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Letters

Optimality in the Sense of Arm Current Distribution of MMC VSC-HVDC

Pablo Briff , Senior Member, IEEE

Abstract—This letter investigates the optimality of the modu-
lar multilevel converter (MMC) voltage source converters high-
voltage direct current (VSC-HVDC), which constitutes a linear
time-invariant (LTI) system for sufficiently large number of sub-
modules per valve. The contribution of this letter is the mathe-
matical proof that MMC VSC-HVDC is the optimal LTI topology
in the sense of arm current distribution. Namely, the findings of
this work show that MMC VSC-HVDC attains an optimal limit in
the way the ac and dc components of the converter arm currents
are distributed in the field of linear converter topologies, and may
only be outperformed by nonlinear or time-varying VSC-HVDC
topologies.

Index Terms—High-voltage direct current (HVDC), linear time-
invariant (LTI), modular multilevel converter (MMC), voltage
source converters (VSC).

I. INTRODUCTION

IN THE recent years, a significant amount of effort has been
invested in the research and development of high-voltage

direct current (HVDC) voltage source converters (VSCs) in the
power delivery industry and academia. The modular multilevel
converter (MMC) [1] has gained an indisputable position in the
HVDC industry as a preferred topology for point-to-point and
multiterminal schemes, due to its efficient solution to the ac–dc
power conversion problem. Although much literature has been
written in the field of MMC, most of the research work has
focused its attention in the system design [2], [3], control [4],
[5], and protection of the circuit [6], [7]. Yet, to the best of the
author’s knowledge, the optimality of MMC VSC-HVDC in the
sense of arm current distribution has not been proven before.

The contribution of this letter is the proof that MMC VSC-
HVDC is the optimal linear time-invariant (LTI) topology in
the sense of arm current distribution. This sets an upper limit
on the attainable arm current distribution performance when
operating the converter topology with a control law linearly de-
pendent on the inputs and outputs, as well as with time-invariant
circuital connections. More fundamentally, the outcome of this
work suggests that, in order for a converter topology to outper-
form MMC VSC-HVDC in terms of arm current distribution,
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it shall not be operated as a linear system, i.e., if such topology
exists, it shall be described by either a nonlinear or time-varying
system.

II. MODEL STATEMENT

A. General Provisions

1) Definitions:
a) VSC-HVDC Topology: An ac–dc converter system consist-

ing of m-inputs and n-outputs. Without loss of generality, in this
letter, the input–output cardinality is limited to m = 3, n = 2 to
represent a three-phase ac system (inputs) and a two-terminal
dc system (outputs).

b) VSC Valve: An arrangement of N series-connected volt-
age submodules (SMs). Each SM is formed of two IGBTs and
a capacitor with voltage Vcap > 0, which is used as an energy
storage device [8]. The voltage Vcap is assumed to be controlled
by means of energy balancing techniques. Without loss of gen-
erality, only half-bridge (HB) SMs are used in this letter, i.e.,
SMs whose output voltage can only be either 0 V or Vcap . More-
over, a VSC valve shall be considered as a linear system despite
their internal time-varying behavior by virtue of the voltage SMs
operated at switching frequency fsw.

2) Nomenclature: Let x
(v )
k denote an input voltage wave-

form and x
(i)
k denote an input current waveform, with k =

{1, 2, 3}. The input voltages are three-phase ac voltages vabc �
[va vb vc ]T and the input currents are three-phase ac cur-
rents iabc � [ia ib ic ]T at the converter’s transformer secondary
windings. Let y(v ) denote an output voltage waveform and y(i)

denote an output current waveform. The output voltage is the dc
voltage Vdc and the output current is the dc current Idc at the con-
verter’s dc terminals. Let xk denote a nonspecific (either voltage
or current) input and let y denote a nonspecific output. Let x̂k

denote the peak value of xk in steady state and let x̄k denote the
mean value of xk . Let α � x̂

(i)
k /y(i) denote the ratio between

the peak of the rated current input x
(i)
k and the rated output cur-

rent y(i) . Let β � x̂
(v )
k /y(v ) denote the ratio between the peak

of the rated voltage input x
(v )
k and the rated output voltage y(v ) .

Let vk � [v1 v2 v3 ]T and vk+3 � [v4 v5 v6 ]T denote the upper
and lower arm valves voltages, respectively. Let ik � [i1 i2 i3 ]T

and ik+3 � [i4 i5 i6 ]T denote the upper and lower arm cur-
rents, respectively. Let ik � (̃ik + Ik ), where ĩk and Ik de-
note the ac and dc components of ik , respectively. Similarly,
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let ik+3 � (̃ik+3 + Ik+3). Let Vdc � Vdc 1 and Idc � Idc 1,
where 1 = [1 1 1]T .

3) Sign Convention: In this letter, inverter sign convention
has been adopted, i.e., a current is deemed as positive (negative)
when it circulates from the output y(i) to the input x

(i)
k through

the upper (lower) arm currents.
4) Voltage Identity Operator: The identity operator for the

voltage waveform is defined by the parallel connection, denoted
by “//”, i.e.,

y(v ) = y(v )//y(v ) . (1)

5) LTI System: A system is considered as LTI if for a trans-
formation T (·) of the inputs xk , the following three conditions
are fulfilled [9]:

a) Linearity:

T

(∑
k

akxk

)
=

∑
k

akT (xk ) (2)

where ak are constants and k = {1, 2, 3}. Equation (2) is also
known as the superposition property of linear systems.

b) Time-Invariance:

y(t) = T (xk (t))
delay τ−−−−→ y(t − τ) ≡ T (xk (t − τ)) (3)

for constant delay time τ .
c) Response to Sinusoidal Inputs: For a given input wave-

form xk = Ak ej (ωk t+φk ) , the output of the LTI system is
y = Aej (ωk t+φ) , with A,Ak , ωk , φk , φ, t ∈ R and j =

√−1.
6) Incrementally LTI System: A system is considered as in-

crementally LTI or affine [9] if for the input waveforms xk , the
output y can be written as

y =
∑

k

(T (xk ) + vk ) (4)

where T (·) is an LTI system on the inputs xk , and vk is a
nonzero continuous-time quantity. From (4), it follows that
Δy � (y − ∑

k vk ) is LTI.
Rewriting (4) to include the discretization in the valves volt-

ages, the discretized output y′ is given by

y′ =
∑

k

(T (xk ) + vk ) + ed (5)

where ed � (y′ − y) represents the discretization error at any
switching instant of duration 1/fsw introduced by the discrete
voltage levels in the VSC valves. In order to consider Δy′ �
(y′ − ∑

k vk ) as LTI, it must hold

|ed | � min(y, x̂k ) ∀k ⇐⇒ y′ ≈ y (6)

i.e., the discretization error ed shall be negligible with respect
to the peak values of y, xk , in which case the outputs y, y′ can
be considered equivalent. In order to fulfil (6), each valve shall
be fitted with a sufficiently large number of SMs, typically in
the range of 200–400 SMs/valve [10].

7) Non-LTI System: A system that does not conform to the
definitions in Sections II-A5 and II-A6 due to time-varying be-
havior in T (xk ) arising from the converter’s circuital operation,
nonlinear characteristics in vk , or considerable discretization

error ed . Examples of non-LTI topologies are the alternate arm
converter [11] and the series bridge converter [12] due to their
time-variance in T (xk ) and nonlinearity in vk , as well as two-
level and three-level VSCs where ed is comparable with y and
x̂k (i.e., (6) does not hold).

B. Assumptions

In steady state, the input waveforms xk :
1) form a balanced three-phase system with peak value x̂ and

angular frequency ω0 ;
2) add to zero, i.e.,

∑
k xk = 0;

3) have no dc component, i.e., their mean value is x̄k = 0.
Furthermore, it is assumed that N , the number of SMs per

valve, is such that (6) holds.

C. HVDC-Specific Design Criteria

An optimally designed VSC-HVDC topology shall:
1) provide symmetrical dc pole-to-ground voltage;
2) utilize all the input waveforms xk to conform the output

waveforms y;
3) minimize the converter energy storage requirement;
4) optimize the current loading within the converter arms.
Criterion II-C.1 relates to the minimization of the voltage in-

sulation requirement of the HVDC converter [13], [14], making
symmetrical monopole the most common HVDC topology [15].

Criterion II-C.2 relates to the efficient utilization of the input
waveforms to establish the output waveforms in a three-phase
converter [16] as well as to ensure steady-state ac power balance
and system stability under unbalanced conditions [17].

Criterion II-C.3 relates to the minimization of the converter
valves’ voltage requirement, at a given SM capacitance value,
due to its impact on cost, weight, and power losses [8], [18].

Criterion II-C.4 relates to the way the arm currents are dis-
tributed within the VSC, namely the distribution of the ac and
dc components of the arm currents, which dominate the con-
verter’s power losses [19], [20] and thermal rating [21] of the
VSC. Since the latter quantities exhibit a quadratic dependence
with the ac and dc components of the arm currents, an optimiza-
tion problem involving ĩ2k , ĩ2k+3 , I

2
k , I2

k+3 can be stated to derive
how the optimal VSC arm currents are distributed. To this end,
the concept of optimality in the sense of arm current distribution
is defined below.

III. OPTIMALITY IN THE SENSE OF ARM CURRENT

DISTRIBUTION FOR LTI CONVERTER TOPOLOGIES

A. Definition

A VSC-HVDC topology is optimal in the sense of arm current
distribution (OACD) if it minimizes the sum of the square of
the arm currents for each input (ac) and output (dc) current
references.

B. Necessary and Sufficient Conditions

A VSC-HVDC topology is LTI OACD if all of the following
are met.
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Fig. 1. Symmetrical output voltage y(v ) .

1) It complies with the HVDC-specific design criteria, as
specified in Section II-C.

2) It can be described by an LTI system, as specified in
Sections II-A5 and II-A6.

3) It attains OACD, as specified in Section III-A.

C. Existence and Uniqueness of the LTI OACD
VSC-HVDC Topology

Proposition 1: MMC is the LTI OACD VSC-HVDC
topology.

Proof: Provided below.
1) Existence of the LTI OACD VSC-HVDC Topology: In or-

der to prove its existence, the optimal topology is derived by
obtaining its output voltages and current as shown below.

a) Derivation of the Output Voltage y(v ): Using Criterion
II-C.1, the upper-to-lower output voltage shall be written as

y(v ) = +(1/2)y(v ) − (−(1/2)y(v )) (7)

i.e., the upper-to-lower output voltage y(v ) is composed of the
difference of the upper output voltage +(1/2)y(v ) and the lower
output voltage −(1/2)y(v ) , as shown in Fig. 1.

The LTI necessary condition outlined in Section III-B2 limits
the possible transformations T (·) on the inputs x

(v )
k to those that

constitute an LTI system. Namely, the contribution of input x
(v )
k

to the upper output voltage +(1/2)y(v ) shall be expressed as

+(1/2)y(v ) = akx
(v )
k + vk (8)

where ak is a voltage amplification factor and vk is a scalar
quantity representing the kth arm valve voltage. The factor ak

can be varied, for example, by means of onload tap-changers
[22]. Without loss of generality, let ak = 1. From (8), it follows
that

vk = −x
(v )
k + (1/2)y(v ) . (9)

Since x
(v )
k , y(v ) are continuous-time quantities, the linearity

of vk in (9) relies on the fact that vk is fitted with sufficient num-
ber of SMs (see Section II-A6). Moreover, (9) implies that vk

shall provide the output dc voltage +(1/2)y(v ) as well as can-
cel out the input sinusoidal content x

(v )
k (see Section II-A5c).

This indicates that an LTI converter valve must be fitted with
sufficient voltage so as to provide the difference between in-
put and output voltages. The minimum valve voltage rating is
given by max |vk | ≈ (1/2)y(v ) + x̂

(v )
k . Namely, when operating

as a linear system, the converter energy storage requirement is

Fig. 2. Linear construction of +(1/2)y(v ) from x
(v )
k

.

Fig. 3. Upper arm valve model.

Fig. 4. Parallel connection at the output +(1/2)y(v ) .

dominated by the quantities y(v ) and x̂
(v )
k . From (9), 0 ≤ vk ≤

vmax, where vmax is the maximum valve’s voltage rating. Hence,
if vk = 0, then x

(v )
k = +(1/2)y(v ) ; similarly, if vk = vmax then

x
(v )
k = −vmax + (1/2)y(v ) . Therefore, using Criterion II-C.3

leads to the minimum valve’s voltage rating vmax = y(v ) for
maximum symmetrical swing1 in x

(v )
k .

Fig. 2 represents vk as a linear block connecting x
(v )
k to

+(1/2)y(v ) . The construct vk , shown in Fig. 3, is commonly
referred to as valve.

Using Criterion II-C.2 and (1), the output +(1/2)y(v ) is
built as

+(1/2)y(v ) = (x(v )
1 + v1)//(x(v )

2 + v2)//(x(v )
3 + v3). (10)

Fig. 4 summarizes the parallel connection stated by (10).
Extending (9) to the lower output voltage −(1/2)y(v ) by

means of three additional valves vk+3 = {v4 , v5 , v6} leads to

−vk+3 = −x
(v )
k − (1/2)y(v ) . (11)

Note that −vk+3 has been defined in (11) since the output
voltage of HB valves cannot be negative. Naturally

vk+3 = x
(v )
k + (1/2)y(v ) (12)

as shown in Figs. 5 and 6.
Simultaneously building the outputs +(1/2)y(v ) and

−(1/2)y(v ) from inputs xk leads to the parallel connections
shown in Fig. 7.

1Third harmonic injection or energy balancing techniques have not been
considered in this expression.
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Fig. 5. Linear construction of −(1/2)y(v ) from x
(v )
k

.

Fig. 6. Lower arm valve model.

Fig. 7. Parallel connections at the inputs x
(v )
k

.

b) Derivation of the Output Current y(i): The parallel
connection at the input shown in Fig. 7 splits the input cur-
rents into two paths. Using Criterion C.4, the distribution of the
converter arm currents shall be optimized. Since the input and
output currents x

(i)
k , y(i) are orthogonal functions [9] over one

fundamental period T0 = 2π/ω0 , i.e.,
∫ T0

0 x
(i)
k y(i)dt = 0, the

optimization of the arm current distribution can be performed
separately for inputs and output waveforms.

The optimal distribution of the upper and lower arm currents
ĩk , ĩk+3 due to the input current x

(i)
k is found by stating the

following optimization problem

min J̃ =
(̃
i2k + ĩ2k+3

)
s.t. ĩk − ĩk+3 = x

(i)
k . (13)

The solution of (13), shown in (14), is depicted in Fig. 8

ĩk = −ĩk+3 = (1/2)x(i)
k . (14)

Similarly, the parallel connection made at the output arising
from Fig. 7 splits the output current into paths. The optimal
distribution of the upper arm currents Ik due to the output current

Fig. 8. Input current x
(i)
k

is equally distributed into two paths.

Fig. 9. Output current y(i) is equally distributed into three paths.

y(i) is found as

min J =
3∑

k=1

I2
k s.t.

3∑
k=1

Ik = y(i) . (15)

The solution of (15), shown in (16), is depicted in Fig. 9

Ik = (1/3)y(i) . (16)

Stating a similar problem to that shown in (15), the solu-
tion of the lower arm currents Ik+3 due to y(i) is Ik+3 = Ik =
(1/3)y(i) . Combining (14), (16), and using the superposition
property, the converter arms currents are given by

ik = ĩk + Ik = (1/2)x(i)
k + (1/3)y(i)

ik+3 = ĩk+3 + Ik+3 = −(1/2)x(i)
k + (1/3)y(i) (17)

where {ik} represent the upper arm currents and {ik+3} repre-
sent the lower arm currents, with k = {1, 2, 3}. Since the arm
currents have been obtained from the optimization problems
(13) and (15), the arm currents shown in (17) comply with the
OACD necessary condition described in Section III-B3.

Using the HVDC nomenclature [x(v )
1 x

(v )
2 x

(v )
3 ]T = vabc ,

[x(i)
1 x

(i)
2 x

(i)
3 ]T = iabc , y(v ) = Vdc , y(i) = Idc , and rewriting

(9), (12), (17) leads to the following converter equations in
vector form:

vk = [v1 v2 v3 ]T = −vabc + (1/2)Vdc

vk+3 = [v4 v5 v6 ]T = vabc + (1/2)Vdc

ik = [i1 i2 i3 ]T = (1/2)iabc + (1/3)Idc

ik+3 = [i4 i5 i6 ]T = −(1/2)iabc + (1/3)Idc . (18)

The converter topology depicted in Fig. 7, together with
the converter equations described in (18), corresponds to the
MMC proposed in [1]. The resulting circuit topology, which
satisfies the design criteria necessary conditions outlined in
Section III-B1, is depicted in Fig. 10 together with its current
and voltage quantities.



IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 5, MAY 2019 4045

Fig. 10. MMC topology, OACD.

Since the converter topology shown in Fig. 10 has been de-
rived in compliance with the necessary and sufficient conditions
described in Section III-B, it is concluded that the MMC is LTI
OACD.

2) Uniqueness of the LTI OACD Topology: Section III-C1
has proven the existence of an LTI OACD topology, but not its
uniqueness. To complete the proof of Proposition 1, it remains
to show that no other LTI topology outperforms MMC in the
sense of arm current distribution.

The optimality of a topology shall be assessed by its arm
current distribution cost function. For notational simplicity, let
(13) be rewritten in matrix form for the upper and lower arm
currents, i.e.,

min J̃ = x̃T x̃ s.t. Ãx̃ = b̃ (19)

where x̃ = [̃i1 ĩ2 . . . ĩ6 ]T , Ã = [w̃T
1 w̃T

2 w̃T
3 ]T , b̃ = [x(i)

1 x
(i)
2

x
(i)
3 ]T , and w̃T

k represents the electrical connections of each of

the converter arms to the ac current inputs x
(i)
k arising from

Kirchhoff’s current law (KCL). The solution to the convex
optimization problem (19) is given by [23]

x̃opt = ÃT
(
ÃÃT

)−1
b̃. (20)

Each element of x̃opt is expressed as ĩk = p̃T
k b̃, where p̃k =

[pk1 pk2 pk3 ]T is a vector of proportions of x
(i)
k in each converter

arm. Likewise, rewriting (15) in matrix form for the upper and
lower arm currents gives

min J = xT x s.t. Ax = b (21)

where x = [I1I2 . . . I6 ]T , A = [w1
T w2

T ]T , b = y(i)1. The
vectors w1 ,w2 represent the electrical connections of the con-
verter arms to the dc current output y(i) using KCL. Equation
(21) yields

xopt = AT
(
AAT

)−1
b. (22)

Each element of xopt is expressed as Ik = pk y(i) , where pk

is the proportion of y(i) in each converter arm.

Fig. 11. Generic LTI topology with HB valves.

The total minimum cost Jmin is given by the sum of the
optimal values of J and J̃ , i.e.,

Jmin = x̃T
opt x̃opt + xT

opt xopt . (23)

For the MMC circuit (see Fig. 10), the matrices
Ã0 ,A0 are formed of the respective vectors w̃1 = [1 0 0
(−1) 0 0]T , w̃2 =[0 1 0 0 (−1) 0]T , w̃3 =[0 0 1 0 0 (−1)]T ,w1

= [1 1 1 0 0 0]T , and w2 = [0 0 0 1 1 1]T . As expected, plug-
ging Ã = Ã0 ,A = A0 into (20) and (22) leads to the solutions
shown in (14) and (16). From (23), the minimum per-unitized
cost attained by MMC is

J0 � Jmin(
y(i)

)2 =
2
3

+
3
2
α2 (24)

where
(
y(i)

)2
is the per-unit base for Jmin , and α = x̂

(i)
k /y(i) .

A more optimal LTI converter topology than MMC, if it ex-
ists, shall satisfy the necessary and sufficient conditions outlined
in Section III-B with less or equal energy storage requirement in
the converter valves, i.e., up to 6y(v ) . For the sake of simplicity in
the analysis, and without loss of generality, let us assume that six
HB valves, denoted as v1 , v2 , . . . , v6 , are used. Each HB valve’s
voltage shall be composed of a dc voltage and optionally an ac
voltage, provided that the total instantaneous valve’s voltage is
non-negative and limited to a maximum value. This implies that
HB valves cannot be directly connected between two ac inputs
since they are unable to synthesize a negative voltage. Also,
there must be at least three valves, e.g., v1 , v2 , v6 , connecting
an ac voltage input x

(v )
k to a dc voltage output ±(1/2)y(v ) , to

provide the difference between ac and dc voltages [see (9)].
Furthermore, in a topological arrangement where the ac compo-
nents ĩk of the arm currents do not automatically cancel at the
output, a shunt circuit composed of at least one valve, e.g., v3 ,
shall be utilized to circulate the difference between ac and dc
currents. The remaining two valves, e.g., v5 , v6 , may be used to
conveniently, for example, configure the converter arms current
distribution.

Fig. 11 shows a generic LTI topology consisting of HB
valves, which will be used as a baseline to obtain LTI candidate
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topologies in order to evaluate the uniqueness of the LTI OACD
topology derived in Section III-B. For example, disconnecting
in Fig. 11, the negative terminal of v3 from −(1/2)y(v ) and con-
necting it to x

(v )
3 leads to the MMC topology shown in Fig. 10.

Other than MMC, the possible LTI topologies using HB valves
that may attain LTI OACD, denoted as T1, T2, . . ., T8, are listed
below:

T1) defined as shown in Fig. 11, and vectors
w̃1 = [1 0 0 (−1) 0 0]T , w̃2 = [0 1 0 0 (−1) 0]T , w̃3 =
[0 0 0 0 0 (−1)]T ,w1 = [1 1 1 0 0 0]T , and w2 =
[0 0 1 1 1 0]T . Using (23), the minimum per-unitized
cost for this topology is J1 = (1/2) + 2α2 .

T2) defined by v1 , v2 , v3 , v5 , v6 as shown in Fig. 11, and
v4//v1 , yields J2 = (2/3) + 2α2 .

T3) defined by v1 , v2 , v3 , v5 , v6 as shown in Fig. 11, and
v4//v2 , yields J3 = (3/5) + (7/3)α2 .

T4) defined by v1 , v2 , v3 , v5 , v6 as shown in Fig. 11, and
v4//v3 , yields J4 = (1/3) + (5/2)α2 .

T5) defined by v1 , v2 , v3 , v6 as shown in Fig. 11, and v4//v1 ,
v5//v6 , yields J5 = 1 + 2α2 .

T6) defined by v1 , v2 , v3 , v6 as shown in Fig. 11, and
v4//v5//v6 , yields J6 = 1 + (7/3)α2 .

T7) defined by v1 , v2 , v3 , v6 as shown in Fig. 11, and v1//v5 ,
v3//v4 , yields J7 = (1/2) + (5/2)α2 .

T8) defined by v1 , v2 , v3 , v6 as shown in Fig. 11, and
v3//v4//v5 , yields J8 = (1/3) + 3α2 .

Variants of topologies T1–T8 produce the same cost functions
detailed above. Next, the per-unitized costs Jq are compared
with MMC’s cost J0 , with q = 1, 2, . . . , 8. Notice that J0 < Jq

for α > (1/
√

3). Topologies T1 and T4 are the first of the set
T1–T8 to yield a smaller cost than J0 for α < (1/

√
3), and hence

they shall be considered as candidate topologies to outperform
MMC in the sense of arm current distribution. It remains to
show that topologies T1, T4 satisfy the necessary conditions of
LTI OACD (see Section III-B).

Recalling the ac–dc power balance equation for balanced
systems at unity power factor, i.e., (3/2)x̂(v )

k x̂
(i)
k = y(v )y(i) ,

the ratio of the input voltage peak value and the output
voltage is

β =
x̂

(v )
k

y(v ) =
2
3α

. (25)

Using (25) at α = (1/
√

3), the value at which topologies
T1, T4 outperform MMC’s cost, yields β = (2/

√
3), or x̂

(v )
k =

(2/
√

3)y(v ) . However, this violates the maximum ac voltage
attainable by an HB valve, namely x̂

(v )
k = (1/2)y(v ) [see (9)

and (12)]. Hence, the candidate topologies T1 and T4 fail to
satisfy the linearity necessary condition (see Section III-B2) and
cannot be considered LTI OACD topologies. This conclusion is
extended to all topologies T1–T8. It can then be concluded that
MMC’s LTI OACD property is unique when using HB valves.

Finally, let us consider the inclusion of full-bridge (FB)
valves. Due to space constraints, only the best candidate lin-
ear topology using FB valves in terms of total cost, denoted as
T9, is detailed below.

T9) defined by v1 , v2 , v3 , v6 as shown in Fig. 11, v4 con-
nected to x

(v )
1 , x

(v )
2 , and v5 connected to x

(v )
2 , x

(v )
3 ,

yields J9 = 1 + (9/8)α2 .
Topology T9 produces a cost J9 < J0 for α < (2

√
2/3),

which gives β > (1/
√

2) and a minimum total converter voltage
requirement of 6.62y(v ) , which exceeds that of MMC. In other
words, when the total converter voltage rating is limited to that
of MMC, topology T9 fails to satisfy the linearity necessary con-
dition and hence cannot be considered LTI OACD. Therefore,
the uniqueness of MMC’s LTI OACD property is also extended
to linear converters using FB valves. This completes the proof
of Proposition 1. �

IV. CONCLUSION

The proof of Proposition 1 indicates that MMC VSC-HVDC,
which constitutes an LTI system for sufficiently large num-
ber of SMs per valve, attains optimal arm current distri-
bution. This is achieved, however, at the expense of the
converter energy storage requirement. In other words, priori-
tizing arm current distribution optimality over energy storage
requirement using an LTI HVDC converter leads to the well-
known MMC VSC-HVDC topology. In summary, this work
concludes that MMC VSC-HVDC attains an optimal limit in
the way the ac and dc components of the converter arm cur-
rents are distributed in the field of linear converter topologies,
and may only be outperformed by nonlinear or time-varying
VSC-HVDC topologies.
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