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Resonant Analysis of Magnetic Coupling Wireless
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Abstract—For a general multi-coil magnetic coupling wireless
power transfer (MC-WPT) system with different coil properties
and non-negligible cross couplings, there is no analytical solution
that connects the resonant frequencies of the system to its electric
parameters. Establishing such a generalized analytical solution
not only permits quantitative analysis of resonant points but also
provides a generic platform for the physical interpretation of res-
onance. For this purpose, a novel modeling and analysis method
of integrating time domain and frequency domain is proposed in
this paper, with that all possible resonant points of arbitrary coil
MC-WPT systems can be quickly and accurately determined. First,
an accurate state-space model of a general MC-WPT system with
arbitrary number of transmitters, repeaters, and receivers is estab-
lished and the analytical current response on each circuit is derived.
Then, several key system concepts about resonance are elucidated,
based on which the generalized analytical expressions of resonant
points of MC-WPT systems, including resonant frequencies and
corresponding powers and efficiencies, are derived. Furthermore,
the physical interpretation along with the mathematic relationships
of several key easy-confusing concepts are deduced, which provides
a systematic theoretical criteria for the selection of operating fre-
quency to achieve the resonant states for MC-WPT systems.

Index Terms—Frequency splitting, magnetic coupling (MC),
resonance, resonant frequency, wireless power transfer (WPT).

I. INTRODUCTION

MAGNETIC coupling wireless power transfer (MC-WPT)
technology has been a research hotspot since the inspir-

ing work of transmitting 60 W power to a lamp with about
40% efficiency was demonstrated in 2007 [1], [2]. Considerable
process of this technology has paved the way toward practi-
cal applications, such as household appliances [3], [4], medical
implanted devices [5], [6], electric vehicles [7], [8], etc. How-
ever, it remains a fundamental challenge that is to determine
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the resonant points for MC-WPT systems, especially for com-
plicated multi-coil systems, such as multi-transmitter systems,
multi-receiver systems, and domino systems, which as one of the
advantages and features of MC-WPT systems has been widely
researched in recently years.

It is well known that most MC-WPT systems are based on
the “resonant coupling principle” (two same-frequency resonant
objects tend to couple while interacting weakly with other off-
resonant environmental objects [1]) to set the natural frequency
of each RLC oscillating circuit in the systems and the operating
frequency of the systems to be equal to implement systems’ res-
onant state for the maximum energy efficiency transfer [1], [2],
[9]–[12]. According to the description of paper [1], the system
based on the “resonant coupling principle” can achieve nearly
omnidirectional midrange power transfer. However, many liter-
atures have demonstrated that the system implemented with
“resonant coupling principle” can only achieve high power
transfer at a specific position, with power and efficiency falling
off rapidly when the receiver deviates from its optimal transfer
distance and/or transfer orientation [9], [13], [14]. Furthermore,
it has been demonstrated that the actual maximum energy ef-
ficiency would not decrease in a certain region (distance and
orientation). The reason for the phenomenon of sharp drop of
energy efficiency is that the frequencies of the maximum power
and efficiency are deviate from the designed circuits’ natural
frequency and then the system operating at the fixed circuits’
natural frequency suffers a lower power and efficiency [13], [15],
[16]. This phenomenon is well known as “frequency splitting,”
which seriously limits the applications of MC-WPT systems.

Most methods used against frequency splitting are energy
efficiency compensation methods, such as frequency tracking
control [13], [17], impedance matching [16], [18], adjusting
the coupling strength [14], etc. However, these methods cannot
avoid adding extra circuits to the system, such as control circuits,
impedance matching network, which will introduce additional
power consumption and increase the complexity of the system.
More importantly, these methods differ from system to system
and then they are very hard to apply to complicated multi-coil
systems. Actually, frequency splitting phenomenon indicates
that, at least under some system parameters, the MC-WPT sys-
tem based on the “resonant coupling principle” is not in resonant
state and the designed circuits’ natural frequency is not the res-
onant frequency of the system. Determining the resonant points
is the key point for maintaining a reasonable level of energy
efficiency and creating a robust MC-WPT system against the
variation of transfer distance and/or orientation.
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Powerful simulation tools can be used to determine the max-
imum power or efficiency points for a given MC-WPT systems,
but they cannot reveal the physical interpretation of resonance of
MC-WPT systems. It is well known that the frequencies of the
maximum output power and efficiency of an MC-WPT system
are not equal. There is no conclusion that which frequency is the
resonant frequency of MC-WPT systems. So far, there is still
not an explicit concept on resonance and resonant frequency of
MC-WPT systems. More importantly, power simulation tools
cannot get the analytical relationship between the resonant
points and electrical parameters. There are multiple resonant
points of an MC-WPT system and the number and positions
will vary with the system parameters [19]. So far, the general-
ized characteristic of the resonant points has not been declared.
A generalized analytical relationship is not only the key for
maintaining a reasonable level of energy efficiency but also the
basis for guiding the system optimization and design.

Coupled mode theory [20], [21] and circuit theory [22], [23]
are the two traditional and major analysis methods for MC-WPT
systems. However, the two methods can only derive the analyti-
cal maximum power or efficiency points by seeking the extreme
points of corresponding transfer functions mathematically [21],
[23], [24]. The process is very complex and rigorous and then
the two methods can only be applied to some specific sim-
ple systems. For a complicated multi-coil system with different
coils properties and non-negligible cross couplings, the analyt-
ical transfer functions are very difficult to derive with the two
traditional analysis methods [25]–[28], let along the extreme
points of the transfer functions versus the operating frequency.

Recently, we have proposed a theoretical analysis method in
terms of time domain to determine the maximum power transfer
points for MC-WPT systems, but the theoretical model and anal-
ysis results only suits for weak damping systems [29]. For strong
damping systems, such as multi-receiver MC-WPT systems, the
analysis method and the analysis results proposed in paper [29]
are no longer applicable. Moreover, there is no content about
resonance of MC-WPT systems in paper [29].

In this paper, a novel modeling and analysis method of inte-
grating time domain and frequency domain is proposed, which
could quickly and accurately determine the resonant points for
arbitrary coil MC-WPT systems without any parameter con-
straints. The proposed method is based on the most common
equivalent circuit model, which is very well suited for the ex-
pected frequency range of MC-WPT systems [30]. With the
proposed method, the general analytical expressions of reso-
nant points, including resonant frequencies and corresponding
powers and efficiencies at resonant states, are established. In
addition, the physical interpretation along with the mathematic
relationships of several easy-confusing key concepts, including
circuit’s natural frequency (CNF), system’s natural frequency
(SNF), and resonant frequency, is elucidated. The analysis re-
sults provide a systematic theoretical criterion for the selection
of operating frequency for MC-WPT systems to achieve sys-
tems’ resonant state.

This paper is organized as follows: In Section II, an accu-
rate state-space model of a general wireless power transfer gird
(WPTG) with arbitrary number of transmitters, repeaters, and
receivers is established and the analytical current response on

Fig. 1. Equivalent circuit diagram of a general n-coil fully coupled
WPTG system.

each circuit is derived by using matrix calculation. In Section III,
several key system concepts about resonance of MC-WPT sys-
tems are elucidated, based on which the analytical expressions of
resonant points, including resonant frequencies and correspond-
ing power and efficiency at resonant points are derived. Further-
more, the physical interpretation along with the mathematical
relationship of several easy-confusing concepts, including CNF,
SNF, and resonant frequency are deduced. In Section IV, the re-
lated parameters affecting the resonant frequencies are explored
to pursue investigation into their impact on the resonant points.
Finally, prototypes and corresponding Simulink simulations are
built and tested to validate the proposed theoretical model and
analysis results.

II. SYSTEM MODELING AND RESPONSE ANALYSIS

A. General State-Space Model of WPTG Systems

Fig. 1 shows the equivalent circuit diagram of a general
n-coil fully coupled WPTG system. The system consists of
n coils and each coil is connected with a capacitor in series to
form an oscillating circuit.

In Fig. 1, variables with the subscript m represents the pa-
rameters in the mth oscillating circuit (m = 1, 2, . . ., n). Rpm
and Lm indicate the equivalent series resistance (ESR) and self
inductance of the mth coil, respectively, Mmr is defined as the
mutual inductance between the mth coil and rth coil (m �= r
and Mmr = Mrm). Cm and RLm are the compensating capac-
itance and load resistance of the mth circuit, respectively. Um
and vm stand for the voltage of the capacitor Cm and the supply
voltage of themth circuit, im presents the current in themth cir-
cuit. It should be noted that vm andRLm cannot exist at the same
time. When vm �= 0 and RLm = 0, the mth circuit is regarded
as a transmitter. Conversely, when vm = 0 and RLm �= 0, the
mth circuit serves as a receiver. When both of them are equal to
zero, the mth circuit is a repeater.

According to Kirchhoff’s voltage law, the mathematic
equation of the WPTG system described in Fig. 1 can be
expressed as follows:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

L1C1 ü1 +M12C2 ü2 + · · ·M1nCn ün +R1C1 u̇1 + u1 =v1

M12C1 ü1 + L2C2 ü2 + · · ·M2nCn ün +R2C2 u̇2 + u2 =v2

...

M1nC1 ü1 +M2nC2 ü2 +· · ·LnCn ün +RnCn u̇n + un =vn
(1)

whereRm =Rpm+RLm is the total resistance of themth circuit.
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Defining v = [ v1 v2 · · · v3 ]T , i = [ i1 i2 · · · in ]T , and u =
[u1 u2 · · · un ]T as the supply voltage vector, current vector,
and capacitor voltage vector of the system, respectively, the
mathematic model in (1) can be rewritten as LCü + RCu̇ +
u = v, where matrix L, C, and R are the inductance matrix,
capacitor matrix, and resistance of the system shown as follows:

L =

⎡

⎢
⎢
⎢
⎢
⎣

L1 M12 · · · M1n

M21 L2 · · · M2n

...
...

. . .
...

Mn1 Mn2 · · · Ln

⎤

⎥
⎥
⎥
⎥
⎦

C =

⎡

⎢
⎢
⎢
⎢
⎣

C1 0 · · · 0
0 C2 · · · 0
...

...
. . .

...

0 0 · · · Cn

⎤

⎥
⎥
⎥
⎥
⎦
,R =

⎡

⎢
⎢
⎢
⎢
⎣

R1 0 · · · 0
0 R2 · · · 0
...

...
. . .

...

0 0 · · · Rn

⎤

⎥
⎥
⎥
⎥
⎦
.

(2)

Let x = [uT u̇T ]T and v′ = [vT 0 1×n ]T be the state vector
and input vector of the system, respectively. By introducing the
identity LCu̇ − LCu̇ = 0, the state-space model of the system
can be established as

Aẋ + Bx = v′ (3)

where

A =

[
RC LC

LC 0

]

, B =

[
In×n 0

0 −LC

]

. (4)

From (3), the system matrix S of the system can be
derived as

S = −A−1B =

[
0 In×n

−[LC]−1 −[LC]−1RC

]

(5)

where In×n represents an n-order unit matrix.

B. Derivation of the Analytical Current on Each Circuit

According to the modal theory, there is a non-singular
matrix Φ=[{ψ1}{ψ2} · · · {ψn}{ψ∗

1} {ψ∗
2} · · · {ψ∗

n}]2n×2n =
[ϕij ]2n×2n of an actual physical system, which makes (6)
established [31]

ΦT AΦ = Ā = diag
[
a a∗ ]

= diag
[
a1 a2 · · · an a∗1 a∗2 · · · a∗n

]

ΦT BΦ = B̄ = diag
[
b b∗ ]

= diag
[
b1 b2 · · · bn b∗1 b∗2 · · · b∗n

]
(6)

where {ψq} and {ψ∗
q} are conjugate complex,

aq = {ψq}T A{ψq}, a∗q = {ψ∗
q}T A{ψ∗

q}, bq = {ψq}T B{ψq},
b∗q = {ψ∗

q}T B{ψ∗
q} (q = 1, 2, ..., n) and the operator

diag[·]2n×2n represents the generation of an 2n-order di-
agonal matrix with the 2n elements in the brackets as the
diagonal elements. It should be noted that different from the
subscript m in Fig. 1, which denotes the circuit elements in the

mth oscillating circuit, the subscript q emphasizes the position
of the column {ϕ}q in matrixФ.

By transforming (6), we have
(−A−1B

)
Φ = SΦ = ΦΛ (7)

where

Λ = −(Ā)−1B̄ = −(diag
[
a a∗ ])−1 ∗ diag

[
b b∗ ]

= diag[λ λ∗ ]

= diag
[
λ1 λ2 · · · λn λ∗

1 λ∗
2 · · · λ∗

n

]
. (8)

Equation (7) represents an eigenvalue problem where
λ1 , λ2 , . . . , λn , λ

∗
1 , λ

∗
2 , . . . , λ

∗
n and {ψ1}, {ψ2}, . . . , {ψn},

{ψ∗
1}, {ψ∗

2}, . . . {ψ∗
n} are the eigenvalues and corresponding

eigenvectors of the system matrix S, based on which the matrix
Φ, Λ as well as matrix Ā and B̄ can be quickly and accurately
determined.

By using (6), the state-space model in (3) can be decoupled
into 2n mutually independent equations, as shown in (9), where
y = Φ−1x

Āẏ + B̄y = ΦT v′. (9)

For mathematic analysis, sinusoidal supply voltages with the
frequency ω are assumed. Then, the supply voltage vm , cir-
cuit current im , and capacitor voltage um on the mth oscillat-
ing circuit can be expressed as vm = Im(|vm |ejθv m ejωt), im =
Im(|im |ejθim ejωt), and um = Im(|um |ejθu m ejωt), where the
operator || represents the amplitude of the variable in the bracket
and Im(·) stand for the imaginary part of the variable in the
bracket, i.e., vm = Im(|vm |ejθv m ejωt) = |vm | sin(ωt+ θvm ).

Defining V = [V1 V2 . . . Vn ]T , I = [ I1 I2 . . . In ]T ,
and U = [U1 U2 . . . Un ]T , where Vm = |vm |ejθv m ,
Im = |im |ejθim and Um = |um |ejθu m (m = 1, 2, . . . , n),
the supply voltage vector v, current vector i, and the ca-
pacitor voltage vector u of the system can be expressed
as v = Im(Vejωt), i = Im(Iejωt), and u = Im(Uejωt).
According to x = [uT u̇T ]T , v′ = [vT 0 1×n ]T , and
y = Φ−1x, the state vector y and input vector v′ can be
obtained as y = Im(Yejωt) and v′ = Im(V′ejωt), where
Y = Φ−1 [UT jωUT ]T and V′ = [VT 0n×1 ]T . Substituting
y = Im(Yejωt) and v′ = Im(V′ejωt) into (9), yields

d
(
Yejωt

)

dt
= ΛYejωt +

(
diag
[
a a∗ ])−1ΦT V′ejωt . (10)

From Y = Φ−1 [UT jωUT ]T and (10), we have

[
U
jωU

]

= Φ(jωI2n×2n − Λ)−1(diag
[
a a∗ ])−1ΦT V′.

(11)

Matrix Φ2n×2n can be rewritten as a block matrix Φ =
[ Φ I Φ∗

I
ΦU Φ∗

U
], where ΦI = [ϕij ]n×n = [{ϕ1}, {ϕ2} . . . {ϕn}],

{ϕq} = [ϕ1q ϕ2q . . . ϕnq ]T and q = 1, 2, . . ., n. Evaluating
(11) in terms of block matrix Φ, the vector U can be
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obtained as

U = Φi(jωIn×n − λ)−1a−1(Φi)
T V + Φ∗

i (jωIn×n − λ∗)−1

× (a∗)−1(Φ∗
i )
T V

=
n∑

q = 1

(
{ϕq} {ϕq}T V
aq (jω − λq )

+

{
ϕ∗

q

}{
ϕ∗

q

}T V

a∗q
(
jω − λ∗

q

)

)

. (12)

According to the relationship of capacitor current and capac-
itor voltage, we have I = jωCU. Then, the analytical current
vector i of the system can be obtained as

i = Im
(
Iejωt

)
= Im

(
ωCUej (ωt+π/2)

)
. (13)

From (13), the analytical current response on each circuit
in the system can be quickly derived. For example, the cur-
rent response on the mth oscillating circuit can be derived as
im = Im(Imej (ωt+π/2)), where

Im = ωCm

n∑

q = 1

(
ϕmq{ϕq}T V
aq (jω − λq )

+
ϕ∗
mq

{
ϕ∗

q

}T V

a∗q
(
jω − λ∗

q

)

)

. (14)

C. Power and Efficiency of WPTG Systems

The received power by the electrical load on the mth
oscillating circuit Pm is calculated by Pm = |im |2RLm/2,
where |im | presents the amplitude of current im . From im =
Im(Imej (ωt+π/2)), we can get that the amplitude of current im
equals to the modulus of plural Im , that is |im | = |Im |. Then,
the received power by the load on themth oscillating circuit can
be expressed as

Pm =
1
2
|Im |2RLm . (15)

From (15), the transfer efficiency of the whole WPTG system
can be derived as

η =

∑n
k=1

(
|Ik |2RLk

)

∑n
m=1

(
|Im |2 (Rpm +RLm )

) (16)

where |Ik | andRLk are the current amplitude and load resistance
of the kth circuit.

III. RESONANT ANALYSIS OF MC-WPT SYSTEMS

A. Several Key Concepts About Resonance of
MC-WPT Systems

Before resonant analysis, several key concepts about reso-
nance of MC-WPT systems need to be elucidated.

1) Resonance and resonant frequency: The mathematic
model of LCü + RCu̇ + u = v indicates that the
MC-WPT system in fact is a typical vibration system [31].
According to the definition in vibration theory, resonance
refers to a sharp increase of energy of a system when the
operating frequency equals to some specific frequencies
and these specific frequencies are defined as the resonant
frequencies of this system [31]. For an MC-WPT system,

the energy of the system is determined by the current am-
plitude on each circuit and corresponding self inductance,
for example, the energy of the system, as shown in Fig. 1,
can be calculated byW =

∑n
m=1 |im |2Lm . Since the self

inductance in each circuit is dependent on its coil, then
the resonance of MC-WPT systems refers to the sharp
increase of current amplitudes of the system. Correspond-
ingly, the operating frequencies for the maximum current
amplitudes are defined as the resonant frequencies of the
MC-WPT system.

2) Natural frequency (RF): The undamped free oscillating
frequency of an oscillating system is defined as the natu-
ral frequency of this system. Since an MC-WPT system is
composed of multiple mutually coupled RLC oscillating
circuits, for distinction, the undamped free oscillating fre-
quency of the whole MC-WPT system is termed as SNF,
and the undamped free oscillating frequency of a single
RLC oscillating circuit in the system without considering
the effects of other circuits is called CNF.

B. Predicating the Resonant Points of MC-WPT Systems

Since λq is the eigenvalue of the system matrix S of the sys-
tem, according to the physical properties of a practical system,
the real part of λq is a negative number with a small absolute
value. Then, λq and λ∗

q can be expressed as λq = −αq + jωr,q
and λ∗

q = −αq − jωr,q , respectively, whereαq andωr,q are pos-
itive number and αq is usually very small. In this case, the plural
Im in (14) can be rewritten as

Im =
n∑

q=1

(
ϕmqAq + ϕ∗

mqBq

)
(17)

where

Aq =
{ϕq}T V

aq

(
αq + j

(
ω − ωr,q

))

Bq =

{
ϕ∗

q

}T V

a∗q
(
αq + j

(
ω + ωr,q

)) . (18)

The modulus of plural |Aq | reaches the maximum value
|Aq |max when the operating frequency ω equals to ωr,q , i.e.,

|Aq |max = |Aq |ω=ωr . q =
∣
∣
∣{ϕq}T V

∣
∣
∣ / (|aq | |αq |) . (19)

Since αq is generally very small, then |Aq |max is always very
large. According to the definition elucidated in Section III-A
that the frequencies of the maximum current amplitudes are
termed as the resonant frequencies of that system, we can get
the following.

1) If ωr,1 , ωr,2 , . . . , ωr,n are far away from each other, when
the operating frequency ω equals to ωr,q , |Aq |ω=ωr , q =
|Aq |max will be much larger than other items |Ar |ω=ωr , q
(r = 1, 2, . . . , n and r �= q) and all items |Bk |ω=ωr , q
(k = 1, 2, . . ., n). In this case, Im can be approximated
as Im |ω=ωr , q ≈ ϕmqAq,ω=ωr , q , which indicates that the
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current amplitude reaches a local maximum value and the
system is in a resonant state.

2) Conversely, if ωr,q and ωr,p are very close, when the
operating frequency ω equals to ωr,q , the amplitudes
|Aq |ω=ωr , q and |Ap |ω=ωr , q both will be very large.
In this case, Im can be approximated as Im |ω=ωr , q ≈
ϕmqAq,ω=ωr , q + ϕmpAp,ω=ωr , q and the frequency of the
maximum current amplitude |Im | will be in the range of
[ωr,q ,ωr,p ]. Since ωr,q and ωr,p are very close and both
of them will be more closer to the frequency of the maxi-
mum current amplitude which in the range of [ωr,q ,ωr,p ],
hence ωr,q and ωr,p also can be regarded as the resonant
frequencies of the system.

The analysis results indicate that there are n resonant fre-
quencies (ωr,1 , ωr,2 , . . . , ωr,n ) of a n-coil system, which are
the imaginary part of the eigenvalue of the system matrix S,
shown as follows:

ωr,1 , ωr,2 , . . . , ωr,n = |Im (eigenvalue (S))| . (20)

Substituting ω = ωr,1 , ωr,2 , . . . , ωr,n to (14) into (15) and
(16), the powers and efficiencies of the resonant points can be
quickly and accurately determined.

C. Physical Interpretation of Resonance

At present, there are many misunderstandings about the res-
onance of MC-WPT systems, as described in the introduction,
which is mainly caused by several easy-confusing system pa-
rameters, including CNF, SNF, and resonant frequency. Hence,
it is necessary to elucidate the physical interpretation of these
concepts along with the relationships among them.

Circuit’s natural frequency: According to the definition
elucidated in Section III-A, CNF refers to the undamped
free oscillating frequency of a single RLC oscillating cir-
cuit without considering the effect of other oscillating
circuits. The undamped free oscillating equation of the
single mth oscillating circuit in Fig. 1 can be expressed as
LmCm üm + um = 0, whose free oscillating frequency can be
derived as ωc,m = 1/

√
LmCm . The result indicates that there is

a unique natural frequency of the single mth RLC oscillating cir-
cuit in the system, which is well known as 1/

√
LmCm . Since the

n-coil WPTG system consists of n RLC oscillating circuits, then
there are n circuits’ natural frequencies (ωc,1 , ωc,2 , . . . ωc,n )
in the system, as shown in (21), which have one-to-one
relationship with the n RLC oscillating circuits in the system

ωc,m = 1/
√
LmCm (m = 1, 2, . . . , n). (21)

System’s natural frequency: SNF refers to the undamped free
oscillating frequency of the whole MC-WPT system. For the
WPTG system described in (1), the undamped free oscillating
equation can be rewritten as LCü + u = 0. Supposed that the
undamped free oscillating response of capacitor voltage vector is
u0 = Im(U0e

jω0 t), where ω0 is the undamped free oscillating
frequency of the system. Substituting u0 into LCü + u = 0,
we have |ω2

0 I − (LC)−1 | = 0, which indicates that ω2
0 is the

eigenvalue of matrix (LC)−1 . Then, we can get that there are
n natural frequencies of an n-coil WPTG system, which are the

square roots of the eigenvalue of the matrix (LC)−1 , i.e.,

ω0,1 , ω0,2 , · · ·ω0,n =
√

eigenvalue
(
(LC)−1

)
. (22)

Actually, the n system’s natural frequencies are the n modal
frequencies derived in paper [29]. Expanding (22), we have

ω0,1 , ω0,2 , · · ·ω0,n =
√
√
√
√
√
√
√
√
√
√

eigenvalue

⎛

⎜
⎜
⎜
⎜
⎜
⎝

⎡

⎢
⎢
⎢
⎢
⎣

L1C1 M12C2 · · · M1nCn

M12C1 L2C2 · · · M2nCn
...

...
. . .

...

M1nC1 M2nC2 · · · LnCn

⎤

⎥
⎥
⎥
⎥
⎦

−1⎞

⎟
⎟
⎟
⎟
⎟
⎠

. (23)

By comparing (21) and (23), we can get that even if all cir-
cuits’ natural frequencies are set to be equal, only when all
mutual inductances are close to zero, are the system’s natural
frequencies equal to the designed CNF.

Resonant frequencies: From Section III-B, we can get that
λq = −αq + jωr,q (q = 1, 2, . . ., n) are the eigenvalue of sys-
tem matrix S. According to the definition of eigenvalue,
we have

|(−αq + jωr,q ) I2n×2n − S| = 0. (24)

For any state vector x, from (24), we can get
(−αq + jωr,q )x = Sx. The result indicates that resonant fre-
quencies ωr,q (q = 1, 2, . . ., n) in fact are the damped free os-
cillating frequency of the system. Expanding (24), we have

∣
∣
∣
∣λq I2n×2n −

∣
∣
∣
∣

0 I
−[LC]−1 −[LC]−1RC

∣
∣
∣
∣

∣
∣
∣
∣ = 0. (25)

Evaluating (25) in terms of block matrices, we can get
∣
∣
∣−λ2

q In×n − λq (LC)−1RC − (LC)−1
∣
∣
∣ = 0. (26)

Since matrix LC is a real symmetric matrix, when the sys-
tem is a weak damping system (resistance matrix R close to
zero matrix), λq will be a pure imaginary number and can be
expressed as λq = jωr,q . In this case, we can get

∣
∣
∣ω2

r,q In×n − (LC)−1
∣
∣
∣ = 0. (27)

The results in (27) and (22) indicate that, when the system
is a weak-damping system (resistance matrix R close to zero
matrix), the n resonant frequencies are equal to the n system’s
natural frequencies. From the above analysis, we can get the
following.

1) There are n resonant frequencies of an n-coil MC-WPT
system, as shown in (20), which are the damped free os-
cillating frequencies of the system and determined by all
self inductances, capacitors, mutual inductances, and re-
sistances of the system.

2) There are n system’s natural frequencies of an n-coil
MC-WPT system, as shown in (22), which are the un-
damped free oscillating frequencies of the system. Only
when the system is a weak damping system, are the n
resonant frequencies of the system equal to the n system’s
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TABLE I
ELECTRIC PARAMETERS OF THE EXAMPLES

natural frequencies of the system. That is, the system’s
natural frequencies can be regarded as the resonant fre-
quencies in the system design when the system is a weak-
damping system.

3) There are n circuits’ natural frequencies in an n-coil
MC-WPT system, as shown in (21), which indicates the
undamped free oscillating frequency of a single RLC os-
cillating circuit without considering the effect of other
circuits. Even if the n circuits’ natural frequencies are set
to equal, as designed in the conventional system, only
when all the mutual inductances are close to zero, is the
designed CNF equal to the SNF, but it is not equal to
the resonant frequency. In other words, there is no direct
relationship between CNF and resonant frequency, and
the traditional understanding of the “resonant coupling
principle” is not exactly true.

4) CNF, SNF, and resonant frequency are three different con-
cepts, where the resonant frequencies should be adopted
as the operating frequency to realize system’s resonant
state. The resonant frequency calculation formula of (20)
is valid for arbitrary MC-WPT systems without any pa-
rameter constraints.

IV. RELATED PARAMETERS CHARACTERISTIC ANALYSIS

From the above analysis we can get that, there are n possible
resonant frequencies of an n-coil MC-WPT system, as shown in
(20), which are determined by all circuits’ natural frequencies,
mutual inductances, and resistances of the system. In this sec-
tion, the related parameters affecting the resonant frequencies
will be explored to pursue investigation into their impact on the
resonant points.

A. Effects of CNF

In the conventional MC-WPT systems, all circuits’ natural
frequencies are set to be equal for satisfying the “resonant cou-
pling principle.” However, according to the above analysis, we
can get that resonant frequencies of an MC-WPT system have
no direct relationship with circuit’s natural frequencies in the
system. For illustration and verification, a four-coil MC-WPT
system with the electric parameters listed in Table I is taken
in this section. In the first example, all circuits’ natural fre-
quencies are set to fc,1 = fc,2 = fc,3 = fc,4 = 85 kHz by set-
ting C1 = C2 = C3 = C4 = 61.5 nF. In the second example,
the natural frequency of the first and second circuits are set to
fc,1 = fc,2 = 85 kHz by setting C1 = C2 = 61.5 nF, whereas
the natural frequency of the third and fourth circuits are set to
fc,3 = fc,4 = 75 kHz by setting C3 = C4 = 79 nF. For these

TABLE II
THEORETICAL RESONANT FREQUENCIES AND CORRESPONDING

POWERS AND EFFICIENCIES

Fig. 2. Theoretical output power and transfer efficiency versus the operating
frequency of a system with equal and unequal circuit’s natural frequency.

given electric parameters, the theoretical resonant frequencies
and corresponding powers and efficiencies of the systems are
listed in Table II. The output power and transfer efficiency ver-
sus the operating frequency of the two examples are plotted in
Fig. 2 for comparison.

According to the definition elucidated in Section III-A, we
can get that resonance refers to the current amplitude on each
circuit that is output power reaches a local maximum value.
As shown in Fig. 2(a), there are four maximum power transfer
points of each system, no matter the circuit’s natural frequencies
in the system are equal or not. The frequencies of the maximum
power transfer points of each system are deviate from the cir-
cuit’s natural frequencies in the system and are consistent well
with the resonant frequencies calculated by (20), as listed in
Table II. The results demonstrate that the resonant frequencies
of an MC-WPT system have no direct relationship with cir-
cuit’s natural frequencies in the system, which can be quickly
and accurately determined by using (20).
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TABLE III
MUTUAL INDUCTANCE COMBINATIONS OF THE EXAMPLES

Fig. 3. Theoretical resonant frequencies under different mutual inductance
combinations.

In addition, by comparing Fig. 2(a) and (b), we can get that the
frequencies of the extreme points of output power and efficiency
are not equal, but the power transfer at some resonant points are
relatively efficient. Since all possible resonant points, including
power and efficiency are determined, then the suitable resonant
frequency can be selected as the operating frequency to balance
power and efficiency.

B. Effects of Mutual Inductances

From (20), we can get that mutual inductance is a significant
factor affecting resonant frequencies of MC-WPT systems. For
illustration, the model used in Section IV-A is also used here.
Excepting mutual inductance parameters, the other electric pa-
rameters are the same as listed in Table I. The four circuits’ nat-
ural frequencies are set to fc,1 = fc,2 = fc,3 = fc,4 = 85 kHz
by setting C1 = C2 = C3 = C4 = 61.5 nF.

For different mutual inductance combinations, as listed in
Table III, the theoretical resonant frequencies calculated by (20)
are plotted in Fig. 3 and the output power and efficiency versus
the operating frequency of each example are plotted in Fig. 4
for comparison. To be more intuitively, only the output power

Fig. 4. Theoretical output power and transfer efficiency versus the operating
frequency of the first, third, and fifth examples.

and efficiency curves of the examples of first, third, and fifth are
plotted in Fig. 4.

As shown the examples of first, second, and third in Fig. 3,
when the mutual inductances are very large, the four resonant
frequencies are far apart. Corresponding to the examples of first
and third in Fig. 4(a), there are four maximum power transfer
points, whose frequencies are consistent well with the values
listed in Fig. 3. With the decrease of mutual inductances, the
four resonant frequencies are getting closer and some resonant
frequencies may converge together, as the examples of fourth,
fifth, and sixth shown in Fig. 3. Corresponding to the fifth ex-
ample in Fig. 4(a), there are only three maximum power transfer
points. The analysis results demonstrate that, no matter the sys-
tem is in strong coupling or not, that is no matter there are
resonant frequencies converge or not, output power reaches a
local maximum when the operating frequency equals to one of
the resonant frequencies calculated by (20), as shown in Fig. 3.

In addition, from Figs. 2(a) and 4(a), we can get that the
circuit natural frequencies and mutual inductance have a great
influence on the distribution of resonant points. Correspond-
ingly, the power, especially the power of the resonant points will
also be affected by CNF and mutual inductance. But whether
the power is increased or decreased differs from resonant point
to resonant point.

C. Effects of Load Resistance

Load resistance is another factor affecting the resonant fre-
quencies of MC-WPT systems. Similarly, the model used in
Section IV-A is used here for illustration. The four circuits’
natural frequencies in the system are set to 85 kHz. For a load
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TABLE IV
THEORETICAL SYSTEM’S NATURAL FREQUENCIES (SNF)

AND RESONANT FREQUENCIES (RF)

Fig. 5. For a load resistance of 1, 5, and 50 Ω, the output power and transfer
efficiency versus the operating frequencies.

resistance of 1, 5, and 50 Ω, the theoretical system’s natural fre-
quencies calculated by (22) and resonant frequencies calculated
by (20) are listed in Table IV. The theoretical output power and
efficiency versus the operating frequency of the three examples
are plotted in Fig. 5 for comparison.

As can be seen from Table IV, the resonant frequencies are
very close to the system’s natural frequencies whenRL4 ≤ 5 Ω,
which demonstrate that the resonant frequencies equal to the
SNF when the system is a weak damping system. However,
when the system is a strong-damping system, as shown in
Table IV, of the system with 50 Ω load resistance, the resonant
frequencies are far deviate from the system’s natural frequen-
cies. Similarly, as shown in Fig. 5(a), the out power reaches a
local maximum value when the operating frequency equals to the
resonant frequencies rather than the system’s natural frequen-
cies. The results indicate that it is resonant frequencies rather
than the SNF, which should be adopted as the actual operating
frequency to realize system’s resonant state. Only when the sys-
tem is a weak damping system, are the n resonant frequencies
of the system equal to the n system’s natural frequencies.

Fig. 6. Theoretical transfer power and efficiency versus the operating
frequency with different system structures.

In addition, from Fig. 5(a), we can get that, when the system
is a strong damping system (RL = 50 Ω), the actual resonant
points (the maximum power transfer points) may be less than
the theoretical resonant points, as calculated in Table IV. That
is because in some theoretical resonant points of a strong damp-
ing system, the energy could not oscillate and the system is
equivalent to an overdamping system. But since all actual reso-
nant points, including operating frequencies and corresponding
output powers, are included in the theoretical results, then the
actual resonant points can be quickly determined. Meanwhile,
from Fig. 5(a), we can get that the change of resistance in small
range has little effect on the distribution of resonant points, but
it will affect the power level.

D. Effects of System’s Structure

For a single-receiver MC-WPT system, if the quality factor
of each oscillating circuit is large, the system can be regarded as
weak-damping system [29]. However, for multi-receivers sys-
tems, even if the quality factor of each circuit is large, the system
may not be regarded as a weak damping system. For illustration,
three examples are conducted here for comparison. The first
example is designed as a single-transmitter-two-repeaters-
single-receiver system, the second example is set as a single-
transmitter-single-repeater-two-receiver system, and the last
example is a single-transmitter-three-receiver system. All cir-
cuits’ natural frequencies of the three systems are set as 85 kHz
and load resistances are set to 5 Ω. The other electric parameters
are listed in Table I. The power received byRL4 (P4) versus the
operating frequencies of the three example are plotted in Fig. 6
for comparison. Since the resistances have no relationship with
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TABLE V
THEORETICAL SYSTEM’S NATURAL FREQUENCIES (SNF) AND RESONANT

FREQUENCIES (RF) OF THE THREE SYSTEMS

Fig. 7. Photograph of the experimental setup.

Fig. 8. Circuit schematic of the practical system.

system’s natural frequencies, thus the system’s natural fre-
quencies of the three systems are equal. The system’s natural
frequencies calculated by (22) and resonant frequencies
calculated by (20) of the three systems are listed in Table V.

V. SIMULATION AND EXPERIMENT VERIFICATION

A. Simulation and Experimental Setup

A practical single-transmitter-single-repeater-two-receiver
system is built, as shown in Fig. 7, to verify the proposed theo-
retical model and analysis results. The circuit schematic of the
system is shown in Fig. 8, where an H-bridge consisting of four
MOSFETs is used as the voltage source and is coupled to the left-
most coil acting as the transmitter. The second coil is served as
a repeater and the two rightmost coils are the receivers loading
by a resistance, respectively. The four coils are set to be equal
with the geometric parameters listed in Table VI and aligned
to the coil centers r = 0 along the z-axis. In the experiments,
the dc voltage is set as 7 V and the transfer distance between
adjacent coils is fixed at 0.05 m. The electric parameters of the

TABLE VI
GEOMETRIC PARAMETERS OF THE PRACTICAL COILS

TABLE VII
MEASURED ELECTRIC PARAMETERS OF THE SYSTEM

TABLE VIII
THEORETICAL VALUE OF THE RESONANT POINTS

system are listed in Table VII, which are measured by using
an LCR digital electric bridge (ZX8526A). The mutual induc-
tance is obtained by means of two different measurements: the
self-inductance L′

1 of two series-connected coils and the self-
inductance L′

2 of the two coils connected in series-opposing.
Hence, the mutual inductance between the two coils is calcu-
lated asM = |L′

1 − L′
2 |/4. The compensating capacitor of each

coil is about 62 nF, then we can get that all the circuits’ nat-
ural frequencies in the system are about 84.6 kHz. With the
same electric parameters, the system can also be simulated in
Simulink software for comparison.

B. Simulation and Experimental Results

For the given electric parameters, all possible resonant points
of the system, including the resonant frequencies and corre-
sponding output powers (P3 andP4) and efficiencies of resonant
states are calculated, as shown in Table VIII. The theoretical,
simulated, and measured output powers (P3 and P4) and trans-
fer efficiencies versus the operating frequencies are plotted in
Figs. 9 and 10, respectively.

As shown in Figs. 9 and 10, the theoretical output powers and
efficiencies at arbitrary operating frequency are consistent well
with the simulated results, which indicate that the proposed the-
oretical model in this paper is effective and accurate. There are
some deviations between the theoretical and measured values,
which is mainly caused by the measuring error of electrical pa-
rameters. In the experiments, the measuring error of self induc-
tance and mutual inductance can be regarded as invariants, but
the measuring error of resistance will increase with the increase
of operating frequency due to resistance heating. According to
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Fig. 9. Theoretical, simulated, and measured output power P3 and P4
versus the operating frequency. (a) Output power P3 received by RL 3 .
(b) Output power P4 received by RL 4 .

Fig. 10. Theoretical, simulated, and measured transfer efficiency versus
the operating frequency.

the parameters analysis in Section IV, there is good reason to
believe that the slight deviations of the distribution of resonant
points and output power at 60 kHz and 86 kHz are due to the
measuring error of self inductance and mutual inductance, and
the derivation of power near 116 kHz is mainly caused by the
error of resistance.

From Fig. 9, we can get that there are three actual resonant
points of the system (59, 86, and 116 kHz), which are included
in the theoretical results, as listed in Table VIII. The results
indicate that all possible resonant points of the system, includ-
ing resonant frequencies and corresponding output powers and
efficiencies can be quickly and accurately determined by using
(20), (15), and (16).

VI. CONCLUSION

A novel theoretical modeling and analysis method of inte-
grating time domain and frequency domain is proposed in this
paper, which suits for arbitrary MC-WPT systems without any
parameter constraints to quickly and accurately determine their
resonant points. Based on the proposed method, the generalized
analytical expressions of resonant points of MC-WPT systems,
including resonant frequencies and corresponding output pow-
ers and efficiencies at resonant states, are derived. Furthermore,
the physical interpretation along with the mathematic relation-
ship of several easy-confusing concepts, including CNF, SNF,
and resonant frequency, are elucidated. It has been theoretically
and experimentally demonstrated that it is resonant frequency
rather than the CNF or SNF that should be adopted as the operat-
ing frequency to implement MC-WPT systems’ resonant states.
The analysis results provide a systematic theoretical criterion
for the choice of operating frequency to achieve system’s reso-
nant state and to maintain reasonable energy efficiency against
the variation of transfer distances and/or transfer orientation.

The derived analytical results would be potentially used to
detect coupling factors and/or loads or other parameters for the
MC-WPT systems because the resonant parameters are inher-
ent to a system and are determined completely by its physical
properties and their spatial distributions. In addition, the ana-
lytical current response on each circuit of a generalized WPT
system with arbitrary number of transmitters, repeaters, and re-
ceivers is derived in this paper. Therefore, the proposed model-
ing and analysis method is particularly suitable for analyzing the
characteristic of complicated multi-coil systems, such as multi-
transmitters systems, multi-receivers systems, domino systems,
etc., whose analytical performance functions are very difficult
to obtain with the traditional analysis methods.
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