty(1 —2cosw, Ty) — Lo/ Lisinw, Ty < 0, K" < 0, then
the inequality 0 < K,y < min (K’, K”, K")isinvalid. Second,
when f, > f;/6and w, T;(1 — 2cosw, Ty) — L,/ Lsinw, Ty > 0,
K’ > 0and K" > 0. In this case, the denominator of K" is ob-
viously less than that of K’, while the numerators of K’ and
K" are both the same (L + L,)w,. Hence, K > K’ and the
inequality max(0, K”") < Kpr < min(K’, K") cannot be satis-
fied. To sum up, it can be found that when f;/6 < f. < f;/2,
the inequalities in (A1.6) are always invalid, and a pair of open-
loop unstable poles always exist in 7),(z). In addition, a pair of
open-loop unstable poles will also occur in 7),(z) when f, <
fs/6 and Ky > min (K’, K”, K”) As mentioned above, the
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judging criterion for Kyt to ensure no open-loop unstable poles
in T,(z) can be finally simplified as (7).

APPENDIX B

Considering that the harmonic current controller G (z) does
not introduce unstable poles and the open-loop pole z = 0 is
located inside the unit circle, the pole condition of 7,(z) in (15)
is decided by the roots of

(L + Ly, (1 4+2)(z — 1)(z> = 2zcos o, Ty + 1)
+ I{pwml(pf[wrrs(z2 — 2z cos ers + 1)

Ly . 2
+ T sinw, Ty(z — 1)7] = 0. (A2.1)
1

Substituting z = (1 + w)/(1 — w) into (A2.1), an equivalent
characteristic equation can be derived as

aow* + aywd + ww® + a3w +a, =0 (A2.2)

where

L
ao = 2K pum Kprw, Ty (1 4 cos , T) + 41<pw,,11<pr—2 sinw, T,
1
a; = 8(Ly + Ly)w, (1 + cosw,Ty)
- 4prprfCl)rTs (1 4+ cosw, Ty)

Ly .
— SprprfL— sin w, T
1

L
ay = 4K pom Kpr o, Ty + 4prprfL—2 sin, T,
1
az = 8(Ly + Ly)w, (1 —cosw,Ty)
— 4K pwym Kpr, Ty (1 — cos w, Ty)

as = 2Kpym Kpo, Ty (1 — cos w, T) .
(A2.3)

According to Routh’s method, the Routh array of the charac-
teristic equation (A2.2) is

w ap a, Ay
w3 : aj az; O
ayaz — apds
2.
we —_— as (A2.4)
a
2
ol B (a1ay — apaz) — ajay
' aya; — apas
w? as.

For 0 < f, < f;/2, ap > 0. To avoid the right-half-plane
roots for (A2.2), i.e., the open-loop unstable poles of 7,(z),
the conditions of coefficients in (A2.4) must meet

2
aya; — apaz az (a1ay — apaz) — ajag

a >0 & >0 &

ay apaz — dods

> 0.
(A2.5)
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From (A2.5), the judging criteria for Ky to ensure no open-
loop unstable poles in 7;(z) can be derived as

(1) 0 < Kpr < min (K}, K/, K]') when f, € ( %)
%, é) and w, Ty cos w, T

hen f,
orwenfe< >

+L—zsiners >0
1
(2) max (0, K})) < Ky < min (K}, K}))

when f, € é, é and w, T cos w, T
4 2
2 .
—sinw, Ty <0
+ I w, <

(A2.6)
where K}, K/, and K/ have been given in (17).

From (A2.6), it can be found that the judging criteria for
K, is different with f,. located in different frequency ranges
of (0, f;/2). Thereinto, the judging criteria when f;/6 < f, <
fs/2 are further discussed as follows. First, when f;/4 < f, <
fs/2 and w, Tscosw, Ty + Ly /Lysinw, Ty > 0, 7/2 < w, Ty, < 7
and K}’ < 0. Hence, in this case, the inequality 0 < Ky <
min (K}, K}, K}) is invalid. Second, when f;/4 < f, <
fs/2 and w,Tycosw, Ty + Lo/ Lisinw, Ty < 0, it can be ob-
tained from (17) that K, > 0, K/ > 0, 2tan (0.5, T;) > 0 and
tan (w,Ty) < 0. In this case, the denominator of K’ is less
than that of K, while the numerators of K, and K} are both
the same 2(L; + L;)w,. Hence, K > K, and the inequality
max (0, K}) < K,y < min (K}, K}) is obviously invalid. As
mentioned above, it has been found that when f;/4 < f, <
fs/2, the inequality in (A2.6) is always invalid and a pair of
open-loop unstable poles always exists in 7;(z). Besides, when
fr < fs/4 and Kpr > min (K}, K}, K}'), a pair of open-loop
unstable poles will also occur in 7;(z). Consequently, the judg-
ing criterion for K to ensure no open-loop unstable poles in
T,(z) can be rewritten as (16).
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