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System Modeling and the Discrete Time-Domain Current Controller With
Improved Decoupling Capabilities”

Claudio Alberto Busada, Sebastian Gomez Jorge

Abstract—A recent paper by Hoffmann ef al. presents a discrete-time
model in a rotating dq reference frame of an R-L filter and its current
control. The purpose of this note is, first, to show that the discrete model
presented in the paper behaves differently to the sampled continuous-time
model of the plant, formulated in the stationary o3 reference frame; sec-
ond, to find the proper discretization of the plant in dq coordinates; and
third, to verify that there is cross coupling between axes d and q in the
closed-loop system if the original model is used, and that this coupling is
not present when using the model found in this note. In the note, it is veri-
fied that having a precise model of the plant allows us to fulfill the control
objective of obtaining the complete decoupling between axes.

Index Terms—Current control,
systems.

digital modulation, discrete-time

I. INTRODUCTION

In [1], Hoffmann et al. propose a current controller with improved
decoupling capabilities, formulated in a rotating dq reference frame.
Unlike in [2], where the system is modeled in continuous time (a delay,
for example, is modeled through a simple first-order transfer function),
in [1], great attention is given to the exact discrete time-domain mod-
eling of the system. The exact system modeling gives rise to a new
current controller structure that, ideally, allows the total decoupling be-
tween dg-axis in the closed-loop system. The system to be controlled
is an R-L series circuit, described briefly in a3 coordinates by

( d

Uy (1) = prilce
where 8,7 (t) and u{”  (t) represent the current and voltage in the
circuit, respectively This system is characterized by transfer function
G97(s) =180 (s)/USY | (s) (where the uppercase variable denotes
Laplace transform of the lowercase variable). This R-L circuit is driven
by a digitally controlled inverter, whose reference input is %cgnv er(K).
Fig. 1(a) shows a block diagram of the system, where discrete variables
depend on k, whereas continuous variables depend on ¢ or k7. In this
figure, block R-L represents system (1). Block ZOH represents the
zero-order hold action produced by the pulsewidth modulation (PWM)
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Fig. 1. System model. (a) o model. (b) dg model.

modulator, which is updated once per sampling cycle 7. Block delay
represents the delay time 7} that occurs between the sampling time
of signal i¢,” (1) att = kT, and the time at which the control action
Qg(‘fm f(k) is effectively applied to the R-L filter. Block Plant shown
in Fig. 1(a) includes these three blocks.

In [1], a discrete-time model of block Plant shown in Fig. 1(a) is
presented. This model is formulated in a dq reference frame rotating at
angular frequency wy . Two delay cases are considered there: T, = T’
and T, = T /2. The case where T, = T appears in symmetrical PWM
with sampling at the start of each carrier period, and in asymmetrical
PWM with sampling at the start and in the middle of each carrier pe-
riod. The case where T; = T /2 appears in symmetrical PWM with
sampling in the middle of each carrier period (see [1] for more details).
Fig. 1(b) shows a schematic of the model presented in [1], represented

by block Gil,,. Block e~/“**T+ transforms the digital reference in-
dq

ol Jw kT
put gc(mvﬁref(k) into ucd, or(k), whereas block e transforms

itd (k) into i | (k). Block Qpl‘fml shown in Fig. 1(b) is character-

ized by the transfer function Q;fllzlml( ) =TI (2) /Qé‘ém#ref(z). In[1,
eq. (25)], for T; = Ty, the following transfer function is presented:

Ks
—_—
1—ap)edwrTs 1 K,
Gl () = L) L& g
Ry + jwy Ly z(z—o1)  z(z—aoq)

where o = ef(%ﬂ'”“')n €C, and 7y = L;/R;. Also in [I, eq.
(26)], for T, = T /2, the following transfer function is presented:
(1 — ag)e‘j%”kn (Z -+ Oég)

R] -+ ]‘UJ;,«Ll

G lant( ) = (3)

2(z —ay)
( . T

1
(piw ) Te
where ap = ¢ ' 71 T e .
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Fig. 2. Simulation results for the open-loop plant shown in Fig. 1.
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—plant
iel (kT,) = i” . (kKT,) Yk must be satisfied. In this paper, it will be
shown that (2) and (3) do not satisfy this condition, and the appropriate
model, which does satisfy it, will be found. To further show the effect
of each model in the closed-loop behavior, both models will be used
in the design of the synchronous reference frame proportional integral
(SRF-PI) proposed in [1]. It will be shown that the closed-loop system
results decoupled in dq only when the model found in this note is used
in the design of the controller. These results will be validated through
simulation and experimental tests.

shown in Fig. 1(b) is properly modeled, then

II. TESTING THE MODELS

Fig. 2(a) shows the simulation of the continuous-time model of the
plant shown in Fig. 1(a), for L, = 6 mH, R, = 0.36Q, T, =T, =
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0.74 ms. These values of R; and L; are obtained from [1] and are
used in all the simulations. The initial conditions are set to zero, and
an input s set to gg(“;ivﬁref(k) = 10V cos(wi kT ) + j10V sin(wy kT),
with wy, = 2750 rad/s. With this choice, it turns out that w, /wy, = 27
(with w, = 27 /T); the same situation was considered in [1]. The thin
lines in Fig. 2(a) show analog outputs jgﬁm,(t) shown in Fig. 1(a),
whereas the thick lines show outputs if,. . (k7T}) after the sample
and hold.

The system shown in Fig. 1(b) is simulated assuming Qﬁ]‘im modeled
by (2), with the same test input used to obtain Fig. 2(a). Comparing the
sampled outputs of both systems, it results that 780 | (k) # i&7 (k).
Fig. 2(b) shows the resulting error signal e’ (k) =it) (k) —
;’g":m, (k). This means that (2) does not properly model the plant in
the rotating dq frame.

Fig. 2(d) and (e) shows the same results as Fig. 2(a) and (b) for the
case where T; = T /2 and Qgﬁm is modeled by (3). Fig. 2(e) shows
that (3) does not properly model the plant in dq coordinates either.

III. MODEL IN dq COORDINATES

In this section, alternative dg models to those proposed in (2) and
(3) are obtained. As will be shown, these models copy the behavior of
block Plant shown in Fig. 1(a). Two methods will be used to obtain
these models. The first one is the same method used in [1] for the
case where T, = T. The second method is used for the case where
T, = T, /2 and is described as follows.

A. CaseTly =T

LetT,; = T, and follow the discretization method used in [1]. Block
delay shown in Fig. 1 has the following representation in the a3 frame:
Gad (S) _ e*STzl ) (4)

~—sample—update

The dq representation of this block, Gl

—sampleﬂupdate(s)’ is found in [19
eq. (18)]

GY

=sTq ,~jwi T
*SamPICHUPdate(S) =e “deIWrid, 5)

Therefore, the dq representation of block delay is simply its o3 rep-
resentation multiplied by rotation e 7+ Ta |
Block ZOH shown in Fig. 1(a) is implemented in the stationary refer-
ence frame. This block models the fact that the PWM reference voltage
is updated only once per sampling period 7. Its transfer function in
the a0 reference frame is [3]
_ 1—eTs

Gn(s) = —— (©)

The ZOH consists of a delay and an integrator. Since it is a decoupled
system in «(3, it must be coupled in dq. To obtain its model in dg
coordinates, the dynamics of (6) must be transformed to dg coordinates
through the transformation defined in [1, eq. (5)]. Transfer function (6)
in dg coordinates can be found simply by substituting the s operator in
(6) by 5 + juy [4]

—sTs —jwy Ts
Qﬁ@)=li%;§i??< @
This transfer function is different to the expression obtained in [1,
eq. (19)]
1—eTs

G (s) = ————. 8)

~—zoh s

As can be seen, this equation is the same as (6), which is the af3
description of block ZOH shown in Fig. 1(a). Therefore, in [1], block
ZOH is applied to a signal already in the dq frame, which is different
to the reality shown in Fig. 1(a). In the physical implementation of the
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system, block ZOH is applied to signal ug” (k), which is in the a3
frame. The difference between (7) and [1, eq. (19)] is the reason why
the signal ¢“” (k) # 0, as shown in Fig. 2(b).

The model of block Plant shown in Fig. 1(a) in dq coordinates,

stflm(s), also contains the model of the R-L circuit in dq coordinates,

Q%{F (s), defined in [1, eq. (19)]
1 1

GYr(s)= 5. 9
=L.F (8) R1 1+ sT1 + ja}le ( )
Then, it results as
QZIZm(S) = QZ(?h(S)Q’I{qF (S)Q:'i‘d(fnpleﬂupdate(s)' (10)
The Z transform of (10) is
Gitl2) = 2 {E* {Gime}],_, } : (an

Replacing (5), (7), and (9) in (11), and assuming 7,; = T results as

z— e JerTs ,
Ghim(2) = ——5—Z {ﬁ” {Qp‘l’;?m(s)})[:m} (12)

22
where
/ e I9rTs 1
G (s) = , . (13)
iplam( ) Rl e (S + % + jUJk)(S + ]wk)
Using a Z transform table, the transformation of (13) results as
, ~2jw Ty l—e %
Ghin(2) = Rtk 249 BNGE)
Pl R1 [Z 76_(ﬁ+.7wk)Ts}(z 76*./'Wk,T.5)
Replacing this result in (12) the following equation is obtained:
K1
Te .
1— —ﬁ —2jwy Ts 1 Ka’
Gl (z) = e e = L)
P Ry 2(z—a1)  z(z—ap)

where a; = e~ (#1775 Ts This is the required transfer function. The
resulting model (15) matches the model found in [5], and also the more
general model used in [6] (for 7; = 0). These models were found
through a different analytical method.

Comparing (15) with (2), it is noted that both have the same poles,
but the complex constant of their numerator is different, K;; # K. To
verify the validity of (15), the simulation performed to obtain Fig. 2(b)
was repeated using (15). The results are shown in Fig. 2(c). Here, it
can be seen that ¢’ (k) = 0 Vk, thus verifying the validity of (15).

B. CaseT, =T/2

In [1], first, the continuous-time plant is transformed from the sta-
tionary 3 frame to the rotating dq frame, then it is discretized. For
the case where T; = T /2, a different method is proposed here. The
plant is discretized in the stationary o3 frame, and then, the resulting
discrete model is transformed to the dq frame.

Itis easy to verify, through integration of its differential equation, that
the discretization of first-order system (1) with T; = T, /2 results as

Ts

(I—e 1)
R,

-} ~Is 48
l(‘,onv(k: + 1) =e 7l lConv(k) +

—Es g af
|:e 27' @Cénv‘ref(k - 1) + QConv.ref(k):| N (16)
It is known that if z is a generic complex magnitude, the dg and
a3 representations of z are related through ¢ (k) = 27 (k)e7(F)
and 27 (k + 1) = 27 (k + 1)e /10w Ts] where (k) is the angle
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Experimental results for v = 0.35. (a) Reference and measured currents in dg for K = K. (b) iq versus i, for K = K. (c) Phase currents for K = K

(5 A/div, 500 ps/div). (d) Reference and measured currents in dg for K = K. (e) iq versus i4 for K = K. (f) Phase currents for K = K1 (5 A/div,

500 ps/div).

between d- and «-axis, at time ¢ = k7, and w;, is the mean rotation
angular frequency of the dq frame during the interval k to k& + 1. Trans-
forming (16) into the dq frame, using this transformation, results as

(1- 67%)6*“*‘:“
R,

ZCOHV (k + 1) - alé((ll(i)nv(k) +

(1 q

- = wp Ts d
|: (2 Iy Ucony, ref(k)]

~Conv, ref(k - 1)
where o = e (Fr+iwn)Ts Performing the Z transform of this last
equation, the desired model is obtained

(1— e #T)e s (24 ah)

Ghtnl2) = ———

2(z —ay) {17

where o, = e ~(mr 43075 This model has the same poles as (3),
but a different numerator. To verify the validity of (17), the simulation
performed to obtain the results shown in Fig. 2(e) was repeated using
(17) instead of (3). The results of this simulation are shown in Fig. 2(f).
This figure shows that ¢ (k) = 0 Vk, thus verifying the validity of
(17). In order to evaluate the relative errors of each model, Fig. 3 shows
outputs ;gjm (kT) obtained through (2), (15), (3), and (17).

IV. CONTROLLER PERFORMANCE

In this section, the effect of using each model will be evaluated
by implementing the current controller proposed in [1]. For simplicity,
Ty = T is considered, and the difference between using (2) and (15) to
design the controller is evaluated. The transfer function of the controller
proposed in [1] is

Ul (2 v z-—a
R(z2) = ~Conv,ref _ (18)
( ) lg(qmv,err(z) K z = 1

where 1 C?)nv e[r( ) I g])nv ref ( ) - lggnv(z ) with lg?)nv ref ( ) the refer-
ence current, 0.25 < < 0.4 a constant chosen by the designer, and
K = K, with K defined in (2).

If the plant was actually modeled by (2), the closed-loop system
should show a perfect decoupling between d-axis and g-axis. In effect,
considering (18) and (2), with K = K, results in the decoupled open-
loop transfer function [1]

2
z2(z—1)

1
—z)(éen-Loop (Z) =

(19)

However, simulation results show that the closed-loop system is
coupled. Fig. 4 shows a simulation block diagram of the closed-loop
system. Fig. 5(a) and (b) shows current ;"(ij‘{mv = iq + Jigy (solid line)
resulting from using this controller, with v = 0.35 and K = K. In
these simulations, the initial current reference is zero. At t = 0.02s,
a reactive current reference step z(CE’mV et = 0+ 71 is set [dashed line
in Fig. 5(a)]. As can be seen in Fig. 5(a), this reference step in i,
results in a transient current in 4,4, with a peak value of approximately
10% of the step value. This transient shows coupling between the axes,
which is more noticeable in Fig. 5(b) (solid line). This coupling was
previously identified in [1], and qualified as marginal. In [1], it is stated
that the coupling is reduced by increasing the sampling frequency.
This is verified in Fig. 5(b) (dashed line), where the simulation was
performed with a sampling frequency ten times larger (w; /wy, = 270).
The coupling is the result of assuming that K, in (2) is valid when
designing the controller. To verify this assessment, Fig. 5(c) and (d),
shows simulation results for the controller designed using K = K,
with K, defined in (15). Note that in both figures there is a perfect
decoupling between d-axis and g-axis, which verifies the validity of
model (15).

The system shown in Fig. 4 was implemented experimentally using
a three-phase inverter with a 300 V bus voltage. The parameters of
the experiment were L; = 3.93mH, R, = 1.450Q, T, = 100 us, and
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ws /wy, = 27. Fig. 6 shows the experimental results obtained when
performing a step in current reference 7, from 0 to 10 A using the
controller designed with KX = K, and K = K, both for v = 0.35.
The currents in the dg frame were captured from the internal registers of
the digital signal processor used to implement the controller, while the
phase currents were captured with an oscilloscope in high-resolution
mode. As can be seen, the experimental results match the simulation
results shown in Fig. 5. Note that the coupling visible in Fig. 6(d) and
(e) is within the steady-state noise level.

V. CONCLUSION

This note identifies an improvement applicable for two discrete-
time models used in a recently published paper. The improved models
are obtained following two alternative methods. The behavior of the
resulting models was verified through simulations. The method used for
the case where T; = T /2, applies the discretization in the stationary
af frame, which makes the discretization process independent of the
rotation speed of the rotating dg frame. The model in dq coordinates is
then obtained simply by multiplying the constants of the /3 model by
proper rotation complex constants.

Additionally, it was verified that if the SRF-PI controller proposed
in [1] is designed using the model proposed in that paper, the resulting
closed-loop controller has cross coupling in dg. On the other hand,

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 34, NO. 3, MARCH 2019

it was shown that using the corrected model in the design yields a
decoupled closed-loop controller. These results were validated through
both simulation and experimental results.
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