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Abstract—A recent paper by Hoffmann et al. presents a discrete-time
model in a rotating dq reference frame of an R-L filter and its current
control. The purpose of this note is, first, to show that the discrete model
presented in the paper behaves differently to the sampled continuous-time
model of the plant, formulated in the stationary αβ reference frame; sec-
ond, to find the proper discretization of the plant in dq coordinates; and
third, to verify that there is cross coupling between axes d and q in the
closed-loop system if the original model is used, and that this coupling is
not present when using the model found in this note. In the note, it is veri-
fied that having a precise model of the plant allows us to fulfill the control
objective of obtaining the complete decoupling between axes.

Index Terms—Current control, digital modulation, discrete-time
systems.

I. INTRODUCTION

In [1], Hoffmann et al. propose a current controller with improved
decoupling capabilities, formulated in a rotating dq reference frame.
Unlike in [2], where the system is modeled in continuous time (a delay,
for example, is modeled through a simple first-order transfer function),
in [1], great attention is given to the exact discrete time-domain mod-
eling of the system. The exact system modeling gives rise to a new
current controller structure that, ideally, allows the total decoupling be-
tween dq-axis in the closed-loop system. The system to be controlled
is an R-L series circuit, described briefly in αβ coordinates by

uαβ
Conv (t) = R1 i

αβ
Conv (t) + L1

d

dt
iαβ
Conv (t) (1)

where iαβ
Conv (t) and uαβ

Conv (t) represent the current and voltage in the
circuit, respectively. This system is characterized by transfer function
Gαβ

LF (s) = Iαβ
Conv (s)/Uαβ

Conv (s) (where the uppercase variable denotes
Laplace transform of the lowercase variable). This R-L circuit is driven
by a digitally controlled inverter, whose reference input is uαβ

Conv, ref(k).
Fig. 1(a) shows a block diagram of the system, where discrete variables
depend on k, whereas continuous variables depend on t or kTs . In this
figure, block R-L represents system (1). Block ZOH represents the
zero-order hold action produced by the pulsewidth modulation (PWM)
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Fig. 1. System model. (a) αβ model. (b) dq model.

modulator, which is updated once per sampling cycle Ts . Block delay
represents the delay time Td that occurs between the sampling time
of signal iαβ

Conv (t) at t = kTs and the time at which the control action
uαβ

Conv, ref(k) is effectively applied to the R-L filter. Block P lant shown
in Fig. 1(a) includes these three blocks.

In [1], a discrete-time model of block P lant shown in Fig. 1(a) is
presented. This model is formulated in a dq reference frame rotating at
angular frequency ωk . Two delay cases are considered there: Td = Ts

and Td = Ts/2. The case where Td = Ts appears in symmetrical PWM
with sampling at the start of each carrier period, and in asymmetrical
PWM with sampling at the start and in the middle of each carrier pe-
riod. The case where Td = Ts/2 appears in symmetrical PWM with
sampling in the middle of each carrier period (see [1] for more details).
Fig. 1(b) shows a schematic of the model presented in [1], represented
by block Gdq

plant. Block e−j ω k kT s transforms the digital reference in-

put uαβ
Conv, ref(k) into udq

Conv, ref(k), whereas block ejω k kT s transforms

idq
Conv1 (k) into iαβ

Conv1 (k). Block Gdq
plant shown in Fig. 1(b) is character-

ized by the transfer function Gdq
plant(z) = Idq

Conv1 (z)/Udq
Conv, ref(z). In [1,

eq. (25)], for Td = Ts , the following transfer function is presented:

Gdq
plant(z) =

K s
︷ ︸︸ ︷

(1 − α1 )e−j ω k T s

R1 + jωk L1

1
z(z − α1 )

=
Ks

z(z − α1 )
(2)

where α1 = e
−( 1

τ 1
+ j ω k )T s ∈ C , and τ1 = L1/R1 . Also in [1, eq.

(26)], for Td = Ts/2, the following transfer function is presented:

Gdq
plant(z) =

(1 − α2 )e−j 1
2 ω k T s

R1 + jωk L1

(z + α2 )
z(z − α1 )

(3)

where α2 = e
−( 1

τ 1
+ j ω k ) T s

2 ∈ C .
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Fig. 2. Simulation results for the open-loop plant shown in Fig. 1.
(a) iαβ

Conv (t), iα β
Conv (kTs ) (Case Td = Ts ). (b) eαβ = iαβ

Conv (kTs ) −
iαβ
Conv1 (kTs ) (Case Td = Ts , Gdq

plant (z) given by (2)). (c) eαβ =

iαβ
Conv (kTs ) − iαβ

Conv1 (kTs ) (Case Td = Ts , Gdq
plant (z) given by (15)).

(d) iαβ
Conv (t), iα β

Conv (kTs ) (Case Td = Ts /2). (e) eαβ = iαβ
Conv (kTs ) −

iαβ
Conv1 (kTs ) (Case Td = Ts /2, Gdq

plant (z) given by (3)). (f) eαβ =

iαβ
Conv (kTs ) − iαβ

Conv1 (kTs ) (Case Td = Ts /2, Gdq
plant (z) given by (17)).

If block Gdq
plant shown in Fig. 1(b) is properly modeled, then

iαβ
Conv1 (kTs ) = iαβ

Conv (kTs ) ∀k must be satisfied. In this paper, it will be
shown that (2) and (3) do not satisfy this condition, and the appropriate
model, which does satisfy it, will be found. To further show the effect
of each model in the closed-loop behavior, both models will be used
in the design of the synchronous reference frame proportional integral
(SRF-PI) proposed in [1]. It will be shown that the closed-loop system
results decoupled in dq only when the model found in this note is used
in the design of the controller. These results will be validated through
simulation and experimental tests.

II. TESTING THE MODELS

Fig. 2(a) shows the simulation of the continuous-time model of the
plant shown in Fig. 1(a), for L1 = 6 mH, R1 = 0.36 Ω, Td = Ts =

0.74 ms. These values of R1 and L1 are obtained from [1] and are
used in all the simulations. The initial conditions are set to zero, and
an input is set to uαβ

Conv, ref(k) = 10V cos(ωk kTs ) + j10V sin(ωk kTs ),
with ωk = 2π50 rad/s. With this choice, it turns out that ωs/ωk = 27
(with ωs = 2π/Ts ); the same situation was considered in [1]. The thin
lines in Fig. 2(a) show analog outputs iαβ

Conv (t) shown in Fig. 1(a),
whereas the thick lines show outputs iαβ

Conv (kTs ) after the sample
and hold.

The system shown in Fig. 1(b) is simulated assuming Gdq
plant modeled

by (2), with the same test input used to obtain Fig. 2(a). Comparing the
sampled outputs of both systems, it results that iαβ

Conv1 (k) �= iαβ
Conv (k).

Fig. 2(b) shows the resulting error signal eαβ (k) = iαβ
Conv1 (k) −

iαβ
Conv (k). This means that (2) does not properly model the plant in

the rotating dq frame.
Fig. 2(d) and (e) shows the same results as Fig. 2(a) and (b) for the

case where Td = Ts/2 and Gdq
plant is modeled by (3). Fig. 2(e) shows

that (3) does not properly model the plant in dq coordinates either.

III. MODEL IN dq COORDINATES

In this section, alternative dq models to those proposed in (2) and
(3) are obtained. As will be shown, these models copy the behavior of
block P lant shown in Fig. 1(a). Two methods will be used to obtain
these models. The first one is the same method used in [1] for the
case where Td = Ts . The second method is used for the case where
Td = Ts/2 and is described as follows.

A. Case Td = Ts

Let Td = Ts , and follow the discretization method used in [1]. Block
delay shown in Fig. 1 has the following representation in the αβ frame:

Gαβ
sample→update(s) = e−sT d . (4)

The dq representation of this block, Gdq
sample→update(s), is found in [1,

eq. (18)]

Gdq
sample→update(s) = e−sT d e−j ω k T d . (5)

Therefore, the dq representation of block delay is simply its αβ rep-
resentation multiplied by rotation e−j ω k T d .

Block ZOH shown in Fig. 1(a) is implemented in the stationary refer-
ence frame. This block models the fact that the PWM reference voltage
is updated only once per sampling period Ts . Its transfer function in
the αβ reference frame is [3]

Gαβ
zoh (s) =

1 − e−sT s

s
. (6)

The ZOH consists of a delay and an integrator. Since it is a decoupled
system in αβ, it must be coupled in dq. To obtain its model in dq
coordinates, the dynamics of (6) must be transformed to dq coordinates
through the transformation defined in [1, eq. (5)]. Transfer function (6)
in dq coordinates can be found simply by substituting the s operator in
(6) by s + jωk [4]

Gdq
zoh(s) =

1 − e−sT s e−j ω k T s

s + jωk

. (7)

This transfer function is different to the expression obtained in [1,
eq. (19)]

Gdq
zoh(s) =

1 − e−sT s

s
. (8)

As can be seen, this equation is the same as (6), which is the αβ
description of block ZOH shown in Fig. 1(a). Therefore, in [1], block
ZOH is applied to a signal already in the dq frame, which is different
to the reality shown in Fig. 1(a). In the physical implementation of the
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system, block ZOH is applied to signal uαβ
Conv, ref(k), which is in the αβ

frame. The difference between (7) and [1, eq. (19)] is the reason why
the signal eαβ (k) �= 0, as shown in Fig. 2(b).

The model of block P lant shown in Fig. 1(a) in dq coordinates,
Gdq

plant(s), also contains the model of the R-L circuit in dq coordinates,

Gdq
L ,F (s), defined in [1, eq. (19)]

Gdq
L ,F (s) =

1
R1

1
1 + sτ1 + jωk τ1

. (9)

Then, it results as

Gdq
plant(s) = Gdq

zoh(s)G
dq
L ,F (s)Gdq

sample→update(s). (10)

The Z transform of (10) is

Gdq
plant(z) = Z

{

L−1
{

Gdq
plant(s)

}∣

∣

∣

t= kT s

}

. (11)

Replacing (5), (7), and (9) in (11), and assuming Td = Ts results as

Gdq
plant(z) =

z − e−j ω k T s

z2 Z
{

L−1
{

G
′dq
plant(s)

}∣

∣

∣

t= kT s

}

(12)

where

G
′dq
plant(s) =

e−j ω k T s

R1τ1

1
(s + 1

τ 1
+ jωk )(s + jωk )

. (13)

Using a Z transform table, the transformation of (13) results as

G
′dq
plant(z) =

e−2j ω k T s

R1

z(1 − e−
T s
τ 1 )

[z − e−( 1
τ 1 + j ω k )T s ](z − e−j ω k T s )

. (14)

Replacing this result in (12) the following equation is obtained:

Gdq
plant(z) =

K s 1
︷ ︸︸ ︷

(1 − e−
T s
τ 1 )e−2j ω k T s

R1

1
z(z − α1 )

=
Ks1

z(z − α1 )
(15)

where α1 = e−( 1
τ 1 + j ω k )T s . This is the required transfer function. The

resulting model (15) matches the model found in [5], and also the more
general model used in [6] (for Td = 0). These models were found
through a different analytical method.

Comparing (15) with (2), it is noted that both have the same poles,
but the complex constant of their numerator is different, Ks1 �= Ks . To
verify the validity of (15), the simulation performed to obtain Fig. 2(b)
was repeated using (15). The results are shown in Fig. 2(c). Here, it
can be seen that eαβ (k) = 0 ∀k, thus verifying the validity of (15).

B. Case Td = Ts/2

In [1], first, the continuous-time plant is transformed from the sta-
tionary αβ frame to the rotating dq frame, then it is discretized. For
the case where Td = Ts/2, a different method is proposed here. The
plant is discretized in the stationary αβ frame, and then, the resulting
discrete model is transformed to the dq frame.

It is easy to verify, through integration of its differential equation, that
the discretization of first-order system (1) with Td = Ts/2 results as

iαβ
Conv (k + 1) = e

− T s
τ 1 iαβ

Conv (k) +
(1 − e

− T s
2 τ 1 )

R1
[

e
− T s

2 τ 1 uαβ
Conv, ref(k − 1) + uαβ

Conv, ref(k)
]

. (16)

It is known that if x is a generic complex magnitude, the dq and
αβ representations of x are related through xdq (k) = xαβ (k)e−j θ (k )

and xdq (k + 1) = xαβ (k + 1)e−j [θ (k )+ω k T s ] , where θ(k) is the angle

Fig. 3. Output iαβ
Conv1 (kTs ) for the different models.

Fig. 4. Simulation block diagram.

Fig. 5. Simulation result for γ = 0.35. (a) and (b) Controller tuned with
K = Ks , for Ks given in (2). (c) and (d) Controller tuned with K = Ks1 , for
Ks1 given in (15).
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Fig. 6. Experimental results for γ = 0.35. (a) Reference and measured currents in dq for K = Ks . (b) id versus iq for K = Ks . (c) Phase currents for K = Ks

(5 A/div, 500 μs/div). (d) Reference and measured currents in dq for K = Ks1 . (e) id versus iq for K = Ks1 . (f) Phase currents for K = Ks1 (5 A/div,
500 μs/div).

between d- and α-axis, at time t = kTs , and ωk is the mean rotation
angular frequency of the dq frame during the interval k to k + 1. Trans-
forming (16) into the dq frame, using this transformation, results as

idq
Conv (k + 1) = α1 i

dq
Conv (k) +

(1 − e
− T s

2 τ 1 )e−j ω k T s

R1
[

e
−( T s

2 τ 1
+ j ω k T s )

udq
Conv, ref(k − 1) + udq

Conv, ref(k)
]

where α1 = e−( 1
τ 1 + j ω k )T s . Performing the Z transform of this last

equation, the desired model is obtained

Gdq
plant(z) =

(1 − e−
T s
2 τ 1 )e−j ω k T s

R1

(z + α′
2 )

z(z − α1 )
(17)

where α′
2 = e

−( 1
2 τ 1

+ j ω k )T s . This model has the same poles as (3),
but a different numerator. To verify the validity of (17), the simulation
performed to obtain the results shown in Fig. 2(e) was repeated using
(17) instead of (3). The results of this simulation are shown in Fig. 2(f).
This figure shows that eαβ (k) = 0 ∀k, thus verifying the validity of
(17). In order to evaluate the relative errors of each model, Fig. 3 shows
outputs iαβ

Conv1 (kTs ) obtained through (2), (15), (3), and (17).

IV. CONTROLLER PERFORMANCE

In this section, the effect of using each model will be evaluated
by implementing the current controller proposed in [1]. For simplicity,
Td = Ts is considered, and the difference between using (2) and (15) to
design the controller is evaluated. The transfer function of the controller
proposed in [1] is

R(z) =
Udq

Conv,ref(z)

Idq
Conv,err(z)

=
γ

K

z − α1

z − 1
(18)

where Idq
Conv,err(z) = Idq

Conv,ref(z) − Idq
Conv(z), with Idq

Conv,ref(z) the refer-
ence current, 0.25 ≤ γ ≤ 0.4 a constant chosen by the designer, and
K = Ks , with Ks defined in (2).

If the plant was actually modeled by (2), the closed-loop system
should show a perfect decoupling between d-axis and q-axis. In effect,
considering (18) and (2), with K = Ks , results in the decoupled open-
loop transfer function [1]

Gdq
Open-Loop(z) =

γ

z(z − 1)
. (19)

However, simulation results show that the closed-loop system is
coupled. Fig. 4 shows a simulation block diagram of the closed-loop
system. Fig. 5(a) and (b) shows current idq

Conv = id + jiq (solid line)
resulting from using this controller, with γ = 0.35 and K = Ks . In
these simulations, the initial current reference is zero. At t = 0.02 s,
a reactive current reference step idq

Conv, ref = 0 + j1 is set [dashed line
in Fig. 5(a)]. As can be seen in Fig. 5(a), this reference step in iq
results in a transient current in id , with a peak value of approximately
10% of the step value. This transient shows coupling between the axes,
which is more noticeable in Fig. 5(b) (solid line). This coupling was
previously identified in [1], and qualified as marginal. In [1], it is stated
that the coupling is reduced by increasing the sampling frequency.
This is verified in Fig. 5(b) (dashed line), where the simulation was
performed with a sampling frequency ten times larger (ωs/ωk = 270).
The coupling is the result of assuming that Ks in (2) is valid when
designing the controller. To verify this assessment, Fig. 5(c) and (d),
shows simulation results for the controller designed using K = Ks1 ,
with Ks1 defined in (15). Note that in both figures there is a perfect
decoupling between d-axis and q-axis, which verifies the validity of
model (15).

The system shown in Fig. 4 was implemented experimentally using
a three-phase inverter with a 300 V bus voltage. The parameters of
the experiment were L1 = 3.93 mH, R1 = 1.45 Ω, Ts = 100 μs, and
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ωs/ωk = 27. Fig. 6 shows the experimental results obtained when
performing a step in current reference iq from 0 to 10 A using the
controller designed with K = Ks and K = Ks1 , both for γ = 0.35.
The currents in the dq frame were captured from the internal registers of
the digital signal processor used to implement the controller, while the
phase currents were captured with an oscilloscope in high-resolution
mode. As can be seen, the experimental results match the simulation
results shown in Fig. 5. Note that the coupling visible in Fig. 6(d) and
(e) is within the steady-state noise level.

V. CONCLUSION

This note identifies an improvement applicable for two discrete-
time models used in a recently published paper. The improved models
are obtained following two alternative methods. The behavior of the
resulting models was verified through simulations. The method used for
the case where Td = Ts/2, applies the discretization in the stationary
αβ frame, which makes the discretization process independent of the
rotation speed of the rotating dq frame. The model in dq coordinates is
then obtained simply by multiplying the constants of the αβ model by
proper rotation complex constants.

Additionally, it was verified that if the SRF-PI controller proposed
in [1] is designed using the model proposed in that paper, the resulting
closed-loop controller has cross coupling in dq. On the other hand,

it was shown that using the corrected model in the design yields a
decoupled closed-loop controller. These results were validated through
both simulation and experimental results.
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